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PREFACE, 


-^The  work  now  before  the  reader  is  the  most  extensive  which  our  Ian- 
-  guage  contains  on  the  subject,  being  (exclusive  of  the  Elementary 
•'  llloBtrationsy  at  the  end)  more  than  double  ^in  matter  of  the  Cam- 
•>:.  bridge  translation  of  Lacroix,  and  full  half  as  much  as  the  great  work  of 
the  same  author  in  three  volumes  quarto.  I  state  this  because  students 
•  \  are  sometimes  apt  to  be  discouraged  by  the  apparent  slowness  of  their 
progress,  which  they  measure  by  the  pages  read,  without  any  other  con- 
sideration. This  extent  of  matter  is  not  due  to  fullness  of  explanation  or 
abundance  of  examples,  but  to  a  variety  of  subjects  exceeding  that  which 
is  usually  introduced  into  elementary  writings.  There  are  muny  works 
which  enter  more  largely  into  the  simpler  parts,  and  elucidate  them  by 
more  copious  instances,  both  of  which  my  specific  object  has  prevented 
me  from  doing.  That  object  has  been  to  contain,  within  the  prescribed 
limits,  the  whole  of  the  student's  course,  from  the  confines  of  elementary 
algebra  and  trigonometry,  to  the  entrance  of  the  highest  works  on  mathe- 
matical physics.  A  learner  who  has  a  good  knowledge  of  the  subjects  just 
named,  and  who  can  master  the  present  treatise,  taking  up  elementary 
works  on  conic  sections,  application  of  algebra  to'geometry,  and  the  theory 
of  equations,  as  he  wants  them,  will,  I  am  perfectly  sure,  find  himself 
abk  to  conquer  the  difficulties  of  anything  he  may  meet  with ;  and  need 
not  close  any  book  of  Laplace,  Lagrange,  Legendre,  Poisson,  Fourier, 
Caucby,  Gauss,  Abel,  Hindenburgh  and  his  followers,  or  of  any  one 
of  our  English  mathematicians,  under  the  idea  that  it  is  too  hard  for 
him.  It  may  be  admitted  to  be  desirable  that  some  one  writer  should 
endeavour  to  attain  such  a  result  as  that  of  placing  before  the  student  all 
that  is  requisite  to  put  him  in  communication  with  the  highest  investi- 
gators ;  and  it  will  readily  be  seen,  that  unless  a  very  large  work  indeed 
were  written,  no  such  result  could  be  obtained  without  condensation,  par- 
ticularly in  the  higher  parts.  If  much  difficulty  should  be  experienced 
in  the  elementary  chapters,  I  know  of  no  work  which  I  can  so  confi- 
dently recommend  to  be  used  with  the  present  one,  as  that  of  M.  Du- 
hamel,  cited  in  the  note  to  page  681. 
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The  method  of  publication  in  numbers  has  afforded  time  to  consult 
a  large  amount  of  writing  on  the  different  branches  of  the  subject ;  the 
issue  of  the  parts*  has  extended  over  six  years,  during  two  of  which  cir- 
cumstances with  which  I  had  nothing  to  do  stopped  all  progress.  Tlie 
first  number  was  preceded  by  a  short  advertisement,  which  I  should 
desire  to  be  retained  as  part  of  the  worlc ;  for  I  have  no  opinion  there 
expressed  to  alter  or  modify,  nor  have  I  found  occasion  to  depart  from 
the  plan  then  contemplated. 

The  principal  feature  of  that  plan  was  the  rejection  of  the  whole  doc- 
trine of  series  in  the  establishment  of  the  fundamental  parts  1}0th  of  the 
Differential  and  Integral  Calculus.  The  method  of  Lagrange,t  founded 
on  a  very  defective  demonstration  of  the  possibility  of  expanding 
^(.r+/i)  in  whole  powers  of  hy  had  taken  deep  root  in  elementary  works  ; 
it  was  the  sacrifice  of  the  clear  and  indubitable  principle  of  limits  to  a 
phantom,  the  idea  that  an  algebra  without  limits  was  purer  than  one  in 
which  that  notion  was  introduced.     But,  independently  of  the  idea  of 


"*  It  may  be  convenient  for  reference  to  itate  the  dates  of  publication  of  thu 
difTerent  Numbers,  &nd  also  the  corresfMnding  Numbers  of  the  Library  of  Useful 
Knowledge,  each  Number  containing  S2  pages : — 

Diflviential  Calculus,  No.    1,  Lib.  Useful  Know.,  No.  219,  July    15,  1836. 

No.  221,  Aug.  15,    , , 
No.  224,  Oct.    15,    ,, 
No.  227,  Dec.     1,    , , 
No.  229,  Jan.     2,  1837. 
No.  236,  July    1,    ,, 
No.  253,  Jan.    1,  1839. 
No.  259,  April   1,    ,, 
No.  260,  May    1,    , , 
No.  265,  Aug.   1,    , , 
No.  273,  Dec    1,    ,, 
No.  27G,  Feb.   .1,  1840. 
No.  282,  April   1, 
No.  284,  June    1, 
No.  2S7,  July  16, 
No.  289,  Aug.    1,    ,, 
No.  295,  Dep.    1,    , , 
No.  296,  Jan.     1,  1841. 
No.  300,  Mar.    1,    ,, 
No.  304*Apnn5,    ,, 
.     No.  309»July  16,    ,, 
No.  312*Oct.    15,    ,, 
No.  314*Dec.     1,     , , 
No.  135,  May  16,  1842. 
^o<140,J^e    1,    ,, 

The  Elementary  Illustrations  were  Nos.  135  and  140  of  the  Library,  and  were 
severally  publiehed  on  the  IMh  of  September,  and  tlie  Idthof  November,  lb3i, 
forming  to^ethec  64  pa^s.  ^ 

f  8ee  page  177,  note. 
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PREFACE.  V 

limiti  beiDg  absolutely  necessary  even  to  the  proper  conception  of  a  con- 
vergent series,  it  must  have  been  obvious  enough  to  Ijsgrange  himself,  that 
all  application  of  the  science  to  concrete  magnitude,  even  in  his  own  system, 
required  the  theory  of  limits.  Some  time  after  the  publication  of  the  first 
numbers  of  this  work,  four*  different  treatises  appeared  in  the  French 
language,  all  of  which  rejected  the  doctrine  of  series,  and  adopted  that 
of  limits.  I  have  therefore  no  occasioti  to  argue  further  against  the  former 
method,  which  has  been  thus  abandoned  in  the  country  which  saw  its 
Urtfa,  and  will  certainly  lose  ground  in  England,  when  it  is  no  longer 
maintained  by  a  supply  from  abroad  of  elementary  treatises  written  on 
it!  principles. 

The  first  twelve  chapters  of  this  work  contain  the  nlore  elementary 
portions  of  the  theory,  comprising  differentiation,  integration,  ordinary 
development,  differences,  trigonometrical  analysis,  signification  and  use 
of  differentiation  and  integration,  differential  equations,  and  algebraical 
applications.  The  thirteenth  chapter  contains  a  large  number  of  exten- 
sions of  the  preceding  subjects,  particularly  on  development  in  series 
and  integration.  The  fourteenth  and  fifteenth  chapters  are  devoted  to 
geometrical  application,  the  sixteenth  to  the  calculus  of  variations,  the 
lerenteenth  to  mechanical  application,  the  eighteenth  and  nineteenth  to 
interpolation,  summation,  and  transformation  of  series,  the  twentieth  to 
definite  integrals,  and  the  twenty- first  and  last  .to  extensions  of  the 
nbject  of  differential  equations  and  to  equations  of  differences.  In  the 
chapters  on  geometry  and  mechanics,  it  should  be  remembered  that  I  am 
not  teaching  those  subjects  for  the  sake  of  their  results,  but  only  showing 
bow  the  dificrential  calculus  is  applied  to  them ;  neither  will  therefore 
be  found  to  contain  all  that  some  will  look  for. 

I  can  hardly  expect  that  a  mathematician,  to  whom  this  subject  is 
^miliar,  will  look  through  the  whole  work  to  pick  out  here  and  there  a 
tbeorem,  or  a  mode  of  proceeding,  which  has  some  point  of  novelty.  I 
therefore  subjoin  references  to  those  parts  of  the  work  for  which  I  have 
not  been  indebted  to  my  knowledge  of  what  has  been  written  before  me : 
much  of  what  is  cited  is  probably  not  new,  indeed  it  is  dangerous  for 
anyone  at  the  present  day  to  claim  anything  as  belonging  to  himself; 
KYeral  things  which  I  once  thought  to  have  entered  in  this  list  have 
been  since  found  (either  by  myself,  or  by  a  friend  to  whom  I  referred 
it)  in  preceding  writers.  Page  56 :  the  differentiation  of  a'  without 
ieriea.  Page  179,  &c. :  the  method  of  treating  the  cases  of  excep- 
tion to  Taylor's  theorem;  not  perfect,  but  better  than  induction  from 
itttances;  it  needs  an  application  of  the  theory  of  dimensions  pre- 
•endy  noticed.  Page  185,  &c. :  the  proof  that  only  one  constant  enters 
^  solution  of  a  differential  equation  of  the  first  order.    Page  217,  &c. : 

*  See  page  681,  note. 
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the  proof  that  fxszO  muBt  hare  a  root,  finite  or  infinite,  i(-fz 
be  alwayp  finite  for  finite  values  of  z.  Paget  221—287:  the  tteat- 
ment  of  series  and  the  rule  of  convergcncy  (presently  extended).  Ih^e 
293 :  the  elementary  mode  of  finding  1 .2.3.  • .  .4?,  when  x  is  confiider- 
uhle.  Page  318 :  the  method  of  summing  selected*  terms  of  a  series. 
Page  321—327 :  the  theory  of  dimensions  and  test  of  convergency  (com- 
plete) the  first  that  has  been  given.  Page  329 :  the  mode  of  treating 
Arhogast's  derivation.  Page  341 :  the  extension  of  the  theory  of  the 
signs  of  geometrical  quantities.  Page  367  :  the  extension  of  the  ch»- 
racter  of  a  singular  solution.  Pages  372,  376:  the  application  df  the 
theory  of  dimensions  to  the  singular  points  of  curves.  Page  388  :  the 
notation  proposed  for  differential  co-efficients,  which  I  have  found  of  the 
greatest  use  in  complicated  operations.  Page  392,  &c. :  the  treat- 
ment of  Legendre's  method  of  double  integration.  Bye  445:  the 
generalization  of  the  axiom  connecting  curve  lines  and  surfa^^es  wrth 
straight  lines  and  planes.  Pages  460,  463,  466 :  the  correction  of  an 
oversight  made  by  writers  on  the  calculust  of  variations.  Page  489  : 
the  algebraical  demonstration  of  Euler's  theorem  on  rotation.  Page 
561  :  the  theorem  on  the  transformation  of  divergent  developments. 
Page  569 :  the  application  of  the  teat  of  convergency  to  definite  integrals. 
Page  584:  the  mode  of  deducing  logr(l+a;).  Page  613:  the 
extension  of  Lagrange^s  treatment  of  the  series  of  sines  to  that  of 
cosines.  Page  650:  the  proof  (such  as  it  is)  of  the  property  of 
alternating  series.  Page  653,  &c. :  the  mode  of  treating  Mascheroni's 
and  Bidone's  integrals.  Page  659 :  the  extensions  of  Spence*s  theorems. 
Page  675  :  the  extension  of  Abel's  theorems. 

The  theorem  which  I  have  asserted  (page  561)  on  the  transformation 
of  divergent  developments  is  one  which  may  be  open  to  animadversion, 
since  cases  may  easily  be  found  in  which  it  is  not  true.  But  it  is  to  be 
remembered  that  it  is  not  asserted  with  respect  to  any  series  of  which 
the  invelopment  shows  discontinuity.  In  many  instances  of  exception 
which  I  have  examined,  I  have  always  found  that  the  function^  frpm 
which  the  series  was  produced  (usually  a  definite  integral)  was  not  per* 
fectly  continuous.  Some  of  these  instances  I  shall  probably  discuss 
elsewhere;  in  the  meantime,  with  regatd  to  this  and  several  other 
theorems,  it  may  be  observed  that  they  are  useful,  even  to  the  student, 
at  showing  what  sort  of  knowledge  we  have,  and  what  sort  of  difficulties 
appear,  when  we  come  near  the  boundary  line  of  our  attainments  for  the 

*  I  ihould  be  surprised  if  this  method  were  new  ;  and  yet  I  can  Bnd  it  nowhere. 

t  The  very  remarkable  property  of  the  catenary  in  page  474  is  not  original :  I 
have  been  informed,  since  it  was  printed,  that  it  is  to  be  found  in  a  paper  of 
M.  Arapire,  but  I  cannot  give  the  refennoe. 

t  Whenever,  then,  the  theomn  be  found  to  he  true,  it »  as  good  an  et idence  u  we 
have  that  there  is  no  discontinuity  in  that  case  |  and  the  contrary. 


Imbi^iig^  Af  diipqiptbDi  fometunjes  appeara  to  f eject  aU  that  oftn 
fBfdijSkiilt^  or  dani  not  give  all  its  conclusions  without  any  trouble  in 
OEuniiiatiffi  of  appajrent  cootiadictions*  If  by  this  it  be  meant  that  nothing 
^Miild  ha  permanently  usad^  and  implicitly  tnistedy  which  is  not  true  to 
thaiull  extent  of  the  assertion  made,  I,  for  one*  should  offer  no  opposi- 
tiqn  to  so  lational  a  couise.  But  if  it  be  implied  that  nothiifg  should  be 
pi>od«eod  to  the  student^  with  or  without  wsjrning,  which  cannot  he  un- 
dentood  in  all  ita  generality,  I  ahould,  with  deference,  protest  against 
a  rcstEiclion  which  would  tend,  in  my  opinion^  not  only  to  give  fi^s^ 
fieip  of  what  is  aotusUy  known,  but  to  stop  the  progress  of  discovery. 
It  is  not  true^  out  of  geometry^  that  the  mathematical  sciences  ere,  in  all 
ihiir  parts^  thoae'inodels  of  finished  accuracy  which  many  suppose.  The 
axtieae  boiindaries  of  analysis  have  always  been  as  imperfectly  under- 
Uood  as  the  tract  beyond  the  boundaries  was  absolutely  unknown.  But 
the  way  to  ^arge  th^  setded  country  has  not  been  by  keeping  within  it, 
but  by  making  voyagw  9^  diacovevy,  and  I  am  perfectly  convinced  that 
the  student  ahould  be  exercised  in  this  manner ;  that  is,  that  he  should 
baianght  how  to  examine  the  boundary,  as  well  as  how  to  cultivate  tlie 
interior.  I  have  therefore  never  scrupled,  in  the  latter  part  of  the  work, 
to  use  methods  which  I  will  not  call  doubtful,  because  they  are  pre« 
seated  aa  unfiniahed,  and  because  the  doubt  is  that  of  an  expectant 
lermter,  not  of  an  unsatisfied  critic.  Experience  has  often  shown  that 
the  defective  oonclusion  has  been  rendered  intelligible  and  rigorous  by 
penevensg  thought,  but  who  can  give  it  to  conclusions  which  are  never 
slbfred  to  come  before  him?  The  effect  of  exclusive  attention  to  those 
psris  of  mathematics  which  offer  no  scope  for  the  discussion  of  doubtfiil 
pointi  ia  a  distaste  for  modes  of  proceeding  which  are  absolutely  neces- 
wiy  to  the  extenaion  of  analysis.  If  the  cultivation  of  the  higher 
parte  of  mathematies  were  left  to  persons  trained  for  the  purpose,  there 
might  be  some  show  of  reason  for  keeping  out  of  the  ordinary  student's 
Tesj^h,  not  only  the  unsettled,  but  even  the  purely  speculative  parte  of 
the  abstract  sciences ;  reserving  them  for  those  .persona  whose  business 
it  would  then  be  to  render  the  former  clear  and  the  latter  applicable. 
As  it  ia,  however,  the  few  in  this  cbuntry  who  pay  attention  to  any  diffi- 
culty of  mathematics  for  its  own  sake  come  to  their  pursuit 
through  the  casualties  of  taste  or  circumstances ;  and  the  number  of 
such  casualties  should  be  increased  by  allowing  all  students  whose 
capacity  will  let  them  read  on  the  higher  branches  of  applied  mathe- 
matics, to  have  each  his  chance  of  being  led  to  the  cultivation  of  those 
parts  of  analysis  on  which  rather  depends  its  future  progress  than  its 
present  use  in  the  sciences  of  matter. 

There  is  one  subject  on  which  I  have  not  touched,  that  of  elliptic  func- 
<ttww.    To  caiTf  these  integrals  down  to  the  actual  computation  of  re- 
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salt!  would  require  almost  a  work  of  itself,  and  anything  short  of  this 
would  be  of  little  use.  Writers  on  applied  mathematics  will  probably, 
for  some  time  to  come,  feel  obliged  to  assume  little  or  nothing  of  ellip- 
tic functions,  but  to  incorpM«ta|  i^  4hi^/«evpal  works,  the  full  consi- 
deration of  such  properties  as  tney  shall  have  occasion  to  use.    There  are 

fievefei  ptber^f  ^^^  brsiujiea  of  th^  int^sl  qalpulMs,yr|ii.Gh,"^,^!«¥^<^* 
sarily  be  completely  dcMelaped  ia  tha.subjectt  U-which  they  are  applied, 
such  as  the  equations  of  the  planetary  theory,  Laplace's  functions,  as 
they  are  called,  and  some  others.  On  these  of  course  I  have  not  touched. 

Since  this  work  commenced,  Mr.  Gregory's  examples  have  been  pub- 
lished, containing  instances  of  all  the  latest  and  best  modes  of  treating 
the.  details  of  4)he  .diftoential  and  ini^^gral  calculu,s. .  I  sb<9ild  stjroqgly 
recommend  the  reader  of  this  work  to'  use  tlMse  examples,  as  welL^s 
those  (if  hd  can  get  them)  jointly  published  by  Messrs.' Pca^ockj  Ht#- 
schel,  and  Babbage.  A  l^rge  quantity  of  examples  is  indispensabTe, 
luod  the  £figUy»h  student  is  fortunate  in  the  full  j^upply  which  is  .oontaiQed 
in  the  works  alhided  to.  -) 

The  largeness  of  the  table  of  Errata  may  convey  im  impression  thsrt 
the  work  is  incorrecdy  printed  or  revised,  which  is  not  ^e  ease^  If 
every  mafl^ematica]  work,  at  its  completion,  had  the  fruits  of  some  years 
of,  e^Lamination  presented  to  the  reader,  I  know  of  none  .which  would 
not  hanre  lists  as  large-  in  proportion  to  their  ai^  and  the  number  pf 
symbols  eonttdned  in  them,  as  tbtf  present  one.  I  have  reasonto  thijdk 
that  every  erratum  of  importance  in  the  more  elementary  portion  of  the 
work  is  in  the  list :  and  that  those  which  may  yet  remain  in  the  later  part 
are  not  of  much  consequence.  But  I  shall  be  much  obliged  by  the  com- 
munication of  those  ad4itional  ones  which  may  be  discovered  by  any 
reader,  as  also  by  a  reference  to  any  writer  who  may  have  gone  before  me 
on  any  of  the  points  to  wkieh  I  have  dif  ttoted  ^tteiktioa  in. ^bo.  preceding 
part  of  this  pre&ce. 

Universiiy  Cqliege^  Londop^  A.  Pb  MpaoAN,  *, 

Jfay  3, 1843. 
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jidcKhm  III// go;It'<ni)iL*iinj  (,:>;•  ;;;i5  ,   -  "^  •:[',  U      o-^'-  •'■'.  .•'    r<.    .  f  ;..,..  ■/ 
•*jil''»  to  jisinjon  T^  MJjjjf  -jiiii.'-i^x.  •  r  h-  _i,''t'  ! . ;!  /if''  >  <.♦  -k  "*    .   — ,    •  •' 

')"rii 'Hjii  r       •i-'ii  o;  ::   riiiJ'j:""' -jVi.t!  1.;.-.-  ,     ':  -••  /r.-'-j./i/itj    •^^,.   ,,.  ,.,,,  ,,,.^» 
?ii  ,5n'"?:\:i  1   ;;i'^i|^.I    ,/!■  •:.*  •■»•?..     -•     -.,.    j-   '.:.,.;   .  — -    ••..'    ..    •:.... 

r  , 

^MapflUjWL 4^.  iMgr^y  fffa/  (13h^l6>  Small  <|aaQtitie4  not  pea^y  e^al  becau*^ 
|Vf^l  p6j  17)«  Absolute  use  of  nothing  and  infinite  avoided  (18,  |9).,  ifethod  of 
^emonitikHon  jenaploved  (20-^^  Rough  kind  of  D^ifferenttal  Cafculiig  (22~'25). 
%»'6r't»e1W^^>^<^4/ii^//(£9'^r).  f\irtfaer  tej((h'  a^UbaUateiof  the'Dif. 
ferential  Calculiu  (27 — ^29).  A  case  of  the  Integral  Calctibs;  tfaf^  aicgi.oCiho  ]pafl*- 
Ma  £30,73^    Sl)ghtii,eiif^or^erentmthqd3C33,34).    , 

!  ^^.sTbi^dMyiflf  oootii^nApi  iiM»h  of.expoii1^  V4he  j»i9<;^>le4  of  the  Qi(r«^otial 
..C^kolttp  ji^  ean^e^^ii^ir  bft  loa^t!  without  recourse  to  algebraical  expressions.  The 
stiid^nt  is  particularly  xecommeoded  to  leave  no  unconquered  difficulty  behind  him  in 
(his  &a^er,' which  emhodies,  as  fkr  M  such  &  chaptei^  con  do  3t^  the  pHntri^lM  bf  lUl 
tbe^«A'«rtheito«rk.  'Tb» in:^4:1«a  Infinite^  Lht^.JhJh-eniiidCadtulatiinthB  Wony 
^^yebpMdmr^'angr  b«.«fal  in  cfonfftioA-ifilhf.iV  an4  the  Mi^miinrj^  IfMrafia^^ 

•rr.  .-.       ,  .V*    .-'J  .  «..  I     CffA^E;a.  I. 

'  '    '  ON  THE  PROCESSKS  OF  DIRECT  DIFFKRKNTI ACTION. 

"  ib^tiM  'totf iiiviratitttlftAtf m^i^^Ths  f onduoeoM  t xpnulfoa  of  »l#brfr  (3^  9fi). 
The  som  or  difference  of  two  functions  (36).  A  function  muUipUed  by  a  Qun«ta)it* 
a  pfoduct^^%  fr^ctiqn  (37).  The  product  of  more  than  two  funciions  (38).  A 
fttttdUtf  bf 'a  fti^t^  (38).  Examples  (39).  Symlyeiical  r^apituiaiioh  (39,  40). 
Successive  differentiation  (40,  41).  Further  exampleir.{41;  4^).  Examples  for 
practice  (43> 

\*  This  chapter,  with  respect  to  the  algebraical  processes  peculiar  to  the 
differential  calculus,  stands  in  the  same  position  as  the  former  with  respect  to  its 
principles. 

Chapter  II. 

ON  THE  GENERAL  THEORY  OF  FUNCTIONAL  INCREMENTS  AND 

DIFFERENTIATION. 

Definition  of  ordinary  and  singular  values  of  a  function ;  between  any  ordinary 
sad  singular  valoe  an  infinite  number  of  ordinary  values  can  be  found  (41,  45). 
Law  of  continuity  of  value  and  of  continuity  of  form  (45,  46).  Thboakx. — 
B^ween  a  and  a+A,  however  small  h  may  be,  must  lie  values  of  »  for  which 
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f  (x+i)^(ps  divid(>d  by  #  has  a  finite  limit  wheo  ^  diminisheg  without  limit  (46, 
47).  Definition  of  differentia/  co^eient  (48).  Lemma  referred  to  in  the  preceding 
theorem  (48,  49).  Ekiddttiosa  of  the  diffiuential  coefficient  (49).  The  limit 
of  a  function  is  the  same  function  of  the  limits  (50).  Notation  of  Differen- 
tial Coefficients*  (50).  DiFFSRstVTiArioif  .  of  sam  or  dtfibreBCe  of  futtc- 
tious  (50) ;  —  of  a  constant  (51) ;  .  of  the  product  of  two  or  more  funetioiM  (51) ; 

—  of  a  fraction  (52).    Considerations  connected  with  the  intersioQ  of  fimctioai 

(53).     Development  of  the  meaning^  of  r— •;r'  "■  1)  and  statement  of  its  points 

dx    du 

of  difficulty  (53,:54).     Meaning  and  proof  of  ~  «  ~-  ^    (^4,    55).      Dif- 

pBRxirriATioN  -«  of  J^  (55^  56)  -^  of  a',  and  why   left   incomplete  (56,  57) ; 

—  of  log  jr,  sin  x,  cos  x,  tan  x,  sin  ^x,  cos  "^jt,  tan  -^^r  (57, 58) ;  —  of  functions  of 
the  preceding  elements  (58,  59).  Common  formula  of  trigonometry  in  inrerted 
forms,  and  eonsideiations  connected  with  them  (59,  60).  Examples  (60,  61). 
Primary  notation  of  successive  difierentialions  (61).  Partial  difierential  coefficients 
(6 1,62).  Specific  equation  between  the  partial  differential  coefficients  of  an  arbitrary 
function  (62^  Formation  of  differential  equations  independent  of  an  arbitrary  <*otts4ant 
(62,  63).  Degrees  of  indelerminateneti  in  functions  of  more  than  one  variable,  and 
further  relations  between  partial  differential  coefficients,  independently  of  the  speelAc 
function  used  (63,  64).  Convertibility  of  ^differentiation  and  specification  ef  cen- 
stents  (64).     Some  observed  results  of  differentiation  (65). 

*«*  The  object  of  this  chapter  is  the  investigation  of  the  results  of  differentiation 
without  any  assumption  of  the  expansion  of  any  function  in  an  infinite  series.  The 
point  left  unfinished  is  taken  up  in  page  76. 

Chapter  til. 

ON  ALGEBRAICAL  DEVELOPMENT. 

Special  exceptions  in  the  values  of  difierential  coefficients,  answering  to  singular 
values  of  the  function  (65,  66).  Thborkk. — If  neither  ^  nor  ^x  become  infinite 
(or  otherwise  singular)  between 'jrrra,  and  x^a'\-hy  the  equation 

is  true  for  some  value  of  i  less  than  unity  (66, 67).  Tbborku. — ^tpx^  ^x,, .  •  fCM-Oj* 
and  ^Px,  ^'',«  • . V'^"'*'^^x  have  no  singular  values  from  x*aaio  jr»a*f  A,  and  if  fa«^0, 
4aa0,  f  a=s0,>^a»0...^C")a«=0,  ^/'("^a— 0,  and  if  >^,  ^^dr,...4<*>jr  alt  increase, 
or  all  decrease^  from  xsa  to  x^n+h)  :  the  equation 

£(a+*)^   _<;HhO(«+M) 
V'(a+A)""  '^fC«+»)(a+M) 

can  be  made  true  by  a  value  of  i  less  than  unity  (68,  69).t  Common  proof  of 
Taylor*s  Theoremt  (7^)-  "Pt^ot  of  the  sanie»  w ith  Lagrange's  theorem  ezpressi ng^the 
remainder  after  a  given  number  of  terms  in  a  finite  form  (71 — 73).  Applications  of 
Taylor^  Theorem  (74,  75).  Completion  of  the  result  left  uofioished  ia  the  preceding 
chapter  (76).    Statement  of  a  question  left  for  consideration  in  the  next  chapter  (76). 

\*  The  object  of  this  chapter  is  the  development  of  algebmical  functions  under 
such  restrictions  aa  to  the  use  of  infinite  series  aa  will  enable  us  to  defer  the  general 
cenaideration  of  the  difficulties  of  su6h  seriee  to  a  later  period  of  the  work. 

*  £im.  Ilhnt,  pp.  13—15.         t  Appendix,  p.  767.      I  Eitm.  Uim$i„  pp.  9—11. 
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/        '  ■'  CfiAPtER   IV. 

CALCULUS  Olf  rtmXB  DIFFERENCKS. 

Mitancr  of  fiirmifig  suececftive  differencet ;  use  of  the  symbol  A  (77).  Expression 
of  diflefOBee*  hj  means  of  Urms^  and  the  converse  (78, 79).  Limit  of  A"m  :  (A^)* 
is  flier  jithdiffeiential  ooefficisnt  of  u{7%  80).    Notation  of  differential  coei&cient 

(80,  81).  Mode  of  supplying  any  term  of  a  series  ;  meaning  of  A"^ ;  of  a  (82)* 
6eoer41  term  o^  a  series  (85).  Differenees  of  a  rational  and  integral  fanistion  (83) 
84>    Formula  of  summation  (84).    Limit*  of  3  («+ 1)p  :  «''+*  (84,  85). 

%*  Thia  chapter  contsdns  those  parts  of  the  calculus  of  finite  differences  which 
are  mosi  essential  to  the  early  stages  of  the  differential  calculus. 

CRAPtEK  V. 
ON  IMPLICIT  DIFFERENTIATION. 

DistiBclion  of  ei^licit  and  implicit  (85).  Exteusionf  of  the  notation  of  diff.  co. 
(86).  Two  or  mora  independent  variables,  differentiation  (66,  87) .  Implicit  relar 
liMis  subaaquently  introduced  (87,  88).  Mode  of  tabulating  the  manner  in  i^hich 
M.  to.  entan  (89).  Final  rulo  (90),  Instances  Xdl— 94).  Distinction  of  total 
sad  partial,  explicit  and  implicit  (94,  95).    Instances  (95,  96). 

%*  lUs  oliapter  containa  the  development  of  diflbrentiation  under  implied  as  well 
ssaspreased  relation!  i  a  subject  which  is  frequently  not  made  a  separate  head,  bat 
lieatad  inddeaitally,  as  it  arises. 

Chapter  VI. 

MBANING  OF,  AND  PROCESSES  IN,  INTEGRATION. 

Ptimiiive  function  (97).  Instances  at  length  of  the  summation  in  which  late- 
^aiion  conaists  (97,  98).  SummaioryX  definition  oT/^xdx  within  given  limits  (99). 
Ooonezion  of  the  primitive  function  w'lih/fxdx  defined  as  the  limit  of  a  summation 
(100).  Instances  (101).  Application  of  infinitesimal  language  ( 101).  Summation  which 

(UP 

gives /fjr</jr  eondocted  by  unequal  incrementa  (102).    Connexion  o(//x  -y  di  and 

at 

ffitds  (103).}  Why  integration  is  not  always  possible;  transcendentals  (104). 
Simple  universal  integral  formuls;  formula  of  parts  (105).  Instances  (106). 
-Consequences  of  neglect  of  the  constant  (106).  Instances  of  formula  in  p.  103 
(107).  Instances  by  parts  (108—111).  Fundamental  rational  functions  (lit). 
Transition  from  trigonometrical  to  logarithmic  form  (113 — 115).  Irrational  forms 
of  the  second  degree  (1 15,  1 16).    Instances  of  definite  integrals  (117). 

*^  This  chapter  is  here  placed  that  the  elements  of  the  integral  calculus  may  be 
studied  at  an  earlier  period  of  tiie  course  than  is  usual.  The  integral /^</jr  is  cou- 
siieied  in  a  twofold  manner:  I.  In  the  form  in  which  it  is  usually  obtained  aa  a 
result  0^  geometrical  or  mechanical  conceptions,  namely,  as  the  limit  of  the  sumoA- 
uisa  denoteRl  by  2f  jr  Ax.  2.  In  the  manner  in  which  it  most  always  be  obtained  in 
practice,  naJnely,  aa  the  primitive  ftinetioia  of  fc. 

r 

*  Eitm.  Jaust,y  pp.  31—35,  and  43—45. 
t  Uid^  pp.  35--41,  and  46-4^3. 
X  Ibid,,  pp.  57—64. 
^  Appendix f  p.  767. 
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Chaptee  VII: 

XEIGONOMETAICAI.  AITALTSfS. 

Series  forihe  sine  and  cosine ;  ttiefr  conyerge^cy  (U8).  i^.y^^sreoi^-^  nB#AA^l* 
and  deductions  (IIS,  119).  Connexion  of  the  circular  and  hyperbolic  iunctipM 
(11^^121).  Expansion  of  cosV  and  8ia*^(121— •I24>.  £xpaD«ioi9.<4>f  f  from 
tan  ^Atan  ^(124).  Verification  of  the  preceding  (125),.  De  Moivte's  Thcor^ia 
(125,  I^).  Extension  of  the  logarithmic  theory  (126,  127). .  [li^ifM  of.  ui^jky^W 
— IdOy.  Reaoliitton  of  1  :  (j:"-fl),  (130,  131).  Caution  required  in  taking  genei;^ 
logarithms  (131). 

%*  This  chapter  is,  as  such  a  chapter  io  the.heatt  of  a  work  on  the  Diflirential 
Calculus  must  always  be,  for  those  only  whose  previous  trigonometrical  studies  hare 
not  been  so  extensive  as  might  have  been  wished*  The  aitide  Negaiive  andlmpot' 
$ible  QuaniUiet  in  the  Penny  Cyclopssdia  may  be  usefully  read  in  connexion  with  it. 

Chapter  VIII. 

ON  THE  MEANING  OF  DIFFERENTIAL  COEFFICIENTS,  AND  ON 
THE  FIRST  PRINCIPLES  OF  THE  APPLICATION  OF  THE 
SCIENCE  TO  QEOMETRY  AND  MKCHANICS. 

The  diff.  co.  considered  with  reference  to  its  sign  only ;  strict  theory  of  maxima 
and  minima  (131^139).  Common  theory  (133,  134).  The  di6r.  co.  eouKidered 
with  reference  to  its  magnitude*  (134,  135).  Terms  to  be  considered  (135,  136). 
DirectioHf^  tangent  of  a  curve  (136, 137).  Curvature^  circle  of  curvature  ( 137 — 139). 
Lenffih,  t  arc  of  a  curve,  (140,  1 4 1).  Jrea,  of  a  Cone  ( 14 1,  142).  Soiitht^  or  voiume 
deferred,  see  afterwards,  pp.  390,  446.  (142),  Ihm'Uy  (142,  143).  Veiocity  (1 13— 
145).  jFl/rce,  t.  e.  acof/eraf ion  (145,  146).  General  remarks  on  these  terms  (147, 
148),  Remarks  on  the  case  on  which  eilher  is  nfegative  (149, 150).  Two  important 
cases  of  motion  (150,  151). 

%*  This  chapter,  by  bringing  together  the  fundamental  eonceptionsof  the  applied' 
sciences,  is  intended  to  show  the  resemblance  of  the  modes  by  which  the  Difierential 
Calculus  is  applied  to  them  severally. 

CflAPTER  IX. 

ON  THE  CONNEXION  OF  DIFFERENTIATIONS  OF  DIFFERENT 

KINDS, 

Coniiesio&  of  ^  and  --5  (151-*153).  Integra  ion  of—  =^1*  (153,  154).  Int*- 
gratioiiof-r3'+M«f'(^55,  156).  Connpxion  of  -— -  and  v-  as  far  as   ii=5  (156, 


157),  Application  to  the  reversioo  of  series  (157,  166)«  OiflbMiitiations  of  u  with 
respect  to  jf  when  both  u  and  x  are  functions  of  ^  (158,  199).  Remarks  on  the  casa 
of  several  toikpandi'tA  tariables  (159).  Diffltrences  with  two  independent  variables 
(160).  Extension  of  the  notati<^n  o€  diff.  co,  to  twa  or  mon  mriablet  (161,  162). 
Extension  ofTaylor**  theorem  to  two  variables  (162,  163).  i^inciples}  of  the  cal- 
culus of  operations  (163,  164).    Expression  and  extension  of  Taylor's  theorem  by 

*  £7fin.///tf#/.,  pp.  53^55, 

+  Ibid.,  pp.  18—20. 

t  JUd.,  p.  20. 

}  JppcndiT,  pk  7^7. 
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Ibai  akQln  (164, 165).  Jleanmg  of  A'^fdr  (165).  Ezpnttion'  of  a  dUF.  eo.  by 
diflococei,  and  Terificaftion  (166).  Inversion  of  difl&rentiatioa  and  John  B6rnoulU*B 
theoran (167, 168).  Lapfacv'sAint Laf^aagd'atliAorant wiik instances  (168—171). 
%*  This  chapter  is  miscellaneous,  comprising  what  are  commonly  caUed  iba 
cksaiga^^f -He 'Independent  raiiable,  the  method  of  paraipetera,  tha^extoiim  af 
T^iylK^i'lhcottm^  tiie-  separation  of  the  symbols  of  operation  and  quaotityt  a«4 
Uigmkp'i  thitorem. '  On  the  separation  of  the  symbols  of  operation,  and^qaantijly^. 
tha  AiAeal  who  haa  read  the  article  Negative  and  Impotnble  Qiiat^Uiu  in  the  Pannj 
Ofi&fuS^  nay  farther  consult  the  articles  Operation  and  lU/atum  ia  tk9  saoit 


Chapter'  X. 

ON  SINCH^LAR  VALUES. 

CoUection  of  siagnlar  fiirms(I72).    Discussion  of -rr  and  examples*  (173,  174). 

Oxflosnd-  (174).    0»,  »•,  !*•  (175).    Failure  of  Taylor's  theorem  (176).'    Fuat 

(aDiimpecfect)  tt^iy  of  diafiaBsioos  (177-^181).  AppUcatSons  to  the  ordinary 
lievof  the  failure  of  TayWa  tbeareaa  {XSU  18^)  Itetseiion  of  multiplicity  of 
nlvsia  a  diffi  co.  (182»  183). 

\*  The  theory  of  diroeasbaa  here  giren  ia  impecfeet»  aa  Ibrthor  as^aaaed  ia 
iagf8  320— 323. 

CflAFTBR  XI. 

ON  DIFFERISNTIAL  EQUATIONS. 

Teehneal  meaning  of  thf  term  diflenntial  equation  (183).    Deduction  of  some 
ttienfial  equations  (183,  184).    Not  more  than  one  constant  can  be  eliminated 

h^twtm  XUm^99d  ^«-9  <1M«^186>    EanAariit  on  aymholie  imitation  of  actual 

ax 

fnedtthrdf^i^  '  liagTange'a  notation  (187).    Criterion  of  u  being  a  function  of  x 

■adf  ealy  through  p  (187).    One  diff.  equ.  cannot  hare  two  distinct  primitives  with 

lAibaiy  eonstanta  (187»  188).     How  singular  solutions  arise  (188).     Singular 

Nhlion  deduced  from  the  primitiYO  function  (T89|  ldO).t  Singular  solution  deduced 

frni thedifbcatifd^fq^ation (13a-Tl9i3).t     Varionp  integrftble ikanu  of  diff. equ; 

Q9i,  19SJl    Complete  integration  with  two  T^riables  (196,  198).    Independence  of 

tts  Older  of  diflhrentiation  and  integration  to  different  variables  (197).    Remarks  oa 

fiflncatlfb  (198). .  A  general  attempt  to  find  the  integrating  factor  leads  to  a  partial 

MnntiA  equation  (199).    iftrs  Vt/N  implies  that  ti  and  V  are  functions  of  N  (199» 

M).   Critfliion  of  integrabttiiy  (200).    SimuUaneoua  equations  (201).    Criterion 

tf  nnltaneooi  dependence  (201,  202).    Partial  diff.  equ.  of  the  first  order  and 

dipe»(20%-»«l$^X  QeiMMtl  theory  of  arbitrary  eoManta  (205, 206}.||    Criterion  of 

ist^iiiai^iAl^.^  J^Tf,^^^^  +...  <206,  208).    Usa  of  thik  criianan  in 


">'fciiMa»(gt»»SII^>   i&iflMt«qu8ti6iia  (210-^213).    Equations  of  higher  degrees 

On  tk»fiiil  CB19-^M>^ 

..     J'    '■■      '  '  • 

%*  Tbii  'tnlEjOct  witl  he  resumed  in  Chapter  XXI.    But  the  real  oxtenaiona  of  the 

"ikJNt  of  diff.  cqn.  are  made  in  worka  on  gnritation,  heat^  &c. 

*  Jppendir,  p.  770.  §  Appendhfy  p.  77  K 

f  lbi/.,p.  771.  II  /WvP-  77*^ 

X  Hid,,f.  771.  %  Ibid,,  p.  772. 
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CfiAPTBR   XII. 
J'URTllER  APPllCATlOSr  TO  ALGBBRA. 

l^aidma  add  mioima  of  functions  of  ttro  Tariabtes  (216).  Gonjngaii  luacfioiMy 
meaning  P  andQ  in/(:r+y^- O^P+QV-l  (217).  Every  function /t  ia 
which /'z  does  not  become  infihite  for  any  finite  ralue  of  x,  must  hare  A  root  (217  ■ 
—219).  Sturm's  theorem  (219— 222).*  Conveigency  of  seriest  (222,  223).  Suc- 
cessive substitution  (223,  224).  Expression  of  >o+a,j?+***  bydiffisrences  of  a^ 
(224,  225).  Various  analogous  expretsioDs  (225).  Theorem  on  series  of  allerBaie 
sign  (226).  Series  derivable  from  (p^f^/iif+txpmx  and  disoontinnity  sometimes 
found  in  them  (227 — 230).  Theory  of  ordinary  series,  and  coasidemtion  of  the 
question  of  disconUnuity  (230—234).  CXAiyergency  of  series  (234—238).  Express 
sion  of  aH~«i*i^+ ...  by  means  of  fl+'»i*+  •  •  •  and  >zamples  (239, 240).  PfObf 
of  the  last  by  the  method  of  operations  (240,  241).  ALppUcation  to  trigenomettrical 
series  (241—244).  Developments  by  Taylor's  ^eorem  into  tiigonometrical  eerite 
(244). 

%*  The  theory  of  eosvergency  here  given  is  only  partially  true  i  it  ii  taken  up 
af^ia  and  maAe  universal  in  p.  325. 

CtiAPTBR   XIII. 

MISCELLANEOUS  EXAMPLES  AND  DEVELOPMElJTS. 
(This  Chapter  is  divided  into  Artieles,  to  Which  the  references  are  made.) 

DiftreniiaHom  and  expamioiu  (pages  245—253)^—1.  Differentiation  of  Pt'- 
2.  DiSeientiation  of  PQ.  8.  Difi'erentiatioa  of  P«Q*.  4.  Differentiation  of 
pMQ-*.  5.  Difierentiation  of  i^.Q.  6  aud^7.  Differential  equation  of  jf*srxf(cjr). 
8  to  14.  Elimination  of  artMtrary  functions.  15.  Expaasion  of  tan  x.  16.  Expan- 
sioB  of :» :  (f  -*  1)  $  Bernotttli'S  numbers.  1 7.  Expansion  of  1 :  (I'-f  1).  18.  Expan- 
sion of  tana?  by  Bernoulli's  numbers.  19.  The  bame  of  cot  x.  20  and  21.  Ex- 
pansions of  2:(('-{^f-«)  and  sec  r.  22  and  23.  Expansions  of  2d;:(c'— 1~'}  and 
cosee  jr.  24  and  25.  Approximations  to  arc  from  chord.  26.  Expansion  of  ^  in 
(p(x'^h)Bs<px-\'^(x'j-0h).h,  27.  Expaosbn  of  x  in  terms  of  sin  x.  28.  Series  ^fur 
^r.  29  and  30.  The  last  series  proved  couvaigent.  31.  x  in  terms  of  cos  x.  32. 
X  in  terms  of  ian  x.    33.  log  sin  j?  and  log  cos  v  in  terms  of  «v. 

Differenoea  (pages  263—266).  34,  35,  36.  Differences  of  sin  x  and  cos  x^  37. 
Differences  of  0**.  38.  TABtst  of  these  differences.  39.  x*  in  terms  of  0"«.  40. 
German  notation  for  factorials.  41.  Finding  of  ar"*.  42.  Reduction  of  «v^  to  £ao« 
(orials.  43  and  44.  Lav  and  calculation  of  the  diiiezencea  of  nothing.  45.  ««» 
in  descending  factorials.  48  to  55*  Difierencee  and  sums  of  factoriala  and  reciproeala 
of  factorials.  56  to  59.  General  expresioos  of  the  diffsrences  of  nothing,   60.  (t'  -^  1)f* 

/I    ](•—  1 
n  — «  •...«&•  and  developmeht  of  > :  log'  (1 4-«). 

62.  A"f  in  terms  of  ^Xt  ^*x,  &e.  63.  I  aversion  of  the  last.  64*  l>evele|«aesit  «i( 
(1  +^^+  •••)*•  ^5 .  Development  of  the  nth  power  of  log  (IH**)  •  '•  66«  Fiaal  ex- 
pression of  ^x^  ftc.  by  means  of  differvaora  of  ^.  67  and  68.  Definite  integiatioa 
by  meiM  «f  AiRfr^nees.  69  and  70.  Sunuttation  by  means  <rf  integration  aad 
dlflbrentiation. 

ImpiieU  DiffsrtnHoHim  (f^gM  266—269).    71  to  7!6. 


*  Appendix,  p.  772.  f  ^*w.  ///«#/.,  pp,  9,  10.  J  Jppendixtp.  773. 


hitgratum  (pageft  269—295).    77  to  79.  Diff.  to.  of  (*-a)  far  and  l(#-a>«f# 

'^  '=a«    do  to  90.  Reduction  0^  ftactloBft  into 'rams  of  more  simple  iractiotis. 

90  to  9a.  Cases  of /««(a+&r)*djr.  94  to  96.  Rational  funetioiis  (Mrople  instaneet)« 
97.yi-(*r:(l-|.^).  98- /(k^  *)»jr*ifa.  99. /dr  3  (a«+*V.  10(>.  Reduction  of 
/*-ir:(a«+««)».  101  to  103.  Reductions  of /e-(Ajr-+B^)"ci:y.  104.  Reduction 
rf/s^A+B«+C««y«r.  105  to  W8*  Reduction  of  /  sin-^  cos  "W^,  in  various 
cases.  199.  Tabia  of  ultimate  ioiegial  forms.  110.  Miscellaneous  reductions, 
in  fo  ]I3i  fitoMrtd «liiii»le f Mv^tons^  Hi,  /ii^:(c+^€o«  f),  115.  /ds;(\+$'), 
1 1&  Redoctioas  of  fotiik  1 17.  Monomial  irrational  functions.  1 18  aud  1 19.  Series 
&«Blategntiaii1»7  parts.  120  And  121.  Applications  of  trigoaomntrical  simplifi- 
caikaie  integraiioii.  122.  Oeeasitraal  enirattce  of  different  constants.  123.  De^ 
fisilft  iBtegtBtion  bf  pails.  124.  ff*  sin  "A^.  126  and  126.  Approximation  to 
hf^i4.n.  127.  Appt&cfltion  of  it.  128,  /Jr^dr.  129  to  136.  ETon  and  odd 
fbirtini^  and  dlang^efl  of  the  limits  in  integration. 

Maima  ahd  Ultima  (pages  295-^03).  136  and  137.  Discussion  of  (a-f  &x)"i-'. 
13fc  ttseoseisti  of  coe  v-fs  gin  x.  139  'and  .140.  Disenssion  of  coe  (tut+b).  cos 
i^M^)..;.  14U  aA  COS  (a^-f a)  mus*  haire  a  root*  142  and  143.  Other  et- 
i^les.  144  to  152.  Geometrical  applications. 

Dettekpmaain  gtneral,  CaictUut  o/  OperatioM  (pages  303 — 320).  162.  Butmann'S 
theorem.*  153.  Expansion  of  nf,x  in  powers  of  ^.  154.  Deduction  of  Lagrange*s 
'^I'oinn.  156.  Expansion  of  ^*dr  in  powers  of  dr.  156.  Reversion  of  series,  carried 
Stttfaer  than  page  158.  157.  Altered  form  of  the  series  in  153.  158  and  159. 
Simple  examples  of  the  calculus  of  operations.  160.  Herschel's  theorem.  Expansion 
^f''  m  powaca  of  jr.  161.  The  last  reduced  to  fr  »  ^1  +  A}.«^.  162.  Comparison 
of  Bomann's  and  Herschers  coefficient.  163  and  164.  Bernoulli's  numbers  in 
teas  of  the  differences  of  nothing.  165.  Expansion  of  cos  (af*).  166  to  168. 
CBssequences  of  Herschel's  theorem.  169.  Expression  of  a  Hnear  function  of 
difeeaees  as  a  ftmcthm  of  diff.  co.  170.  Expression  of  a  linear  function  of  snccto- 
At  vslnes,  aa  a  function  of  differences  or  of  diff.  co.  171.  Expression  of 
P'^f(*-\-'^) .  a+  • .  •  in  terms* of  ^x,  (f^x,  &c.  172.  Finite  summation  with  tertntf  of 
ifiBaste  sign  by  means  of  diff.  co.  173.  Example  of  the  last  174.  Another  form 
•f  !*+?(•'+ D-  a  +  ««-  175.  Anothet  for*  of  ^,.  176.  2**-«  and  Xt-'.  177. 
2%  jr  and  more  correct  approximation  to  1  •  2 . 3 . .  •  sr.  178.  aiAu,  —  as  A'««  -f  Ac. 
tti  cfjr4-a|^x.  A-f  •  •  •  in  terms  of  fr,  <p^x,  and  f(«+A),  ^(jp+A),  &c.  179.  AV* 
is  terms  ofrtceJmff  differeuces.f  1 80  and  18 1 .  fysdx  in  terms  of  receding  differences : 
■dOiod  of  quadratores  and  example.  184.  Development  of  « :  {(1  -|-')*'^  1 }  in  jiDwers 
dt.  1 85  and  186.  Summation  of  a  series  with  interposed  terms.  187.  Connexion 
«(2snd  A~'.  188.  Deduction  of  the  method  of  Quadratures  from  the  preceding. 
1S§.  Sommatioii  of  series  with  interposed  terms  and  receding  differenees.  19*2  to 
1^.  Properties  of  the  roots  of  unity  and  multisection  of  Series  hy  means  of  them. 

flmry  </Dimen9wnt  (pages  320—  328).  200, 201.  Explanations  relative  to  Chapt^t 
t,  292  and  260.  CnVica/ value  of  e  in  ^jr :  (%^a')',  defined  and  determined.  204.  Resnltfl 
>fftelast  ebllMted.  205.  MgehraicBl  dimensions  of  a  function^  the  dimetients 
^"S  'f  ^  'V  log  log  jr,  iic  206  and  207.  Mode  of  determining  the  dimensiona. 
296  to  2  Ip.  Application  to  the  determination  of  the  convergency  or  divergency  of  a 
■riei.  211.  Preceding  errors  corrected.  212  and  213.  Development  in  positive 
MiiM|»alive  ^wesl. 

^/^tjftui^B  Derwatimtt  Combiiwhrioi  Jna/jfM,  Oaieuint  ff  Qtnerating  Funeiions 
f!ltifi$iM-^9y  2ff4.  Theory  of  deritatioo.  216.  Tisaat  ofderivMives.  216. 
BH^.  917.  ISexf«itdi«»t  deiivatioo.  218.  Deduction  of  diflteentiation.  2l9i 
hutfUt  of  dtfferenftation.  220.  Arbogast's  own  mode  of  obtaining  derivatives 
231.  Reversion  of  sema.  222.  Redproeal  of  l+b^cjp-^' .  * .  and  (af+6'r'f  • . . ) : 
{l-flt»+. . .).   223.  Cotthinatprial  analpls.  224.  Development  of  (ff«+«i*+  &c.)*. 

•  Af^ptndix,  p.  774,  f  Ibid,y  p.  774,  J  /Wrf.,  p.  774. 


I  dcWniE]^ra.' 


i^s  t>eTelopment  Qt^fa^hi-X-cx4-4  •  \  i2^6.  Bow  to  deduce.  Arbpgaiit'fl  qertva- 
i\ifis%  227.  Moslsimple  foj^m  of  (a4-5jr4- •«.)".  228 — 233^  GeDeratme  functioiiiy 
pnncipieS} aun  Tarious  examples.  ^-i 


^  "♦ .       ".  '   '.  .  }    -..T  .;J   o:  ..u;-    .•  /.  .  y   j-'V        ;  "t       1  ,  »     J    J  ■•",.1  :• '^    i;   i.    noiJfiLi? 

APPLICATION  TO  GEOMETRY  OF  TWO  DIMENSIONS. 

Theory  of  ligns  (341^^3).  ]^£fereiitf^  te^uations  of  curves  (344—347). 
Branchea  of  a  curre  (^47,i34S)n  (^ijpiitb^K^  ^  opp^ffii^  f3A9,  350).  Tangent 
and  i|ormal  (350 — 363).  Enveloping,*  orthogonal,  &c.  curves  (354 — 357).  Polar 
equation'  of '  t&ngefit  diid  ntrrmkl  (^5$}.  Tilyorltife/evolute/  and  iffl^itrs  t>i^  ctitW^^re 
(358^36B).'  iPirtl  fllff.  CO.  C^BSf).  S«tond  diff.  co.  (3^9'— 972):  Theory  o^difliaiii' 
sions  Applied  <o  these  ctllT.  dd.  (372 — 374).  *  Transfdrmafioh  of  eqirttfionsi  hiJws^c- 
tions  of  curves  with  the  axes,  properties  6f  the  iailgent  X^75,  376).  A^naptdtiSii 
(376).^  Flexure abd'eurvature  (377).  Point  d-arr^tand  cnsp (S7S,  SW);  MiflttpW 
ppint  (37tJ— 382;.  tfoiijugate  point  (382).  "Pointed  bfatfch  (382^^4);.  Arta  dtid' 
fength  (385, 3^6)'.    Ptobtem  illtistratWe  of  the  singulat  sohrtton  (387). ""' 


•  .11 


Chapter  XV."  *■     ' '  ''   ";'- 

APPLICATION  to  GEOMETRY  OF  THREE  DIMENSIONS.      ;,  ' 

NotafMHi'  lor  higlier  Cliff,  co.  (388).r  Double  integratioi^  casHeeti  pitcewiCS68, 389)^ 
Oe«melri<tilltttttiftition  (d9i),  S91).    Extension  of  the  method  to.th»4raselii  which 
the  Umils  »f  eMh  vaviahle  Mrafahctkins  of  thsother  (391»»^95)^ .  E<amplei .(3ftS»»-«<. 
397^.    Sorfact  of««pherold  (897,  sad).   Sorfaceof  revolution. gejieiaki()r  (396,399): 
Ctoieea  tff«ui^c6a  (399««*4a] ).    GkmrnetMitiic  of  «  ««face  (^Ol).    €oDxiecting4^ 
connected  surfaces  (enveloppes  and  enve/opp^et)  (402).    CounJecting  aurre^  of^-tifaua 
characteristics  (arSle  de  relfrnuMaement)  (403).  Devi^Iopable  surfaces  (403).    Surfaces 
on  which  a  straight  line  can  be  drawn  (403,  404).     Surface  passing  through  any 
number  of  curves  (404).    Remarks  on  the  eoordinatv  planes  (405).    Tangent  plane, 
normal,  line  of  gro4teii,decUv^ty  (406^  407).    Curvet  iip  tangent,  normal  plane,  and 
osculating  plane  (407 — 4 09).    Oscuiaiiug  und  polar  surfaces,  curvatures,  flexures, 
aiid«vohitbs(4]0'*«416).-t  .The  scsew  (415 — 417).  ExpimiftuBsxl^iiiv^i'rf^m.jd^ifnt 
forma  of  ithe  equation  of  «  flurfac«.(417,  418).    Speeies  .of  coatact^  irkh  .tibe  Mff^gfx^i 
jdne  (419).    Scnrfaces  g«ntiat«d  by  the  straight  line  (4'20--^26),  .  Xt^oxn^^l  s^f^* 
faces,  aMd  cavvatuNi  of  «Krfacfi8  (426-r*436).    Meth4j4  of  drawing  figures  (4^)»^. 
Lioe»of  casrature  (434*^40).  ..Von<m«  pfoblema  proposed  (441.),   .Shvi^^ijt U^oo ?a  ^ 
Vttciace  (442, 443).  J£sprQssioiis.fi>i  vtt  tolum?*  f^c,  and  ax^on^  r^M)r^4£44?h7fl^6)». . 


Chapter  XVL 
ON  THE  CALCULUS  OF  VARIATIONS. 

Jllustratio^  of  the  object  in  view  (446,  447).  Fundamental  definitions  (447, 
448).  Viriaiiod  of  dSff  ci>-  (449); .  Vkriatlon  of /tpdir "(449,  459).  Tbe  M^e 
when  f  contains  another  ftttegral  (A6tf,  45)).  Yht  same  when/^  is  gSteit'hy'ft 
differential  equation  (451).  Variation  of/plxdy  (451—454).  Illustration  of  the 
use  of  this  calculus  iu  tnertiiHiic*  (455—458).    Maximfiand  Jninima,  full  consider^-. 

*  E/em.  Ultat,,  pp.  22—25,     .  f  Appendix,  ji.  776, 


I 


fm  of  t^  imi^flceof  l|ie  fhQrt)st  ^ipe  betwee^  two  ^oiuU« .  apd  c&set  not  ji^u&Ily 
immlkni^^iS^^--4ktil  ^^^Ocnen^Jutaiioa  of  iha  problem,  ini  instauc^  (461—465}. 
Kdum  muuma  and  minima,  and  instancei  (Ao^-^op),  Collection  of  the 
Mrmd  caaea  into  one  form,  and  application  of  the  form  *fo  the  brachystochron  in  Ik 
fmsl69g  nedium  (468—47 1}.  Instance,  with  two  independent  variables  (47 1 — 473) . 
Sobtion  of  a  partial  diff.  equ.  (473).  The  sorface  made  by  the  revolution  of  a 
cstenny  abont  ita  directrix  b  one.  qf/eq,val  and  opposite  curvatures  (474,  475). 

"/.(il^v ;:!/!((  •)  ''  i    •:<»    •  .'i  .'•'«    :  ^  >   r    ^-   :    .'     •  :  '  '  ■ 

^  Q^  0^  nqi^aioicsA  laifs  of  paolion,  connexion  of  pressure  imd  velocity  (475— 
4^;^  PjcincipAtpf  virti^al  v<4pcities  (47^—479).  Perpeodiwlar  on^  surface  from 
&|^ji^i4nif^  D^a^(4!^9}.  Cpor.dipate  motions  expressed  in  terms  of  rotation 
(0)..j,.|freiy  rntA***"  **?"*P^f*^^®*^  of  jcotation  find  trfmslation  (480 — 4^2).  Trans- 
larvMiif^  of  lhe  expre«MQn  of  rotatiofia  (48^i  4d3).  Geometrical,  consideration  of 
Vtttio^,  (484--r48$)»  £!very  cbangf^  of  place,  one  point  being,  fi^ed,  reducible  to  one 
wtation*  (488, 489>  Ott^r^atters  coMjei;led  with  rotation  (490—493).  Intej^rala 
depeodiiig  on  the  arrangement  of  the  parts  of  a  system  (493—496).  Properties  of 
tte  fUipnid  necessary  in  rotation  (496 — 498).  Momenta/  ellipsoid,  moments  of 
fotaiioQ,  principal  axes  (498 — 500).  Statical  application  of  the  principle  of  virtual 
idodties  (501 — 503).  Dynamics,  motion  of  a  point,  tangvntial  and  curving  forces 
Mated  ftom  the.  i^ptioa  (5^3r-5Q5).  .l^^^Tf^  problem,  fundamental  equations 
(505,  5fe).^''£tron6mical  ionri  of  thUi  equations  (507— 50d).  *  Motion  of  a 
tptitotVrAka^^m  pnncsple.  (i$09»  5U).  Tbe^  six  «qiiffUont  of  motjm.  <&U, 
^  IhiBsfctimtiDn  of  ihs  equation! of  xotaitioa  (512^  513)..  GeDeiaal  pifiici|^e«, 
naUTof  gmnty;  cooskftvatiMi  of  araas,  Sir  W.  Hamilton^B  method  (^14r-*518)v 
Upn^i  genenl. method  <516— 522).  Vafiatioa  of  paramettm  (&29^530)« 
L^paiige**  gvUeral  fitttet(59^<^35)*:  The  fvBdamentil  equatioDt  connected  with 
«auttbas<63a*^541).     ' 

;,  .,0)il  WTaSPOlATION  AND  SUMMATION.     '   \ 

«MteW  mtf^«i  df  irtetpotiitfc*  (M2).  Ordhwry  teslridtod  lntort>olatbiiy  whh 
rtwj^X^3;*44jf.  'IMefpolatteilijyl^feceding  and  iacctedingvalMfr  (644^548). 
IhrsiAfti  'inthoiii»dir«ct  uitf  of  dMtoftocei'  (^8*-fi^);  Interpirfatioi*  w^en  Ihe 
Tifcfcs  or-t!WW«t«M«^'ai«  tt^iiA^arittinleticiU  pregrelwssn  (55e.*4^fia).  .  Belaliiw. 
bitvetf  iAttV df'serieMiif  ^OW«»s  (552);  Sutttnation  of  an  infinite ^wiea  bjr .aoma: 
rflbieriw  aii«^*Lillt«iWr(S53).  TATlbB  of  tht  lums  of  yom^  (554).  :  Sumniap 
fioa  when  the  terms  are  alternately  positive  and  negative  (554—556).  Button's 
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ADVERTISEMENT. 


The  following  Treatise  will  differ  from  most  others,  for  better  or  worse^ 
in  sereral  points.  In  the  first  place,  it  has  been  endeavoured  to  make 
the  theory  of  limits^  or  ultimate  ratios^  by  whichever  name  it  may  be 
called,  the  sole  foundation  of  the  science,  without  any  aid  whatsoever 
from  the  theory  of  series,  or  algebraical  expansions.  I  am  not  aware 
that  any  work  exists  in  which  this  has  been  avowedly  attempted,  and  I 
^Te  been  the  more  encouraged  to  make  the  .trial  from  observing  that 
the  objections  to  the  theory  of  limits  have  usually  been  founded  either 
opoQ  the  difficulty  of  the  notion  itself,  or  its  unalgebraiccU  character, 
ud  seldom  or  never  upon  anything  not  to  be  defined  or  not  to  be  received 
in  the  conception  of  a  limit,  or  not  to  be  admitted  in  the  usual  conse- 
qo^ces,  when  drawn  independently  of  expansions,  that  is,  of  develop- 
ments under  assumed  forms.  The '  objection  to  the  difficulty  I  have 
eodearoured  to  lessen  in  the  introductory  chapter ;  that  to  the  name  by 
which  a  science  founded  on  limits  should  be  called,  I  cannot  feel  the  force 
of,  or  see  what  is  to  be  answered.  I  cannot  see  why  it  is  necessary  that 
every  deduction  from  algebra  should  be  bound  to  certain  conventions 
incident  to  an  earlier  stage  of  mathematical  learning,  even  supposing 
them  to  have  been  consistently  used  up  to  the  point  in  question.  I 
thould  not  care  if  any  one  thought  this  treatise  unalgebrcUcaly  but 
should  only  ask  whether  the  premises  were  admissible  and  the  conclu- 
nons  logical.  Secondly,  I  have  introduced  applications  to  mechanics 
ts  well  as  geometry,  in  cases  where  the  preliminary  notions  are  not  of 
too  difficult  a  character,  and  I  have  throughout  introduced  the  Integral 
CalculuB  in  connexion  with  the  Differential  Calculus.  The  parts  of  the 
fcnner  science  which  can  be  understood  by  a  learner  at  any  stage  of  the 
^tter,  are,  I  suppose  it  will  be  allowed,  necessary  to  a  proper  view  even 
^  K  much  of  the  latter  as  precedes  the  point  supposed.  Is  it  always 
ptoper  to  learn  every  branch  of  a  direct  subject  before  anything  connected 
vHh  the  inverse  relation  is  considered?    If  so,  why  are  not  fnultiplica- 
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Hon  and  involution  in  arithmetic  made  to  follow  addition  and  precede 
subtraction?  The  portion  of  the  Integral  Calculus,  which  properly 
belongs  to  any  given  portion  of  the  Differential  Calculus  increases  its 
power  a  hundred-fold — ^but  I  do  not  feel  it  necessary  further  to  defend 
placing  the  question  of  finding  the  area  of  a  parabola  at  an  earlier 
period  of  the  work  than  that  of  finding  the  lines  of  curvature  of  a 
surface.  Experience  has  convinced  me  that  the  proper  way  of  teaching 
is  to  bring  together  that  which  is  simple  from  all  quarters,  and,  if  I 
may  use  such  a  phrase,  to  draw  upon  the  surface  of  the  subject  a  proper 
mean  between  the  line  of  closest  connexion  and  the  line  of  easiest 
deduction.  This  was  the  method  followed  by  Euclid,  who,  fortunately 
for  us,  never  dreamed  of  a  geometry  of  triangles,  as  distinguished  from 
a  geometry  of  circles,  or  a  separate  application  of  the  arithmetics  of 
addition  and  subtraction ;  but  made  one  help  out  the  other  as  he  best 
could.  At  the  same  time  I  am  far  from  saying  that  this  Treatise  will  be 
easy ;  the  subject  is  a  difficult  one,  as  all  know  who  have  tried  it. 

The  absolute  requisites  for  the  study  of  this  work,  as  of  most  others 
on  the  same  subject,  are  a  knowledge  of  algebra  to  the  binomial  theorem 
at  least  (according  to  the  usual  arrangement),  plane  and  solid  geometry, 
plane  trigonometry^  and  the  most  simple  part  of  the  usual  applications 
of  algebra  to  geometry.  The  Treatise  entitled  *  Elementary  Illustrations 
of  the  Differential  and  Integral  Calculus,'  will  be  bound  up  with  this 
Volume,  and  referred  to  in  the  proper  places. 

A.  Db  Morgan. 

London,  July  1, 1836. 


DIFFERENTIAL  CALCULUS. 


INTRODUCTORY  CHAPTER. 

It  the  mftthematical  sciences  were  cultivated  wholly  for  their  practiced 
utihtyy  as  it  is  called,  meaning  their  application  to  the  formation  and 
management  of  all  the  mechanism  hy  which  the  arts  of  life  are  advanced, 
it  would  not  be  necessary  to  consider  any  magnitude  as  having  existence 
at  all,  unless  it  were  sufficiently  great  to  be  either  useful  or  noxious  to 
some  object  connected  with  some  given  application  in  question.  And 
the  human  senses  would  fixVhat  we  might  in  that  case  call  the  limits 
of  quantity ;  namely,  the  greatest  of  the  great  and  the  smallest  of  the 
small,  among  those  quantities  which  actually  are  measured  and  consi- 
dered in  astronomy  or  navigation  or  manufactures,  &c.  The  longest 
line  would  be  that  drawn  from  the  spectator  to  the  faithest  heavenly 
body  whose  distance  he  had  measured;  the  shortest  would  be  the 
smallest  line  his  eye  c(mld  perceive  when  aided  by  the  microscope,  or  by 
any  machines  which  multiply  small  motions.  There  would  consequently 
be  as  many  systems  of  mathematics,  or  sciences  of  calculation,  as  there 
are  practical  applications  differing  materially  in  the  nicety  of  operations 
which  they  require ;  from  that  of  the  joiner,  to  whom  the  length  of  the 
hundredth  of  an  inch  may  be  considered  as  non-existing,  and  who  com- 
pares one  length  with  another  by  means  of  a  rule  warped  by  the  sun, 
worn  by  time,  and  divided  into  parts  by  deep  and  broad  furrows,  to  that 
of  the  astronomer,  who  lays  one  rod  by  the  side  of  another  by  the  aid  of 
a  powerful  microscope,  having  first  levelled  them  by  the  most  accurate 
histnnnents,  and  then  consults'  the  thennometer  to  know  what  length  it 
win  be  proper  to  consider  the  rods  in  question  as  having  to*day,  compared 
with  what  they  had  yesterday. 

The  first  considerations  connected  with  number  and  magnitude  always 
enter  the  mind  in  connexion  with  some  application  to  the  rough  pur- 
poses of  life,  more  or  less  approaching  to  exactness*  in  difierent  circum- 
stances,— and  as  many  different  systems  of  rules  are  formed  as  there 
are  diflerent  modes  of  dealing  with  material  objects,  each  by  itself 
relatively  more  perfect  than  the  rest,  that  is,  better  adapted  to  its  parti- 
cular end, — the  consequence  is,  that  the  various  terms  which  imply 
relation,  that  is,  which  are  used  in  speaking  of  oiie  quantity  or  magni- 
tude as  to  how  it  stands  with  respect  to  another,  are  really  used  in 

*  The  child  of  aa  artisan  exerciimg  any  of  the  more  ingenioos  manual  arts,  or  of 
a  HKva^  in  the  state  of  life  in  which  arts  have  made  the  progress  which  is  possible 
vithoot  division  of  labour,  might  perhaps  be  considered  as  being  most  advantn- 
geodisly  sstnaled  in  this  respect :  but  we  think  it  beyond  question  that  the  children 
vfliie  middle  and  upper  classes  in  England,  it  may  be  throughout  Europe,  are  in  aa 
ne&roiiaible  a  position  as  any  of  their  species. 
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many  different  Benses  ;  or,  which  is  much  the  same  thing  in  the  diffi- 
culty which  it  creates,  in  many  different  degrees  of  the  same  sense.  It 
is  hardly  necessary  to  insist  upon  this  as  to  words  which  imply  pure 
relation,  such  as  small  or  great,  when  it  may  be  known  by  those  who 
have  tried  that  the  same  variety  of  degree  enters  into  the  notions  which 
have  been  formed  of  positive  terms.  If  a  class  of  boys  bc^nning  geo- 
metry at  school  (that  is  of  course  Qeometry^  not  saying  Euclid)  were 
thus  put  to  the  question :  *'  You  all  know  what  a  straight  line  is  ?" 
there  would  be  but  one  answer,  and  that  in  the  affirmative  :  one  would 
call  to  mind  a  stroke  on  a  slate,  another  the  side  of  it,  a  third  perhaps 
the-  length  of  a  street,  and  so  on.  To  the  question,  '^  Can  two  straight 
lines  enclose  a  space  ?''  there  would  be  a  majority  for  the  negative,  con- 
sisting principally  of  those  whose  primitive  straight  line  had  not  been 
part  of  a  bounded  figure.  But  still  the  proposition  is  not  a  *^  common 
'notion,"  because  its  terms  have  not  a  common  meaning.  When  the 
iquestion, ''  Can  two  straight  lines  be  made  to  enclose  a  space  by  length- 
ening them  ?"  was  proposed,  all  would  answer  in  the  negative,  not  as  to 
the  notion  they  had  previously  had  of  a  straight  line,  but  as  to  the  new 
one  they  would  form  out  of  the  terms  of  the  question.  And  by  further 
iasking,  '*Can  two  straight  lines  in  any  direction  whatsoever  enclose 
a  space?"  it  would  in  some  way  or  other  appear  that  all  the  straight 
lines  had  been  horizontal  straight  lines,  and  most  of  them  parallel  to 
the  sides  of  the  ceiling.  The  student  of  the  Differential  Calculus  may 
by  such  an  illustration  be  brought  to  think  it  possible  that  the  terms  and 
ideas  which  that  science  requires  may  exist  in  his  own  mind  in  the 
«ame  rude  form  as  that  of  a  straight  Hue  in  the  conceptions  of  a  beginner 
in  geometry.  Remembering  the  acknowledged  difficulty  of  the  subject, 
he  must  be  prepared  to  stop  his  course  until  he  can  form  exact  notions, 
acquire  precise  ideas,  both  of  resemblance  between  those  things  which 
have  appeared  most  distinct,  and  of  distinction  between  those  which 
have  appeared  most  alike.  To  do  this  sufficiently,  even  for  the  outset, 
formal  definitions  would  be  useless ;  for  he  cannot  be  supposed  to  baYe 
pne  single  notion  in  that  precise  form  which  would  make  it  w(nth  while 
to  attach  it  to  a  word.  One  reason  of  the  great  difficulty  which  is  found 
in  treatises  on  this  subject  has  always  appeared  to  us  to  be  the  tacit 
assumption  that  nothing  is  necessary  previously  to  actually  embodying 
the  terms  and  rules  of  the  science,  as  if  mere  statement  of  definitione 
could  give  instantaneous  power  of  using  terms  rightly.  We  shall  here 
attempt  at  least  a  wider  degree  of  verbal  explanation  than  is  usual,  with 
the  view  of  enabling  the  studenii  to  come  to  the  definitions  in  some  state 
of  previous  preparation. 

Very  little  progress,  even  in  arithmetic,  makes  the  student  aware  of 
the  existence  of  problems,  which,  being  absolutely  impossible,  are  vet  of 
this  character,  that  numbers  or  fractions  may  be  given,  which  shall,  as 
nearly  as  we  please,  satisfy  the  conditions  of  the  problem.  For  instance, 
we  wish  to  find  a  fhiction  which,  multiplied  by  itself,  shall  give  6,  or  to 
find  the  square  root  of  6.  This  can  be  shown  to  be  an  impossible 
problem  j  for  it  can  be  shown  that  no  fraction  whatsoever  multiplied  by 
itself,  can  give  a  whole  number,  unless  it  be  itself  a  whole  number  dis- 
guised in  a  fractional  form,  such  as  f  or  V  •  To  this  problem,  then, 
there  is  but  one  answer,  that  it  is  self-contradictory.  But  if  we  propose 
the  following  problem, — to  find  a  fraction  which,  multiplied  by  itself, 
shall  give  a  product  lying  between  6  and  6+ a;  we  find  that  this  problem 
admits  of  solution  iu  every  case.-    It  therefore  admits  of  solution  haW" 
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99er  iwnUl  a  mty  be :  for  initance,  we  can  find  a  fraction  which,  multi- 
{liied  by  itself)  lies  between  6  and  6*00001,  or  between  6  and  60000001. 
We  have  here  introduced  a  word  which  by  itself  has  no  meaning,  namely, 
'^BBiall";  but  it  must  be  obierved  that  we  have  not  introduced  it  by 
itself^  a»  if  we  laid  down  a  distinction  between  small  and  great,  but  in 
connexion  with  the  word  "  however,"  meaning  that  whatever  a  may  be, 
and  whether,  being  what  it  is,  it  may  be  called  small  or  not,  we  can  find 
X  so  that  X  X  shall  lie  between  6  and  6  + a.  This  use  of  the  word  small 
runs  so  completely  through  the  whole  of  the  science  which  we  propose  to 
treat,  that  it  demands  the  most  complete  elucidation.  We  must  observe 
thaty  though  in  all  grammars  *'  small"  is  called  positive,  and  **  smaller  " 
comparaiive^  yet  in  fact  the  latter  is  the  only  absolute  term  of  the  two, 
while  the  former  is  purely  relative.  Assign  two  numbers,  and  the 
smaller  of  the  two  can  be  pointed  out ;  but  assign  a  number  or  fraction, 
and  it  cannot  be  said  to  be  either  small  or  great,  because  these  words 
depend  for  their  meaning  upon  the  circumstances  under  which  they  may 
be  used.  The  number  ten  standi  equally  for  a  large  family  of  children, 
a  small  school  of  boys,  a  very  small  number  of  men  to  be  lost  in  a  battle, 
an  emxnnous  number  of  candidates  at  an  election.  But  nine  is  always 
smaller  than  ten^  whatever  may  be  the  objects  of  reckoning  in  question. 
When  we  say  then,  that  x  may  be  so  found  that  xx  shall  lie  between 
6  and  6 -fa,  however  small  a  may  be,  we  merely  imply  that  if  a  be 
named  at  pleasure,  any  number  whatsoever,  or  any  fraction  whatsoever, 
then  X  can  be  so  found  that  xx  should  exceed  6  by  a  smaller  quantity 
than  €u  We  can  conceive  ourselves  engaged  in  two  different  kinds  of 
metaphysical  disputes  on  this  subject,  as  follows :  Firstly,  A  denies 
that  the  word  small  ought  to  be  used,  on  account  of  its  indefinite  cha- 
racter. We  answer  that  we  can,  with  more  expense  of  words,  dispense 
with  it  entirely ;  and  that  all  we  mean  is  this,  that  if  he  will  assign  the 
Taloe  he  chooses  to  give  to  a,  we  will  take  a  smaller  value  (a  term  about 
which  there  is  no  dispute)  and  find  x  so  that  xx  shall  lie  between  6  and 
6+  less  than  a :  and  that  the  use  of  the  word  small  is  merely  to 
lemind  the  reader  of  this,  that  whatever  he  may  assign  to  be  the  value 
of  a,  it  would  not  interfere  with  our  power  of  solving  the  problem ;  he 
m%fat»  with  eoual  certainty  of  receiving  an  answer,  have  made  a  smaller 
than  he  actually  did.  But  B,  on  the  other  hand,  thinks  he  has  a  notion 
of  a  fraction  which  is  actually  small,  but  differs  from  us  as  to  its  value. 
We  have  said  it  may  be,  '^  let  a  be  a  small  quantitv,  for  instance, 
'0000001,''  whereas  he  is  not  inclined  to  call  any  quantity  small,  which 
b  greater  than  '0000000001.  We  answer,  that  the  matter  is  perfectly 
indiffeTent;  it  is  as  easy,  in  every  thing  but  mere  labour  of  calculation, 
to  assign  as  the  unU  of  smallness,  any  fraction  which  he  may  please  to 
name.  What  we  mean  to  say  is  this,  that  we  never  use  the  word 
small,  unless  where  it  imphes,  as  small  as  you  please.  Similarly  we 
never  use  the  word  near,  unless  in  the  sense  of  as  near  as  you  please  ; 
or  great,  unless  in  that  of  as  great  as  you  please.  And  the  same  with 
all  other  terms  which  are  purely  relative.  We  reject  them  in  their 
relative  sense  because  the  relation  is  indefinite ;  we  adopt  them  again  as 
a  mode  of  signifying  a  relation  which  we  may  make  what  we  please  in 
the  extent  to  which  we  carry  the  idea  of  the  relation  in  question. 

In  the  questions  which  occur  in  arithmetic  and  algebra^  relating  to 
problems  the  conditions  of  which  can  be  satisfied  only  as  nearly  as  we 
please  but  not  exactly,  it  is  usual  to  create  a  solution  by  hypothesis, 
sod  to  wy  that,  we  continually  approach  to  that  solution,  the  more 
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nearly  we  solve  the  problem.  ThuB  it  is  never  said  that  there  is  no 
such  thing  as  x,  which  makes  xx  actually  equal  to  6 ;  but  it  is  said 
that  there  is  such  a  thing  as  the  square  root  of  6,  and  it  is  denoted  by 
j/K  But  we  do  not  say  we  actually  find  this,  but  that  we  approximate 
to  it.    If  we  take  the  folbwing  series  of  numbers  or  fractions-^ 


1. 

3 

7. 

2-449490 

2. 

25 

8. 

2-4494898 

3. 

245 

9. 

2-44948975 

4. 

2-450 

10. 

2-449489743 

5. 

2-4495 

11. 

2-4494897428 

6. 

2-44949 

12. 

2-44948974279 

and  multiply  each  by  itself,  we  shall  find  the  product  to  approach  nearer 
and  nearer  to  6,  and  always  exceeding  it,  so  that  while  the  first  multi- 
plied by  itself  exceeds  six  by  3  units,  the  last  multiplied  by  itself  docs 
not  exceed  6  by  so  much  as  the  thousand-millionth  part  of  a  unit.  We 
thence  get  the  idea  of  a  continual  approach  to  the  fraction  which  satisfies 
the  problem,  though  in  truth  there  is  no  such  fraction  ;  but  all  that  we  can 
say  is  that  we  have  found  a  fraction  which  has  a  square  lying  between 
6  and  6  +  one  thousand-millionth  part  of  a  unit.  And  also,  which  is 
the  essential  part  of  the  problem,  that  we  might  have  made  the  last- 
mentioned  fraction  still  smaller,  to  any  extent,  and  have  found  a  corre- 
sponding solution. 

This  non-existing  limit,  if  we  may  so  call  it,  actually  has  a  more  defi- 
nite existence  in  geometry  than  in  arithmetic,  but  only  when  we  take  a 
sort  of  supposition  which  is  practically  as  impossible  as  the  extraction  of 
the  square  root  of  6  in  arithmetic.  Let  there  be  such  things  as  geome- 
trical lines,  namely,  lengths  which  have  no  breadths  or  thickness,  and 
let  it  be  competent  to  us  to  mark  off  points  which  divide  one  part  of  a 
line  from  another,  without  themselves  filling  any  portion  of  space ;  then 
it  is  shown  in  Euclid  that  the  side  of  a  square  which  contains  six  square 
units  is  a  line,  which,  when  we  come  to  apply  arithmetic  to  geometry, 

must  be  called  ^6  whenever  our  arbitrary  linear  unit  is  called  1. 
And  the  lines  represented  by  the  preceding  twelve  fractions  will,  in  such 
case,  be  a  set  of  lines  which,  being  always  greater  than  the  line  in  ques- 
tion, yet  are  severally  nearer  and  nearer  to  it.     This  line_can  no  more 

be  expressed  by  means  of  an  arithmetical  fraction  than  ^J  6. 

We  have  then  got  an  idea  of  a  limit  towards  which  we  may  approach 
as  near  as  we  please,  but  which  we  can  never  reach.  We  shall  take 
another  instance  of  a  similar  kind,  in  which  the  limit,  though  equally 
unattainable  imder  the  conditions  prescribed,  is  yet  a  definite  number 
or  fraction.  Take  a  unit,  halve  it,  halve  the  result,  and  so  on  conti- 
nually.    This  gives— 

1         *         i         i         iV         tV         Vt         xfir,  &c. 

m 

Add  these  togethar,  beginning  from  the  first,  namely,  add  the  first  two, 
the  first  three,  the  first  four,  &c. 

The  first                  is  1  or  2  all  but  1 

The  first  two  give  |^  or  2  .  .    .  i 

«...  three  .  .  •}-  or  2  •  .    .  ^ 

«...  four  .  .  V  Of  2  •  •    •  1 

....  five  .  .  fj-  or  2  •  .   .  tV 

•  ...  six  .  •  f  1  or  2  •  .   •  tV 
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We  see  then  a  contiiiual  approach  to  2,  which  is  not  reached,  nor  ever 
wili  be,  for  the  deficit  from  2  is  always  equal  to  the  last  term  added. 
And  the  reason  is  simple.     Let  AB  represent  2  units 

I 1 1 r-l 

A  C  D      E    B 

flalre  AB  by  the  point  C,  CB  by  the  point  D,  DB  by  the  point  E,  and 
80  on.  Now,  whatever  degree  of  approximation  may  be  made  to  the 
point  B  by  passing  from  A  to  C,  from  C  to  D,  from  D  to  E,  &c.,  it  is 
dear  that  as  much  remains  to  be  passed  over  as  was  passed  over  at  the 
last  step,  nor  can  the  length  w^hich  remains  ever  be  passed  over  by 
paning  over  its  half.  We  have  then  here  a  case  in  which  there  is  a 
limit  unattainable,  by  the  process  described,  but  capable  of  being  attained 
within  any  degree  of  nearness,  however  great. 
The  foUowing  phraseology  is  in  continual  use.     We  say  that— 

1,     1+4,     1+i  +  i,     l+*  +  i  +  i,    &C.&C. 

is  a  series  of  quantities  which  continually  approximate  to  the  limit  2.  Now, 
the  tmth  is,  these  several  quantities  are  fixed,  and  do  not  approximate 
to  2.  Tl^  first  is  1,  the  second  is  •{,  and  so  on  ;  it  is  we  ourselves  who 
approximate  to  2,  by  passing  from  one  to  another.  Similarly  when  we 
•ty,  "let  :i;  be  a  quantity  which  continually  approximates  to  the  limit  2," 
we  mean,  let  us  assign  different  values  to  or,  each  nearer  to  2  than  the 
preceding,  and  following  such  a  law  that  we  shall,  by  continuing  our 
steps  sufficiently  far,  actually  find  a  value  for  x  which  shall  be  as  near 
to  2  as  we  please.  In  the  second  place,  2  is  not  the  limit  of  the  preced- 
ing sets  merely  because  each  is  nearer  to  2  than  the  preceding  :  for  by 
tbe  same  rule^  each  is  nearer  to  1000  than  the  preceding.  But  we  cannot 
UBign  one  of  the  set  which  shall  be  as  near  to  1000  as  we  please ; 
though  we  CfTk  assign  one  which  is  as  near  to  2  as  we  please.  The 
following  is  exactly  what  we  mean  by  a  limit. 

Let  there  be  a  symbol  z  which  has  different  values  depending  on 
different  successive  suppositions  of  such  a  kind  that  any  one  of  the 
•oppositionB  being  made,  we  can  thence  deduce  the  corresponding  value 
of  X :  let  the  several  values  of  x  resulting  from  the  different  suppositions 
be 

fli    Og    Og    ct^  •   »   •   •  &Cm 

dienif  by  passing  from  at  to  Of,  from  a^  to  a^  &c.,  we  continually 
approach  to  a  certain  quantity  /,  so  that  each  of  the  set  differs  from  /  by 
itts  than  its  predecessors  ;  and  if,  in  addition  to  this,  the  approach  to  I 
is  of  such  a  kind,  that  name  any  quantity  we  may,  however  small, 
namely  ^  we  shall  at  last  come  to  a  series  beginning,  say  with  a«,  and 
continuing  ad  infinitum, 

an  the  terms  of  which  severally  differ  from  /  by  less  than  z  :  then  /  is 
called  tbe  limit  of  x  with  respect  to  the  supposition  in  question* 

When,  either  in  the  way  of  hypothesis  or  consequence,  we  have  a 
■cries  of  yalues  of  a  quantity  which  continually  diminish,  and  in  such  a 
way,  that  name  any  quantity  we  may,  however  small,  all  the  values,  after 
a  certain  value,  are  severally  less  than  that  quantity,  then  the  symbol 
by  which  the  values  are  denoted  is  said  to  diminish  without  limit.  And 
if  the  series  of  values  increase  in  succession,  so  that  name  any  quantity 
«t  nay,  however  great,  all  after  a  certain  point  will  be  greater,  then  the 
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-series  it  wM  to  iner^ase  without  limit  It  »  also  frequently  said,  wken 
41  quantity  diminishes  without  limit,  that  it  has  nothing,  zero  or  0,  for  its 
limit :  and  that  when  it  increases  without  limit,  it  has  infinity  or  k 

or  ^  for  its  limit.     For  instance,  we  may  ask  what  is  the  hmit  of  -; — - 

when  X  increases  without  limit.  That  is,  supposing  we  give  to  x  a  set 
of  successive  values,  increasing  in  order  and  without  limit,  what  will  the 

X 

set  of  values  of  —z — ; ,  which  correspond  to  the  values  of  x,  have  for  a 

limit,  or  will  they  also  increase  without  limit,  or  diminish  without  limit. 
Let  us  choose  for  the  set  of  values  of  x  in  question, 

1,     10,     100,     1000,     10,000,    Ac.  « 

When.«:l  ^^         :=         i 

When  *  =  10         ^^         =      T^tfr  <  tV 

When  0?  =  100        ^^         =      ..UhcKrhi' 

and  so  on,  whence  it  should  seem  that  the  fraction  in  question  diminishes 
without  limit,  when  x  is  increased  without  limit.  But  to  be  sure  of 
this,  we  must  remember  that  we  have  not  yet  proved  diminution  without 
limits  but  only  diminution.     But  we  may  easily  see  that 

X  11 


a^+l  .  1         X 

X 

.    .     1 
but  as  X  increases  without  limit,  -  diminishes  without  limit :  stiJl  more 

X 

then  does  -r — -,  which  is  less. 
dr*4'  1 

X 

Secondly,  let  us  ask  for  the  limit  of ,  when  x  continually  dimi- 

X  *■"  X 

nishes  towards  the  limit  1 .  Let  us  take  a  set  of  fractions  which  con- 
tinually diminish  towards  1 ;  for  instance — 

1+i,     1++.     l-fi,     1  +  t,    &c. 

Ifa:  =  1+  4         -^  =  3 

X — I 

Ifa?=   1   rf   i  -^   =4 

X^l 

If  X  -  1  +  i        -^  =  5,  Ac. 

X — 1 

To  show  that  this  increase  is  without  limit,  let  jrssl-t- v.  Then  any 
supposition  which  gives  x  the  limit  I.  makes  v  diminish  without  limit. 
And  substitution  gives 

X  l+v        2+1 


0?— 1  i;  V 


r 
I 
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whieh  increases  without  limit  when  v  diminisheB  without  limitt  dist  it, 
when  X  is  made  to  approach  to  the  limit  1,  or  to  approach  without  limit 
(as  to  the  degree  of  approximation)  to  1. 

Cases  of  this  sort  do  not  offer  the  complete  difficulty  of  the  Differen- 
tial Calculus,  and  we  shall  therefore  only  add  a  few  examples  for  exer- 
cise. 

We  use  the  following  notation :  when  we  wish  to  say  that  we  suppose 

X  to  increase  without  limit,  we  say  'Met  x  be oc  '';  similarly,  "let 

X  be 0  "  means  let  x  diminish  without  limit,  and  "  let  x  be  . . . « a  " 

means  let  x  ^ave  the  limit  a. 


3x 


2x+l 
x-f  1 

X— 1 

X— 3 


is     f    if  X  be oc 


is     I     ifxbe oc 


is     •  • .  • .  0    if  X  be 3 

x+4 

The  use  of  the  introduction  of  limits  is  as  follows : — The  ideas  attached 
to  the  words  not/ting  and  infinite  do  not  permit  the  application  of  many 
rules  in  the  strict  and  direct  sense  in  which  they  are  applied  to  numbers. 
They  are  necessarily  what  may  be  called  negative  terms,  implying  cither 
the  absence  of  all  magnitude,  or  unbounded  magnitude.  The  first  term 
18  comparatively  easy,  but  only  for  this  reason,  that  the  mere  mention  of 
0,  or  nothing,  makes  us  turn  our  thoughts  to  one  particular  rule  of  arith- 
metic, with  respect  to  which  it  is  a  rational  result,  that  is,  does  not 
involve  the  necessity  of  extending  any  term  beyond  its  primitive  signi- 
fication. If  from  a  we  tdke  a  there  remains  0,  and  in  this  sense  only 
can  nothing  be  received  as  an  absolute  result  of  calculation.  When  we 
say  that  6  taken  from  6  leaves  the  remainder  nothing,  we  have  no  occa- 
sion to  pause  and  consider  what  remains  after  taking  away  5,  or  5j^,  or 
5|,  in  order  to  assure  our  minds  that  our  extreme  case  is  consistent  with 
those  which  precede  it.  For  the  connexion  of  the  idea  of  taking  away 
with  that  of  a  complete  absence  of  all  quantity  is  more  simple  than  that 
which  exists  between  any  other  operation  and  its  result.  The  easiest  of 
all  subtractions  is  a  —  a,  and  the  taking  away  all  there  are  to  take  is  more 
simple  than  the  taking  away  of  a  part.  Hence  0  comes  to  be  introduced 
in  arithmetic  as  a  resuJt  of  calculation,  and  takes  a  place  in  the  series 
0,  1,2,  3,  &c.  to  which  it  is  entitled  whenever  we  consider  the  series  as 
formed  by  addition  from  the  beginning  to  the  end,  or  by  subtraction 
from,  the  end  to  the  beginning. 

But  when  we  consider  multiplication  or  division  by  0,  we  can  only 
attach  to  the  process  a  clear  idea  of  what  we  are  doing  by  considering 
the  limit  to  which  we  shall  come  by  continually  multiplying  and  divid- 
ing by  smaller  and  smaller  quantities.  What  is  a  multiplied  by  -psVo-  ^ 
The  answer  is,  a  taken  the  thousandth  part  of  a  time,  or  the  thousandth 
part  of  a,  and  by  increasing  the  denominator  of  the  multiplier,  that  is 
by  diminishing  the  multiplier,  we  show  that,  if  v  be  diminished  without 
mnit,  OBD  is  also  diminished  without  limit.  Again,  what  is  a  divided  by 
TiVv^,  or  how  many  times  does  a  contain  the  thousandth  part  of  a  unit  P 
The  answer  evidently  is,  a  thousand  times  as  often  as  it  contains  the 
suit ;  but  a  itself  is  meant  to  express  the  number  of  times  it  contains 
the  unit,  and  therefore  1000  a  is  the  answer.    And  we  see  that^  by  suffi- 
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ciently  increasing  the  denominator  of  the  divisor,  that  is,  by  sufficiently 
diminishii^  the  divisor  itself,  we  make  the  result  of  division  as  great  as 

we  please.    Hence  -,  when  <r  diminishes  without  limit,  itself  increases 

without  limit,  which  is  the  only  intelligible  view  we  can  attach  to  the 

equation  — -  ss  oc  .     Similarly,  when  x  increases  without  limit,  —  dimi- 
0  X 

nishes  without  limit,  which  is  the  only  meaning  we  can  attach  to  —  :=0. 

There  is  one  more  case  in  which  we  attach  something  like  an  absolute 
notion  to  0,  namely  in  a^  which  signifies  unity.  But,  we  must  observe, 
that  this  notion  only  applies  «vhen  we  come  to  the  0  in  question  by 
subtraction.  When  we  consider  the  series  ...3,  2,  1,  0,  and  the  cor- 
responding series  •••a%  a*,  a^  a^  we  see  that  each  intelligible  term  is 
formed  from  its  predecessor  by  dividing  by  a ;  thus  aaa  divided  by  a  is 
aay  which  divided  by  a  is  a,  which  divided  by  a  is  1.  But  (f^  a*,  a*, 
require  that  the  next  term  should  be  a^  which  is  therefore,  if  we  would 
preserve  uniformity  of  notation,  a  representation  of  1 .  But  let  us  now  con- 
sider a^  as  the  limit  towards  which  we  approach  by  continuing  the  series 

a*,  a  ,  a  ,  oTy  &c.  where  it  is  clear  that  the  limit  of  1,  |,  -i-,  4^,&c.  is  0. 
Now  the  extraction  of  the  third,  fourth,  fifth,  &c.  roots  of  any  number 
is  a  series  of  processes  by  which  a  succession  of  results  is  produced, 
which  continually  approximate  to  unity,  and  without  limit :  so  that  there 
is  no  fraction  so  near  to  unity  but  some  root  of  any  given  number  is 
nearer.  And  thus  we  see  that  the  0  wliich  results  from  division  is 
equally  proper  to  be  written  in  the  equation  a*  =  1  as  the  0  which  re- 
sults from  subtraction. 

The  idea  of  making  a  difference  between  the  0  which  results  irom 
one  process  and  from  another  may  be  entirely  new  to  the  student ;  but 
we  must  endeavour  to  make  him  see  that  the  distinction  is  as  necessary 
as  the  introduction  of  0  itself.  Undoubtedly,  the  better  way  would  be 
to  dispense  with  all  ideas,  as  well  as  symbols,  which  give  trouble;  and, 
unquestionably,  books  might  be  written  which  should  dispense  alto- 
gether with  the  symbols  as  well  as  ideas  of  0  and  x .  But  two  questions 
would  arise.  1.  Would  the  extension  of  mathematical  works  to  four  or 
five  times  their  present  length  be  desirable,  if  it  could  be  avoided  by 
devoting  some  space  to  the  method  of  abbreviation  (for  it  will  be  shown 
to  be  nothing  more)  by  which  j:  ==  0  is  made  the  representation  of  a 
train  of  suppositions,  and  the  final  result  arising  fn)Tfi  them  ?  2.  Would 
the  books  so  written  present  results  more  correctly  *  deduced  from  more 

*  We  should  have  said  logicaiiy,  but  we  are  ashamed  of  the  use  which  has  fre- 
quently been  made  of  this  word  by  raathematiciauN,  in  England  at  least.  By  dofficai 
we  cannot  agree  to  mean  anything  but  an  abbreviation  of  ''that  which  is  a  correct 
application  of  the  principles  of  logic;"  and,  on  looking  into  writers  on  that  subject, 
we  find  that  logic,  from  Aristotle  downwards,  has  always  meant  the  art  of  making 
correct  deductions  from  the  principles  employed,  and  accordingly  we  find  that  writers 
on  logic,  with  the  exception  of  a  few  who  have  imagined  that  metaphysics  and  logic 
were  the  same  things,  have  confined  themselves  to  methods  of  deducinfff  not  to 
methods  of  testing -the  princip/et  from  which  deductions  are  to  be  made.  Let  us  g<l 
back  to  the  time  of  Wallis,  who  was  a  sufficient  specimen  both  of  the  logician  and 
the  mathematician)  and  take  an  example  out  of  his  book,  which  is  given  as  correct 
m  ioyic,  "  When  the  sun  shines  it  is  day ;  but  the  sun  always  shines,  therefore  it  U 
always  day.**     Did  Wallis  reaUy  mean  that  the  sun  always  shines  ?  Surely  not.  but 
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intelligible  principles  ?  The  student  must  settle  this  point  for  himself 
in  due  time  :  for  the  present  we  shall  go  on  with  our  attempt  to  make 
0  and  oc  intelligible.  A  century  ago,  Fontenelle  remarked  that  these 
symbols  bad  conquered  by  numbers,  and  by  their  obstinacy  in  present- 
ing themselves  throughout  the  mathematical  sciences. 

We  have  said  that  the  symbol  0  cannot  be  absolute,  but  must  be 
considered  with  reference  to  the  manner  in  which  it  was  obtained.  Con- 
leqiiently,  we  cannot  reason  upon  0  as  such,  because  it  is  only  a  symbol 
of  part  of  a  result.  It  expresses  that,  in  some  manner  or  other,  a  per- 
fect abeence  of  all  magnitude  whatever  is  either  arrived  at,  or  is  the 
limit  of  a  series  of  suppositions.  But  why  does  not  this  equally  apply  to 
1,  2,  3,  &C.,  which  may  also  be  the  results  of  an  indefinite  number  of 
(^lentions  ?  In  the  reason  for  this  distinction  between  0  and  represen- 
tatives of  magnitude  lies  one  of  the  most  important  parts  of  our  subject. 

It  would  seem  at  first  to  be  a  sufficiently  obvious  principle,  that  if  a 
certain  equation  being  absolutely  true  is  the  test  of  a  certain  problem 
being  solved,  then  the. same  equation  being  nearly  true  (whatever  degree 
of  approximation  we  choose  to  mean  by  nearly)  will  be  the  proper  test 
of  the  problem  being  nearly  solved  (in  the  same  sense).  For  instance, 
what  is  that  number  which  is  doubled  by  adding  ten  to  it  ?  Answer, 
whatever  number  satisfies  the  equation  2ar  =:  x4- 10,  namely  xr=  10.  If 
we  choose  to  call  *001  a  small  fraction,  then  certainly  9*9999  is  nearly 
a  solution  of  the  preceding;  for,  by  adding  10  we  get  19*9999,  and  by 
doubling  we  get  19*9998  differing  by  only  *0001,  which  is  a  small 
quantity.  And  it  would  seem  equally  obvious  that,  if  two  equations  be 
absolutely  of  the  same  meaning,  so  that  one  must  be  true  when  the 
other  is  true,  and  one  can  be  deduced  from  the  other :  it  would  seem, 
we  say,  that  any  number  which  nearly  solves  the  first  nearly  solves  the 
second,  let  nearly  mean  wbat  it  ipay.  Let  us  then  ask,  what  are  the 
tests  of  absolute  equality  between  x  and  y.    The  equation  x^:=y  may  be 

converted  either  into  x  —  v  =  0,  or  into  -  ==:  1.     Either  of  these  two 

y 

equations  may  be  made  to  follow  from  the  other :  if  a:  —  y  =  0,  then 

X  X 

x=y,  or—  =  1;  if-=:l,  then  ar  =  y,  or  x  —  y  =  0.      So  that,  as 

tests  of  absolute  equality,  they  are  in  fact  the  same  equations.  If  then 
the  first  equation  be  nearly  true,  so  will  be  the  second,  we  might  think. 
What  shall  we  mean  by  nearly  f  Let  us  say  that  an  equation  is  nearly 
satisfied,  when  the  error  made  by  taking  a^  a  solution  that  which  is  not 
&  solution,  does  not  amount  to  '0001.  Let  x  =  *0009,  y  —  -0001. 
We  have  then, 

oolj  this :  that  the  above  is  good  logic,  namely  that  the  conclusion  is  a  correct  and 
Dceesaazy  consequence  of  the  premises,  and  that  logic  is  simply  the  art  of  deducing 
eonttct  and  necessary  deductions  from'  premises.  Now  our  books  of  controversial 
■Mthematics  swarm  with  the  use  of  the  words  /oytca/  and  iilogical,  not  as  applied  to 
metbods  of  deducing,  but  as  to  the  principles,  from  which  deduction  is  to  be  made.  One 
■sMinea  infinitely  small  quantities,  which  is  very  Ulagical^  says  another ;  one  approves 
fif  £iieUd'8  axiom,  which  another  says  is  a^inst  all  good  logic.  It  is  clear  then,  thai 

— ^' ^ans  must  have  got  the  habit,  smce  the  time  they  left  off  studying  logic, 

_  the  word  /«^'ai/ stand  for  right y  ox  trtte,  or  reatoHable,  or  proper,  or  correct , 
such  temu  We  therefore  be^  leave  to  use  the  term  correct  instead  of  lu(p- 
cdy  Dot  that  there  would  be  any  harm  m  making  the  word/o^'co/  (or  chemical)  stand 
t&t^mrreei,  but  only  because,  where  there  are  two  words  meaning  different  thiugs  in 
ftaaologT  sad  usage  out  of  mathemstics,  it  is  unnecessary  to  convert  one  into  the 
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X  — y  s=  *0008  less  than  «001  or  ^— 'y  =:  0  is  nearly  true; 

—     =    ^^^,  or  9  and  —  =  1  is  very  far  from  the  truth. 
y  -0001  y  ^ 

Consequently,  considered  as  means  of  estimating  approach  to  equality, 
these  equations  mean  very  di£ferent  things.  And  if  we  look  at  x—y  we 
shall  see  that  there  are  two  ways  of  making  it  very  small  (whatever 
small  may  mean)  :  either  let  x  and  y  be  nqt  smaU,  but  very  nearly 
equal,  say,  for  instance,  x  =  7*000001  y  =  7  :  or  let  x  and  y  both  be 
very  small  without  considering  whether  they  are  nearly  equal  or  not,  for 
then  X  —  yy  being  smaller  than  x,  is  also  small.  But,  it  may  be  asked, 
are  not  all  small  quantities  nearly  equal  ?  Are  not  all  small  quantities 
nearly  equal  to  nothing,  and  are  not  quantities,  which  are  nearly  equal 
to  the  same,  nearly  equal  to  one  another  P  A  student  who  has  been  in 
the  habit  of  using  0  as  a  quantity,  without  reference  to  any  explanation, 
will  be  sure  to  think  so :  but  that  he  should  not  think  so,  and  should 
clearly  see  the  grounds  on  which  he  is  not  to  think  so,  is  as  necessary 
for  the  Differential  Calculus  as  the  notion  of  space  to  geometry  or 
number  to  arithmetic.  We  must  therefore  proceed  to  consider  the  fun- 
damental axioms  of  mathematics,  in  order  to  see  what  modifications  are 
required  when  the  conditions  of  an  axiom  are  not  absolutely  fulfilled, 
but  only  nearly  so,  where,  by  the  word  nearly^  we  are  at  liberty  to 
signify  any  degree  of  approximation  we  please. 

Let  us  first  take  the  absolute  condition  of  equahty  x  —  y  s=:  0  coupled 
with  the  relative  notion  of  nearly  equals  simply  defined  as  a  phrase  to 
signify  that  x  —  y\%  small.  We  know  then,  that  the  doubles,  the 
trebles,  the  quadruples  of  equals  are  themselves  equals,  and  so  on  for 
ever ;  but  the  same  does  not  follow  of  the  relative  notion.  For  if  x  —  y 
be  small,  yet  2  x  —  2y  will  be  twice  as  great,  3  x  —  3  y  three  times  as 
great,  and  so  on :  therefore,  let  small  mean  what  it  may,  there  must 
come  a  value  of  nx  —  ny  which  is  not  small,  when  x— y  is  small.  Let 
X  exceed  y  by  only  "0001,  which  call  a  small  quantity,  and  let  10,000 
be  the  first  quantity  which  shall  be  called  great.  Then,  though  x  exceed 
y  only  by  *0001,  yet  a  hundred  million  times  x  exceeds  a  hundred 
million  times  y  by  100,000,000  X  *0001  or  by  10,000 :  that  is, 
though  X  is  nearly  equal  to  y,  yet  lO'x  is  not  nearly  equal  to  lO'y.    But 

X 

let  us  now  signify  absolute  equality  by  —  =1,  and  let  nearly  equal,  as 

X 

applied  to  x  and  y,  mean  that  -  differs  from  1  by  the  quantity  we  call 

small,  or  by  less.     Then  we  have 

X       2x      3x_4x    .      -         ,  .  ^ 
y       2y      3y      4y'  -^ 

whence is  always  as  near  to  1  as  — ,  and  consequently,  under  this 

signification  of  nearly-equal,  it  follows  that  any  equimultiples  of  nearly 
equal  quantities  are  nearly  equal,  which  is  true  of  the  first  notion  only 
within  certain  limits.  But  it  must  be  observed  that  this  definition  of 
nearly*equal  agrees  with  the  first  when  the  magnitudes  in  question  are 
not  such  as  are  called  small,  and  differs  from  it  when  they  are  very 
small  or  very  great.  Thus,  '001  being  called  small,  7  001  and  1  are^ 
nearly  equal  on  both  suppositions :  for 
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1*001 

-=—  =     1  00014...     1*001—7  =  -001 

the  fiTBt  near  to  1,  the  second  small.  But  '001  and  '0001  are  only 
nearly  equal  on  the  hypothesis  that  this  phrase  is  to  he  applied  when 
x  —  y  is  small,  fbt 

^^,  =  10        -001— -0001  =a  -0009. 
•0001 

But,  on  the  other  hand,  if  jr  he  100,000  and  y  :s:  99,900,  we  shall  find 
«t  X  —  y  18  not  small,  hut  —  is  near  to  1. 

y 

Before  we  proceed  to  fix  on  the  meaning  of  the  words  nearly  equal  fot 
fiitare  use,  we  shall  ask  which  term  would  be  adopted  hy  common  usage. 
We  know  that  to  a  carpenter,  the  hundredth  and  the  thousandth  parts 
of  an  inch  are  the  same  thing,  that  is,  both  such  small  lengths  as  to  be  of 
BO  consequence  whatever.  They  may  therefore  be  called  hy  him,  without 
inconTemenoe,  nearly  or  even  absolutely  equal ;  but  only  in  this  sense,  that 
his  means  of  measuring  do  not  serve  to  distinguiah  one  from  the  other* 
nor  is  it  necessary  that  they  should.  But  if  ever  it  became  necessary 
to  work  with  exactness  to  the  thousandth  part  of  an  inch,  such  power  of 
rejection  would  no  longer  exist,  and  the  hundredth  part  of  an  inch 
would  be  called  a  great  error,  and  by  no  means  nearly  the  same  thing 
u  the  thousandth  part.  On  the  same  principle,  a  sum  of  money  is 
considered  as  deriving  its  commercial  importance,  not  from  its  own  mag- 
nitude, but  from  the  proportion  which  it  bears  to  the  whole  in  question. 
A  man  who  should  incur  a  debt  on  his  own  representation  that  he  pos- 
sessed a  thousand  pounds,  would  not  be  held  to  have  committed  a  iraud 
if  it  turned  out  that  he  had  only  nine  hundred  and  ninety,  or  ten  pounds 
le8&  But  a  man  who  should  do  the  same  on  his  own  assertion  that  he 
could  command  twenty  pounds,  would  be  suspected  if  it  turned  out  to 
be  only  ten. 

The  method  of  using  the  term  nearly  equal,  which  is  the  most  conve- 
nient in  common  life,  also  will  appear  to  be  the  most  convenient  in 
mathematical  reasoning,  and  we  shall  therefore  adopt  it  in  the  following 
definition.  Two  quantities  are  said  to  be  more  nearly  equal  than  two 
others^  when  the  greater  of  the  first  divided  by  the  less  is  nearer  to 
imity  than  the  greater  of  the  second  divided  by  the  less.     Thus  260  is 

260  8 

nearer  to  250  than  8  is  to  1,  because  --r  is  nearer  to  1  than  -  is  to  1. 

250  1 

Or  sines,  in  the  preceding  definition,  '^—  1  is  less  than  ^  —  1  when 

a~^h 
a  sod  &  are  more  nearly  equal  than  e  and/,  it  follows  that  —j-—  is  less 

than  — ^,  that  is,  not  that  a  —  6  is  less  that  e  — /,  but  that  a  —  6  is  a 

hm  part  of  b  than  e  — /is  of/. 

Let  us  now  consider  the  axiom  :  if  equals  be  added  to  or  taken  from 
etjiiils,  the  remainders  are  equal.     This  may  follow  according  to  the  1 

of  nearly  equal,  derived  both  from  a  —  &  =  0  and  from  jt  ^  1» 
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but,  for  reasons  given  before,  it  does  not  follow  for  any  number  wbatso* 
ever  of  nearly-equals  according  to  the  first  definition.  But  it  follows  of 
any  number  whatsoever  of  nearly  equals  according  to  the  second :  for  if 


f=> 


•  •  • 


it  will  be  shown  of  a  +  a'+  •  •  •  •  and  6  +  ^'  +  •  •  •  •  that 

a  +  a' 4'.  •• . 


b  +  b'+.... 


=  l  +  fi 


where  /3  must  lie  between  the  greatest  and  least  of  0^  a/. ... ,  and  there* 
fore  must  be  called  small,  if  all  the  set  «,  ck'.-.  . .  are  severally  small. 
But  the  convenience  of  this  mode  of  defining  nearly  equal  will  suffix 
ciently  appear  in  the  rest  of  this  work,  and  we  therefore  pass  to  it3 
most  important  application.  It  appears  that  two  quantities,  however 
small  they  may  be,  are  not  to  be  considered  as  approximating  on  account 
of  their  smallness ;  for,  in  fact,  they  may  be  possibly  receding  from 
each  other,  even  while  they  are  absolutely  diminishing,  or  approaching 
to  0.   The  following  instances  will  show  this  to  happen  in  certain  cases. 

T 


B 


I 


Let  a  circle  be  drawn  of  which  any  diameter  A  B  is  taken.  Let  any 
point  P  be  taken,  as  near  to  B  as  may  be  chosen,  and  draw  P  M  per* 
pendicular  to  the  diameter  A  B.  From  O  draw  O  T  perpendicular  to  the 
same  diameter,  and  produce  B  P  to  meet  O  T  in  T.  We  have  then  a 
rectilinear  triangle  MBP,  the  sides  of  which  become  smaller  and 
smaller  as  P  is  placed  nearer  and  nearer  to  B,  in  such  a  manner  that,  by 
making  P  sufficiently  near  to  B,  we  may  render  either  of  the  sides  as 
small  as  we  please.  If  P  absolutely  comcide  with  B  there  is  no  such 
triangle  at  all.  The  question  is,  what  relations  do  P  M,  M  B,  and  B  P, 
as  they  diminish,  assume  or  tend  to  assume,  not  with  respect  to  any 
fixed,  or  given,  or  constant  magnitude,  such  as  O  A,  but  with  respect  to 
each  other  ?  As  P  approaches  towards  B,  it  is  evident  that  the  angle 
O  B  P  increases.     For  the  angle  P  O  B  diminishes,  and 

y  /Min      Two  right  angles  -  Z  POB       .    .  ,         ,       ZPOB 
Z  OBP  = ^r =  A  nght  angle — . 

As  P  approaches  without  limit  to  B,  the  angle  POB  diminishes  without 
limit,  or  the  limit  of  the  angle  O  B  P  is  a  right  angle :  that  is,  the 
line  B  P  T  continually  approaches  to  a  state  of  parallelism  with  O  T,  or 
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Uie  point  T  recedes  'from  O  farther  and  farther  without  limit.  Place 
the  point  T  ever  so  far  from  O,  and  T  B  will  cut  the  circle  somewhere. 
If  0  B  were  «ne  foot,  4ind  if  O  T  were  a  hundred  thousand  feet,  still  P 
would  be  a  distinct  point  from  B.  It  is  true  that  the  arc  P  B  would 
*  hardly  be  the  thousandth  part  of  an  inch,  but  that  has  nothing  to  do 
with  the  comparative  dimensions  of  the  triangle  P  M  B.  It  is  perfectly 
within  the  limit  of  geometrical  conception  to  imagine  all  the  diagrams 
of  the  sEix  books  of  Euclid  drawn  within  the  compass  of  a  square, 
haring  for  its  side  the  thousandth  part  of  an  inch :  perhaps  many 
of  our  readers  have  seen  the  Lord's  Prayer,  the  Creed,  and  the 
Decalogue  written  within  the  compass  of  a  sixpenny  piece.  In  the 
first  case,  every  figure  would  have  the  same  proportions  existing 
between  its  parts  as  in  the  largest  diagram  ever  displayed  in  a 
lecture-room :  in  the  second,  the  length  of  two  letters  would  preserve 
the  same  proportion  as  in  the  largest  handwriting.  Hence  all  we 
know  of  the  sides  P  M,  M  B,  and  B  P,  being  that  they  become  small 
together,  smaller  together,  and  finally,  as  the  phrase  is,  vanish  together, 
we  cannot  from,  this  alone  a£5rm  any  thing  as  to  whether  or  no  they 
approach  to  or  recede  from  equality  according  to  our  definition  of  such 
approach  or  recession :  for  this  depends,  not  upon  the  absolute  mag- 
nitudes of  the  quantities  in  question,  but  upon  how  many  tin)es,  or  parts 
of  times,  each  is  contained  in  the  other.  Two  quantities  may  both  be 
small,  but  one  may  be  a  thousand  times  the  other :  two  quantities  may 
both  be  great,  but  one  may  contain  the  other  only  one  time  and  a  thou- 
sandth part  of  a  time.  Hence  we  must  examine  the  figure  itself,  and 
from  its  particular  properties,  as  distinguished  from  all  others,  we  must 
ascertain  the  manner  in  which  the  law  of  relation  changes  (if  it  do 
change)  while  the  triangle  is  diminished. 

Since  the  triangle  P  M  B  must  be  similar  to  the  triangle  T  O  B,  we 
tee  that,  whatever  may  be  the  absolute  magnitude  of  the  former,  T  O 
bean  to  O  B  the  same  proportion  as  P  M  to  M  B.  Consequently,  as 
often  as  O  B  is  repeated  in  T  O  so  often  is  M  B  repeated  in  M  P.  But  as 
P  approaches  towards  B,  the  point  T  recedes  without  limit  from  O,  that 
it,  th^  is  no  point  so  distant  froio  O  but  T  must  reach  it  before  P 
reaches  B.  Therefore,  there  is  no  number  so  great,  but  M  P  will  con- 
tain M  B  more  times  than  that  number  before  P  reaches  B.  This  is  the 
most  difiicult  of  all  the  fundamental  points  of  the  Differential  Calculus : 
two  quantities  both  diminish  without  limit,  yet  oj  they  diminish  more 
and  moret  one  contains  the  oQ^er  mjore  and  moi'e  times  without  limit, 
so  that  if  we  vnsh  to  designate  any  number ^  however  great,  we  can  do 
it  by  assigning  some  position  of  P  near  to  B,  and  saying  it  is  the  num- 
ber of  times  which  P  M  contains  MB ;  and  the  areater  the  number  we 
wish  to  designate^  the  nearer  must  P  be  placed  to  B.  This  result  as 
announced  must  appear  surprising  at  first :  but  it  is  sufficiently  evident 
by  considering  that,  as  to  proportion  of  its  dimensions,  the  triangle  T  O  B 
is  only  a  minified  representation  of  the  triangle  P  M  B. 

The  difficulty  of  the  proposition  lies,  firstly,  in  our  not  being  used  to 
consider  that  the  proportions  of  figures  do  not  depend  upon  their  size, 
bat  upon  what  Euclid  terms  the  ratio  (Koyoo)  which  he  says*  is  (if  we 

*  The  tnoslaton  and  commeiitaton  of  Euclid  have  first  cut  this  definition  to 
tiiat  they  might  quarrel  about  putting  the  parts  together  again.  To  English 
~  eTcr[  word  of  BucUd  is  curious,  and  we  shall  therefore  show  how  they  have 
fA.  oimson,  and  all  the  recognised  editions  in  our  language,  express  them« 
teUns  eAct:— *'  Batio  is  a  mutual  relation  of  two  magnitudes  with  respect  to 
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may  coin  Biich  an  English  word)  the  number-of'tmes^ness^  or  quaniu- 
plicity,  of  one  quantity,  considered  with  respect  to  another.  Because 
we  seldom  have  to  consider  small  quantities  except  as  parts  of  larger 
ones ;  we  carry  with  us  our  notion  of  small ness  to  the  comparison  of  two 
small  quantities,  where,  in  propriety,  the  notion  of  smallness  ought  not 
to  enter. 

The  second  cause  of  difficulty  lies  in  our  being  apt  to  run  to  the  limit 
at  which  our  suppositions  cease  to  exist,  and  to  say  that  if  P  M  contain 
M  B  more  and  more  times  without  limit  before  P  can  reach  B,  then 
when  P  actually  reaches  B,  P  M  must  contain  M  B  an  infinite  number 
of  times,  or  one  nothing  contains  another  nothing  an  infinite  number  of 
times.  To  this  we  must  say,  in  the  first  place,  that  the  result  is  not 
absurd,  but  only  vague  and  indefinite,  for  nothina  may  be  supposed, 
without  palpable  contradiction,  to  contain  nothing  just  what  number  of 
times  we  like.  In  the  second  place,  we  have  seen  that  0  must  be  con- 
sidered with  reference  to  the  way  in  which  it  was  obtained,  before  we 
can  attempt  to  say  what  are  its  properties.  And  in  the  third  place,  that 
whether  the  two  preceding  arguments  be  good  or  bad,  we  have  nothing 
to  do  with  them,  but  content  ourselves  with  asserting  what  we  can  prove, 
in  circumstances  which  we  can  understand,  namely,  that  P  may  be 
placed  so  near  to  B,  as  that  P  M  shall  contain  M  B  any  given  number 
of  times  however  great.  If  you  *  name  a  million,  we  can  calculate  to 
any  degree  of  exactness  you  please,  the  angle  P  O  B  which  will  give 
P  M  a  million  times  M  B  :  if  you  name  a  higher  number,  we  can  do  the 
same  ;  name  any  number  you  please,  which  can  he  named^  and  we  can 
do  the  same.  What  have  we  here  to  do  with  either  nothing  or  infinity  f 
We  say,  that  as  P  approaches  towards  B,  the  ratio  of  P  M  to  M  B 
increases  without  limit,  which  is  our  way  of  stating  the  theorem  just 
explained  more  at  length.  If  you  say  that  you  cannot  conceive  P  con- 
tinually approaching  to  B,  and  its  consequences,  without  forming  some 
notion  about  what  will  become  of  these  consequences  when  P  actually 
reaches  B,  we  answer  that  you  are  at  liberty  to  form  your  notion,  and 
it  may  be  anything  you  please,  or  that  you  cannot  help ;  all  we  say  is, 

quantity."  The  old  Latin  versions  simply  call  it  a  <*  certa  alterius  ad  aHeram  habi- 
tado."  Billingiley,  the  oldest  of  the  English  editors^  calls  it  a  •<  habitude  of  one 
to  the  other  according  to  quantity.**  Williamson,  in  the  last  century,  who  prided 
himself  upon  his  staunch  adherence  to  Euclid,  |pves  it  correctly  in  a  note,  but  not  in 
the  tf  zt ;  Cotes  saw  the  propriety  of  an  alteration,  but  did  not  go  back  to  the  Greek 
to  make  it,  but  says  it  is  a  mutual  relation  ^'secundum  communem  mensuram," 
while  much  discussion  has  ensued  upon  the  meaning  of  the  mangled  definition.  We 
cannot  say  what  they  would  have  done  in  France,  ibr  their  editor,  Peyrard,  has  omitted 
the  fifth  book  altogether,  but  quotes  it  in  the  sixth.  The  words  of  Euclid  are  A/yvr 
l^Ti  }v0  fity%$mf  ififyttm  n  s«r«  wnktxiriiTm.  itfig  ik>JiXtt  wik  «';^i«if,  the  seventh  and 
eighth  words  of  which  were  rendered  by  Wallis  and  Gregory  tecundum  quantMpiici- 
iatem.  In  fact,  magnitude  itself  {^%yt4»s)  is  Euclid's  term  for  quantity  in  the  usual 
English  sense.  The  definition  seems  to  hint  at  the  very  distinction  drawn  in  the 
text.  It  is,  when  we  talk  of  ratio,  we  do  not  talk  of  one  quantity  or  magnitude,  for 
it  is  a  mutual  relation  between  two  quantities  or  magnitudes ;  nor  do  we  speak  of 
their  quantity,  or  of  how  much  they  are,  but  of  their  mutual  quantuplicity,  or  how 
many  times  one  contains  the  other :  so  that  two  magnitudes,  however  small,  may 
have  the  same  ratio  as  two  others  however  great,  or  may  give  the  same  answer  to 
the  question,  how  many  times  does  the  first  contain  the  second  ?  It  is  true  that  the 
word  used  by  Euclid  does,  according  to  lexicographers,  mean  quantity  as  wvU  as  f  vai- 
tttpiicUy ;  but  as  Euclid  had  already  a  word  for  quantity  or  magnitude,  we  think  the 
sense  in  which  he  employed  it  is  stmBciently  clear. 

*  We  have  taken  a  locutory  style  as  the  most  easy  to  write,  and,  we  belieTe,  the 
moft  easy  to  understand. 
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Aat  fmr  case  is  not  included  in  our  theorem  (whether  it  aughi  to  be  or 
not,  we  neither  know  nor  care)  ;  all  we  have  said  (and  it  haa  been  proved) 
is^  tbat  as  P  approaches  to  B,  the  ratio  of  PM  to  MB  continually 
increases,  and  without  limit.  If  a  supposition  of  your  own,  superadded 
to  oun,  raises  a  difficulty,  you,  who  made  the  supposition,  must  remove 
it  88  you  may.  But  we  can  show  that  the  difficulty  comes  too  late ; 
and  that,  upon  your  own  plan  of  adding  suppositions  to  the  expressed 
statement  of  theorems,  you  ought  to  be  in  the  middle  of  the  first 
book  of  Euclid,  without  any  hope  of  reaching  the  second.  For  when  it 
is  shown  of  all  triangles  whatsoever,  that  the  sum  of  two  sides  is  greater 
than  the  third  ;  and  when  it  is  added  that  this  remains  true,  however 
small  the  sides  of  the  triangle  may  be  (which  is  a  necessary  conse- 
quence of  its  being  asserted  of  any  triangle  whatsoever),  there  comes  the 
difficulty  implied  in  asking  what  the  theorem  means  when  the  triangle 
is  diminished  to  a  point,  and  all  its  sides  are  severally  nothing.  Are  two 
Qothmgs  added  together  greater  than  a  third  nothing  ? 

But  are  we  necessarily  obliged  to  suppose,  that,  because  P  continually 
and  for  ever  approaches  to  B,  therefore  it  will  at  last  come  to  B  ? 
By  no  means,  as  the  following  reasoning  will  show.    Si4)po^  a  circular 
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arc  B  Y  (whose  eentre  i's  Z)  falling  perpendicularly  upon  one  of  two 
ptraUeis  X  Z  and  Y  W«  Along  Y  a  point  V  travels  at  the  rate,  say  of 
a  mile  an  hour,  and  at  every  point  of  its  course  the  line  Z  V  is  drawn, 
meeting  the  circle  in  P.  It  is  clear  first,  that  as  V  proceeds  from  Y 
dong  Y  W,  the  point  P  will  move  towards  B,  for  V  cannot  progress  in 
snj  degree  whatsoever  to  the  right  without  requiring  a  line  Z  V  which 
shall  place  P  somewhat  (be  it  ever  so  little)  nearer  to  B.  But  P  cannot 
RSfih  B,  for  to  suppose  that,  would  be  to  suppose  that  Z  B  produced 
meets  Y  W,  which,  by  previous  supposition,  it  does  not,  be  it  ever  so  far 
produced.  We  can  then  actually  suppose  P  to  move  for  ever  without 
niching  B,  and  as  we  have  shown,  during  the  whole  of  that  motion, 
^  ratio  of  P  M  to  M  B  increases  continually,  and  without  limit. 

IV  third  cause  of  difficulty  lies  in  unlimited  diminution  removing 
%ures  out  of  the  province  of  our  senses,  which  are  a  vei7  great  assist- 
ance in  understanding  the  elementary  propositions  of  geometry.  In 
algieiHa,  the  difficulty  is  not  so  apparent,  because  the  senses  do  not  give 
the  same  assistance  in  any  formula  which  has  the  least  complication. 
Compare  for  a  moment  the  degree  of  evidence,  independent  of  reason- 
ii^,  which  attaches  to  the  two  following  propositions. 

Geometry.  ' 

Any  two  sides  of  a  triangle  are  to- 
jp ^  gether  greater  than  the  third. 

Tlixt  ^fBculty  arises  from  the  student  depending  somewhat  too  much 
ni  oedar  dononstration,  and  not  entirely  on  reasoning,  in  his  preceding 
Mne,  and  ran  only  be  overcome  by  dose  attention  to  the  reasoning. 

c  2 
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^  We  have  the  result  of  all  that  precedes  in  the  following  proposition. 
If  two  quantities  diminish  together  without  limits  their  ratio  may  either 

PM 

increase  without  limits  or  diminish  without  limit,    rm  ^  <^  instance 

MB 

MB 
of  the  first,  and  =r^.  of  the  second.    For  to  say  that  P  M  may  be  aa 

F  M 

many  times  M  B  as  we  please^  is  to  say  that  M  B  may  be  as  small  a 
fraction  of  P  M  as  we  please. 

But  we  also  have  the  following  proposition.  If  two  quantities  dimi- 
nish without  limit,  their  ratio  may  either  increase  or  decrease^  but  not 
without  limit,  thai  is,  may  have  a  finite  limit  Let  us  suppose  the  suc- 
cession of  quantities  diminishing  without  limit, 

I    i    ^    i    i    h    &c. 

the  ratio  which  each  bears  to  its  predecessor  will  be  an  increasing  ratio  ; 
for,  dividing  the  second  by  the  first,  the  third  by  the  second,  and  so  on, 
we  have 

i    t    *    ♦    I     f ,    &c. 

which  is  a  series  of  quantities  increasing  for  ever,  that  is,  it  never  ends, 
and  each  term  is  greater  than  the  preceding.  But  the  increase  is  not 
without  limit ;  for  since  every  numerator  is  less  than  its  denominator, 
every  one  of  the  firactions  is  less  than  unity.  And  unity,  as  the  limit  for 
the  preceding  series  of  fractions,  may  be  thus  represented, — 

1-i,     1-  +  ,     l-:^,     1-1,     1-i,    1-+,    &c. 
which,  being  generally  I ,  may  be  brought  as  near  to  one  as  we 

please,  by  making  n  sufficiently  great.  We  now  return  to  the  figure  in 
page  16,  and  ask,  what  limit  will  the  ratio  of  P  M  to  P  B  assume,  as  P 
approaches  without  limit  to  B.  The  only  thing  we  know  immediately 
from  the  nature  of  the  figure  is  that  P  B,  the  hypothenuse  of  a  right 
angled  triangle,  must  always  be  greater  than  P  M  the  side.  But  as  P 
approaches  to  B,  does  the  inequality  increase  or  decrease  ?  Can  we,  in 
the  manner  proved  of  P  M  and  M  B,  place  P  so  near  to  B,  that  P  B 
shall  be  a  thousand  times  P  M  ?  Since  P«M  is  contained  in  P  B  in  the 
same  manner  as  T  O  in  T  B,  we  must  examine  the  change  of  proper* 
tions  of  the  two  latter,  while  T  recedes  without  limit  from  O.  And 
since  the  two  sides  of  a  triangle  differ  from  each  other  by  less  than  the 
third  side,  it  follows  thsct  T  B  can  never  exceed  TO  by  so  much  as 
O  B.  And  since,  by  sufficiently  removing  T,  we  can  make  O  B  less 
than  any  given  fraction  (say  one  millionth)  of  TO,  it  follows  that  (since 
removing  T  brings  P  nearer  to  B)  that  by  sufficiently  approaching  P  to 
B,  we  can  make  P  M  difier  from  P  B  by  less  than  its  millionth  part. 
Consequently,  the  limit  of  the  ratio  of  P  B  to  P  M  is  unity ;  for,  as  we 
can  take  P  so  near  to  B  that  the  equation 

PB=:PM  +  — PMor^=l  +  — 

n  PM  n 

shall  be  satisfied  where  n  may  be  as  great  as  we  please,  it  follows  that 
the  second  side  of  the  equation  shall  be  brought  as  near  to  unity  as  we 
please. 

We  may  make  it  appear  by  the  following  method  that  it  by  no  means 
follows  that  the  mere  diminution  of  two  quantities  gives  the  right  to 
infer  anything  as  to  the  alteration  of  relative  magnitude.^  A  andB 
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dimmish  together,,  but  it  may  be  that,  \vhile  A  loses  one  half  of  its  .first 
magnitude,  B  loses  three-tenths  of  itself.  This  is  one  method  of  diminu- 
tion ;  and  if  we  call  a  and  b  the  magnitudes  of  A  and  B  at  the  first  stage, 
then  i  a  and  ^  b  are  their  magnitudes  at  the  second  stage  alluded 

UK     At  first,  then,  -^  is— ;  but-^  is  afterwards  J  a-f--^  6  or  f -r, 

less  than  before.  But  if,  while  A  lost  its  half,  B  did  the  same,  the 
ratio  would  be  the  same  in  both  cases.  And  if  A  lost  only  one-tenth  of 
itself,  while  B  lost  nine-tenths  of  itself,  the  ratio  of  the  two  would  be 
increased  by  their  diminution.  Consequently,  nothing  can  be  inferred 
of  a  ratio  from  the  diminution  of  its  terms,  unless  the  simultaneous  pro- 
portions of  themselves  which  the  terms  lose  be  given. 

The  next  difficulty  is  one  which  should  be  of  a  more  serious  nature, 
because  it  does  not  arise  from  the  preceding  views  of  the  student  being 
too  limited,  but  from  his  not  having  had  the  necessary  considerations 
presented  to  him  in  any  manner  or  degree.  Let  us  suppose  it  made 
perfectly  clear  tliat  two  quantilies  may  'have  limits,  to  which  they 
approach  together  under  the  same  circumstances;  and,  moreover,  as  in 
preceding  instances,  that  though  we  may  approach  the  limits  as  near 
as  we  please,  yet  we  must  not  consider  the  supposition  pushed  to  the 
extent  of  their  being  actually  reached,  either  because  we  have  then  to 
deal  with  nothings^  or  with  infinites^  as  in  p.  20,  where  we  cannot,  in 
Vij  finite  number  of  terms;  reach  the  limit  in  question.  The  difficulty 
is,  how  are  we  to  reason  upon  cases  which  we  are  not  allowed  to 
suppose  ?  The  actual  state  of  the  problem  in  which  a  quantity  has 
reached  its  limit  is  expressly  forbidden  to  be  considered.  If  the  limit 
itKlf  be  known,  this  may  seem  to  be  immaterial ;  but  it  may  be  that 
the  limit  itself  is  to  be  found,  by  means  of  other  limits  which  depend 
upon  the  same  circumstances.  In  this  case,  we  can  only  determine  the 
unknown  limit  by  means  of  an  equation  which  combines  it  with  the 
known  limits.  But  such  an  equation  we  are  not  aUowed  to  form. 
The  question  is,  by  what  method  are.  we  to  proceed  ? 

There  are  two  general  ways  of  proving  any  assertion :  the  first,  in 
which  it  is  expressly  proved  Uiat  the  assertion  is  true,  in  all  the  cases 
which  it  includes ;  this  is  cabled  direct  reasoning :  the.  second,  in  which 
it  is  proved  that  every  proposition  which  contradicts  the  assertion  is 
fdse ;  this  is  called  indirect  reasoning.  It  seems  customary  to  look 
upon  indirect  reasoning  as  being  of  a  less  conclusive  character  than 
dvect  reasoning,  and  therefore  to  be  avoided  if  possible.  Perhaps  this 
may  depend  upon  the  mental  constitution  of  the  individual  to  whom  the 
reasoning  is  supposed  to  be  addressed ;  to  us  it  seems  equally  condu- 
Mve  whc&er  we  prove  that  every  equiangular  triangle  is  equilateral,  or 
Aat  he  who  asserts  that  any  one  equiangular  triangle  is  not  equilateral, 
asserts  at  the  same  time  that  the  whole  is  less  than  its  part. 

Let  OS  suppose  that  there  are  two  quantities,  P  and  Q,  of  which  it  is 
the  property  that  P  is  always  double  of  Q ;  and  let  any  supposition 
vhattoever  make  P  and  Q  approximate  at  the  same  to  the  limits  p  and 
9,  so  that  it  is  allowable  to  suppose  P  and  Q  respectively  brought  to 
oiSer  from  p  and  q  by  quantities  less  than  any  we  may  assign,  however 
malL  Here  P  and  Q  are  what  are  called  variables^  namdy,  symbols 
▼hich  havedifiFereut  values  upon  different  suppositious,  but  which  at  the 
tame  time  are  always  connected  by  the  equation  P  :=  2  Q ;  and  p  and  q 
are  fixed  limits.  What  we  have  to  prove  is,  that  p  =:  2  9 :  but  we  are  not 
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at  liberty  to  say  that  P  ever  can  be  actually  s=p  or  Q  to  9,  but  oftly  thai 
P  aud  Q  may  eimultaneouBly  approach  within  any  degree  of  nearness  to 
f  and  q  short  of  absolute  equality.  That  is,  if  we  say  let  P  :=  p  4*  0^)  uid 
Q  s  ^  -f  /S,  were  at  liberty  to  suppose  »  and  /3  smaller  than  any  quan- 
tity we  may  name,  but  not  absolutely  nothing.  We  shall  not  prove  this 
proposition  p  s  2  9  to  be  tru^ ;  but  we  shall  prove  everything  which 
contradicts  it  to  be  false.  Now,  what  are  the  propositions  which  con- 
tradict 

p  is  equal  to  2  9  ? 

evidently  only  those  contained  in  the  following — 

p  is  greater  than  2  ^,  or  p  is  less  than  2  q. 

If,  then,  p  be  greater  than  2  ^,  let  it  be  2  g  +  m,  therefore  we  have 

P  =:  p  +  «  =  2  g  +  m  +  CK 

Q  =  g  +  i8and2Q=2g+2)8  =  P 

or, 

m  +  «  =  2;3         7n=2/8  — «; 

now  since  p  and  q  are  given  limits,  not  changing  when  P  and  Q  change 
(being  in  fact  the  fixed  quantities  to  which  P  and  Q  in  their  changes 
Continually  approach),  it  follows  that  m,  the  difference  between  p  and 
2  9,  must  also  be  a  fixed  quantity  throughout  the  changes  of  P  and  Q. 
Therefore  2fi  —  oe  is  always  the  same  :  but  it  is  allowable  to  suppose  a 
and  fi  as  small  as  we  please,  and  therefore  a  — 2  fi  may  be  as  small  as 
we  please.  That  is,  a  quantity  both  has  a  fixed  value,  and  may  be  as 
small  as  we  please,  which  is  absurd.  Thence  p  =  2  g  +  m  is  false  ; 
a  similar  train  of  reasoning  will  show  that  p  =  2  g  —  m  is  false,  what- 
ever m  may  be  in  either  case,  provided  it  actually  have  some  value. 
But  either  pc=:2g4'morp:=27orp=:2<;~m;  the  first  and  last 
are  false,  therefore  the  second  must  be  true. 

This  will  give  an  idea  of  the  method  by  which  it  is  possible  to  prove 
propositions  with  respect  to  limits,  without  actually  supposing  the  quan- 
tities in  question  to  have  attained  «their  limits.  We  shall  now  proceed 
to  a  rough  and  practical  kind  of  Differential  and  Integral  Calculus, 
preparatory  to  more  exact  methods. 

Draw  a  circle  with  a  fine  pencil,  and  nearly  cover  it  with  a  straight- 
edged  piece  of  paper,  and  more  and  more  nearly  until  none  of  the  inte- 
rior is  visible,  but  only  a  small  part  of  the  circumference.  That  this 
can  be  the  case  at  all  arises  from  the  roughness  of  the  edge,  and  the 
thickness  of  the  circumferent  line  :  for  it  is  impossible  that  a  geome- 
trical line  should  coincide  with  the  boundary  of  a  circle  for  any  length 
whatsoever.  Draw  two  straight  lines  meeting  each  other,  and  cover 
them  in  the  same  way,  and  a  similar  effect  will  not  be  produced,  at  least 
not  nearly  to  the  same  extent.  And  even  if  a  geometrical  circle  could 
be  drawn,  and  a  geometrical  straight  line  applied  to  it,  provided  only 
We  could  conceive  these  lines  without  breadth  to  reflect  light,  and  be 
visible,  the  same  effect  would  be  produced.  Let  AB  be  the  imaginary 
edge  of  the  paper  (supposed  perfectly  straight),  and  A  D  B  a  part, either 


of  the  circle,  or  of  the  intersecting  straight  lines,  according  to  the  figure 
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choieB,  while  C  D  is  in  both  cases  a  perpendicular  dropped  from  the 
highest  point  upon  AB.  Let  us  now  conceive  the  edge  of  the  paper 
moved  up  parallel  to  itself  very  near  to  D.  As  our  eyes  cannot  per- 
ceive lengths  of  more  than  a  certain  degree  of  smallness,  let  the  mini- 
mum  visibUe  (least  visible  portion)  of  length  be  named ;  it  matters 
little  what  it  may  be,  say  it  is  one  millionth  of  an  inch.  Then  let  the 
edge  of  the  paper  be  moved  up  until  C  D  is  in  both  cases  less  than  one 
millionth  of  an  inch.  The  consequences  will  be  very  different  in  the 
two  cases.  In  the  straight  hues,  C  D  B  will  always  change  so  as  to 
remain  similar  to  its  first  form,  that  is,  the  proportion  of  C  D  to  D  B 
will  not  alter.  If  we  suppose  DB  and  D  A  together  to  be  hve  times 
C  D,  then  so  soon  as  C  D  is  less  than  the  five-millionth  part  of  an  inch, 
there  will  be  no  visible  length  in  the  triangle  A  D  B,  and  nothing  will 
be  seen  but  a  point.  But  in  the  circle,  if  we  suppose  the  radius  to  be 
one  foot,  it  will  follow  that  when  C  D  is  the  five-millionth  part  of  an 
inch,  AB  will  be  more  than  fourteeTtr-thousand  times  as  great  as  C  D, 
that  is,  nearly  three  times  the  thousandth  part  of  an  inch,  and  will  there- 
fore be  a  visible  length.  This  depends  upon  what  has  been  already 
proved,  that  the  smaller  C  D  is  taken  or  the  nearer  B  approaches  to  C, 
the  more  times  will  C  B  contain  G  D,  and  this  without  limit. 

In  practice,  then,  a  small  arc  of  a  curve  may  be  considered  as  a 
straight  line,  the  words,  in  fracticei  always  implying  that  there  are 
lengths  so  small  that  they  may  be  absolutely  rejected  as  inconsiderable, 
and  without  sensible  error  for  the  object  in  view.    Suppose  now  we 
were  to  divide  a  circle  into  a  thousand  equal  arcs  :  measure  each  arc  very 
accurately  as  if  it  were  a  straight  line,  that  is  from  end  to  end  along  A  C  B, 
instead  of  round  A  D  B,  and  put  the  whole  results  together :  vxmld  the 
McU  sums  of  these  measurements  be  a  tolerably  correct  value  of  ike 
circuarference  of  the  circle  f   By  no  means,  would  be  the  first  answer 
which  suggests  itself:  for,  however  small  the  error  may  be  in  taking 
each  individual  arc  to  be  a  straight  line,  there  is  an  accumulation  of  a 
thousand  errors  in  the  summation,  and  we  do  not  gain  anything  by 
measuring  twelve  separate  inches,  each  one-tenth  too  small,  to  avoid 
measuring  a  foot  upwards  of  a  whole  inch  too  small.     But  the  preced- 
ing answer  is  not  correct ;  for  it  happens  that,  by  diminishing  the  arcs, 
we  not  only  diminish  the  absolute  error  made  by  reckoning  an  arc  to  be 
a  straight  line,  but  we  also  diminish  the  proportion  which  each  error  is 
of  iU  whole  arc*^"     If  C  D  be  the  five-millionth  part  of  an   inch, 
then  A  C  B  will  not  fall  short  of  A  D  B  by  its  fourteen-thousandth 
part ;  but  if  the  arc  A  D  B  were  one-sixth  of  the  whole  circle,  A  C  B 
would  fall  short  of  A  D  B  by  more  than  its  twenty-fifth  part.     If  we 
estimate  an  error,  not  by  its  actual  magnitude,  but  by  the  proportion  it 
bears  to  the  thing  measured,  then  the  error  of  the  first  measurement  is 
less  than  that  of  the  second  in  the  proportion  of  25  to  14,000.     To 
yiostrate  this,  try  the  foUowing  experiment :    Draw  a  fine  circle  of  three 
inches  in  radius,  the  circumference  of  which  is  therefore  extremely  near 
to  ld'85  inches  or  eighteen  inches  and  seventeen*  twentieths  of  an  inch. 
If  we  tdke  an  opening  of  the  compasses  of  three  inches  and  carry  it 
round  the  circle,  we  shall  find  it  contained  exactly  six  times :  or  taking 
chords  instead  of  arcs,  we  then  find  eighteen  inches  as  a  first  approxi- 
mation.    Now,  take  an  opening  of  one  inch,  which  we  shall  find  to  go 
round  the  whole  circumference  eighteen  times,  with  an  arc  over,  having 

'    *  lln  fltwlsnt  must  pafticuUrly  attend  to  this.    If  any  one  sentence  in  the  wholo 
>mIi  m^  to  bs  calbd  tU  <  JOiffinatial  Caleulua,'  this  is  it. 
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a  chord  of  about  thirteen- twentieths  of  an  inch.  Subject  then  to 
the  errors  of  taking  chords  for  arcs  in  this  second  measurement,  we  con* 
elude  the  circle  to  be  18i{-  inches,  considerably  nearer  the  truth  than 
the  first.  Now,  though  in  the  second  measurement  we  have  accumulated 
nineteen  errors,  while  in  the  first  there  were  only  six,  yet  each  error  of 
the  first  measurement  amounts  to  this,  that  the  chord  M\b  short  of  the 
arc  by  about  its  twenty-fifth  part,  while  in  the  second  measurement  the 
chord  falls  short  of  the  arc  by  only  about  its  two-hundredth  part. 
Consequently,  the  total  error  of  the  Becond  will  be  less  than  that  of  the 
first  in  about  the  proportion  of  200  to  25  or  8  to  1 ,  which,  in  the  actual 
rough  measurement  we  have  given,  is  not  far  from  the  truth. 

In  this  way  we  may  see,  what  will  afterwards  be  more  strictly  proved, 
that  the  following  assertion,  Any  arc  of  a  curve  is  equal  to  the  sum  of 
the  chords  of  its  parts^  is  of  this  kind  : — 

1.  It  is  never  true  :  for  every  chord  is  shorter  than  its  arc. 

2.  If  the  whole  arc  be  divided  into  a  moderately  great  number  of 
parts,  it  is  sufficiently  near  the  truth  for  practical  purposes. 

3.  It  can  be  brought  as  near  to  absolute  truth  as  we  please  (that  is, 
the  error  involved  in  it  can  be  made  as  small  as  we  please)  if  we  are  at 
liberty  to  divide  the  whole  arc  of  the  curve  into  as  many  parts  as  we 
please. 

When  we  speak  of  one  false  proposition  as  being  more  near  the  truth 
than  another,  we  mean  that  the  numerical  error  made  by  acting  upon  the 
first  is  less  than  that  made  by  acting  upon  the  second.  And  by  saying 
that  an  assertion  can  be  brought  as  near  the  truth  as  we  please,  we 
mean  that,  by  some  particular  disposition  of  the  circumstances  which  it 
leaves  at  our  disposal,  we  can  make  the  numerical  error  which  it  involves 
as  small  as  we  please.  For  instance,  the  preceding  proposition  is  an 
assertion  about  an  arc  divided  into  a  number  of  parts  which  it  does  not 
fix.  It  is  never  true ;  but  the  greater  the  number  of  parts  of  which  it 
is  supposed  to  speak,  the  less  will  be  the  error  it  asserts,  and  that  with- 
out limit.  The  consequence  is,  that  if  we  imagine  the  arc  first  divided 
into  ten  parts,  afterwards  into  100  parts,  sfterwards  into  a  1000  parts, 
and  so  on,  and  if  we  add  together  the  ten  chords  in  the  first,  giving  A, 
the  hundred  in  the  second,  giving  B,  the  thousand  in  the  third,  giving  C, 
and  so  on,  we  shall  have  a  series  of  terms  A,  B,  C,  &c.  which  approach 
continually  towards  a  certain  limit,  which,  however,  they  never  actually 
reach.  With  reference  to  the  problem  of  finding  an  arc  of  a  known 
curve,  the  Differential  Calculus  ascertains  what  is  the  form  and  value 
of  the  parts  which  are  to  be  added ;  the  Integral  Calculus  adds  them 
together  and  gives  the  result.  At  least  this  is  the  first  rough  defini- 
tion of  these  terms  which  can  be  given  to  a  beginner. 

In  the  following  form  the  preceding  assertion  is  strictly  true.  The  arc  of 
a  curve  is  the  limit  of  the  sum  of  the  chords  of  all  its  parts.  No  addition 
of  chords  will  be  sufficient ;  we  must  observe  the  sum  of  the  chords  of  10 
parts,  of  100  parts,  of  1000  parts,  and  so  on,  and  find  from  the  proper- 
ties of  the  series  of  terms  so  obtained  the  value  of  their  limit.  It  might 
be  said  that  the  proposition,  '^  The  arc  of  a  curve  is  equal  to  the  sum  of 
the  chords  of  all  its  parts,'*  is  actually  true  if  cUl  the  possible  parts  be 
really  taken.  But  the  determination  of  all  the  possible  parts  into 
which  a  whole  can  be  divided,  is  the  same  thing  as  the  determination  of 
an  infinite  number,  which  is  impracticable  even  in  imaginatioir.  Eveiy 
part  of  a  magnitude  is  itself  a  whole  so  far  as  subdivision  is  concerned  : 
that  is,  it  admits  of  as  many  subdivisions  as  the  whole  from  which  it 
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WIS  obtained.  And  it  is  therefore  impossible  to  subdivide  the  magni* 
tttde  until  there  is  no  such  thing  as  further  subdivision. 

fiut  the  theorems  which  we  have  been  considering,  led  to  the  notion 
9iinfimiely  small  quantities,  the  most  convenient  of  all  simplificationsy 
when  proposed  in  a  proper  manner.  Seeing  that  every  magnitude  can 
be  subidivided  into  parts  which  shall  severally  be  as  small  as  we  please, 
it  was  imagined  that  all  quantities  could  be  said  to  be  made  up  of  an 
infinite  number  of  infinitely  small  parts,  each  of  those  parts  being  in 
magnitude  less  than  any  assigned  fraction  of  the  whole,  and  yet  not  abso- 
lutdy  equal  to  nothing.  On  the  glaring  untruth  of  this  conception, 
positively  considered,  it  is  unnecessary  to  say  a  word ;  but  it  is  never- 
theless one  of  those  assertions  which  can  be  made  as  near  as  we  please 
to  truth.  For  a  quantity  can  be  made  up  of  as  many  parts  as  we 
pkase,  each  of  which  shall  be  as  small  as  we  please.  And  all  the  con- 
seqoenoes  of  this  assumption,  properly  deduced,  will  be  true ;  so  that  it 
may  be  considered  as  an  abbreviated  way  of  representing  the  necessity 
of  dividing  quantity  into  parts,  which  are  to  be  supposed  to  be  as  many 
as  we  please.  The  only  danger  is,  that  the  student  should  fall  into  the 
error  of  treating  the  assumption  itself  as  an  absolute  truth  ;  but  from 
this  he  will  perhaps  be  saved  by  observing  that  though  the  doctrine  of 
infinitely  small  quantities  appears  simple  and  natural,  owing  to  the 
mind  being  always  accustomed  in  practice  to  reject  quantities  on 
account  of  smallness,  yet  that  its  immediate  consequences  present  unna- 
tural absurdities.  AUow,  for  a  moment,  the  notion  of  infinitely  small 
quantities,  and  in  the  figure  of  page  16,  suppose  P  B  to  be  infinitely 
small.  Then  P  M  and  M  B.  will  be  infinitely  small,  but  the  latter  will  be 
now  an  absolut^  incomprehensibihty.  For  since  it  has  been  shown  that 
the  smaller  P  M  is,  the  more  times  does  it  contain  M  B,  it  follows  that 
when  P  M  is  infinitely  small,  it  contains  M  B  an  infinite  number  of  times ; 
so  that  M  B  is  only  an  infinitely  small  part  of  an  infinitely  small  quan- 
tity. This  beats  all  our  power  of  imagining  subdivisions,  and  therefore 
(which  may  appear  strange)  we  may  be  justified  in  retaining  the  terms 
of  the  infinitesimal  Calculus  as  a  method  of  abbreviating  stricter  pro- 
positions, when  properly  understood.  For,  if  the  student  should  ever 
for  a  moment  imagine  that  he  sees  reason  in  the  use  of  infinitely  small 
quantities,  absolutely  considered,  he  has  only  to  recall  to  mind  the  idea 
<»f  an  infinitely  small  part  of  an  infinitely  small  quantity,  and  he  will 
surely  remember  that  the  modes  of  speech  employed  are  only  abbrevi- 
ssicms  of  assertions  which  are  to  be  reasoned  on  in  their  strict  form, 
tlioagh  expressed  for  shortness  in  one  which  is  not  absolutely  correct. 

In  algebra,  the  use  of  the  term  '*  infinitely  great "  is  universal,  though 
the  notion  attached  is  not  that  derived  from  the  etymology  of  the  word. 
Toose  the  words  infinitely  great  in  any  sense,  and  to  reject  the  correspond- 
ing method  of  using  the  words  infinitely  small,  is  to  accustom  our- 
selves to  false  distinctions.     If  it  be  proper,  in  any  manner  whatsoever, 

to  say  that  x  is  infinitely  great,  it  is  equally  proper  to  say  that  —  is 

X 

infinitely  small.  It  is  usual  to  say  that  when  x  is  infinite,  —  is  nothing; 

X 

and  the  meaning  is  simply  this,  that  there  is  no  limit  to  the  smallness 

of  — ,  if  there  be  no  limit  to  the  greatness  of  x,  or  that  by  making  x 

s 

sufBciently  great,  we  may  make  —  as  small  as  we  please.    When  we 
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have  to  compare  —  with  a  fixed  quantity,  for  instance,  in  the  expres- 
sion  a  4-  — >  ^'e  may  indi£ferently  use  the  phrases  nothing  or  infinitely 

X 

small,  because,  in  every  sense  in  which  it  has  ever  been  proposed  to  use 
them,  they  here  mean  the  same  thing.  The  notion  of  infinitely  small 
quantities  is  in  fact  that  of  comparing  difiV.rent  nothings  springing  from 
different  suppositions,  as  if  they  had  relative  magnitudes  depending 
upon  the  suppositions  which  produced  them  :  a  method  of  reasoning 
which  never  can  be  admitted  in  any  manner  or  to  any  extent  whatso- 
ever. What  we  here  mean  to  illustrate  is  this ;  that  the  forms  of  speak- 
ing, which  such  an  hypothesis  would  require,  may  be  made  to  give  use- 
ful abbreviations  of  propositions  deduced  from  stricter  methods.  It 
must  be  remembered  that  in  mathematics,  as  in  everything  elsc^  no 
definition  of  single  words  is  always  sufficient  to  define  the  meaning  of 
words  put  together  in  a  sentence,  and  the  following  explanations  are  to 
be  considered  as  the  meaning  which  we  intend  to  affix  to  the  sentences 
in  italics. 

1.  Two  infinitely  small  quantities  may  have  a  finite  ratio.  Two 
quantities  may  diminish  without  limit,  and  may  still  preserve  a  finite 
ratio,  which  is  either  a  given  ratio,  or  which  becomes  nearer  and  nearer 
without  limit  to  a  given  ratio,  as  the  two  quantities  diminish.  The 
ratio  may  or  may  not  alter  as  the  quantities  diminish.  And  when 
we  say  that  two  infinitely  small  quantities  have  an  infinitely  great  ratio, 
we  mean  that  the  first  divided  by  the  second  increases  without  limit  when 
the  quantities  themselves  diminish  without  limit. 

2.  When  x  is  infinitely  small^  B  is  equal  to  C.     By  this  we  mean 

that,  by  making  x  sufficiently  small,  we  may  make  -^  as  nearly  equal  to 

\j 

unity  as  we  please. 

3.  When  X  is  infinitely  small,  B  is  infinitely  near  to  C.  This  is  the 
last  in  a  different  form,  and  will  illustrate  what  we  have  said,  that  the 
theory  of  infinitely  small  quantities,  in  the  absolute  meaning  of  the 
terms,  is  equivalent  to  giving  relative  magnitudes  to  rioHtings,  If 
we  have  to  consider  C  without  reference  to  the  difference  between  B 
and  C,  and  if  the  diminution  of  x,  without  limit,  give  the  limit  1  to 

B 

— ,  we  simply  say  that  the  limit  of  C  is  B.     But,  if  we  have  to  con- 
\j 

sider  the  diminishing  difference  of  C  and  B,  and  to  oompare  it  with 

(V  or  any  other  simultaneously  diminishing  magnitude,  in  order  to  eee 

whether  the  ratio  of  the  two  remain  finite  or  not,  we  then  simply  say 

that,  instead  of  considering  B  and  C  as  equal,  they  are  infinitely  near  to 

each  other,  or  their  difference  is  infinitely  small. 

4.  Of  two  infinitely  small  quantities j  one  may  be  infiniiely  greater 
than  the  other.  By  this  we  mean  to  abbreviate  the  following : — ^Two  quan- 
tities may  diminish  without  limit,  so  that  the  more  they  are  diminished, 
the  more  times  does  one  of  them  contain  the  other  ;  and  this  without 
any  limit  to  the  number  of  times  just  mentioned. 

The  term  infinitely  great  is  used  as  an  abbreviation  of  corresponding 
propositions  relative  to  magnitudes  which  increase  without  limit.  Thus, 
when  we  speak  of  two  infinitely  great  magnitudes,  one  of  which  is  infi* 
nitcly  greater  than  the  other,  we  speak  of  two  quantities  which  simul- 
taneously increase  without  limit,  but  one  of  which  increases  «o  much 
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iaster  than  tlie  oflier,  that  it  may  be  made  to  contain  the  other  as  many 
times  as  we  please,  by  making  both  sufficiently  great.  And  here  we 
thall  observe,  once  for  all,  that 

1.  When  we  speak  of  a  magnitude  increasing  without  limit,  we  do 
not  mean  that  it  actually  increases  so  as  to  be  above  every  limit  which 
could  be  named,  for  that  is  impossible ;  but  that  we  can  make  it  greater 
than  any  quantity  which  we  actually  do  name. 

2.  That  when  we  speak  of  a  quantity  changing  its  value,  we  do  not 
mean,  or  at  least  we  need  not  be  supposed  to  mean,  that  the  quantity 
itself  grows,  or  flows^  ia  the  language  of  fluxions ;  but  that  we  have  a 
symbol  of  magnitude  to  which  we  attribute  different  values  in  succes- 
sion. Bnt  whether  we  take,  for  example,  straight  lines  of  di£fereut 
lengths,  and  compare  them  together,  or  whether  t\  e  take  a  straight  line, 
suppose  it  to  acquire  different  lengths  by  the  motion  of  one  of  its  ex- 
treme points,  and  compare  together  its  length  at  one  time,  and  its 
length  at  another  time,  is  perfectly  indifferent. 

In  future  we  shall  use  the  theory  of  limits  in  all  reasonings ;  but 
when  we  abbreviate  the  results  into  the  language  of  the  infinitesimal 
calculus,  we  shall  inclose  the  paragraphs  so  introduced  in  brackets  [     ]. 

We  shall  now  proceed  with  our  rough  sketch  of  the  principles  on 
which  the  Differential  Calculus  is  founded.  Our  object  is  to  show 
that  there  is  no  great  refinement  or  abstruseness  in  the  nature  of  the 
fundamental  ideas  of  the  science;  but  that  they  do,  in  fact,  suggest 
themselves  in  various  cases  which  occur  in  common  life,  wherever  a  dis^ 
tinct  notion  is  to  be  formed  of  the  actual  state  of  a  variable  magnitude 
at  any  given  epoch  of  its  variation. 

It  IS  observed  that  when  a  stone  falls  to  the  ground  from  a  height 
(the  resistance  of  the  air  being  first  allowed  for)  its  motion  is  of  this 
kind.  Let  t  be  the  number  of  seconds  or  fractions  of  seconds  elapsed 
from  the  beginning  of  the  motion,  then  the  height  fallen  through  is  very 
nearly  16iV  X  //  in  feet.  We  ask,  at  what  rate,  or  with  what  velocity, 
will  the  stone  be  falling  at  the  end  of  three  seconds,  when  it  will  alto- 
gether have  fallen  through  16j\  X  9  or  144^^  feet.  By  velocity,' wc 
mean  the  space  actually  described  in  one  second  when  the  body  moves 
uniformly  ;  but  here  there  is  no  uniform  motion,  or  the  lengths  described 
in  successive  equal  times  continually  increase.  Still,  if  we  examine 
the  lengths  described  in  successive  very  small  times,  we  shall  find  them 
neariy  equal,  and  more  nearly  so,  the  smaller  the  intervals  of  time  in 
question,  and  so  on  without  limit.  To  show  this,  let  us  call  16;V  f<^t 
a  measure  ;  then  the  number  of  measures  fallen  through  in  t  seconds  is 
tL  Let  us  now  suppose  a  very  small  portion  of  time  k,  and  let  the 
position  of  the  stone  be  A  at  the  end  of  t  seconds,  B  at  the  end  of 
t  '\-  k  seconds,  C  at  the  end  of  t  ■\-2k  seconds.  &c.  Let  Q  be  the 
point  from  which  the  stone  fell.  Then  by  hypothesis,  the  values  of  the 
fines  expressed  in  measures  are  as  follows : — 


^K:^f    QB  =(<  +  *)•    QC=:(i4-2A:)«,  &c. 

ABsrQB  — QA  =  2a+    /i«=r(2<+    k)k 

B  C  =  Q  C  —  Q  B  =  2  <  it  +  3  /r  =  ( 2  i  +  3  '0  ^ 
CD  =  QD— QC=:2a-f-5A*=:(2/  +  5/t)*,  &c. 


Q 

—A 
— B 


— D 

— E 

or  the  relative  proportions  of  the  successive  spaces  described  in  equal 
intervals,  each  being  the  part  A  of  a  second,  are  those  of 
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to  each  other.  Now  it  is  clear,  1.  That  the  spaces  described  in  successive 
equal  times  are  never  equal,  for  no  two  of  the  preceding  can  be  equal, 
however  small  k  may  be.  2.  That  if  t  have  any  value  whatever,  that  is, 
if  we  commence  the  comparison  after  any  given  period  has  elapsed, 
during  which  the  stone  has  fallen,  we  can  take  the  interval  k  so  small, 
that  the  lengths  described  in  successive  equal  intervals  shall  be  as  nearly 
equal  as  we  please.    For 

BC_2<-h3i^_  ^^     1.   ,^  * 

AB'"2<+    k         "^2<  +  ife"    "^_       k 

which  can  be  brought  as  near  to  unity  as  we  please,  if  k  be  made  a  suf- 
ficiently small  fraction  of  t.  Therefore  the  notion  of  equal  lengths  in 
equal  times,  or  uniform  velocity^  is  one  which  approaches  without  limit 
to  the  truth.  What  then  is  the  velocity,  or  rate  per  second,  to  the  e£fectB 
of  which  the  preceding  motion  more  and  more  nearly  assimilates  ?  It 
is  2  ^  measures  per  second  :  not  that  any  thing  near  this  rate  is  conti- 
nued through  a  whole  second,  but  that  the  rate  of  uniform  motion  which 
would  carry  the  point  through  2tk  +k*  measures  in  a  second,  approaches 
without  limit  to  the  rate  of  2 1  measures  per  second,  as  A  is  diminished 
without  Hmit.    For 

length  described  in  a  uniform^        j  ^     ^   j      A     J thele^  de- 
motion  dunug  the  fraction  a  >  =  <  ^  V    <  scnbed  ii^   a 

of  a  second  J  I  J      (whole  second; 

and  if  we  suppose  v  measures  per  second  to  be  the  necessary  rate  at 
which  2tk  -^  k*  measures  will  be  described  in  the  fraction  jfc  of  a  second, 
we  have 

2tk'^k*  =  kv  or  ^t-^-kszv; 

the  smaller  k  is  supposed  to  be,  the  more  nearly  will  t;  =:  2  <  be  true, 
which  is  the  proposition  asserted. 

The  notion  of  velocity  is  one  wliich  it  is  always  customary  to  define 
by  means  of  uniform  motion,  and,  this  mode  of  comparison  being  taken 
for  granted,  the  preceding  is  the  only  way  in  which  a  body  moving 
through  unequal  lengths  in  equal  intervals  can  be  said  to  have  a  defi« 
nite  velocity.  At  the  end,  then,  of  one  second,  the  velocity  is  2  mea- 
sures per  second,  at  the  end  of  ten  seconds  it  is  20  measures,  the  mea- 
sure being  merely  a  term  of  abbreviation  for  16  feet  1  inch. 

There  is  one  remarkable  case  of  exception,  which  will  illustrate  the 
manner  in  which,  throughout  the  Differential  Calculus,  particular  cases 
may  require  rules  of  their  own.  If  we  count  the  small  intervals  k  from 
the  very  beginning  of  the  stone's  motion,  that  is,  if  we  make  t  =  0,  we 
find  the  total  lengths  described  in  ^,  2  ^,  3  k,  &c.  of  time  to  be  k\  4  k\ 
9  k*^  &c.  or  the  lengths  described  in  the  successive  intervals  to  be  k\  3  k\ 
5  k\  &c,  which  cannot  be  made  as  nearly  equal  as  we  please,  for  the 
second  is  three  times  the  first  for  every  value  of  ^,  however  smalL  But 
here  we  find  the  velocity,  as  obtained  from  the  preceding  process,  to  be 
0 :  that  is,  the  rate  per  second  with  which  k^  would  be  described  in  the 
fraction  ^  of  a  seeond,  diminishes  withput  limit  at  the  same  time  as  k* 
This  follows  from  A'  zr  £  v  or  t;  =  i, 


INTROPUCTORY  CHAPTER^  29 

la  the  preceding  manser,  let  the  student  dedace  the  following  propo* 
lition.  If  a  point  move  along  a  straight  line  in  such  a  manner,  that  at 
the  end  of  t  seconds  from  the  beginning  of  the  motion,  the  length 
described  shall  always  he  t*  -{'  t^  +  t  units  of  length,  then  the  Velocity 
which  that  point  must  have  at  the  end  of  t  seconds,  is  always  3^  +  2^  +  1 
units  of  length  per  second. 

[If  a  body  move  as  just  described,  and  if  to  the  time  t  already  elapsed, 
an  infinitely  small  time  k  be  added,  the  infinitely  small  space  described 
in  the  time  k  will  be  uniformly  described  with  a  velocity  at  the  rate  of 
3<*  +  2£4-l  units  of  length  per  second.] 

P&OBLHM. — ^The  curve  0PM  is  of  this 
nature,  that  the  area  included  between  any 
absdssa  O  M,  the  corresponding  ordinate  P  M, 
and  the  curve,  is  the  third  part  of  the  square 
described  on  O  M.  Required  the  algebraical 
expression  for  the  ordinate  PM  in  terms  of  the 
abscissa  OM?  o 

Let  O  M  contain  x  units  of  length,  and  P  M  ^  units :  take  M  N  A 
units,  and  let  N*Q,  the  ordinate  to  O  N,  exceed  P  M  by  Z  Q  containing 
k  units.  Then,  by  the  law  of  the  curve,  the  area  O  QN  is  one-third  of 
the  square  on  O  N,  and  contains  i^  (j:  +  A)^  square  unit8>  while  the  area 
0PM  is  one-third  of  the  square  on  OM,  and  contains  ^x*  square 
mdts.     Hence  the  area  M  P  Q  N  contains 

1  (jp  +  A)*— i  x»  or  tyk  +  ik*  square  units. 

But  this  area  is  less  than  the  rectangle  M  W  Q  N,  containing  h(y+k) 
square  units,  and  greater  thanMPZN,  containing  hy  square  units. 
Therefore,  whatever  may  be  the  values  of  h  and  k. 


or. 


txh  +\i h*  must  lie  between  k  (y  +  k)  and  hy 
fjp  +  ih y  +  keindy. 


Now  h  and  A  are  so  related,  that  by  diminishing  the  iirst  without  limit, 
we  diminish  the  second  also  without  limit,  and  x  and  y  are,  with  respect 
to  h  and  A,  fixed  quantities.  Consequently,  y  must  be  I- j?  ;  for,  if  not, 
let  I-  O  M  exceed  P  M  by  any  quantity,  however  small.  This  excess  of  f  j? 
above  y  does  not  change  when  h  and  k  are  diminished.  But  as  the  pre- 
ceding relation  must  be  true  for  all  values  of  h  and  A,  take  k  less  than 
the  excess  of  }-i?  above  y.  Then  y  -^  k  must  be  less  than  ix  and  there- 
fim  leas  than  ix  +  ik^or  tx  +  ^k  cannot  lie  between  y  +'k  and  y, 
which  it  has  been  proved  to  do.  Therefore,  i-x  cannot  exceed  y: 
neither  can  it  be  less  than  y,  for  in  that  case  take  h  so  small  that 
^X'\"ih  shall  not  be  so  great  as  y,  in  which  case  it  cannot  lie  between 
y  and  y  +  A,  as  required.  Therefore,  y  =  f  x,  or  the  curve  (as  we  sup-> 
posed  It)  must  be  a  straight  line  passing  through  O,  and  inclined  to  O  M 
at  an  angle  whose  tangent  is  -|.  In  this  case,  since  the  relation  so  obtained 
holds  for  all  points  of  the  curve,  we  have  y  +  A  =  *  (jp  +  A)  or  A  =  i  A, 
and  we  see  that  1  J?  +  +  A  lies  between  y  +  A  or  |^  j?  +  } A  and  y  or  ix, 

[If  M  N  be  infinitely  small,  Q  P  Z  is  an  infinitely  small  part  of 
QPMN,  and  QPMN  of  the  whole  QON.] 

The  preceding  is  a  problem  of  the  Differential  Calculus ;  we  shall 
now  take  a  corresponding  problem  of  the  Integral  Calculus,  the 
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algebraical  difficulty  of  which  lies  entirely  in  a  propoBition  which  we 
thall  here  take  for  granted,  namely,  that  the  sura  of  all  whole  square 
xiumberSy  1,  4,  9,  16,  &c.  up  to  n*  is 

1  +  4  +  9+16  + +(„;-.i).  +  „.=:!Li!L±il(a!i±i> 

this  may  be  easily  verified  in  individual  cases ;  tl^us, 

,       1.2.3     ,^.      2.3.5     ,^.^Q      3.4.7   p., 
1  =  — g— ,    1  +  4  =  -^,    1+4+9  =  —^,  &c. 

Problem. — In  the  curve  O  M  P,  the  ordi-  ^ 

nate  MP  (y)  is  always  a  times  the  number 
of  square  units  contained  in  the  square  of  the 
abscissa  O  M  (x)  ;  or  y=iaxx:  required  the 
number  of  square  units  in  the  area  O  MP  ? 

Divide  O  M  into  n  equal  parts,  n  being  any  _ 
whole  number  :  that  is,  we  mean  to  trace  the  o 
consequences  of  dividing  0  M  into  a  number  of  equal  parts  as  great  aa 
we  may  find  necessary  to  choose.  We  represent  this  in  the  figure  by 
dividing  O  M  into  such  a  number  of  equal  parts  as  the  dimensions  of 
the  figure  makes  convenient.  By  drawing  the  ordiuates  at  every  point 
of  section,  and  completing  such  a  construction  as  is  seen  in  the  figure, 
we  have  to  notice  ^ 

1 .  A  curvilinear  triangle,  together  with  n  —^  1  rectangles,  all  falling 
inside  the  curve,  and  making  up  an  area  less  than  that  of  the  curve 
required. 

2.  A  number  n  of  other  rectangles  having  severally  the  same  bases 
as  the  preceding,  but  each  exceeding  its  portion  of  the  curvilinear  area 
by  a  small  curvilinear  triangle,  and  altogether,  therefore,  making  up  an 
area  greater  than  that  of  the  curve. 

3.  A  series  of  small  rectangles  diagonally  cut  by  the  curve,  the  first 
of  which  is  a  rectangle  mentioned  in  (2.),  but  all  the  rest  of  whiph  are 
the  differences  between  the  rectangles  in  (1.)  and  (2.)  The  sum  of  all 
these  smaller  rectangles  is  equal  to  the  last  rectangle  in  (2.),  or  that 
which  has  the  side  P  M,  for  all  the  bases  are  the  same,  and  the  sum  of 
the  altitudes  of  the  rectangles  which  are  diagonally  cut  by  the  curve  is 
equal  to  the  altitude  of  the  rectangle  on  PM  just  mentioned. 

Hence  it  follows  that,  by  making  the  number  n  of  subdivisions  greater 
and  greater,  we  continually  make  the  sum  of  the  rectangles  in  either  (1.) 
or  (2.)  approach  to  the  area  of  the  curve  required ;  for  the  arjea  of  the 
curVe  must  he,  as  to  magnitude,  between  the  sum  of  the  curvilinear 
triangle  and  the  rectangles  in  (1.)  and  the  sum  of  the  rectangles  in  (2.) 
But  these  only  differ  from  each  other  by  the  difference  between  the 
rectangle  adjacent  to  P  M  and  the  curvilinear  triangle  at  the  commence- 
ment, which  may  both  be  made  as  small  as  we  please  by  increasing  the 
number  of  subdivisions.  Therefore,  by  increasing  the  number  of  sub- 
divisions without  limit,  we  shall  find  the  required  area  of  the  curve  in 
the  limit  towards  which  the  siun  of  the  rectangles  in  (2.)  continually 
approaches.     Let  OM  be  t,  then  the  several  intervals  between  the 

points  of  section  are  equal  to  — ^  and  the  distances  of  the  points  of  section 

from  O  are  severally. 
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—     —     — uptoOM:=n — or  a* 

n        n        n  ^  n 

the  corresponding  ordinatei  to  wbich  aie 

""^    ""^    ^";? up  to  an«^  or  a*-. 

tnd  the  areas  (in  square  units)  of  the  several  rectangles  are 

—  X  a— 5,    — X  a— =• up  to  —  X  air—. 

the  sum  of  which  is, 

a^  (1  +  4  +  9  + +  (n -  1)«  +  «•) 

n 

af    n(n4-l)  (2n+l)       a^  n.(n+ l)C2n+ 1) 

or  o  — J ^ or  ^-^ 

n'  6  6  n ,  n  *n 


aj^    n+  1     2n+  1       aa:* 

or     — - or  -^ 

on  n  6 


(-!)(-:> 


this  expxeaees,  for  every  value  of  n,  the  sura  of  the  rectangles  in  (2.)» 

and  as  n  increases  without  limit,  the  term  —  diminishes  without  limit, 

n 

10  that  the  limit  of  the  preceding  summation  is, 

_Xlx2or  — . 
But  that  same  limit  is  the  area  of  the  curve  in  question,  whence  we  have 

ATeaOMP=:^  =  ii^  =  ^. 

namely,  the  third  of  the  rectangle  described  on  O  M  and  M  P.  It  is 
obvious  that  the  success  of  this  method  depends  on  our  being  able  to  sub- 
stitute the  definite  foxmula  ^  n  (7t+ 1)  (2  n  4-  1)  instead  of  the  indefinite 
formula 

1  +  4  +  9  + +  (71  -  1)«  +  «• 

snd  that  a  similar  substitution,  if  we  are  able  to  make  it,  will  enable 
OS  to  find  the  area  of  any  other  curve. 

We  have  examined  cases  in  which  the  limit  of  a  ratio  has  difficulties 
erising  from  the  unlimited  diminution  of  the  terms  \  we  shall  now  show 
a  case  in  which  the  limit  is  to  be  singled  out  from  an  infinite  number  of 
results,  all  of  which  appear  at  first  sight  equally  possessed  of  that  cha- 
racter :  for  instance,  when  two  straight  lines  intersect  each  other  in  a 
point,  and  then  continually  approach  to  coincidence,  shifting  their  point 
of  interaection  with  their  changes  of  position.  When  they  are  actually 
hraoght  to  ooineide,  they  have  all  their  points  in  common,  or  every  point 
ii  a  point  of  coincidence.  The  question  is,  which  among  all  these 
p<Hnts  of  coincidence  is  the  point  towards  which  the  point  of  intersec- 
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tion  always  tended  while  there  was  intersection.  Let  Q  R  be  a  straight 
line  which  always  moves  perpendicular  to 
the  tangent  of  the  curve  PQ,  white  Q  moves 
towards  P:  and  let  PR  be  perpendicular  to 
the  tangent  at  P.  As  the  point  Q  approaches 
to  P,  will  the  point  R  recede  from  P?  If  so, 
will  it  recede  without  limit,  that  is,  may  any 
point  in  P  R,  however  distant,  become  the 
intersection,  by  bringing  Q  suflficiently  near  to 
P?  Or  will  it  recede  with  a  limit,  that  is, 
though  always  receding  while  Q  approaches 
P,  will  there  be  any  point  in  PR  beyond 
which  it  never  can  be  found  ?  Or  will  it  ap- 
proach to  P,  and  if  so,  will  the  approach  be  without  limit  as  to  near- 
ness ;  or  can  a  point  be  assigned  in  P  R,  within  which  and  P,  the  inter- 
section will  never  be  found  ?  The  answer  to  these  questions  depends 
upon  the  nature  of  the  curve  PQ;  we  ask  them  here  that  the  student 
may  be  able  to  see  whether  he  still  retains  notions'of  limits  derived  from 
anything  but  demonstration.  In  the  *  Elementary  Illustrations,  &c*  *, 
page  22,  a  case  will  be  found,  in  which  the  limit  of  an  intersection  is 
deduced. 

All  works  which  treat  of  the  Differential  Calculus,  for  the  most  part 
make  more  or  less  reference  to  the  discovery  of  the  method,  and  the 
celebrated  dispute  upon  the  right  to  the  honour  of  it.  We  shall  here 
state  in  few  words  as  much  as  we  think  necessary  upon  that,  subject. 
Unquestionably,  the  first  whom  we  know  to  have  solved  any  problem' 
of  the  Differential  Calculus  was  Archimedes,  in  whose  treatises  on  spirals^, 
on  the  quadrature  of  the  parabola,  and  on  the  cone  and  sphere,  are  to 
be  found  processes  which  depend  upon  the  comparison  of  curvilinear 
figures  or  curved  surfaces,  with  the  inscribed  rectilinear  figures  or  plane 
solids.  A  method  of  limits  is  really  introduced,  the  basis  of  which  is 
the  proposition,  that  by  successively  taking  away  more  than  half  from 
any  quantity  and  the  remainders  obtained,  the  last  remainder  may  be 
made  less  than  a  given  quantity,  and  a  process  somewhat  like  that  in 
page  22,  is  made  to  fiirnish  rigid  demonstration  of  the  results.  Taking 
all  the  curves  and  surfaces  which  were  considered  in  his  time,  Archi- 
medes has  produced  most  of  the  results  which  even  the  modern  Differen- 
tial Calculus  can  express  infinite  terms ;  and  he  was  stopped,  not  by 
the  inadequacy  of  his  method  considered  with  reference  to  the  distinction 
between  the  Differential  Calculus  and  other  branches  of  mathematics, 
but  simply  by  the  want  of  a  more  powerful  instrument  of  expression, 
such  as  is  algebra  when  compared  with  geometry.  He  coidd  overcome 
the  difficulty  which  answers  to  writing 

in  (»  +  1)  (2n  +  1)  for  1  +  4  -h  9  + +  («  — 1)«  +  ^t 

but  he  could  not  obtain  the  approximate  expression 

(3-14159.... )•  r     ,   .    .           .  •  .  ^ 
g for  1  +  i  +  i  + ad  inf. 

the  language  and  ideas  of  his  time  hardly  admitted  an  adequate  concept 
tion  of  the  preceding,  or  of  anything  equivalent  to  it,  and  the  methods 
of  operation  would  have  been  utterly  unable  to  discover  it. 

•  Not.  135  and  140  of  the  <  Library  of  Useful  KnowUdge.'  ; 
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Between  the  time  of  Archimedes  and  the  end  of  the  sixteenth  cen- 
tury, there  is  nothing  to  arrest  onr  attention.  The  discovery  of  a  very 
fev  new  propositians  having  just  this  affinity  with  the  Differential  Cal- 
cuhis  that  they  are  easy  cases  of  it,  is  all  that  can  he  adverted  to.  Vieta, 
the  first  user  of  general  symhols  in  algehra,  that  is,  of  letters  designat- 
ing any  quantity  whatsoever,  and  Des  Cartes  in  applying  the  algebra  so 
obtained  to  geometiy,  hy  what  is  now  called  the  method  of  co-ordinates, 
were  the  original  creators  of  the  power  of  algebra,  and  they  were  fol- 
lowed by  a  multitude  of  partial  discoverers,  who  added  isolated  theorems 
cm  series  and  developements  to  the  general  stock.  At  the  same  time 
the  general  theory  of  curve  lines  was  receiving  similar  accessions,  and 
the  multitude  of  analogies  suggested  to  several  the  idea  of  combining 
them  under  one  general  form.  In  the  first  half  of  the  seventeenth  cen*^ 
tnry,  Cavalieri  proposed  his  notion  of  indivisibles  *,  and  Roberval  his 
notion  of  fluxions.  We  say  notions  instead  of  methods,  because,  in  fact, 
no  methods  could  spring  out  of  them,  unless  by  the  application  of  a  more 
powerful  algebra  than  was  then  possessed.  It  is  difficult  to  imagine  that 
either  idea  had  not  occurred  to  Archimedes,  and  been  used  by  him 
as  a  method  of  discovery,  though  rejected  as  one  of  demonstration. 
Roberva)  considers  curves  as  formed  by  the  motion  of  a  point ;  and  by 
assigning  the  law  of  description  of  the  curve,  and  the  consequent  velocities 
of  the  point  in  any  convenient  direction,  he  obtains  the  direction  of  the 
tai^nt  of  the  curve  by  the  composition  of  these  velocities.  He  also  lays 
down  the  connexion  between  the  method  of  indirisibles  and  of  infinitely 
small  quantities  in  the  manner  cited  in  the  note  f.  But  every  point  in 
which  either  Roberval,  Cavalerius,  or  any  other  of  their  time,  could  go 
beyond  Archimedes,  was  owing,  not  to  any  notion  that  could  be  formed 
of  the  method  of  generating  quantity,  but  to  the  increased  power  of  alge^^ 
bra.  This  becomes  still  more  apparent  in  the  Arithmetic  of  Infinites  of 
Wallis,  in  which  a  lai^e  number  of  problems  of  the  Integral  Calculus  is 
•obed,  and  which  contained  more  hints  for  future  discovery  than  any 
other  work  of  its  day. 

Newton  and  Leibnitz  had  independently  come  to  the  consideration  of 
qnantity,  and  each  made  the  new  step  of  connecting  his  ideas  with  a 
specific  notation.  If  one  line  depend  upon  another,  and  both  increase, 
newton  supposed  the  first  line  x  to  increase  or  flow  with  a  velocity  ^, 
in  consequence  of  which  the  second  increases  with  a  velocity  y,  Leib- 
nitz supposed  an  infinitely  small  increase  dx  to  he  given  to  .r,  in  conse- 
qoence  of  which  y  receives  the  infinitely  small  increase  dy.  These 
almost  amount  to  the  same  thing :  if  we  suppose  an  infinitely  small 
time  di  to  elapse,  during  which  the  motion  supposed  by  Newton  causes 
the  increase  supposed  by  Leibnitz,  we  have 

*  See  'Etementary  Illuitraiioiis/  &e.,p.  61. 

f  'Pour  tirer  des  condiaions  par  le  moyen  des  indivisiblet,  il  faut  supposer  que 
tnle  ligne,  soit  droite  oa  courbe,  se  peut  diviaer  en  une  infinite  de  parties  ou  petites 
lipies  toutes  £gales  entt'eUei,  ou  qui  suivent  entx'eUeR  telle  progression  que  Ton 
nodra,  comme  de  quarr^  k  quarr6,  de  cube  &  cube,  de  quarr6-quarr6  ^  quarri* 
fnaiii,  on  lelon  quelqu'  autre  puissance. 
''Or  d'antant  que  toute  ligne  se  tennine  par  de  points,  au  lieu  de  lignes  on  se 
-^  de  points ;  et  puis  au  lieu  de  dire  que  toutes  les  petites  lignes  sont  k  telle 
\  CD  certaine  rsison,  on  dira  que  tous  ces  points  sont  k  telle  chose  en  ladite 
—-i."— Roberval,  TVmVc  det  Indivisiblet.  Robenral's  Fluxions  are  to  be  found  in 
im  *  (HienTations  snr  la  Composition  des  Mouvemens,'  the  work  of  a  pupil  from 
his  imnictions,  with  his  remarks.  Both  treatises  are  in  <  Divers  Ouvrages  de  Math6«. 
/&&    Paris,  1693^  folio. 
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dx  =  xdt        dy^ydt        ^  =  ' 

The  merit  of  this  Btep  being  granted  to  belong  equally  to  botli,  it  only 
remaps  to  9^  whicji  did  mpst  Jow»r48  a^sigijifig  the  v4we  9f  ^  «  iti 

e^ual  ^  in  every  posBible  case.    And  hete  th^e  pan  be  no  question 

tjiat  fhe  binomial  theorem  of  Newton  is  a  muc^i  largef  (constituent  of  tfig 
difierence  of  power  between  Archimedes  and  the  immediate  subcessors 
of  the  former^  than  anything  else  whatsoever,  finless  it  be  the  ^tep  madj^ 
by  Vieta,  already  mentioned*.  It  is  perfectly  jxue  that  Leibni^  advanced 
the  I^ifferential  Calculus,  in  conjunction  with  t^e  pemoul|i8,  to  a  muc)i 
greater  pitch  of  perfection  than  Newton  or  his  'English  contempprariea. 
Our  preceding  remarks  are  only  ifi^ended  \o  draw  the  attention  of  th§ 
student  to  the  distinction  between  the  metaphysics  and  notation  of  the 
subject,  and  the  algebra  which  makes  t)iem  serviceable. 

The  notajtioi}  of  Newton,  wjiich  prevailed  jp  England  tiU  ^tr  th§ 
commencement  of  the  pr^sen^  century,  has  been  discari^ed  by  all  wrj^era 
in  the  universities,  and  by  most '  out  of  them.'  There  are-  those  who 
opjec);  to  the  c^ang^,  an(^  w)io  consider  the  fluxiona}  no^t}on  ^  at  leas( 
equa),  if  not  superior,  |o  that  of  |^i)}nitz.  )Vithout  discussing  thf^ 
ppjpt,  we  are  inc}inc4  to  consider  ^)ie  ufiiversality  of  the  notation  pf 
fieibnitz  ^roughout  ^  whole  of  t)ie  civilized  world,  an4  (he  Jfacf  of 
inosj'of  tjie  .discoveries  made  since  Jlie  Jim^  of  J^fiwtop,  Jjofti  in-Rugg 
xnathepatics  au^  physics,  })cing  expressed  by  means  of  i^  as  itself  ft 
Pfpfcnt  reason  for  adppUng  it.  ^ut  we  shall  lij  tjie  propqr  pjapegiyij 
hf>m  npta^on8,*an4  explain  the  |net)ip4  of  converting  one  into  thj?  Ptliq^. 

^e  sjisil  also  pu^ea^pur  to  teach'  ^he  In(^gra|  Calculus  at  thns  safi^f 
tjnie  i^s  fhe  l^iSerential.  ^\ie  separation  of  t|ie  two  which  takes  place  711 
PP?^  ff Plks,  thoug}i  ppny^niept  Jn  some  resppcts,  and  thpse  pot  npipa^ 
portant,  yet  deprives  the  student  of  the  means  of  le^fpipg,  Af  tji^  ^§f|i^ 
^me,  8u)]jects  betwe^^n  which  tlie  an^lq)^  is  as  strong  fi§  ]>^tve^en 
ad(JiJion  an4  s.ubJra(?}ioij.  '  " " . 

•  Leibnitz  complained  that  when  he  spoke  of  the  Differential  Calcvhu,  hi«  oppo- 
nents answered  hitii  t^rt^rereliee'tdMh^  method  o/'teriiH'^  fg.'  Mdrifiidtt  rettailhW 
this,  that  <<a  geotheteff  might  have  been  fit  poaeemsion  df  the  diethod  of  wrimy-^an^ 
have  been  able  to  square  a  multitude  of  curvtfS,  and  yet  not  hare  been  ^n  posKSsjoa 
of  the  caicui  det  fluxions  et^uentet.** '  Btit'what  those  words' mean  when  abstracteil 
Irom  ihe  method  of  sixties  he  dbes  nofstatfe  j  bit  gfoeS  oft  to^add,  *1fhe  ex|)re*>il6n 
IbtthViordinaTeor  a  cuire  beihg  reduced  into  a  series,  if 'tK«f  ease  i^qui^;  tK% 
methods  of  Wallis,  Mercator,  Cavaleiiusi  OrFetmat^'wotddhava  lOfllced'tb  'ftnii  tM 
area."  Considering  that  Lvibnitz  himself  admitted  the  priority  of  Newton  ih  t)te 
method  of  series,  and  that  there  is  no  question  at  all  of  the  labours  of  Leibnitz  in 
this  respect  beinsc  'Q  no  degree  to  be  coiApared'  with'those'df  Ne«1on,*th&'  irSofbe- 
thiog  like  conceding  the  pomt  in  qnestiott.  It  ir  diffichlito  seewhict  MoatncTa  m^ns 
ve  should  infer  in  fotouitbf  Leibmtz,  from  hit -admiasioir  that,  *t<«  HewMtt  irtefktM 
^  tenet,  there  were  four  mtegral  calcnli  hi  existent  befbit  Leibnitz; '   '-    * 
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Chapter  I. 

Q^  :f:B^  fROpESSES  OF  DIRECT  DIFFERENTIATION. 

Xhb  roles  by  ^wliich  quantities  are  differentiated  must  be  studied  until 
they  afe  perfectly  known,  and  easy  to  practise.  Witbout  demonstrating 
them',|herd%fe,  oreTefi  defining  tbem,' we  prefer  to  plaee  tlifem  by 
ihemsuyes,  and  to  recommend  the  student '  to  practise  tbem  while  read- 
ing ||ke*  ^D^ldwing  chapters,  considering  tbem  simply  as  metbods  wbich 
^st  ht  £r^aently  employed  in  the  sequel. ' 

Tbe  process  here  employed  is  called  differentiation^  every  algebraical 
expression  baying  what  is  called  a  differential  coefficient  with  respect 
to  any  letter  which  may  be  named.  If  the'  expression  do  tiot  contain 
that  letter,  the  differential  coefficient  is  0;  but  if  the  expression  contain 
the  letter  in  question,  the  proper  rule,  from  among  those  which  follow^ 
must  be  employee^.-  Thus  ^e  differelitial  coefficient  of  a  +  6  with 
Rspect  to  <x  is  0;    This  particular  case  needs  no  further  examples. 

T}ie  letter  with  respeet  b  which' difierentiation  takes  plabe  is  called 
{be  ihdependenl  variSfU.  The'  expression  differentiated  should  b^ 
called  tbe  dependent  variable^  but  the  phrase  is  not  found  necessafjr. 
ETcry  expression  which  in  any  way  contains  J?,  or  depends  for  its  value 
upon  the  value  of  »j  is  called'  a  fuhdtidh  of  x. 

In  what  follows,'^he  Independent  variable  will  always  be  x. 

1.  The  diffisrential  coefficient  of  mxiBm.  Thus  x  gives  l^  2  x  gives 
2f  +  J?  gives  i-,  -^'s^^ts'^%  —  2'x  givfes  —2. ' 

2.  The  differentJarcdefficient  of  I*  is  mx**~\  Thus  x  gives  1  a?*~*  or 
2*  or  1,  as  before }   jt*  gives  ^x-^  a^  gives  3  jc*:   j?'+*  gives  (p  +  q) 

-r»+^* ;  x^  gives  \x^ ;  x^  gives  —  3  x""*"*  or  —  3  x'~\  The  following 
pre- instances ;  over  the  columns  of  functions  in  question  is  written /x, 
jneaBiDg  the  function  ofx ;  over  the  column  of  differential  coefficients  is 
written  f^x^  which  stands  for  the  differential  coefficient  of  fx. 


/* 


fx 


x^ 


x'  iX  /J 


or 


1 


5j?? 


109  of? 
1 


ix^ 
i- «  ^  or 


3«t 


•J-j?  T  or = 


fx 

f^ 

j?~«or-^ 

.    2^*°'-2> 

-8              1 

J?  ■  or  -^ 

3^ 

-3*-or      ^ 

a?"ior  . 

* 

2»* 

*-* 

♦  . 

*f 

f«-f 

•-li?""or z 


xi 
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3.  If  log  J?  to  the  base  a  be  the  function^  the  differential  coefficient  is 

M 

— f  where  M  is  the  modtUus  of  the  syBtem  of  logarithms  having  the  base 

X 

0,  or  the  logarithm  of  £  (=  2*7182818)  in  that  system,  which,  when  a 
is  10,  is  '4342945.  But  in  this  subject,  and,  indeed,  in  all  branches  of 
pure  analysis,  the  only  system  of  logarithms  employed  is  the  one  which 
has  6  or  2*11828 ....  for  its  base,  the  modulus  of  which  is  unity*. 

Consequently,  in  this  case,  the  differential  coefficient  of  log  a?  is  — . 

4.  The  differential  coefficient  of  a*  is  a*  log  a  (here  logarithm  of  a 
is  taken  to  the  base  c,  which  is  always  meant  when  no  other  base  is 
specified).  The  differential  coefficient  of  c*  is  c*  itself.  The  differential 
coefficient  of  (a  +  b)'  is  (a  +  b)'  log  (a  +  6),  &c. 

5.  The  diff.  co.  of  sin  <r  is         cos  x 


cos  iT  .  .     —  sm  1? 

1 


tan  «  .  •  1  +  tan  *  j?  or 


cos'j? 


6.  By  sin~*jr,  we  mean  the  angle  which  has  the  sine  2*;  by  coeT^Xy 
the  angle  which  has  x  for  its  cosine,  &c.  Thus,  if  a  =  sin  6  6  r=  sin"*^  a^ 

The  diff.  CO.  of  sin  '*j?  is       - 


of  cos""*j?  is  — 


of  tan  "*j?  is 


VI— J?" 
1 


VI— •«• 

•1 
l+o;*' 


All  angles  are  measured  in  the  manner  described  in  the  '  Study  of  Ma* 
thematics  *,'  namely,  by  the  number  of  times  which  any  arc  subtend- 
ing the  angle  contains  its  radius,  and  an  angle  so  expressed  may  be 
turned  into  seconds  at  the  rate  of  206264' 8  seconds  to  a  unit,  and  thence 
into  degrees,  minutes,  and  seconds. 

^  7.  To  differentiate  the  sum  or  difference  of  any  number  of  functions, 
differentiate  each  separately,  and  put  the  same  signs  between  these  diff. 
CO.  as  are  between  the  functions  they  spring  from.    Thus, 

The  diff.  co.  of    jp"  +  o'  +  log  x  —  sin  j?  —  cos  j?  +  — 

X 

is         nj?"">  +  a'lc^aH cos  r  —  (— sin  j?)  +  (  — -;  j 

or  n  j^-*  +  o'log  a  4 cosx  +  sin  j? . 

X  Jt* 

Diff.  CO.  of  a!^  +  c        is     n  jf  "*  +  0  or  n  *t""* 

cos  'jfis :  + 


X  a* 


>/!- 


X 


.1 


...  1  —J?        is         0  —  1  or  -1. 

*  Library  of  Useful  Knowledge,  No.  90,  pp.  84,  92, 116. 
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8.  Hie  diff.  CO.  of  a  function  ofx  multiplied  by  a  constant  *  in  formed  by 
diSnrentiatiiig  the  fonctiony  and  then  multiplying  by  the  constant.  Thus 

1        c 
the  difL  co.  of  c  log « is  c  x  —  or — • 

XX 


iff.  00.  of  caf  —  c'o*  +  ac  logo?  —  (a  +  c)  tan""** 
18         ncaf^  — c*a'loga+ -— — ■ . 

°  X  1   +  JC" 

c         3  c 
Diff.  CO.  of  p  sin"'  j?  —  g  sin  j? -j -j- 

p  ,   3c    ,   12c 

Diff  CO.  of  1 +2*  +  3j:*+   4j!^+    5j:*+    63?* 
is  2    +6j?  +  12a!*+20aj*  +  30j?*. 

9.  To  differentiate  the  product  of  two  functions,  multiply  each  by 
the  diff,  CO.  of  the  other,  and  add  the  results  (with  their  proper  signs)  : 
thus, 

the  diff.  CO.  of  je^  log  <r  is  n  j:*"*  log j?  +05^  X  —  or  na;*"' log*  +af~^ 

X 

. . .  •  • j;  sin  .r  is  I  X  sin  .9  +  ^  X  cos  *  or  sin  j?  +  :p  cos  x. 

.••••••....•  -  tan  J?  IS T- .  tan  a?  H . ;- . 

X  X^  X        COS'JP 

s (1-JtO  (x  +  x^  is 

(0-2x)  (x  +  «*)  +  (l-jc*)  (1 +3x')  or  I-Sjc*. 

10.  To  differentiate  a  fraction,  form  the  following  fraction — 

Den^  X  (diff.  co.  numQ  —  num'  x  (diff.  co.  denQ 

(Denominator)* 

««X logd?x2j?       ,     ., 

•v.-         -.    log  ^     .  ^  1—2  log  J? 

Diff  CO-  of  — -^r —  IS i or --S- 

jr  «•  jt» 

*  sinj?           cosx  X  cosx— sinjp(  — sinj?)              1 
IS ' ^ ^    or ---• 

cos  X  cos  *X  COS  'x 

l+X      .    (1»J?)  (0+1)  — (14- jy)  (0^1)  2 

jplogVxO-1  x(Iogj?+a?-i-)         , 
^        i» ^/^^     .logJf+1 

J?  log  J?  or*  (log  a?)*  J?*.(log  x)* 

1— sinx  .    (1  +8inx)  (  — cosx)  — (1  —sin*)  (cosx) 
l+smx  (1  +smj?)" 

2C0SJ7 

"^(l  +  sinj?)'" 

11.  To  diffsrentiate  the  product  of  any  number  of  functions,  multiply 

^  A  eaiu/oftfyWitb  respect  to  ar,  it  a  function  which  does  not  dep^d  on  or ;  thus, 
Si  •"  >  « is  a  eoMiant,  if  change  in  or  produce  no  change  in  a* 


<«■  ; 
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^e.diff  CO,  of  eaqh  function  by.  the  product  gf -amn^  pfhqf^fu^CJipni| 
and  add  the  results.  Thus,  the  diff.  c6.  of  j;  x  siii  i  ^  cos  xi(,Vw  (rS 
member  that  6*  does  not  change  by.differentmtion)  .  .^  ^ 

ir8ind?cos<r  cf  -ha?co8*j?£*  —  j:8in*jr6*+  sinj:  C08<ve'. 

Some  examples  of  these  processes  will  be  giveiv  at  the  eial  of  tfau 
chapter ;  but  the  best  examples  are  those  which  the  student  forms  for 
himself  in  the  following  manner.  Take  any  function  which  can  be 
differentiated  by  one  rule,  and  throw  it  into  another  form,  in  which  it 
requires  another  rule.  .  Differentiate^  wh.  form  by  its  own ,  pie,  and 
see  whether  the  results  can  be  made  to  agree!  For  insiance^  all  the 
following  forms  are  the  same  function,  a^, 

_o  «^  ... 


and  their  di£  co.  are. 


3«« 


«-^  (  -  4  x"»)  -j-^^1a?-^ 


.-u 


a^  X' 

2  a:  (1  +«)+«•  (0  +  1)  —  2  a? 
fthow  ihat  the  latter  three  of  these  iforms  are  BeveraUy  edual  to  fhe  Brat, 

We  have  now  diflferentiated — I.  the  fundamental  forms 

a^ ,  a* ,  log  4? ,  sin  « ,  cos  «  ,  tan  x ,  sin  *'*a^ ,  cos"*a? ,  tanr^jf. 

2.  All  functions  of  them  made  by  the  fundamental  rules  of  addition, 
subtraction,  multiplication,  and  division*  It  remains  to  point  out  how 
to  differentiate  more  complicate^  functions  of  functions. 

Rule. — To  differentiate  with  respect  ipx  ^  function  of  v,  where  v  is 
a  function  of  x,  differentiate  with  respect  to  v,  tbeii  differeiidate  v  ibitk 
respect  to  x,  then  multiply  the  two  results  together. 

This  rule  needs  some  elucidation,  but,  when  understood,  will  be  found 

the  best  help  to  the  memory.     If  we  have,  for  instance,  the  double 

function  log  sin  x,  the  logarithm  (not  of  x,  but)  of  sin  x.    We  see  that 

...  .       "  .    1        . .    ..  .     .  1     ' 

in  the  preceding  rules  logj?  gives — .    Does  log  siuir  give  ^ — f 

X  sin  X 

Yes ;.  when  differentiated  with  respect  to  (not  x»  t^O.  si^  ^»    We  have 

here  made  sin  x  stand  in  the  place  of  x.    To  differentiate  with  reispect 

to  X,  differentiate  sin  x  with  respect  to  x,  giving  cos  x^  and  multiply  the 

preceding  result  by  cos  x,  giving  t —  .  coe  x,  or  cot  x,  the  result  re* 

Bin  X 

quired. 


/' 

/'* 

logimx 

1 

-: .  cOBdr 

sinx 

log  cos  X 

1 
X  —  sm  a; 

C0SJ7 

log  tan  dr 

. (1  +  tan»«) 

t«n«                 ' 

fx 

J  '■'  •••••■  •  • 

log> 

xT                           X 

logs' 

^.tf'logaor'loga 

^-    ' 

.•»•      *tm       ^m     -^  ^ 

fiinx*      coBx*  X  2« 


«    *•  «    *  t 


*  Account  for  the  simpUciiy  of  thew  refuUs. 


^- 


006  0^ 


c 

€ 


J"* 

^        ^   ^  ft 


Sir 


.  /.* 


coa.  log«  X 


i-1 


COB  «•  X  €* 

i-^'xCO  +  i) 


bin-'  €- 


.•!»■*» 


(1  +  «•)• 
(1  -  ^)", 


/'» 


-_1 

• 

^C 

VI- 

e»* 

'X 

1 

6(l+i*)'(0+2*) 

n(l-«)«-'(0-l) 

12  (a«+j!»)"  (2a;+3j!') 


'--(-ij 


i-x 


^'      .  -  *•  •\.    n  ("11  *  +  COB*)""' 


do:  ok  of  (a  +  6±  +  c«»)*  a  ni:a  +  ft*  +  c4»)"-*  (6  +  2c») 

....    coB(coBa?+Binir)ifl-Bin(coBJ?  +  Bmd?)X  (-sini+cosa?). 

\Yc  ^  n3w  differentiate  functldhs  of  functioiis  bt  functioris  of  Jr,  &C. 
Btxpp^  iri  hitfe  log  feln  it'*-'.    6y  the  laist  rule  we  have; 

:  :  :  :  tsms'-ijyj    is  c6io''«' x  iiiff.co:  bi:  («•'•;) 

....      (.  o*^'}        ii  a*' .  log  d  X  Diff.  co.  of  (sin  x) 


•   • 


•  •  •  •   • 


Difll CO. bf  (x  -f  */lF^y  it 2 (»  +Va!«-l)  X Diff. co.of (i + Vi*-! ) 

; ; : . .  U  ^^T?-!)  ==  liifr.  co;  of  i  4^  liiff.  co.  oi  Vj?^ 


=  1  + 


«^       «»  ^       ^  V    ^^'^   ^ 


• 

X  Diff.  CO.  of  0^  - 15 


1+  f^.  ^   =  1  + 


2V?=T 


:if3*— 1 

In  t^^  following  symbolical  recapitulation,  every  case^of  whiqh  the 

'eni  toiil  T^fer  to  ita  rule  pxfeceding;  0j8i  Vir,  v.«,  niciui  different 

||QD8  of  X,  and  <i/aui^%  y^Xy  their, differential  coefficients  with 

fist  tS  9  ^  alb  i[0'x  %xy  ibeahs  the  differential  coefficient  bf  the 

of  ^  X  and  y  j?  ;  and  bo  on. 

(0if^^-  x«y=  *'»+ i^^—  %'•» 

(c0d?  +  ey «  —  Ax^y  =s  c0'a?  +  c^^a:^  A x'j? 


nUICfaOBI 

3^ 


n 
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{(0a?)-}'      =m(0jr)— ^07     {e  f  •}' =  e<P' .  ^'ar 

0'<r 
{Iog0j7}'  =: -—    {8ia0xy=:co8  9X.0'<r  {cob0j?}'=:  —  8in0«.0'ap 


{cos 


By  ^  Y^<r  we  mean  the  same  function  of  y  jr,  which  0  x  is  of  x :  thut^ 
if  0  J7  be  log  X,  0  Y^  a?  means  log  y  x.  By  0'  we  always  mean  that  func- 
tion of  X  which  arises  simply  from  difierentiatiog  0  x  ;  thus,  in  0'yx,  we 
mean  that  after  0  x  has  been  differentiated,  we  substitute  y  x  instead  of 
X.     We  have  then, 

{^Y^a?}'  =  0>a?  •  -^x        {^fxxy  =  0'VXJ? .  V^X*  •  x'*- 

The  differential  coefficient  of  the  differential  coefficient  is  called  the 
second  differential  coefficient ;  the  difierendal  coefficient  of  the  second 
differential  coefficient  is  called  the  third  differential  coefficient,  and  so 
on.  The  several  differential  coefficients  of  0  x  are  denoted  by  0'x,  (p^x^ 
0'''x,  0^'jr,  &c.;  and  it  is  customary  to  use  Roman  numerals  to 
express  a  number  of  accents,  when  they  are  too  many  to  be  conveniently 
written.  Thus,  the  tenth  diflbrential  coefficient  is  written  ^'x.  But 
when  a  letter  represents  a  number  of  accents,  it  is  customary  to  place 
it  in  brackets:   thus,  the  nth  di£krential  coefficient  of  0x  is  written 

This  process  is  called  successive  differentiation,  and  its  easiest  cases 
are  as  follows : — 

1.  Let  0x  be  af;  then  0'xi8  7ix*"S  0"xis  n(n— l)jf~*,  0^"x  is 
«(n— 1)  (n  —  2)  jf-»,  0'*x  is  7i(n— 1)  (n  —  2)  (n  —  3)  af"*,  and  so 
on.  In  the  following,  the  function  differentiated  is  the  first  of  the  line, 
and  it  is  followed  by  its  successive  differential  coefficients. 

X*,  4x*,   4.3a*,    4.3.2.x,    4.3.2.1,  0,0,0,         Ac. 

x',  5x*,    5.4a^,    5.4.3x',    5.4.3.2x,    5. 4. 3.2. 1,0,0, &c. 

1         1       2  2.3  2.3.4  2.3.4.5 

I «_     n(yi-H)      w(n  +  l)(n+2)  n(n+l)(n+2)(n+3)  ^ 

jT'     x^»*         x"+"    *""  x-H-*  *  ?+*  * 

X*,     ^x"*,     -4.ix"*     i.  +  *lx"S     -i.+  .lix"*^,    &c. 

X*,     ix**     -|.fx"*,    i.t.tx'*''  -i.t.t.y****«',&c 


M  m-it  m  —  In  M  — 8« 

x-i    -x"»   T~r**      '    z ^      >&c. 

n  n       n  n      n  n 
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2.  «•,    iTloga,    o-Oogfl)*,    o-Ooga)*,   a'Ooga)*,  &c. 

4.  log  X        — ,   —    -3,  (for  the  rest  Bce  last  page.) 

5.  nofy        ooe^r,     — sinop,     -cosj?,    siiiir,        cos^r,  &e. 

6.  coex,     — sinx,     — cobj?,        Binjr,    cobj?,     — 8in«r,  &c« 

Memorandum. — Observe  that  in  every  case  a  function  of  x+  c  does 
not  require  any  second  process  in  differentiation,  for  instance* 

DifL  CO.  of  sin  (j?  -)-  c)  =:  cos  (x  +  c)  x  Diff  co.  of  (d?  +  c). 

But  the  difierential  coefficient  of  x  +  c  is  1  +  0  or  1. 
We  shall  now  give  some  examples  *  £3r  practice. 
Let 


**=    ._—  or  (1-  dj")'*    0'ct  = ^ 

Vl-jc»  (l~r*)* 

.  a:  ^       Vl— j^-jfdiff.co.ofVl-jp*  1 

VI— j;^  1-*"  (1— J?*)* 

a/1  —  *  ^       Vl+*  «liff-  CO-  of a/I^ - A/T^diff.  ico.  of  a/1+* 

0*=  / 0'^?=^ I    ,   / 

VI+x  1+0? 

Vl+Jf   — 7=x  (0-1)- Vl-j? 


f A  V^ — */  —  •▼*— «*-  I 

avi— J?  2V14-J? 

1  +  0? 

(!+*)  +  (! -J?)  1 


2  (1  +  JP)  Vl+ar  Vj— a?  (1  +  J?)  Vl-a^* 

Reductions,  such  as  are  here  to  be  made,  and  success  in  which  dqiends 
on  the  ezpertness  of  the  student  in  common  algebra,  form  the  greater 
part  of  the  difficulty  of  the  succeeding  examples. 


•^Va'-^ 


00?=:  . .    ■  V  0'j?  c= 


a'+  b'x         ^  (a'  +  6'j)« 

^xsZ'z 0^0?  =  -- —,      0j  =  --- —  0'j?r=  — 


1— jf^         (1  — *)••      ^     ""l  +  x^*^       (1+a^)"' 

^  ncM  BM  two  works  in  Engtish,  which  nre  expreM  collections  of  examples  for  the 
].  '  Collection  of  Examples  of  the  Di£brential  and  Integral  Calculus.'   By 
Fsaeo^  A.M.9  &c^  Cambridge,  1820.    This  work  is  now  out  of  print  and 
«mI  we  lunre  been  frequently  indebted  to  it.      2.  <A  Digested  Series  of 
tt'  fte*     Bf  John  Hind,  M.A.,  &&  Deighton,  Cambridge,  and  Fellowes, 
1892i     Tlus  work  would  be  Yery  useful  to  the  student  who  wishes  for  more  \ 

fliaii  out  work  can  give. 


.».     **''!''r*      ,<i       "•.       ••      _  •    ,  f. 
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^■«  I*  *  ••«  *  ^  -f  ^ 

Rule.— ^heh  two  fuhctionfe  diffef  only  iii  the  feign  of  i&,  the  dffi  fco. 
of  one  may Jbe  found  from  that  .of  the  other  by  changing  Uie  sigpi  of  or, 
and  then  changing  the  sign  of  the  whole.  The  last  is  an  example. 

•  m 

,  J?  ,  -  1  —  J?  ,    -  »^      »     J  f  * 


1  +  «■  (1  +«»)"  1  +  a?  ^         (!+.*)* 

0^  =  gV^3ai     ^'^^l^^^^^. 


•  •■  «••>  • '  • 


The  process  may  sometimes  be  rendered  less  embairassiog  by  the  bse 
of  logarithms,  as  follows.    Suppose  we  wish  to  differentiate 


PQ.VVW 


where  all  the  capital  letters  are  function&of  j?,  and  P'  Q',  &c.  are  their 
differential  coefficients.  Take  the  logarithms  of  both  sides  (and  let  \ 
stand  for  log) 

X0a?  =  XP  +  XQ  — XR  — XS  +  -i-(mXV+XW  — XZ); 

ft 

■    •  •  -     ■  •■ » 

differentiate  both  sides  ([it  being  trae,  as  hereaAer  noticed,  that  the 
differential  coefficients  of  equal  functions  are  eqiial),  and  we  have 


»'ct__  P'  .  (y     R'      S'       1    /    V     w      zK  . .    .„ 


whence  we  get  i'x.hy  multiplying  together  (1)  axid.(20L  The  ^dent 
should  first  tr^f  the  following  example  .by.  Himself,  Aiid  ivhen  ne  has 
completed  his  result,  may  consult  the  following  process. 

.  •      a  +  x  ^  /b*  +  j^ 
h  +  xV    a*  +  a^ 
Process.  X0a?=i  X(a  +  J^)-.X(6  +  j)  4- iX  (6«  +  j^ - JX((^  +  a?») 

0'j?  _^ 1 i_       Jl^     2x     ^  I      2x 


6  —  a 


(a  +  j?)(6  +  jr) 


(6*  -h  j:»)  (i«  +  >) 


+ 


(a  +  j:)(6  +  dr)  '   (a'  +  ^Cft'  +  J?*) 

_  '   _   .   f(fl'  +  ^)(y  +  ^)-(a  +  6)(a  +  3?)(g+j)^]     . 
"^  ^       ^^  I"  (a  +  ^)(6  +  j)(a«  +  j:*)(6«  +  i«)  J' 

fd  +  6)  (a+ J?)(^  +  a^JP  =(«+&)di±+ (a  +  ft)'a^+(6  +  J)«*. 
When  the  numerator  of  the  preceding  fiUction  \A 


^ 
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fl?i*  — 2a6«*  +  a^  — (a  +  6)  (abx+a^)^  or 
(ai-jT^*  —  (a  +  ft)  (aia? +!!•). 


^jr=(6  — a) 


=  (6-a) 


J., 


-  la  tKe  following  list,  each  function  is  followed  by  ita  differential  coef- 
fieient. 


V^-1 


—  C08X 


a'o'. 


«*' 


^o*  (j:loga  +  ^) 


<€• 


2— nnirco8«r,    2ain*ir 

I       1  "  *        i 
cfmlogT-j    — ainlog  — 

^   X  X  °   X 

it- 0-4). ? 


M-' 


-I 
2J7 


1  — jr»'     1  +  J?" 


i^/^l  +  A  ^ 


log  (log  j:)  i 


d?log:r 

e^ta?*  — 2a?  +  2);     k-j:* 

ir^(logj:)*j  ' 
ar-»  (log  or)-*  (m  lo|  ,t  +  n) 

€*  .^X 

tntifix  8iii(n— l)jt 

Bin"  0?  *  Bin*+'  x 


sin  (sin  a?),    cob  Bin  j?  .  cos  a? 

3. 


cos**  (4  i"  —  3  i)i  ^ — . 

V  1  —J* 

.     '  %,        #»'  IP  ■  t 
.    .  ,  0  +  a  coB-d?       Va  ^  b* 

a+^coso?*    a+&  cosjp* 


cos 


.  |tfV|Bg  ,^UB.  Ifiii  dmn  the  pc^rcf  rules  of  differentiation,  we  proceed 
10  inyestigate  and  apply  these  rules. 
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Chapter  II. 

ON  THE  GENERAL  THEOHY  OF  FUNCTIONAL  INCREMENTS  AND 

DIFFERENTIATION. 

When  any  function  of  x  is  giyen,  we  can  determine  by  common  algebra 
the  Yalue  which  the  function  receives  when  x  receives  any  given  value, 
say  a,  and  also  the  change  of  value  which  takes  place  "when  x  hecofnes 
o  -f  A,  by  which  we  merely  mean,  when  we  pass  from  the  consideration 
of  the  function  of  a  to  that  of  the  ftmction  of  a  +  ^.  Thus,  "  let  x  =  a,'* 
followed  in  the  same  problem  by  "  let  j?  =  o  +  A,"  does  not  mean  that 
we  make  these  suppositions  both  at  once,  but  that  we  consider  x  as 
changing  its  value,  or  ourselves  as  changing  the  value  we  attribute  to  x. 
Of  course,  the  consequences  of  the  two  suppositions  may  exhibit  any 
sort  of  difference. 

When  we  consider  x  as  having  some  assigned  and  specific  value  a, 
the  function  0  x  may  exhibit  two  distinct  species  of  phenomena. 

1.  It  may  have  a  finite  and  calculable  value,  positive  or  negative. 
Thus,  0?  +  •i^  is  beyond  all  question  6  when  the  value  of  j:  is  2 ;  and 
—  -J  when  J?  is — \, 

2.  It  may  exhibit  one  of  the  varieties  of  form  which  arises  out  of  our 
supposition  being  followed  b^  an  absence  of  all  magnitude,  or  0,  in  a 
place  where  the  general  form  of  the  function  would  lead  us  to  suppose 
there  ia«ome  number  or  fraction  to  be  operated  on  or  with.  Such, 
forms  are, 

For  instance,  in  the  function  (1  —  x)  ^*"'^,  we  see  that  the  supposition 
of  j:  =  2  offers  no  difficulty,  for  the  function  then  becomes  (  — 1)~^  or 
— - 1 ;  but  when  .r  =  1  we  have  no  means  of  operation  left,  except  such 
as  are  implied  in  the  symbol  0^,  which  offers  no  ideas  of  numerical  value. 

With  regard  to  such  cases,  it  may  or  may  not  be  proper  to  say  the 
function  has  existence  and  value :  but  we  do  not  enter  into  that  ques- 
tion. We  examine,  in  such  a  case,  not  what  (1  —  xY"  becomes  when 
iT  :=:  1 ,  but  we  ask  to  what  does  it  approach  without  limit  when  x 
approaches  without  limit  to  1.  If  we  can  prove,  as  we  may  hereafter 
do,  that  the  preceding  function  also  approaches  without  limit  to  1  when 
X  approaches  without  limit  to  1,  we  may  then  abbreviate  the  preceding 
proposition  into  these  words  "  when  j?  is  1,  (1 — ^r)^"*  is  also  1 :"  but  we 
use  the  preceding  sentence  in  no  other  signification.  Therefore  we  have 
the  following  definition. 

Definition. — ^The  function  is  said  to  have  the  value  A  when  x  has 
the  value  a,  cither  when  the  common  arithmetical  sense  of  these  phrases 
applies,  or  when  by  making  x  sufficiently  near  to  a,  we  can  make  the 
function  as  near  as  we  please  to  A.  In  the  first  case  A  is  simply  called 
a  value,  or  an  ordinary  value,  of  the  function  :  in  the  second  case  A  is 
called  a  singular  value. 

PosttUate  1. — If  0  a  be  an  ordinary  value  of  0«r,  then  A  can  always 
be  taken  so  small  that  no  singular  value  shall  lie  between  0  a  and 
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0  (a  +  A),  that  is,  do  singular  value  shall  correspond  to  any  value  of  x 
between  or  =  a  and  x  =:  a  +  A. 

The  truth  of  this  postulate  is  matter  of  observation.  We  always  find 
singular  values  separated  by  an  infinite  number  of  ordinary  values.  If 
we  lay  doWh  all  the  possible  values  of  j:  on  a  straight  line,  measuring 
them  when  positive  to  the  right,  and  when  negative  to  the  left,  upon  the 
supposition  that  some  certain  given  straight  line  represents  1 :  and  if  we 
then  lay  down  the  values  of  the  function  upon  lines  perpendicular  to  the 
values  of  x,  placing  each  value  of  the  function  on  the  line  drawn  through 
the  variable  extremity  of  the  linear  value  of  x,  and  measuring  it  above 
or  below  the  axis  of  x,  according  as  it  is  positive  or  negative,  we  have 
the  well-known  method  of  representing  a  fimction  by  means  of  a  curve^ 
which  is  the  foundation  of  the  application  of  algebra  to  geometry,  as 
given  by  Des  Cartes.  We  have  drawn  the  representation  of  a  function 
bdow,  so  as  to  exhibit  every  variety  of  singular  value,  and  more  than  the 
skill  of  the  most  practised  algebraist  would  at  present  be  able  to  find  a 
function  for.  The  stars  mark  the  singular  values,  or  rather  the  places 
at  which  there  may  possibly  be  a  singular  value ;  all  other  values  are 
ordinary,  however  near  the  singular  values  they  may  approach  in  posi- 
tion. Aiid  we  see  that,  however  nearly  a,  the  value  of  j?,  may  approach  to 
h  the  value  of  x  at  one  of  the  singular  points,  it  must  be  possible  to  take 
a±k  lying  between  a  and  b. 


Postulate  2. — If  0  a  be  any  finite  value  of  0  j?,  it  is  always  possible 
to  tike  k  so  small,  that  0  (a  +  A)  shall  be  as  near  to  0  a  as  we  please, 
md  that  0  x  shall  remain  finite  from  x=:atox  =  a+  A,  and  always 
he  between  0  a  and  0  (a  +  A)  iu  magnitude. 

This  again  is  a  part  of  our  experience  of  algebraical  functions.  It  in 
generally  assumed  under  the  name  of  the  lav)  of  continuity.  The  latter 
pait  of  the  postulate  may  be  true  of  the  whole  extent  of  some  functions : 
thus,  however  great  A  may  be,  j?*  perpetually  increases  between  a"  and 
(fl  +  A)*. 

It  is  possible  to  imagine  a  function  which  does  not  observe  this  law, 
hut  we  cannot,  without  further  consideration  of  singular  values,  find  the 
means  of  expressing  it  algebraically. '  For  instance,  in  the  following 
figure,  the  function  represented  byABCDEFis  ctiVcontinuous  at  B 


i 
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and  D.  But  we  have  no  means  of  expressing  sucb  a  function  iacommpii 
al^bVa.  '^We  roay'dall  the  law  expressed  iii  this  pbstulate  the  laW  of 
continuity  of.  valite,  to  distinguish  it  from  that  of  the  next  postulate  ; 
aii'd  we  mUysay  that  Ifuhctions,  which  do  not  obey  this  law,  if  any,  axe 
GiscOntmuous  m  vdlue. 

'Pbsi'uldte3,^---ti*ij\Y  function  follow  one  Jaw  for  every  value  of  d? 
between  ±=:a  and  jt  =:  a  +  A,  however  small  h  may  be,  it  follows  t]ie 
sanie  l4w  throughout :'  that  is,  the  curves' of  no  two  algebraical  flihc- 
tions  can  entirely  coincide  with  each  other,  for  any  arc,  howeyet  6ina|L 
if  0i  be  ir^'for  every  value  of  ir  between  a  and  a  -f  A,  however  small ^ 
iriay  be,  U is  j^  for  fevefy  other  value  of  x/  This  we'may  call*  jihe  law 
bf '  cgntiTiuiiy  of  form,  or  permanence  of  form. 

Exceptions  to  this  law  may  be  represented,  buj  cannot  yet  \^  alge- 
braically formed.*  As  in  M  N  P  Q  B,  we  may  conceive  a  ifunctioh  wluc)i 
is  represented  by  an  arc  of  a  circle  loined  to  one  of  a  parabo|j9L,  which 
is  Itself  joined  to  a  part  of  a  straight  line,'  and  so'  on. '  puch  a  functiba 
would  bb  Called  discontinuous  in  form;  and  tKough  not  now  exKibited 
algebraically,  may'actually  occur  in  practice.  Suppose,  for  ihstancei  a 
spi-ing  of  the  form  M  NpQB.  fixed  at  the  end  l^*  *^"3  (fisturbed  at  the 
other  end.  *  The  number  of  its  vibrations  peir  second'  might  Become  a 
subject  of  inqmry. 

*"*jLet  ^'jy'be  a' function,  continuous  in  form  and  value,  wjiicb  we 
always  mean  unless  when  the  contrary  is  expressed.'  Liet 'us '  tftke  tWo 
consecutive  values  of  x,  namely  a  and  a  +  A;  but  instead  of  supposing  ic 
to  be  a,  and  then  to  become  a  -f-  A  at  once,  let  it  pass  throxigh  n  steps 
altogether,  becoming  successively,' 

a,   a+  ©,  a+  20, .    .    .   •  a+  (n  —  1)0,  a  +  wO: 

that  is,  let  n  0  be  &,  so  that  by  increasing  the  number  of  suhai^em  incre- 
ments by  which  a  becomes  a  +  A,  we  may  diminish  each  increment  f 
without*  limit'. '  The  corresjponding '  values  of  the  Function  are  0  a, 
0  (a  -f  0),  0  (a  +  2  0),  .  .  .  .  up  to  0  (a  +  n  0)  or  ^  (a  +  A). 
The  several  increments  ^  of  the  values  of  the  function  are  then«— 

^(a  +  ^)-0^,  0(a+20)-0(a-f0)  .    .  ^  (fl+n0)— 0(a  +  n^0). 

Let  0  a  be  called  Po,  let  ^  (a  +  ^)  be  called  Pi,'  &c.  up  tp  ^  (a  -J-  n  ^j 
which  is  called  P,.  Consequently  the  ifitrements  bf*  the  f^Snctldn  are 
3P,  —  Po.  P.-  Pi,  Pa  — P«.  .  .  . '  .  P»  —  P-i  (ji  in  nurftber)  the  sum 
of  whfch  is  P,  -^  Pi  or  ^  (a  +  A()  — ^  a.    We  haVe  theh,'     '    '  -  '     v 

1c?i--Po)  +  (P.-:Pi)+  .'.   .   •+(P--?.^i)=f(a  +  A)-0a 

e       +0       +....+       e        =    ne      =a' 

BO  that  (^  and  a  being  given)  the  fraction  made  by  summing  the  nume- 
rators of 

p»-p»    p«-p.       p. -p.-. 

0  e      e      ' 

t 

for  the  numerator,  and  the  denominators  for  a  denominator,  is  equal  to 
the  same  quantity  whatever  may  be  the  value  of  n. 

*  If  the  function  decrease  instead  of  increasing,  we  must  either  use  the  woid 
decremenii  or  ftpply  the  term  increment  io  both  petitWe  md  negative  quaiitities,  a 
negative  inoement  being  a  decrement.    We  take  the  latter  alternative. 
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][f  n  jncr^ate  without  ]mi\U  ^  diminishes  without  limit,  an4  bo  4o  all  the 
nomeraiors  61  the  fractioris  in  question,  which  last  therefore  all  appr6acli 
fbe  nagular'fbrm  f ,  and  we  have  now  to  ascertain  whether  the  limits  of  all 
or  any  must  be  finite,  or  whether  they  may  severally  increase  without  limit 
or  diminish  without  liihit.  Kow  (we  refer  the 'student  to  the  lemma  fol- 
iowinj  fhisjl   t|iey  cannot  all   increase  without  limit  or  all  diminish 

i^tbout  liput :  for  i^  is  shown  that  among  the  fractions  7-  r '  ^ ,  &c.| 

there  must  always  be  some  which  are  algebraically  greater,  and  some  which 
.  -  ..     .  .     ,.^        ...  •   •      o  1.  -.  jj-r  ^  t£'    •     •' 

arc  algebraically  less  (some  means  one  at  least)  than  ,   . ^"-^-^  i 

-.      •  ■   ;  •  p  +  6  +  . . . . 

the  onl|  possible  case  then,  unless  there  be  finite  limits  among  them, 

is  tliat  ipme  increase  without  liinit,  and  all  the  rest  either  diniinis|i  wit)iput 

pnit  of  i^nciease  negatively  with^ 

}    -TT^ =  Qi      — ^ rrQs-    •    •    •  "--^ ^  -  Q- 

Now,  whatever  these  quantities  Qi,  Q2 . . . .  may  be,  a  law  of  qpji« 
tinuity  must  exist  among  them,  for  they  may  all  be  made  from  the  iirst, 
by  clumging  a'i&to  a  +'^  time  after  time.     Thus, 


•.  "  I.    i 


Q,  or IS  made  from  Qi  or i— 

by  changing  a  into  a  -f  ^-  And  w.e  have  reduced  the  question  to  this 
kRernlitiTeV  either  fhefe  are^nite  nnifts,  or  some  incredM'Withbiit*  limit 
and  the  rest  diminish  without  limit :  i?  file  latter,  we  shall  haveWd 
coDtigaous  fractions,  one  of  Wliieh  is  'as  liinalV  a^  we  please,  and  the 
other  as  great  as  we  please':  or  we  shall  find,  for  a  sufficiently  great  value 
of  R,  somewhere  or  other  in  the  series  Qi  Q«.  . . .  a  phenomenon  of  this 
sort,  .Oik  smaller,  say  than  *00001~or  anything  else  we  may  name,  and 
Qi^i  gMtii^'Chaxrli'mTDibn,  or  any  othei:  ninnber  we  may  naThe.'=  0^ 
Qa  willbe  potMVe,^itid  Qit+i  negative,  both  numerically  as  great  as  ^e 
plotte/  IThis  cannot  jbe  true  of  ordinary  and  calcidable  values  of  the 
iuSctiop,  aUd  can' only  be 'true  when  Q^  is  the  fraction  which'is  near  to 
some  stnguloT  value  of  the  function,  or  when  a-^-  kO  is  near  to^a  +  / 
eaizes^cntrdipg  to  a  sirigulkr  value  0  (a  +  O*  ^  +  ^  lying  between  a  and 
a4^hl  But  as  h  mi^  be  at  the  outset  as  small  as  we  please,  let  us 
avoid  thjs  by  taking  a-n^w  value  of  A,  namely  A',  so  that  a  -f  h'  is  less 
ihkn  a  +  //  Hepeat  the  whbte  process  and  argutnent  with  a  and  a  +  A', 
by  the  same  reasoning  it  will  appear  that  if  we  refuse  to  admit  finite 
limits  to  "some  of  the  set  Qi  Q9. . . .  where  ti 6  is  now  A',  we  are  driven 
to  suppose  imbther  singular  value  of  the  function  corresponding  to  a+ A^ 
lying  between  a  and  a  +  A'.  Avoid  this  again  by  reasoning  in  the 
same  way  on  a  and  a+  A"  where  A"'  is  less  than  k" ;  we  shall  be  obliged 
to  ajmk  anothef' singular  value,  and  so  on.  Either,  then,  there  m 
tnSbt  iSmits  to  some  of  the  set  contained  in  the  geneiUl'  expression 

0(a+ A0)  —  0(a  +  F^10) 
.•-■■--. ^ ' 

car  the  function  admits  of  an  infinite  number  of  singular  points  between 
f  =  g  imd  df  ==  a  -f  ^ :  ^^  is,  is  not  according  to  the  postulate.  There- 
UK,  ve  liave  the  following  theorem. 
'"{I^^bdog  any  Amction  of  a^,  and  a  and  a  -f  il  any  consecutive  values 
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of  x^  ^where  h  may  be  given  as  small  aa  we  please,  there  must  be  finite 

0  (x  4-  0)  —  00? 

limits  to  the  fraction ,  in  which  B  diminishes  without 

u 

limit,  for  some  values  of  x  between  x=za  and  j?  =:  a  +  A. 

</>(x  +  0)  —  ibx 
The  limit  of 2-—  is  called  the  differential  coefficient  of 

0  X  with  respect  to  x,  and  the  theorem  just  proved  is  as  follows : — ^Every 
function  either  has  a  finite  differential  coefficient  when  x  has  the  specific 
value  a,  or  when  it  has  a  value  a  -^  k  where  k  may  be  as  small  as  we 
please. 

There  are  points  in  the  preceding  demonstration  which  lie  open  to 
certain  objections,  depending  upon  the  way  in  which  the  terms  of  the 
postulates  are  understood.  The  student  may,  if  he  pleases,  consider  it 
only  as  giving  a  very  high  degree  of  probability  to  the  fact  stated,  since 
we  shall  presently  demonstrate  of  all  classes  of  functions  separately* 
that  the  preceding  fraction  has  a  finite  limit  for  all  values  of  J7,  with  the 
exception  of  a  limited  and  assignable  number  of  values  for  each  func- 
tion. 

Lemma  referred  to  in  the  preceding  demonstration.     If  ^,  -rjy  77  •  •  • 

be  a  series  of  fractions  the  numerators  of  which  are  of  either  sign,  and  the 

denominators  all  of  the  same  sign^i^tti  *  must  lie  alge- 

O  "J"   0  T"  •   •   •    • 

braically  between  the  greatest  positive,  and  the  numerically  greatest 
negative,  of  the  preceding  fractions. 
To  take  a  case,  suppose  the  fractions  to  be 

£     1     --2     —^ 

2     4         3  2* 

which  are  arranged  in  algebraical  order,  the  algebraical  greatest  being 
first,  and  the  least  *  of  the  same  kind  last.    Then  we  have 


3  3 

•-r-  =  -  or 
2        2 

—  <  -  or 

4  ^2 


3=  —  .2 
2 


1<^.4 


—  2        3  3 

— ^<^or— 2<~ 

3        2  2 

— 5        3  3 

Hence,  by  addition 


2 


(3+l_2-5)<5(2+4+3+2), 


or 


3+1-2—5       3 
2+4+3+2  ^^2 


-5      -5 


=  — —  or  —5  = 


3^^      2 
-5 
2 


or-2> 


2 

—5 

2 


-:> 


!>=5 

2^      2 


or 


or 


■>=! 


3> 


2 


2 


-5 


(3+l-2-5)>— (2+4+3+2), 


3+  1-2  —  5—5 


2  +  4+3  +  2 


2' 


*  See  'Study  of  Mathemnticii,'  p.  49.  To  avoid  confusion,  it  would  be  denraUe 
to  talk  of  the  tmaUett  of  ausntities/wHeu  we  speak  of  arithmetical  magnitude,  and 
of  the  /tftft/  when  we  speiOL  of  algebraical  order;  but  the  necessity  for  the  distinc* 
tion  seldom  occurs f 
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and  tny  olher  cate  may  be  treated  in  the  same  way.  We  have  adopted 
an  instaace,  to  keep  the  ideas  of  the  student  fixed  upon  the  algebraical 
iflation  c/i  greater  and  less^  which  ia  necessary  to  the  proposition.  If 
the  denominatoniwere  all  jy^flHyt^  the  same  tmng  might  be  deduced  : 
thna,  if  the  set  were 

3  1  -^        --5 

w2        —4        —3        — 2' 

slnc^  if  p  lies  between  q  and  r,  it  follows  that  —  p  lies  between  —  q 
and  —  r,  then,  since 

•3  +  1  —  2  —  5,.     ^  ^  3  ^  J  -5  ^   , 

o  _i-  W  To' I  o  "^*  betweea    -^  the.  greater  and  -—  the  ksa 

/.     3+A  — 2  — 5  3     ^    /  *      — 5  ^ 

.  •  — 5 — 2 — Q — o — r%  ^"®  ^^^^  *^^"       "^  the^ea/^. 

The  object  then  of  our  first  investigations  must  be  to  determine  the 
limit  of ~ when  0  diminishes  without  limit,  in  every 

« 

possible  tase }  which  we  shall  see  amounts  to  substantiating  the  rules 

given  ia  Chapter  L.    But  first  we  nmst  acquire  some  more  preetse  idea 

of  the  meaning  of  the  preceding.     We  see  that  x  is  first  supposed  to 

1miv»  some  specific  value  a>  whidi  is  changed  into  a  +  6.    It  is  usual  to 

write  X  itsdf  for  its  first  value,  and  to  call  0  the  increment  of  x.     Let 

A  j:  be  the  abbreviation  of  the  words  difference  of  x,  or  ijiorement  of 

X,  we  see  then  that  6  is  *  an  arbitrarily  SBsigned  value  of  A  .r.    And 

0  (a  +  0)  —  ^  a  is  the  increment  or  difference  of  0  x,  for  it  represents 

the  alteration  of  0  x  made  by  changing  x  from  a  into  a  +  ^*     But  it  is 

not  arbitrarily  assigned  ;  for  0  x  being  a  given  function,  and  a  and  a  +  ^ 

gjven  values  to  be  use^,  0  (a  +  0)  —  0  a  is  given  with  a  and  6.     Henoe 

&^x  represents  0  (a  4*  ^)  —  0  a»  or  if  u  ==  0  x,  -  we  have  A  u  ss 

0  (a  +  ^)  *—  ^a,  or  the  differential  coefficient  is  the  limit  of  the  fraction 

Aif 

z — s  which  we  cannot  ascertain  from  this  form,  because  when  A  o^  :=  0 

Ax 

that  is,  when  the  value  of  the  independent  variable  is  not  altered, 

A  It  =  0,  or  the  talue  of  the  function  is  not  altered.    For  instance,  let 

the  function  in  question  be  — •    We  have  then 

X 

-—     A     is^— ^ ^— 

^  X  ""x  +  d        x""        x(x  +  ©) 

=  fl    — -  1 

^         Ax""        X  (x  +  0)* 

we  nee  Axt)n  one  side,  and  0  on  the  other,  which  must  appear  a  Buper^ 
fluity  of  notation,  because  we  thereby,  on  the  left,  preserve  a  better  repre- 
senution  to  the  eye  of  the  process  which  is  going  forward,  while  we 
have  a  more  convenient  working  symbol  on  the  other  side. 
The  limit  of  the  preceding  fraction  is  easily  ascertained  firom  the 

sKSDd  wda  of  the  equation  to  be or ^.    For  when  no  dn- 

X  •  X  X 

jHir  f^rvfL  is  produced  by  making  e  =  0,  the  latter  gives  the  way  to 
■scertaiQ  the  limit  towards  which  we  approach  by  diminishing  0  with- 


i%  DIFFSHXNTIAL  AND  f  NTBORAL  CALCULUa 

out  limit.    But  this  supposition^  namely  0  s^  0;  is  merely  ft  stej)  bf  the 

wdrk,  and  not  a  necessary  part  of  the  reasoning. 

Theorem. — ^If  «,  7,  &c.  be  the  limits  of  P,  Q,  &c.  to  which  the^ 

Approach  wheil  0  diminishes  without  limit,  and  if  nobis  of  the  set  t',  Q, 

&c.  exhibit  singular  forms  when  0=0,  then  the  liitit  bf  any  functibii 

is  found  by  substituting  instead  of  P,  Q,  &c.  their  limits  p,  g,  &c.  pro- 

-vided  no  singular  form  be  thereby  obtained.   Let  us  take  as  an  instance 

P  p 

g,  the  limit  of  which  we  Hssert  to  be  ~.    To  prove  this,  observe  that 

|P      ?^  PiZ:^,  and  let  P  =p  +  t!T,  Q  =  g +IC, 
\i       q  Hq 

whence  it  follows  that  t?  and  k  diminish  without  limit  at  the  same  time 
as  0.    This  gives 

P       7?  _  (p  +  ^)  9  —  (9  +  O  P       q'O'-^p  k 

Q  ""  ^  (?  +  «)?  ^  T*     TTif ' 

the  last  fraction  has  a  nunxerator  whiph  diminishes  without  limit  with 
By  and  a  denominator  which  continually  approaches  to  the  finite  quan- 

•  •     '  P 

tity  q**     This  fraction,  thereforci  diminishes  without  limit,  that  is,  -p^ 

apjsroaches  without  limit  to  ^,  or  the  latter  is  the  limit  of  the  former. 

It  is  Usual  to  represent  the  limit  of  --—  by  -— -,  on  which  the  student 

Ax        dx 

should  now  read  the  remarks  in  pp.  13 — 15,  of  the  *  Elemientary  Illustra- 
tions.' This  latter  fraction  does  not  mean  a  quantity  du  divided  by  a 
quantity  dx,  nor  are  its  parts  to  be  separately  considered  in  the  thebry 
of  limits.  [But  in  that  of  Leibnitz,  pp.  21,  29,  it  is  said  that  if  dx  be 
an  intinitely  small  increment  given  to  x,  dn  is  the  corresponding  infi- 
nitely  small  increment  thereby  given  to  the  value  of  m,  and  the  diflfe* 
rential  coefficient  is  the  ratio  of  these  infinitely  small  increments.  ThtkB 
it  would  be  allowable  to  say,  that  if 

tt  =  —         -3-=  — —  orausr \  diA 

X  dx  ±*  x^ 

When  X  becomes  x  +  A  x,  we  suppose  that  b  becomes  w  +  A  li,  P  Be- 
comes P  4"  A  P,  &c.     Let  us  now  suppose  that 

wzzP  +  Q-R-fb, 

P,  Q,  and  R  being  functions  of  x,  and  C  a  constant.  Let  P,-Q,  and  R 
have  finite  and  determinable  differential  coefficients.  This  relation,  being 
required  to  remain  true  for  all  values  of  x,  exists  when  x  is  changed  into 
X  +  A  X,  and  gives 

tt+ Am=(P+AP)  +  (Q  +  AQ)  — (R  +  AR)  -M3, 

the  constant  not  being  affected  by  a  change  in  the  valiie  of  x.  Sttbttttt 
the  preceding,  which  gives 

A          APj_An       At)      ^«      AP      AQ      AR 
Am=:  AP  + AQ  — AR,     T-"=r~+:i^ IT* 

Ax      Ax      Ax      Ax 

let  A  X  diminish  without  limit,  in  which  case  the  fractions  in  the  buit 
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cqaaUoQ  severally  approach  without  limit  to  what  we  represent  by  -pi 
dP  dO  dR 

A^ '  17  "•*  rfT'  ^^''^  K''"' 

t        0  •         •        •        •  •  • 

We  see  that  the  cbnfitant  C  does  not  appear  in  the  result.    If  it  had 

dC 
been  a  function  of  x,  we  should  have  found  —  added  to  the  preceding. 

But  at  present,  if  we  suppose  atiy  other  term  iu  the  last  equation,  it 
can  only  be  +  0.     It  may  be  said  then,  that  when  C  is  a  constant^ 

dC 

-;—  is  0.  The  proposition  to  which  this  may  be  considered  as  a  sort  of 
dx 

limiting  theorem  is  the  ifbllowing.      If  a  function  increase  slowly,  its 

diflkrendal  coefficient  is  small :  the  less  it  increases,  for  a  given  increase 

of  J,  the  smaller  is  the  diiferential  coefficient.     Finally,  if  it  do  not 

increase  at  all  when  x  increases,  the  diiferential  coefficient  is  nothing. 

Let  II  =  PQ 

ii+Att=(P+AP)  (Q+AQ)=PQ+PAQ  +  QAP  +  AP.AQ 

or  as  before,  A  If  :=  PAQ  +  QAP  +  APAQ 

Ax  Ax  Ax       Ax 

the  last  term  of  the  preceding  consists  of  one  factor  which  approaches  a 

finite  limit,  and  another,  A  Q,  which  diminishes  without  limit.    All  the 

increments  A«,  AP,  &e.  diminish  without  limit  with  Ax,  though  their 

AP  , 

ratios  do  not.     Consequently,  the  term  —  .  A  Q  itself  diminishes  with- 

mit  fimit  with  Ar,  and  we  have 
Let«  =  PQR=(PQ)R. 

ax  \      dx  ax  J  ax  ax  ax 

And  by  carrying  on  this  process,  we  may  obtain  the  following  general 
rale :  to  diffi^ntiate  the  product  of  7i  quantities,  differentiate  each  and 
maltiply  by  all  the  rest.   If  u  be  the  product  of  n  functions  P  Q  R  .  •  • 

then  the  product  of  all  but  P  is  ^ ,  and  so  on ;  whence  we  have 

du  ^  u  dV       u  dQ        M  dR 

rfi  ^  P"  di        Q"  dx        Uli  '^   •    '    '   • 


u  dx'^   V  dx         Q    dx'^  B.  dx"^ 


E    2 


*  t 
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This  remarkable  relation  is  intimately  connected  with  the  theory  of 
logarithms.  If  \P  mean  the  logarithm  of  P,  &c.,  and  if  u  =  PQR  •  •  . 
it  follows  that 

a  tC  ax  cL X 

and  it  will  afterwards  be  shown  that 

d(\u)  _  1  du  d(\P)^  1  dP  ^^ 

dx     "^  u  dx  dx  V  dx 

T    *       -P  A      ^P  +  ^P  P 

Q^-P^ 
_QAP-PAQ  Am  _       Aj?  A  j; 

orAtt-     Q,    +QAQ  Ai"*"      Q"  +  QAQ 

taking  the  limit,  and  remembering  that  Q  A  Q  diminishes  without  limits 
we  have 

%  =       ^"q.      "'  (p.  37,  Rule  10.) 

We  shall  now  proceed  to  find  the  differential  coefficients  of  the  fun- 
damental forms.  But  first  we  roust  premise  the  following  consideration. 
If  u  be  a  given  function  of  x,  then  x  is  also  a  given  function  of  t/,  though 
not  always  an  assignable  function. 

For  instance,  if  «  =  cr",  then  j?  =  vm;  iftt=a:^  then  j?  =  «■. 

If  u  =  ax^  -^  ox  j:  =  = — , 

we  see  then  that  a  function  may  have  more  values  than  one  for  the  same 
value  of  the  variable,  and  we  know  from  algebra  that  such  functions 
will  arise  from  the  inversion  of  any  direct  operation,  except  only 
addition  Thus,  if  we  consider  the  equation  u  =  j:*  +  a*,  and  if  the 
question  be,  given  x  to  find  w,  we  have  but  one  value  of  u  to  every  value 
of  X  :  but  if  it  be,  given  u  to  find  x^  we  have  to  solve  an  equation  of  the 
second  degree,  with  two  values.  In  the  differential  calculus  we  must 
always  distinguish  these  two  values  as  if  they  arose  from  different  func- 
ti/)ns ;  thus,  there  are  two  differential  coefficients,  one  to  each  value. 
With  this  restriction  we  apply  the  rules  separately  to  every  different 
value  of  an  inverse  function.  Thus,  when  we  say  if  iz  =  0  x,  then 
let  a:  =  Y^  ?/,  we  mean,  let  Y'  u  be  one  or  other  of  the  values  of  x 
obtained  from  the  first  equation ;  but  whichever  it  may  be,  do  not  use 
one  in  one  part  of  the  question,  and  another  in  another.  It  is  usual  (or 
rather  it  is  becoming  usual)  to  let  ^'^  u  stand  for  the  value  of  or  obtained 
from  «  =:  0  a? ;  or  to  say  that,  in  such  a  case,  x  =  0"^  w. 

If,  when  ^r  =  a,  w  =  6,  we  are  at  liberty  to  say  that  when  u^=^  by 
:r=:  a  is  one  of  the  values  of  x  corresponding  to  that  value  of  u.  If 
therefore,  u^r.i^x  makes  xrzyjm  a  necessary  consequence,  and  if 
6  =  0  a  be  true,  then  a  =  4/  6  must  be  iriic^  not  must  be  the  only  true 
consequence.  If  then  the  value  of  u  corresponding  to  a  +  A  a  be 
h  +  A6,  orif6  +  A&  =  ^(a  +  Aa),  and  if  u  =  0  j?  makes  jr  =  %)/  u 
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a  necessary  consequence*  it  then  follows  that  a  -f-  A  a  :=  Y'  (6  +  A  6)  is 
a  truth.  That  is,  we  may  consider  A  a  and  A  6  as  simultaneous  incre-' 
ments  of  u  and  x,  without  asking  hy  which  of  the  two  equations  either 
is  derived  from  the  other.  And  the  same  of  A  u  and  A  x^  when  we  drop 
the  reference  to  specific  values  of  u  and  x,  which  we  have  used  for  dis« 
tinctness.     If  we  use  the  first  equation  u  =:  0  <r,  we  ohtain 

- —  —  — i^ and  the  limit  is  a  function  of  x, 

AX  A.r 

If  we  use  the  second  equation  a:  =:  Y^t/,  we  obtain 

-—  =  z f —  and  the  limit  is  a  function  of  u. 

Au  Au 

Calling  these  limits  <f>'x  and  Y^u,  as  in  the  first  chapter,  and  remember- 
ing, that  for  all  values  of  A  u  and  A  or  we  have 

AkAj  Au  AiP 

-— -  X  r—  =  I,  we  see  that  limit  of  -—  x  limit  of  — -  =:  1, 

Ajp      Au  Ax  Au 

as  in  p.  22.  That  is,  (/>'x  x  Y^u  =  1,  which  will  be  reduced  to  an 
identical  equation  1  =  1  by  the  substitution  of  0  d?  instead  of  v,  as  in 
the  following  example. 

Let  i*or0j?  =  -  +  fc,  then  jr  or  Y^ii  = r 

X  '  u  — 6 

Au_JI_  f_a_         _/fl        \) a 

Ajt      AjfU  +  Ajp"*'        \^        J^  x{x  +  Axy 

the  limit  of  which  is r  or  <p'x  ss r, 

X*  or 

A  *  ^    1     f a a     \  ^ a 

Au""  Att  Im  +  At* -6  u  —  6/ ""      (u  — 6)  (tt  +  Au  —  6)' 

the  limit  of  which  is  —  7 rr-  or  Y^u  =  — rr; ; 


then  will r-  X  — -; rrr  =  1, 

u  -  by 


a 

not  muTeTvallyy  but  only  when  the  (throughout  this  process)  permanent 
relation  u  =  — |-  6  is  also  satisfied.    And  we  see  that  the  latter  rela- 

X 

tkm  gives  u — 6  =  —  and  therefore 

,      du 
4>'x  obtained  fiom  u  =:  0  or  has  been  signified  by  — 

dx 
f^u  obtained  from  a?  =  Y'  u  will  be  signified  by  y- 

.      ,       du     dx       ^        dx       I 
fliercfore -7- X  3- =  1    or—ss-r-, 
dx     du  du      du 

dx 
Wt  liATe  illustrated  this  at  length  in  order  that  the  student  may  not 
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think  he  sees  it  too  soon,  which  he  will  always  do,  because  there  ia 

between  -r-  and  ^—  a  resemblance  to  -r  and  —  of  cpmmon  algebra, 
ax  du  0  a 

which  leads  him  to  think  that  the  preceding  equatipn  must  be  as  true  as 

a        h 

•r  X  -  =  1,  ^nd  for  the  same  reason.  This  is  the  dmchantage  of  the 
6      a 

du 
notation,  but  it  ceapes  to  be  such  when  it  is  understood  that  —   is  oQt 

a  symbol  in  which  we  can  separately  speak  of  du  and  d  J,  but  an  m(/a-  . 
componble  symbol,  the  parts  of  which,  tbopgh  they  serve  to  remind  us 
of  the  manner  in  which  its  value  is  obtained,  have  no  separate  meaning 
in  connexion  with  that  value. 

^  derived  from  tt=0^,  arbitrarily  stands Wj^  ^f  ^(f±AfIl^ 
dx  for  J  A* 

^  implies  a  consequence  of  the  preceding,\|jjjjjj  ^^y  (^"^^^^j-'rH  ^ 
du        namely  x  =  Y'  u,  and  stands  for       J  A  u 

Cover  the  left  side  of  the  preceding  with  the  hand,  and  see  in  what 
degree  it  is  evident  from  algebrs  that  the  product  of  the  two  limits  spe- 
cified at  length  is  1 ;  for  that  degree  of  evidence,  and  np  more,  should 

du        dx 
attach  itself  in  the  mind  of  the  learner  to  the  equation  -j-  X  -j-  =s  1| 

dx 
independently  of  the  demonstration.    In  the  same  manner  — ,  which 

ax 

seems  most  evidently  =:  1,  must  not  be  received  as  such  without  the 

following.   If  n  =  X  for  all  values  of  x,  and  if  increasing  «  by  A  j?  makes 

u  increase  by  Au,  we  have  u  +  Au  =  jr+  Ajt,  and,  subtrfiAing  the 

former  equation,  Att=:AjFor-—  =  1,  which  being  true,  however  small 

A  X 

A  J?  is  taken,  has  the  limit  1,  and  now  *  we  may  say  that  — ,  (which  is 

Let  us  now  suppose  that  u  is  a  function  of  y  (0y)  where  y  is  a  frmC; 
tion  of  X  {fx).     We  have  then 

u  =  0y  from  which  we  can  find  limit  of  -—  ax  -r-» 

•^  Ay      dy 

y^si^fX  from  which  we  can  find  limit  of  —^  ^  ^i 

Cm  X       ax 

du 
but  we  have  no  equation  from  whence  to  find  -7-^  though  w^  can  make 

*  In  the  beffionio^  of  every  science  comes  the  difficulty  of  ondenUndiog  why 
some  apparency  self-evident  things  are  proved,  and  others  not.  We  cannot  here 
enter  into  this  question,  but  we  recommend  the  student  to  inquire,  if  he  has  never 
thought  of  it,  why  Euclid  shows  how  to  cut  off  a  part  equal  to  the  lets  from  the 
greater  of  two  straight  lines,  when  he  does  not  frwe  that  a  straight  line  emu  be 
drawn.  We  have  hardly  thought  it  necessary  to  prove  that  if  two  functions  be 
aiwa^M  equal,  their  differential  coefiicieDts  arp  equal.  It  is  evident  their  increments 
must  be  the  same,  the  ratio  of  these  increments  to  that  of  the  independent  variable 
the  same  j  and  variable  ratios  which  are  always  equal  must  have  the  same  limit 
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one  by  Bubstituting  the  value  of  f^  in  u,  giving  m  ==  0  (Yr  a?).    Yet,  if  x 

become  or  +  A  <r,  y  will  receive  a  certain  increment  A  y,  in  conseqaence 

of  which  u  will  receive  an  increment  A  u.    And,  from  common  algebra, 

Au      Au     A 1/ 

•T--  =  T^  X—-*  whence,  p.  50, 

Aj?      Ay     Ajp  '^ 

.,    ..  Au     ..     Att     ,.     Ay       <^u       du       dy 

limit  -—  s=  lim.  -—  X  lim,  r^  or  —  :=  — ^  x  -p, 

A  a?  Ay  Aj?       ax       dy       dx 

which  also  seena  evident  froni  algebra,  and  the  preceding  remarks 
tpplyl  In  fact,  retaining  the  notation  of  Chapter  I.,  and  supposing 
that  0  (Y'  x)  is  X  -^j  this  equation  might  have  been  deduced  in  this  form 

Y^j?  =  0'y  X  Y^'o?,  which  does  not  a])pear  self-evident, 
and  is  only  true  under  t|vo  implied  equations,  namely,  \x^i(l>[y^T) 
and  y  ^  y  a?,  i 
Thus,  if  u  =  y"  y  :=  a^  giving  m  =  a^,  it  will  be  proved  that 

~z=:3y*  ^  =  2  J?,  and  also  that  -^\=i6af^, 

each  equation  in  the  lower  line  following  from  one  in  the  upper,  in- 
dependently of  the  others.  But  from  the  connexion  of  those  in  the  first 
line  fellows  this  connexion  -between  those  in  the  second,  namely, 
6x*=3y*  X  2xy  which  is  evidently  true  if  y  :=  a:'. 

In  the  same  way  we  might  prove,  if  of  the  variables  «,  r,  to,  y,  a:,  each 
is  a  fonction  of  the  following,  that 

du         du  dv     du       du    dv  dw     du  ^  du  dv  dw  dy 
dw  "^   dv  dw     dy  "*"  dv  dw  dy       dx  ^  dv  dw  dy  dx 

where -^, --— , -7-, -^.  are  directly  obtained  from  the  supposition: 
dv  dw    dy     dx  *' 

du 
but  ——  implies  that  u  has  been  made  a  function  of  t&,  which  can  only 
dw 

Iw  l>y  PufastitatlPg  in  14  =^  0  P»  the  value  of  v  Irom  v  =:  Y^  tt?,  and  so  on. 

Let  us  suppose  u  =  .x^  (n  being  a  whole  number  ;  observe  that  by  n 

%oi  m  jre  always  misan  whole  numbers,  unless  otherwise  specified)  that 

18,  let  u  be  the  product  of  n  functions  x,  x^x (n).  Then  by  the 

ferxQula  ip  page  51,  we  have 

du       u   dx      u  dx  ,  ,    ^         •      ii\ 

-_ -— —^ -.+  ....  (n  terms  m  all) 

ax       X    dx      X  dx 

=  n--praBn—  x  1  :?«—  =  n  j:^""*,  (p.  35,  part  of  Rule  2.) 
X  dx  X  X 

Now,  let  tt  =  a?"  or  tt*  =  d5^.   Let  p  =  «*,  where  u  is  a  function  of  ar. 

Therefore  -^  =  4^  2?i  —  nw***  -^  by  the  last,  but  p  is  also  a?*, 
dx        dudx  dx      '^ 

dp 
whenee  ~- «  tM'"*.    Therefore 
ax 

.  .  rf«  ^  1       du      m  *"•-'      m     2-1  /p.  35,  Rule  \ 

dx  *      dx       n  u"^       n       *    V^»  *"  P*"-    / 
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Now  let  u  =  a?"',  where  p  is  positive,  whole  or  fractional 

1    ^    ^^.     (/w            dic             dx 
M  =  —  (p.  52  )     —  = 

d  1  d.a^ 

—  =:  0,    — —  =5  p  j?p-|  (by  the  two  last  cases) 

Jjti  u  :=  a',  which  gives 

Am      «•+*'  — a*  a^'-l 

Ao?  Ao?  A:d 

and  the  question  is  now  reduced  to  finding  what  limit  has  — - —  when 

'    «•  -  1 

B  diminishes  without  limit,  the  singular  form  being  (6  =  0)  — - —  or 

■         or  -,  as  in  other  cases.  This  limit  must  be  some  function  of  a,  for 

6  cannot  appear  in  a  function  which  (when  a  proper  form  is  given  to  it) 

is  found  by  making  6  =  0,    For  the  same  reason,  the  limit  of is 

the  same  function  of  a,  if  k  diminish  without  limit.  We  obtain,  there- 
fore, the  same  limit  if  c  be  a  function  of  0,  provided  both  diminish  with- 
out limit  together.    Let  k=  bOy  b  being  a  constant.    Then  we  have 

a*^-l                a'— 1 
limit     ,        =  limit —  ....  (1.) 


But  — =-~ —  =  7  .^ — i- — ,  which  second  factor  only  difiers  from 
be  b  e  ' 

a'  — 1  . 

— - —  in  having  cf  substituted  for  a,  and  therefore  its  limit  is  the  same 

function  of  a^  which  that  of is  of  a.    Let  the  limit  of  this  latter 

6 

be/ff,  then  we  have 

,.    .   1  (a*)'-  1       1  ,.    .   ia^y  -  1       1  .,  ,^ 

consequently  (1)  the  function /a  is  such  that         ; 

i/(a*)  =  /(a)or/(a»)  =  i/a, 

and  a  and  6  are  independent  of  each  other.  If  a*  be  g,  we  have 
log  9  =  &  log  a,  whatever  the  base  of  the  logarithms  may  be.   This  gives 

^  ^^^      log  a  •^         log  g      log  a' 

and  q  and  a  may  have  any  different  values  we  please,  for  though  q  s  a*, 
yet  since  b  may  be  what  we  please,  it  may  be  so  taken  (exactly  or  with 
ftny  degree  of  approximation  we  please)  as  to  give  q  any  otW  value. 
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fa 
Therefore  fa  is  sach  a  function  as  to  give  r^^—  this  property,  that  it 

remains  the  same  if  any  other  quantity  q  be  substituted  for  a.  That  is, 

J—  is  a  constant  independent  of  a,  Tvhich  call  C« 
log  a 

.\  ya  ==  C  log  a ;  but  the  equation 

T—  =  (f  — gives  -;—  =5  a*  X  limit  — 

ox  Ar  or  Ax 

du 

or  -r-  =  C  loga  X  a*,  where  all  that  is  known  of  C  is,  that  it  is  inde- 
ax 

pendent  of  a.     It  must  clearly  depend  on  the  hose  of  the  logarithms 

chosen,  and  it  will  afterwai-ds  be  shown  that  when  the  logarithms  are 

Naperiany  then  C  :=  1.     But  this  point  must  be  reserved  till  the  next 

chapter.      Remember,  that  for  the  present,  all  differentiations  which 

contain  oT  are  not  finally  demonstrated  until  it  shall  have  been  shown 

du 
that  if  u:=  o^,  -J-  =  Nap.  loga  x  a^ ;  all  we  know  is  that,  taking  these 

logarithms,  it  must  be  of  the  form  C  Nap.  log  ax  iz*  where  G  is  not 
detennined,  but  assumed,  for  the  present,  to  be  =1. 
From  this  it  will  follow  that  if  a  =  e  =  2*1182818 ....  the  base  of 

du 

Napier's  logarithms,  or  if  log  •  :±:  I,  and  if  u  =:  e',  -7-s=  1  x  c*  =  c% 

(p.  36,  Rule  4.) 

Let  tt  =  log X  to  the  basea  or  a?  =  a* 

du_  1  _     1     _  M 

di  ""  f[f  ""a?  loga"""  x  ' 
du 

where  M  is  the  modulus  *  of  the  system  of  logarithms  having  a  for  ifs 
base.    Hence,  since  loge  =:  1, 

du       1 

if  tt  =  logo?     zT^  "  (P-  3^>  ^^®  3') 

ax      X 

(Bead  here  the  proof  that  the  limit  of  the  ratio  of  —-  is  1  when  0  di- 

tnmiRliAa  ^thout  limit,  given  in  the  *  Elementary  Illustrations,'  &c.  p. 

^) 

0\  .   0 
Let  ttsrsinj?       Atf  ^  sin {x  +  0)  —  sin x  _2cos(ir  +  - jsin- 

Lx^e   '    'Kx^  e  ■" —^ — 

V 

sm  - 
e\  2 

srcoB  («+  -  J  X  — T— ,  whose  limit  is  cos  x  X 1. 

*  By  a  weU-known  relaiioii,  logx  (to  base y)  X  logy  (to  bawdr)  s  K 

: r-  s:  loff  I  (base  a)  a:  Modulus  of  system  whose  base  is  a. 

kga(bMei)  »    ^         ^ 
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Hence  ^  r=  8iu«  gives  ^  =  cos  jr,    (p,  36,  Rule  6,  in  part.) 


A*  /    I  /.v  —2 Bin  (x+-  1  sin  -- 

Aw^COS  (3?  +  e)  — C08J?_  >         2/2 


Let  u  :;=  cop<i;        ^    —  ^ 

A<r  6  d 

rvS       Sin  - 

•     .    .    ,  e\       2 
=— sm  Qx  +  -1  — ^^ —  whose  limit  is  — sinj)  x  1. 

2 

Hence  u=CQ8a?  gives  -r-  =  r-siq  j?,  (p.  36,  Rule  6,  in  p^rt.) 

T  .         ^          Att      tan  (j?+0)-tana?           sinQ 
Let  u  =  tana?    -~-  = ^ c= ■ 


Ao?  0  0  COS  (JP  -f  e)  COST. 

,„  ,      ^  ^     ,       sina      sinfe      sin  (a  — 6)  \ 

( Spmember  tan  a- tan  6  =: r  =: f-  ) 

^*'  cos  a      COB  6      cos  a  cos  6/ 

_         1 ^  sine      ,         V    .^   .  1 

= z — r-Tz X  — -—   whose  limit  is  x  1, 

cos(j?+0)co8a?        e  COB  jp. cos  a:        * 

du         1 
qr  w  =  tan  x  gives  —  =  ^^^  ^  +  ?*^  '^'  (P-  ^^'  ^^^®  ^>  ^  P^?'-) 

Let  u  =  sin"*a?  or  j?  =  sinw 
(7tt       1  1  1  1 

Let  u  =s  cos"*  or  or  «r  =  cos  V 

<?u       1  1  I 

v:=  —  =  — : —  =  — I ,  (p.  36,  Rule  6,  in  part.) 

Let  tt  =  tan"' J?  or  x  =  tanu 

c?«      1  1  1       , 

.  Wp  have  now  differentiated  the  component  p^rts  of  the  common  func- 
tions of  algebra,  including  trigonometry.  It  only  remains  to  show  hoir 
to  differentiate  the  compounds  of  these  elements. 

Let  tt  =  (0  jr)* :  if  then  we  denote  0x  by  y,  we  have  u  =:  y*»,  y=0  x, 
du  ^  r     dy 

(p-  ^^>  ^  =^  Si = •"*""  i  ="  "*  ^*'^""  *'*• 

_  .  .^         du 

Let  tt  =  (cos jT-x)*        JT  =  »i  (cos  J?-x)"'-*(-Bin»- 1), 

«*  =  »?'       y=s0a?      5J  =  «'log«^=a*'loga<*'x, 
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dx      y    dx     <px 

vssiny      yi=0r        -— =  coBy-^=  co80j?  .  0'a?,  &c. 

dx  dx 

.  _,              ,           rfiA            1        dy               0'j: 
»=8in  'y    y=0a?         — =  -— .==.  £     =  -^-^ ,  ftq. 

The  following  cases  deserve  special  attention  : — 
/—  .  du        1     di/       0'a? 

tl=Vy     y=z<f>x  — = ^  aa  ,         - 

n — 13     ^"  1  /* 


ft 

o^  Va*-y'  "^ 

w V  2aje— «•,    V-  —      ,  (2a— 2«)  = 


91ie  ibllowing  equations  are  the  fundamental  relations  of  trigonome- 
try in  another  form  : — 

sin"'  Xy  or  (he  angle  wbicli  ^as  x  for  its  sine^  is 


«"*Vr^i  tan-«  -^==,  cor*  ^-i— >  »«c"'7l^'  ^^^^ 


«  V  1.  *^  J; 

•^~*Vl-'*  f    tan~^ ,  cot"*  ,  sec"*  — ,  cosec"* 


cotr^Xj  or  the  angle  which  has  x  for  its  cosine,  is 

Vr^       ,,,       X  .,  1 

-— ,   cot  *  -==r,    sec   *  —,    ^w,ww ^, 

tm'''  X,  or  the  angle  which  has  x  for  its  tangent,  is 
cot"*  j-y  or  the  angle  which  has  x  for  its  cotangent,  is 

see'*  X,  or  the  angle  which  has  x  for  its  secant,  is 

v]?— 1               1                 ■                           2                           ^* 
•»"•  ,  cos"*  — ,  tan"*  ^x*  —  1,  cot"'    .         ,  cosec"*  -7 . 

# 
"*',  or  the  angle  which  has  x  for  its  cosecant^  is 


sm  * 


rin**  — ,  cos"* ,  tan"*    .         ,  cot^*  */j?«— 1,  sec""*  *, . 
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Beginners  usually  find  some  difficulty  in  comprehending  these  rela- 
tions, owing  to  there  not  being  distinct  names  for  sin""*  x,  &c.  We 
shall  call  sin"*  j  the  inverse  sine  of  jr,  meaning,  not  that  x  is  an  angle 
and  we  are  speaking  of  its  sine,  but  that  j?  is  a  sine^  and  we  speak  of 
its  angle :  an  inverse  sine  is  the  angle  which  belongs  to  a  sine. 

The  following  are  the  most  common  formulae  of  trigonometry  trans- 
lated into  this  language. 

sin  (sin'*  jp)  =  «      cob  (co8~*  x)  =  j?    tan  (tan"'  x)  s=  J?,  &c. 

IT  ir  IT 

cob"'  X  +  Bin"'  x=:—    cot"'  a?  +  tan"*' j:  =r  —    Bec"'a:+ cosec"' J?  ==  -. 

2  «  ^ 

sin"' a?  ±  sin*'  y  =  sin"'  (j  v  1  —  y*  db  y  v  1  -  a?') 

cob"*  X  ±  cos"'  y  =  cos"'  (xy  ip  v  1— j*  v  1  —  y*) 

tan"'jp  ±  tan"'y  =  tan"'  (  ^  "^    ). 

In  sin  (sin"' j:)  we  see  something  analogous  to  (/Jx)  ,  it+a— a,  and 
other  cases,  in  which  two  operations  are  successively  performed  on  x,  one 
of  which  by  definition  destroys  the  other.  The  question,  "  What  is  the 
Bine  of  the  angle  whose  sine  is  j?  ?"  is  not  readily  answered  at  first ;  but 
the  difficulty  vanishes  when  we  use  more  familiar  objects — '*  What  is  the 
form  of  the  letter  whose  form  is  A  ?" — **  What  is  the  name  of  the  man 
whose  name  is  B  ?" 

An  angle  has  but  one  sine,  one  cosine,  &c.  Therefore,  sinp, 
sin  (sin"'  q)y  &c.  have  but  one  value.  But  a  given  sine  has  an  infinite 
number  of  angles,  as  is  shown  in  trigonometry.    Thus, 

e,   e+2v,   a+4»,  &c.    »-0,    3T-e,    5t-0,&c. 

all  have  the  same  sine.  If,  then,  sind  =  x,  d  is  only  one  of  the  values 
of  sin"'  Xj  the  others  consisting  in  the  several  terms  of  the  series  just 
written  ;  and  the  same  for  the  cosine,  tangent,  &c.  We  shall  return  to 
this  subject. 

Since  the  expressions  in  the  six  lines  above  cited  are  equivalents, 
their  differential  coefficients  are  also  equivalents.  By  equivalents  we 
mean  formulae  which  express  the  same  value  in  di£Perent  forms.  The 
verification  of  this  assertion  will  furnish  thirty  useful  instances  of  difiPe* 
rentiation.    AVe  shall  take  one  of  the  most  complicated  at  full  length. 

Let  u  =  sec"'  ■  =  Bec"'y  where  y  = 


a/j?«-1  Vj*-i 

du     du  dy 

-T-  =  -r- .  -p,  which  two  arc  to  be  separately  found. 

^  —     ^        ^y— .         ^       rf.cosu  _^  sinu 

^  COSU'     du""        C08*tt'        dti       ""cOB*tt 

==  -^ — -i =\/i r--«^'"=V  i-Ty'=y  Vy*-l 

cob'w     .V  sec'tt  V  y* 

du  _        dy  _        1        _     V(x*-1)4^_  j^-1 
dy  *  A""yVy«-l  ^     /^  ~      ^ 
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(Observe  that  when  P  is  a  compliciited  expreasion,  it  is  typographi- 
cally more  couvenient  to  write  -j-  P  than  -r-  J . 


dy dx         ds Vr'-l 


(Jj'-l)*  (i^— 1)* 


1 


—.      ^      du      du  dy     c^  —  \  1 

Therefore  -r-  or  -r — f^ x =  —      , 

dx      dy  dx         X  {f—\)^  JpV*'— 1 

Again,  let  u  =  cosec'  jt  or  x  s=  coseci^  rr 


sinu 
dx 


1        d.sinu  cofltt  /!  1  . 

j-=— -r-5-    — -r — =  --T-r-  =  — \/l i—coaec'w 

an  Kivru        dn  sm'tt  V  cobcc^w 

€fu_  dr_ 1 1_ 

dx^      '  du^      ^     /^~T^^  x^l^^' 

x' 


V-i 


X 

that  is,  cosec"*  J?  and  sec'*  •  have  the  same  differential  coeflScients, 

Vj?*-1 
as  they  should  have,  being  equivalents. 

We  have  hitherto  considered  only  the  first  diff.  coeff.  and  a  function 
of  only  one  variable.  But  successive  differentiation  is  only  a  repetition 
of  the  same  sort  of  operation,  and  it  merely  remains  to  find  a  proper 
notation  to  express  the  diff.  coeff.  of  the  diff.  coeff.  or  the  2nd  diff.  coeff., 
&c.    For  the  present,  we  have  only 

A    — 

'  dx       d    du  du 

— ^; —  or  -7-  -p-  to  express  diff,  co.  of  -r- 
dx  dx  dx  dx 


d. 


du 

dx 

dx  d     d    du  -.«,  .  d    du 

-z or  -r—  -7-.  -;-  to  express  dm.  co.  of-—  — , 

dx  dx    dx   dx  *  dx   dx 


and  80  on.     But  we  shall  afterwards  point  out  a  method  of  arriving  at  a 

systematic  and  short  notation,  and  not  till  then  can  the  student  see  the 

foil  advantage  of  the  symbol  we  have  chosen. 

As  to  functions  of  more  than  one  yariable,  they  are  considered  for  the 

present  as  under  the  condition  that  none  of  the  possible  variables  do 

actually  change  except  one,  with  respect  to  which  differentiation  takes 

place.     Thus,  in  a  function  of  x  and  y,  the  latter  is  a  constant  in  dif- 

fereotiatiog  with  respect  to  x,  the  former  in  differentiating  with  respect 

du 
to  y.    Thus,  if  M  =  xy  +  y',  we  have  3—  =y,  just  as  in  differentiating 

dx 

.        .        du  .     .        du  .  rt      •     1.         • 

K  =  c<r  +  c*,  we  have  ■^—  =:  c :  we  also  haye  -— -  =  jr  +  2y,  just  as  m 

ax  ay 
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tt  =5  cy 4-^*  we  have  -j-  ==  c  +  2y.  If  u  be  a  function  o.f  x  and  y,  de- 
noted by /(a;,  y),  we  have  two  increments  for  u,  according  as  we  feup- 
poBe  y  or  .r  to  receive  an  increment :  that  is, 

^u  _  /(j?-h  A  J,  y)  —fjx^y)  .,         4  .    . 

-—  rr :: ^ s ii-  when  x  becomes  x  +  ax^ 

Ax  Ax 

—  rs"^ =^^ -^ ^^  when  y  becomes  y  +  Ay ; 

but  Au  does  not  mean  the  isiime  thing  in  both,  which|  however,  makes 

no  objection  to  our  calling  the  limit  of  the  first  -y  aud  of  the  second  ■■y. 

dx  xiy 

For,  afe  these  fraction's  are  only  symbols  when  considered  as  wholes, 

without  reference  to  the  meaning  of  their  parts,  there  is  no   more 

separate  consideration  due  to  the  du  of  one,  as  distinguished  from  the  du 

of  the  other,  than  to  the  loop  of  a  6  as  distinguished  from  that  of  a  9. 

The  denominator  (or  what  we  should  call  such  in  an  algebraic  fractten) 

points  out  what  variable  has  been  used,  the  numerator  what  function 

has  been  differentiated. 

t  x\      du  ,     X    d    »  l.j? 

w  =:  cos  I  —   ,     T-  =  —  »m  — =r sm  — 

\y  J      dx  y    dx  y  y         y 

du            .    X      d    X              .     X            X       X    ,    X 
-— =— Bin-    3 =  —  sm  —  X r=  -^sm— . 

tfy  y    dy  y  y  y^     ^      9 

du      ^   .    du 

ti  t=  ^  (^  -f  y)  =  4*  (^)  where  t?  =  a?  +  y 

iiti  _^  itt  rfp  ^  . ,        .        du  ^^du  dv  ^    ^ 

dx^^  av'  dx  "~  dy  ^  dv    dy"^ 

du      du 
Therefore  «  =:  ^  («r  +  y )  gives  —  =  t-  >  an  important  result. 

The  student  may  think,  and  perhaps  ought  to  think,  that,  iii  applying 
the  reasonings  hitherto  given  to  functions  of  more  than  one  variable,  we 
are  extending  our  conclusions,  without  further  proof,  to  cases  which  the 
preceding  proofs  did  not  embrace.  If  so,  now  is  the  time  to  make  him 
reflect,  that  from  the  beginning  we  have  meant  by  a  function  of  *,  a 
function  of  j:,  and  a  constant.  These  constants,  upon  other  supposi- 
tions, might  change  their  value,  that  is,  they  are  constants  only  with 
respect  to  x ;  a  change  in  x  does  not  change  them.  We  are  thereFoni 
jiifetified  in  applying  our  conclusions  to  the  variAtion  of  any  single  varia- 
able,  with  attention  to  the  proper  rules :  %cfe  fnvst  onPy  tafte  care  th 
practice  not  io  apply  to  consequences  of  the  variation  of  one  vdriahle^ 
the  supposition  that  they  were  produced  by  that  of  another^  except 
where  we  can  prove  the  variation  of  both  to  give  the  same  result,  a& 
in  the  case  of  ^  (J?  +  y)- 

To  familiarise  the  student  with  these  considerations,  we  shall  take 
this  opportunity  of  pointing  out  that  relations  may  exist  among  differen- 
tial coefficients  which  are  not  derivable  from  one  or  two  particular  func- 
tions, but  from  an  infinite  number,  that  is,  are  equally  characteristic  of 
all.     And,  firstly,  as  to  one  variable  only.     Let  u  =  *  -f  c,  where  c  i^ 
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du 
my  constant.    Then  y-  :=  1,  whatever  c  might  have  heen :  thus, 

u^  X  +  Of    tt  =  :r  +  5,  &c;  all  give  -r-  :=:  h 
IiettfscdP  +  ^        -5-iSc  +  2a?        c=-; 2x. 

or  u  :^  (  -J-  — 2r)  a?  +  j:', 

a  relation  which  exists  whatever  c  may  be,  provided  only  it  is  constant. 
lliis  la  the  distinction  between  an  arbitrdry  constant  and  fei  variable ) 
the  former  may  be  what  we  please,  but  must  keep  one  value  throughout 
the  process  :  the  latter  may  be  differentiated,  which  infers  variation  of 
toluey  as  one  of  the  steps  of  the  process.     Thiis,  the  answer  to  the 

question — "  What  function  of  a?  must  u  be,  in  order  that  -^—  =  1  ?'* 

dx 

is  unanswerable  in  definite  terms.    It  is  t^  =:  j?  4-  c,  (at  least  this  is  one 

case ;  we  are  not  to  infer  now  that  because  v  =  j;  +  c  is  ah  answer 

that  it  is  the  only  aniwer)  where  c  is  any  constant  whatever. 

Prove  the  foUowing ; 

ifu  =  c^+c3,       «=:_..^  +  (^_J 

if„  =  4.       ^+u«=0;       ifu  =  ^        ?+-  =  0; 

X  "tc       dx  X        dx      X 

du  du 

if  U  =  C«  — logJ?  -r-  =  1+X log  J?. 

xJLJf  (JLJU 

Whence  we  have  the  following  theorem : — if  i/,  a  function  of  jr,  also 
contain  a  constant,  that  constant  can  be  eliminated  betwisen  the  values 

of  tt  and  --J—,  and  an  equation  produced  which  does  not  contain  the  con* 

itant,  and  is  true  for  every  value  of  it. 

In  considering  a  Ainction  of  x  and  y,  such  as  /  (t,  y)  it  is  important 
to  observe  that  there  are  two  sorts  of  indeterminaieness  in  its  form. 
Und)^  this  general  symbol  are  contained, 

1.  All  the  ftmclions  of  j:  +  y,   (i-  +  y)"  log  (x  +  y),  &c. 

i.  All  the  fimctibhs  of    jy,  (ty)*  log     (ty),       Ac. 

3.  All  the  jftinctions  of  jr'+yi     (i?'+J^)"  Ipg  C^  +  y)y  &c. 

Ac.  ^c.  &c.  ad  infinitum. 

m  the  'first,  let  x  and  y  be  said  to  enter  through  jr  +  y,  in  the  second 
through  xy^  in  the  third  through  4:*  +  y,  &c.  And  we  shall  noW  con- 
sider, not  the  general  form  /  (x,  y) ;  but  some  restricted  forms  in  which 
X  and  y  enter  through  given  functions  of  x  and  y.  We  have  already 
had  one  result  in  the  case  of  0  (^^-J-  y),  where  x  and  y  enter  through 

«+y. 

iJBt  »  =  0  (a:*+y*)        a*  +  y'  =  r        «  =  00 

du  ^du  dv  ^  ,  f[l!^  —  ^^  —  /A'        o 

Ix^  dv  dx  ""^  rfy  ^  (?u    dy  ""  ^' 

Blimhiate  ^'r,  and  y  3^-*  d"  ^  ^' 


64  DIFFERENTIAL  AND  INTEGRAL  CALCULUS. 

Here  is  a  relation  which  must  exist  for  all  fuactions  whatsoever  of . 
a"  +  y* :  thus 

u=(a>+y*y,  ^  £:2  («•+»») .  2x,  ^=2(a^+y»)2y  J    in  both  caaea. 

€tr  ctr  CM? 

da       .  d0r        .  ,,    du      dv  y     dv      I 

dy  ay  dy      dx         a^    ay      x 

from  all  these  deduce  that  •^  ;>~  +  y  3-=  nu :  what  particular  case  has 

been  already  found  ? 

We  have  chosen  such  instances  as  we  knew  to  give  simple  results : 
let  us  now  take 

?i  =  J?  ^  (*""y  log'^)> 

—  =  0(j?  — y  log  J?)  +j:0'  (j?-ylogj)  (1--^) 

— =  xf(x  —  y  logx)  X  (-log  x), 

from  which  deduce   -7—  (1  —  ~  )  — r  loi? .r  =  —  m  -^^ 

dy  X  /     dx     °  X 

We  thus  see  that,  however  x  and  y  may  enter  through  a  function  of 
X  and  y,  we  can  by  means  of  the  two  difF.  coeff.  of  u  and  the  given 
equation,  eliminate  the  arbitrary  function  altogether,  and  produce  an 
equation  which  is  true  for  any  form  that  may  be  assigned  to  it. 

When  any  specific  value  is  to  be  given  to  an  arbitrary  constant,  which 

remains  such  throughout  the  process,  it  is  immaterial  whether  the 

specific  value  be  assigned  at  the  beginning  or  the  end  of  the  process. 

For  the  rules  of  differentiation  are  the  same  whatever  the  specific  value 

of  the  constant  may  be.     The  simplest  case  of  this  is  as  follows : — If 

du 
tt  =r  cr,  -7-  ==  c.     Now,  if  all  this  time  c  be  =  5,  we  may  either  difie- 

K  '      du  .  .      du  .       t .  , 

rentiate  tt  =  5  j:,  giving  —  =  5,  or  «  =  cj?  giving  j-  s=  c,  m  which  we 

ax  ax 

then  make  j?  =  5.     This  remark,  however  slight  it  may  appear,  is  of 

great  importance. 

With  regard  to  the  results  of  differentiation,  observe  1.  that  all  rational 

and  int^ral  functions  {ax*  +  bx  +  c  for  example)   are  lowered  one 

degree  by  it.     2.  That  when  £^  is  a  factor  of  u,  it  is  also  a  factor  of  the 

diif.  coeff.    Thus,  if  m  =  «^'  X  y^  j. 
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of  which  f  ^'  ia  also  a  factor.  3.  That  no  factor  is  ever  made  to  disappear 
from  a  denominator ;  but  on  the  contrary,  ia  introduced  with  a  higher 
exponent. 

,t^  4>x    .       du      'itx<t>'x'^yb'x  Ax      <//x     .      Hi'x 

Thus  u  =  —•  gives  -j-  =  ^ ' — ^ = gj?.;    .,>    . 

ya?®       dx  {^xy  -^x    ^    (y*)* 

We  ore  now  to  proceed  to  the  application  of  this  calculus  to  algebra. 
We  must  call  the  attention  of  the  student  to  the  fact  that  we  have  not 
assumed  any  algebraical  development  into  an  infinite  series,  directly  or 
indirecdy.  He  may  therefore  dismiss  from  his  mind  entirely  (until 
further  proof  shall  be  offered)  all  such  developments  and  their  conse- 
quences. The  assumption  which  is  usually  made  in  algebraical  works 
for  the  establishment  of  such  developments,  is  that  certain  functions  of  f, 

(a+x)^  for  example,  can  be  expanded  in  a  series  of  whole  powers 
of  X  of  the  form 

A  +  B«  +  Ca:«  +  Ex*+  &c. 

where  A,  B,  C,  &c.  are  not  functions  of  jr.  Of  this  no  legitimate  proof 
was  ever  given  depending  entirely  on  algebra.  Nor  is  the  assumption 
univerBally  true.  That  we  may  make  use  of  infinite  series,  we  shall 
find ;  but  it  should  be  matter  of  proof,  not  of  assumption.  By  rejecting 
infinite  series  we  are  unable  as  yet  to  complete  the  differentiation  of  a'» 
We  have  only  found  it  to  be  ca'loga,  and  have  assumed  that  o  is  1 
when  log  a  is  the  Naperian  logarithm.  This  assumption,  which  is 
excusable  while  we  are  only  inquiring  into  what  will  be  its  consequences 
if  it  be  true,  must  be  abandoned  in  all  applications  until  we  can  pro- 
duce a  proof  of  it. 


V 


Chapter  III. 

ON  ALGBBRAICAL  DEVELOPMENT. 

Assuming  u  =  0x,  we  have  shown  how  to  find  another  function  (ffx^ 

which  baa  this  property,  that  — ^ — — — ^—  may  be  made  as  near 

as  we  please  to  ^'x,  by  taking  Ax  sufficiently  small.     Let  the  first  of 
these  d^er  from  the  second  by  P,  which  is  therefore  a  function  of  x  and 
Ajt,  having  this  property,  that  whatever  x  may  be,  it  diminishes  with- 
out limit  writh  A  x. 
There  may  be  special  exceptions  in  each  particular  function.    For 

inataiice,  if  «=log  (x— a),  —  = ,  which  is  finite  for  every  value  of 

ox     X— a 

X  except  only  x  =:  a.    These  cases,  observe,  we  except  for  the  present ; 

that  they  must  be  finite  in  number,  or,  if  infinite  in  number,  belonging 

onh  to  a  particular  class  of  values,  separated  by  intervals  in  which  no 

tmoi  thing  takes  place,  appears  as  follows.    The  only  cases  in  which 

we  caa  conceive  them  to  happen,  are  those  in  which  such  a  value  is 

Cnt  assigned  to  x  as  makes  a  numerator  or  a  denominator,  or  an  expo- 
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nent,  one  or  any  of  them,  nothing  or  infinite.  Now,  in  all  known  func- 
tions, the  values  of  jr  which  satisfy  such  a  condition  are  separated  by  in- 
tervals of  firdtude^  and  there  is  no  function  which  is  nothing  or  infinite 
for  every  value  of  x  between  a  and  a  +  6  (for  any  value  of  6  however 
small)  in  all  the  functions  of  algebra.  If  there  be  such,  we  have  notified 
in  the  postulates  at  the  head  of  Chapter  II.  that  they  do  not  form  a 
part  of  what  we  have  called  the  Differential  and  Integral  Calculus,  but 
their  consideration  forms  a  science  by  itself.  This  condition  is  ex- 
pressed or  implied  in  every  treatise  on  the  subject. 

Let  there  be  two  limits  a  and  o  +  ^t  such  that  neither  for  them  nor 
between  them,  are  there  any  singular  values  of  0  a?.  Thus,  for  logjp 
from  «r  =  2  to  J?  =:  3,  there  is  no  singular  value,  nor  is  log  2  or  log  3 
either  of  them  singular.  We  have  now  P,  a  comminuent  *  with  A  *, 
whatever  the  value  of  x  may  be,  between  a  and  a  +  A.  Consequently, 
P  and  A  x  will  still  remain  comminuent,  even  though,  while  A  x  dimi- 
nishes, X  should  vary  in  any  manner  between  a  and  a  +h.  Thus,  for 
instance,  A x  and  xKx  are  comminuents,  even  though,  while  A  x  dimi- 
nishes without  limit,  x  increase  from  a  to  0  +  ^*  Let  us  suppose  A  a: 
to  be  the  Tith  part  of  A,  so  that  A  x  diminishes  without  limit  as  n, 
increases  without  limit.  Let  P,  which  is  a  function  of  x  and  A  j7,  be 
denoted  by  /  {x,  A  <r),  and  we  then  have 

i ^^  =  0'j?  +  fix,  Ao?) ; 

now  substitute  successively  x  +  A  x  for  x  until  we  come  to  have 
0  (j?  -h  n  A  j:)  or  0  (a?  -f  A)  in  the  numerator,  which  will  give  the  fol- 
lowing set  of  equations  (n  in  number)  : — 

■ — ^ =  ^'x-¥fix,Lx) 

»^"-^^^")""»("^^^>=»^(.  +  A.)+/fx  +  A.,Ax) 

iaX 

•^ A  "  =  ♦'  (J^  +  2  A  a:)  +/  (x  +  2  A  J,  Lx) 


^-^ 1—^^^ ^=*  (^+«-2Ar)+/(«+n-.2Ar,Ax) 

k^  X 

~ ^     V. ^ •  =  f  (x+Ti-l  Ax)+/(x+n-I  Ar,Ar). 

1^  X 

Form  the  fraction  which  has  the  sum  of  the  numerators  of  the  pre- 
ceding for  its  numerator,-  and  the  sum  of  the  denominators  for  its  deno-- 
minator,  it  being  clear  that  all  the  denominators  have  the  same  sign. 
This  gives 

*  To  aToid  the  tedious  repetitiou  of  "  a  quantity  which  diminishes  without  limit 
when  Ax  diminishes  without  limit,'*  I  have  coined  this  word.  If  ever  the  constant  re. 
currence  of  alon^  phrase  justified  anew  word,  here  is  a  case.  There  are  sufficient  ana^ 
logies  for  the  derivation,  or  at  any  rate  we  must  not  want  words  because  Cicero  did 
not  know  the  Differential  Calculus.  Hence  we  add  to  our  dictionary  as  follows : — -*I*o 
comminufe  two  quantities,  is  to  suppose  them  to  diminish  without  limit to)^ther:  oawn-^ 
minM/to7i,the  corresponding  substantive ;  cammimttHia,  quantities  which  diminish  with* 
out  limit  together.  To  commimuie  has  been  used  in  the  sense  of  to  puivtfize,  aad  is 
therefore  recognised  English. 
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f(j+Ar)-0jr+^(j:-f2Ar)-0(3:+Aj)+>.+0(x+nAJ?)«-^(j?+yi-lAx) 

*(*  + nAj:)— 0j?       ^(ar  +  A)  — 00? 

or  ^ i—  or  ^ r ^, 

nax  h 

wbich  must  therefore  lie  between  the  greatest  and  least  of  the  preceding 
fractions,  or  of  their  equivalents,  all  contained  under  the  formula 

^'  (op  +  A  A  a:)  +fix  +  A  A  j?,  A «). 

Now  let  the  first  value  of  x  be  a,  and  let  C  and  c  be  the  values  of  x 
which  give  (f/x  the  greatest  and  least  possible  values  it  can  have  between 
X  =  a  and  x:^  a+  h.  (We  have  supposed  that  (p'x  does  not  become 
infinite  between  these  limits.)  And  let  C  and  K'  be  the  values  of  x  and 
k  which  give  /(t  +  ^  A«,  A  cr)  the  greatest  value  it  can  have  between 
the  limits,  and  c  and  k!  those  which  give  it  the  least.  Then  still  more 
do  we  know  that 

»(g  +  A)-(^a  j.^  ^^^egn  ^Q^  /(C'+K'  A  J?,  A  0?) 

and  0  c  +  /(c'+A/AjPjAj?), 

in  which  the  two  functions  marked /are,  as  we  have  shown,  comminu- 
ents  with  A  jr.  Now,  if  a  quantity  always  lie  between  two  others,  it 
must  lie  between  their  limits  :  for  if  not,  let  it  be  ever  so  little  greater 
than  the  greater  limit,  then  we  can  bring  the  greater  quantity  nearer  to 
that  limit  than  the  one  we  have  supposed  to^be  always  mtermediate.  Or, 
in  iUnatration,  suppose  P  and  Q  to  be 

PA  B  X  Q 


I 


moving  points  which  perpetually  approach  the  limits  A  and  B  :  if  X 
(a  fixai  point)  must  always  lie  between  the  two,  P  and  Q,  it  must  lie 
between  A  and  B ;  for  if  not,  let  it  be  at  X,  then  by  the  notion  of  a  limit, 
Q  may  be  brought  nearer  to  B  than  X,  or  X  does  not  always  lie  between 
A  and  B ;  which  is  a  contradiction.  The  limits  of  the  preceding,  when  n 
increases  or  Ad?  diminishes,  are  0  0  and  0c:  whence  we  have  the 

foUowing  THBOREM  .' 

If  0  X  be  a  function  which  is  finite  and  without  singular  values  from 
f=ato^:=a  +  A  inclusive,  and  if  the  differential  coefficient  be  the 
same,  and  if  0  and  c  be  the  values  of  j?  which  make  ^'x  greatest  and 
least  between  these  limits,  then  it  follows  that 

0  (a  -f*  ^)  '*'  0  A 

7 — - —  lies  between  00  and  0  c. 

CoROLUiRT. — Since,  by  the  law  of  continuity  of  value,  a  function 
docs  not  pass  from  its  greatest  to  its  least  without  passing  through  every 

intennediate  value,  and  since ; is  an  intermediate  value' of 

h 

f  J  between  <p  0  and  0  c,  and  since  a  +  Bh  where  0  lies  between  0  and  1, 

isi  by  properly  assuming  d,  a  representative  of  any  value  which  fiiUs 

between  a  and  a-j-h,  and  consequently  between  0  and  c,  it  follows  that 

u  true  for  some  positive  value  of  9  less  than  unity 

F  2 
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As  an  instance,  it  must  be  true  that 

(a+Ay— ^  =  3  (a + Bhy  gives  0  <  1  for  one  value. 
h 

To  verify  this,  expand  both  sides,  which  gives 

«+aA=±y^ g 0= ^ , 

which,  taking  the  positive  sign,  gives  ©  <  1 ;  for  a'  +  oA  +  4A«  is  not 
so  great  as  a'  +  2aA  +  A*,  whence  the  square  root  in  question  is  less 
than  a+hy  the  numerator  less  than  h  the  denominator,  and  the  fraction 
less  than  1. 

Let  there  now  be  two  functions  ^x  and  y^  x^  the  second  of  which  has 
the  property  of  always' increasing  or  always  decreasing,  from  x  =  a  to 
^  =  a  4-  A,  in  other  respects  fulfilling  the  conditions  of  continuity  in 
the  same  manner  as  ^  r. 

T  V'  (a?  +  A  a:)  —V  ^      1,     ,  ^  r     AN 

I^t  ^^        .J     ^    =  vf/'jc  +/i  (^,  A  r), 

whence /i  (j?,  Ait)  is  comminuent  with  Ax.  We  have  then,  as  before,  a 
series  of  equations  of  the  form 

0  (x+k  Ar)— 0  (x+k^  Ax)  .  

Ar 0X^+^-1  Aj)+/(x  +A-1  Ajt,  Ax) 

\p  (J+A  Aj?)-Yr(j-|-ir^Ar)"'  4,'(a?+ A^l  Ax)  +/i(x+  A"^  Ar,  Aar) 

Ar 
or 


0(3?+AAr)-0(x-hJt-lAx)__0'(x-f  A-1  Ar)+/(x+*-lAx,Aj) 

Y^(x+ifcA2?)— t//(x+A^Ax)      Y^(x+^^Ax)+/j(x+A-IAr,Ar)* 

from  which,  by  summing  the  numerators  and  denominators  of  the  first 

sides,  which  gives —r — —r^ — --  if  the  first  value  of  x  be  a,  and  if 

nAx=A ;  by  observing  that  the  denominators  are  all  of  one  sign  by  the 
supposition  either  of  continual  increase  or  decrease  in  yx  from  x=a  to 
x=a+ A ;  we  find  the  preceding  fraction  to  lie  between  the  greatest  and 
least  values  of  the  fractions  on  the  second  side  of  the  set,  and  therefore 
(using  the  preceding  reasoning)  between 

—^  and  — r-  the  greatest  and  least  values  of  — r-, 

yc      V'c  V^ 

from  x=a  to  xrza-^-h.    And  this  must  as  before  correspond  to  some 

value  of  -77-  ^OT  a  value  of  x  lyinir  between  x=:a  and  x=:a+ A.    Let  it 

be  X  =:  a  +  dA  as  before,  and  we  have  the  following  theorem  : — 

If  0x  and  \ifx  he  continuous  in  value  from  x=a  to  x=0+A,  and 
if  in  addition  <t/x  and  i/^'x  be  the  same,  and  if  also  Y^  x  always  increasea 
or  always  decreases  from  x^a  to  x=a+A,  then 

0(fl+A)-0fl^0-(a+eA) 
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Co&OLLART.— -If  the  two  functioDs  be  such  that  0a=:O  and  Y^a^O 
without  any  discontinuity  or  singularity  of  value^  we  then  have 

Let  us  now  consider  f'x  and  f'x  as  new  functions  of  x  having  for 
diff.  CO.  f//'x  and  y'^x,  and  take  the  limits  x:=ia  and  x=a+9A  {0  being 
determined  by  the  last  equation)  and  suppose  that  in  addition  to  the 
preceding  conditions  yff'x  continually  increases  or  decreases  between 
or  =  0  and  x  =  a  +  OA,  and  also  that  ^anO  yy'a  =  0  without  discon- 
tinuity or  singularity,  and  that  (t>''x  and  yy"x  have  no  singular  values 
from  xs=atox=:a  +  ^A.    The  same  theorem  then  gives 

Now  consider  ^"a?  and  f^'x  as  new  functions  of  x  having  diff.  co. 
0'"x  and  yf/'^Xj  which  give  0'"a  =  0  y'a  =  0,  without  discontinuity  or 
singalarity  from  xzsa  to  j?  =  a4~^i^^>  &c.  from  which  the  same 
theorem  gives 

yXa+e.eh)^  yf%a-\-e^e,  eh)     «  <-  ^  •  •  •  v  ;. 

and  so  on.  Now  remembering  that  we  know'^nothing  of  9,  ^i,  &c.  except 
that  they  are  severally  less  than  1,  in  which  case  all  their  products  are 
severally  less  than  1,  we  may  include  all  the  terms  a  +  0  hy  a  •\- Oi  tfh^ 
&c.,  under  the  general  symbol  a+Oh  (0  <  1),  and  if  we  collect  the 
several  sets  of  conditions  under  which  this  theorem  will  apply  to  all 
functions  up  to  the  nth  diflT.  co.  inclusive,  and  observe  that  the  first  side 
of  (1)  has  a  succession  of  values  found  for  it  in  the  second  sides  of  (1), 
(2J,  (3),  ...  we  have  the  following  thoerem  *  : — 
If  thore  be  two  functions  4>  x  and  yff  Xy  having  the  series  of  di£f.  co. 


:.  0'x,  4/%  r'x, .   .    .  0«xUc.+o  J  ^1  contjr 

:,  yx,  r^,  r'x, . . .  Y''"''|v^"+"^)S+Af 


and  if  as  a  second  set  of  conditions, 

0  a=0,  0'fl=O,  0"a=O  ...  up  to  0^">a=O 
Yra=rO,  *f 'a=0,  Y'"«=0  .    .   .  up  to  Y'^"^a=0 

and  if,  as  a  third  set  of  conditions, 

f  Xy  Y^'ar,  Y^'ar, ...  up  to  Y'^"^^ 

be  functions  which  either  continually  increase,  or  continually  decrease 
ftook  x:=iaioxi=a+h:  then  there  is  a  value  of  0  less  than  unity, 
which  will  satisfy  the  equation 

If  we  were  at  once  to  proceed  with  the  consequences  of  this  theorem, 
the  student  would  not  be  well  able  to  see  why  so  apparently  cumbrous  an 
spparatus  of  proof  is   necessary   to  obtain  what  is  called  Taylor's 

*  Btnnember  fbat  whatever  in  assumed  to  be  true  from  d:=atodr:=ra  +  A, is 
true  Iroai  x  =  a  \o  xzzia-^Oh,  from  xz^a  ioxssa  +  OiOhf  &c.,  if  Oj  $i  &c.  be 
fcfcially  less  than  1. 


I 
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Theorem :  we  shall  therefore  make  what  is  often  given  as  a  proof  pre- 
cede what  we  consider  as  really  a  proof. 

Theorem.     If  it  be  allowable  to  suppose  that  (p(x  +  h)  can  be  ex- 
panded in  a  series  of  whole  powers  of  hy  of  the  form 

then  that  series  must  be  the  following^  and  no  other : 

We  have  shown  that  tt=:^  (x  +  h)  has  the  property  x  ~  51 '  *^  P^®" 

sible,  let 

0  (x+h)  =  u  =  A  +  BA  +  CA«  +  EA*  +  FA*  +  &c.  ad  it^fin, 

and  let  us  assume  (which  we  consider  as  rather  a  questionable  assump- 
tion) that  the  property  which  is  true  of  ^  («  +  h)  is  also  true  of  its  ex- 
pansion. Then  we  have  (A,  B,  C . . . .  being  ftmctions  of  or,  which  A 
18  not,  and  A,  B,  C  . . . .  being  not  functions  of  A :  all  this  is  in  the 
original  supposition,) 

g=^+^ft+^A.+  ^*»+^*^+ 

ax      ax       dx  ax  ax  ax 


which  we  will  write  as  follows : — 

tt'  =  A'+    B'A+    C'A«+    EW+    FA*  +  &c. 

du 
But  ^=: B  +  2CA  +  3EA«  +  4PA»  +  5GA*  +  &c. 
an , 

and  -77  ==  w'  or  -7-  for  fill  values  of  x  and  A,  whence  by  the  common 
dk  dx  ^ 

theory  of  algebra,  called  by  the  name  of  that  of  indeterminate  coeffici- 
ents^ we  have 

dK'  A" 

B  =  A'    2C  =  B'=-^  which  call  A"    :.C^  — 

dx  2 

3E  =  C'  =  ^=^-57=2^'"-^-273^'" 


4F^E'==^=J.^'=:JLA.^orP:= 


IT 


dx      2.3    dx        2.3  2.3.4 

and  so  on  ;  whence  substitution  gives 

M  =  0  (x  +  A)  =  A  +  A'A  +  A"  ^  +  A'"  j^  +  A'''  -^  +  &c. 

It  only  remains  to  determine  A,  to  do  which  another  doubtful 
assumption*  is  usually  made,  namely,  that  when  A  ==  0,  the  series  just 

*  Observe  that  we  do  not  eay  these  assumptions  are  untrue,  but  not  self-evident, 
and  therefore  not  to  be  assumed  without  proof.  We  may  readily  see  that  Uie  sup. 
position  P=Q  when  A^O  is  very  suspicious,  unless  we  can  show  that,  by  making  h 
as  small  (near  to  nothing)  as  we  please,  we  can  make  P  as  near  to  Q  as  we  please. 
Now,  in  the  series  in  question,  though  by  making  h  as  small  as  we  please,  we  can 
rend^  all  tenns  after  the  first  individually  as  small  as  we  please,  yet  it  is  to>  be 
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found  IB  reduced  to  its  firat  term.  -    If  so,  then  by  making  A  =  0 

0  (f  +  A)  becomes  0  x^  and  the  equivalent  series  becomes  A :  therefore 

02^  A,  and  A'  A,''  &c.,  are  the  successive  diff.  co.  of  A  with  respect 

to  x^  whence  the  theorem  will  follow. 

We  shall  treat  the  preceding  process  as  nothing  more  than  rendering 

A» 
it  highly  probable  that  0  (  a  +  A)  and  0  a  +  0'a  .  h  +  0"a  —  +    &c. 

luive  relations  which  are  worth  inquiring  into.  But  as  we  are  deter- 
mined to  know  nothing  of  infinite  series  without  proof,  we  shall  take  a 
finite  number  of  terms, 

0a  +  0'a  .  A  +  0"a-~  + up  to  +  0^">a       ^" 


2  "^  ^       2.3. ..w' 

which  we  proceed  to  compare  with  0  (a+ A),  as  to  its  excess  or  defect* 
Or  rather,  as  we  have  used  0;r  in  a  particular  theorem,  we  shall  use /a? 
here,  and  proceed  to  consider 

/(a+A)-{/a+/'a  .  A+/"«  j+ +-^'"'"2X^}  ' 

Let  a  be  a  fixed  quantity,  but  let  a+A  be  variable,  and  let  it  be  called 
X.  Then  substituting  a;  — a  for  A,  we  have  the  following  function  of  jp: — 


2.3  •  .  .  n 


Let  us  suppose  1.  that  fx  is  continuous  and  ordinary  firom  x  =::  a  to 
f  =  a  +  A.  2.  That  the  values  of  its  diff.  co.  when  x  =:  a,  namely, 
f^a,  • .  .f  "^0  are  none  of  them  infinite.  Let  this  function  be  called  01? 
and  let  it  be  differentiated  n  times  in  succession  with  respect  to  x, 

^.  =  f'..ra-ra  i.-a)  -f'a  <^* .  . .  -f-a  ^fj^) 


0<— »>x  =:/^-  '^x  -/  ^''-  »^a  -/^"^fl  (JP  -  o) 
0«x  =/^"^x  -/^"^a 

0(H-O^  =/Cf »>j. 

The  student  must  ascertain  that  in  the  series 

each  one  is  the  diff.  co.  of  its  successor,  or  to  differentiate  any  one,  that 
he  must  pass  to  its  predecessor.     The  general  process  is, 


jvoKwitmcu  that  ^  number  of  them  is  infinite,  and  we  have  no  evidence  whatever 
that  here  will  be  an  unlimited  number  of  small  quantities,  whose  »um  must  be  small 
too.  For  a  sufficient  number  of  parts  as  small  as  we  please  will  compose  any  quan- 
tity, great  or  small.  It  is  true  that  we  shall  hereafter  prove  certain  caw«  in  which  we 
are  justified  in  the  assumption  to  which  this  note  is  written,  but  we  never  saw  a  pioof 
which  embraced  every  ease. 
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ax2.3...n      2.3... n         ^  cfx 


7t 


2.3...7t— l.n      ^         '  2.3. .•(«—!)' 

He  must  also  observe  that  a  constant  fa  in  the  first, /'a  in  the  second, 
&c.,  vanishes  at  each  step,  and  a  new  constant  appears,  resulting  from 
the  differentiation  of  the  current  term  of  the  form  p  (^— a)  which  gives 
p.  But  the  best  way  will  be  to  try  several  particular  cases,  such  as  the 
following  (n:=:4)  : — 

filx^fx- fa-fa  {x-a)-f"'a  ^^'-/"  a  ^|^*  ' 
4>f'x-fx-f"a  -fa  («  -  a)  -fa  ^£ZfQl 

On  looking  either  at  the  general  or  specific  case,  we  see  thatfa^f'a^ 

fa up  to/^*^a  being  all  finite  or  zero,  this  function  can  present 

no  singular  values  for  any  finite  value  of  x.  And  moreover,  when  x^a 
each  expression  presents  a  finite  number  of  evanescent  terms,  and  we 
therefore  have 

0a  =0    0'<i  =  O    f'a  =  0 0^">a=O: 

consequently  this  function  completely  satisfies  the  conditions  of  the 
theorem  in  p.  69.  We  have  now  to  look  for  a  form  of  y  j?  with  which 
to  compare  it,  this  function  being  determined  by  the  conditions  to  be 
such  that  yfra,  f'a  •  .  ,  up  to  f^'^^a  are  severally  =0,  that  f^'^^^x 
does  not  give  singular  values,  and  that  Y'x,  f'x . .  •  •  are  all  severally 
increasing  or  decreasing  throughout  the  extent  of  the  function  from 
aszatox^a-^-k.  It  will  be  found  that  (*—«)■+'  complies  with  all 
these  conditions,  and  the  general  and  specific  cases  will  be  as  follows  :— 

General.  Specific  (n  =  4.) 

Yr'«=(n+1)  (J-flr)"  yjr'x=:5{x^ay 

y"j?=(n+l)w(x-a)— »  Y'"^=5.4.(j?-ay 

Y/"a:=(n+  1)  n(n-l)  (j?-a)-«         y'"a?=5.4.3.(j:-a)« 

y'a:=5.4.3.2  (x-a) 

•  •  •  .  •  Y'    X    mmm  0  •  4  •  O  •  Ja» 

Yr^«>j=(«+I)n...  .3.2(x-fl) 
Yr<*+»)ar=(n+l)n....3.2 

In  which  it  is  clear  that  all  the  diff.  co.  up  to  the  7rth  inclusive,  are  in- 
creasing from  x^a  or  a?— a=0  to  x=a+A  or  jr— a=A,  and  also  that 
they  all  vanish  when  x  =  a.  It  is  moreover  evident  that  the  (?i+  l)th 
diff.  CO.,  being  a  constant,  presents  no  singularity  of  form.  We  have 
then,  writing  a+ A  for  a:  (p.  69.) : — 
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0  («+A)      0^*+*^  (a+eh) 


or 


e<l 


2.3. .»  ^Z^"^')  (fl+eA) 


A"+»  2.3 n+1 

where  0  is  less  than  1 ;  or  we  have 

fia+h)  =fa  +  f'ah+f'a  ^+. . . .  +/(■)*,  ^^^ 

subject  only  to  the  condition  that  no  one  of  the  set  fa^  fa  ....  up  to 
f^*^a  is  infinite.  We  may  carry  this  series  (if  no  diiOE'.  co.  become  mfi- 
idte)  as  far  as  we  please :  it  will  afterwards  remain  to  be  pointed  out 
what  are  ike  cases  in  which  we  may  legitimately  suppose  it  carried  a4 
infiniium.    Whatever  these  cases  may  be»  in  them  we  have 

/(a+A)=/a  +/'a  .  h+f'a  .  y+^'a  .  ^3  +  &c.  ad  infin. 

which  is  Taylor's  Thborbm  *  ;  and  we  see  that  we  may  stop  at  any 
term,  and  give  an  expression  for  the  value  of  the  rest,  beginning  at  that 
term,  by  writing  a-^-Oh  instead  of  a  in  the  term  we  stop  at,  and 
expunging  all  that  come  after,  the  value  of  this  accession  lying  in  its 
having  been  proved  that  0  is  less  than  1.  This  is  Lagrange's  Theorbm 
ON  THB  uiciTs  OF  Tatlor's  SERIES  f*  If  we  csll  C  and  c  the  greatest 
and  least  values  of  0^"+'^  (a+eA)  from  0=0  to  0=1,  we  know  that  by 
stopping  at 

f  w^j  ve  commit  an  error    ^^* ^^^^     ^^  ^ 

'^        2. 3.. n  which  lies  between    2.3..  .n         2.3..  .n* 

We  can  now  demonstrate  the  binomial  theorem  :  for  if  0  a;  =  «"  we 
have  4^je  =  nx^\  0''jp  5=n  (n— 1)  and  therefore  0a  =  a",  0'a  =  71a""*, 
ftc.    This  gives 

A<  A* 

(a+A)*=a"+7za— *A+7i(/i-l)a""«-  +n(n-l)(n-2)a-»— -  + 

.   + +«.(n-l) ("-y)«'^'2.3....p+l 

+  »(«-!). ...(n-p-l)(a+eA)>--j^^^2- 
or  (a+hy=t^  +n  (a+  Bhy^h 

r:«"+no-'A4n ^  o-*A'+«^  ^  (a+eA)-»A',  &c., 

2  2         o 

*  Dr.  Brook  Taylor  (born  1685  at  Edmonion,  died  1731)  first  gave  this  theorem 
in  h»  *  Methodus  Incrementorum,*  publighed  in  1715,  in  the  taioe  year  with  hia  ez- 
cellrat  txvatiae  on  Peivpective ;  Ihe  latter  being  as  much  the  foimdation  of  most  of 
what  has  been  done  since  in  perspective,  as  the  former  of  the  Differential  Calculus. 

f  D'Alembcrt  first  gave  a  proof  of  Tavlor's  Theorem  which  involved  a  method 
of  determining  the  limitsi  but  tnts  was  only  incidentaL  Lagrange  first  formally 
look  up  the  subject  in  his'  Le^^ons  surle  Calcul  des  Fonctions/  firsipublishedin  180 K 
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where,  however,  it  must  be  observed,  that  though  B  is  less  than  unity  in 
every  one  of  these  cases,  it  is  not  the  same  in  all. 

sin  (a+A)=rBin  o+cos  {a+6h)  .  h 

h* 
.=  pina+cosa.^— sin(a+0A)  — 

ssina+cosa.A— sina— — cos(a+©A)~--,  &c. 

We  shall  ascertain  the  truth  of  the  first  line  by  an  instance,  which 
will  also  serve  to  illustrate  the  way  in  which  angles  are  measured  in 
analysis  (a  point  on  which  the  notions  of  most  students  are  remarkably 
confused  :  see  Penny  CTCLOPAniA,  article  Angle,  '  Study  of  Mathema- 
tics,' p.  89.)  Let  a  be  (in  common  degrees  and  minutes)  35°,  and  let 
A  be  10°.  When  these  enter  under  a  sine  or  cosine,  it  is  most  conve- 
nient to  express  them  in  degrees,  minutes,  &c.,  because  the  sines,  &c.  are 
given  to  those  denominations  in  the  tables,  and  are  the  same  for  the  same 
angles  in  whatever  way  we  may  measure  the  angles.  But  when  an  angle 
enters  as  an  angle,  the  truth  of  all  theorems  yet  obtained  depends  upon 
measuriog  that  angle  by  the  fraction  which  its  arc  is  of  the  radius*. 

The  angle  of  10°  must  be  expressed  by  -1745329.  The  assertion 
then  which  we  wish  to  verify  amounts  to  this :  that  if  we  find  0  from 
the  equation 

sin  (35°  +  10°)  =  sin  35°  +  cos  (35°  +  ^  X  10°)  x  •1145329 
we  shall  find  it  less  than  unity. 

sin  45° =-707 1068        log -1335304        r-1255801 

sin  35°  g: -5735764        log -1745329        1-2418773 

•1335304        log  cos.  40°  5'       1-8837028 

35°  +  e  X  10°= 40°tV       ^  ="  1^  ==  '^^^  "=  *  ^^"^^y- 

We  now  come  to  a  modification  of  the  preceding,. which  is  usually 
called  Maclaurin's  Theorem,  but  which  should  be  called  Stirling's  Thed- 
remt.  If  we  suppose  a  =  0  to  satisfy  the  conditions  under  which 
Taylor's  Theorem  exists,  that  is,  if  we  suppose  /O,  /'O,  /"O ....  to  be 
all  finite  up  to  /^O  we  have,  by  Taylor's  Theorem, 

/(0+A)=/D+/'0,A+/"0  5  +/'"0  -^^+. . . .  +/"0       ^" 


+  /C'H.i)(0  +  ^^) 


2  •  -^        2.3  '  ••'      2.3..  .71 


2.3 (n+1)' 


and  remembering  that  h  being  anything  whatever,  we  may  write  or  for 
hy  we  have 

*  It  may  be  worth  while  to  revert  to  the  fundamental  step  on  which  this  resta.  It 
is  a  theorem  derivable  from  <  Elementary  Illustrations,'  p.  5.,  that  the  limiting  ratio 
of  a  oomminuent  sine  and  angle  is  L  Now  this  theorem,  is  not  true  of  the  number 
o/tecondt  in  an  angle:  but  only  of  the  fraction  which  the  arc  of  the  angle  is  of  its 
radius. 

f  Maclaurin,  in  otir  view  of  the  subject,  was  the  first  who  wrote  a  logical  treatise 
on  Fluxions.  The  reader  who  would  verify  the  assertion  implied  in  the  text  for  him- 
self must  compare  Stirling's  *  Methodus  Differentialis/  London,  1730,  p.  102,  ''Hinc 
si  ordinata  GurvB)  &c."  with  Maclaurin's  Fluxions,  Edinburgh,  1742,  p.  610,  '<  The 
following  theorem,  &c."  The  fact,  we  doubt  not,  would  be,  that  both  Maclaurin  and 
Stirling  would  have  been  astonished  to  know  that  a  particular  case  of  Taylor's 
theorem  would  be  called  by  either  of  their  names. 
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2  -^         2.3... .?t 

^■'  2.3 n+l 

of  which  the  following  is  an  instance : — 

fx  =  sin  iT,  /'apsacos  j:,  /"a?  =  —  sin  op,  /'"jp=  —  cos  j?,  /'*x=sin  jp,  &c. 

/0=:0        /'0=1  /"OssO  /'"0=-l         /*'0  55  0,&c. 

tinj?=:0  +  coB^jr,jr:=:0+l  Xj— Bin^a?  — 
2 

=  0+1  XdP-OX-;r--cosex  — - 

=  o+ixx-ox— -ix  2:3  +  "° ^-^ 2X4' *^* 

or  unx£=  cos^r  .  t  =  j  — sindx-rr  ==  x  — cob^X:--- 

2  2.3 

=:  X—  --—   +  sinOx— -r— r  ==  J?  — TT^  +  COB^X 


2.3   ■  2.3.4  2.3  2.3.4.5 

'*^-  ^3"*-  2:0:5  "^'^^^2.3.4';5.6.7-  ^'^ 

where  0  is  not  (as  far  as  we  know)  the  same  fraction  in  any  two,  but  in 
«n  is  less  than  unity.  The  first  one  is  a  remarkable  relation,  and  may 
be  expressed  thus  :  a  sine  divided  by  its  angle  is  the  cosine  of  a  smaller 
angle. 

We  now  proceed  to  the  completion  of  the  process  of  differentia- 
tion, by  determining  the  value  of  the  constant  which  enters  -r-  where 
t«  =r  a*,  having  found  that  if  0  xsztf  ^'x=C  loga  a",  0"x  (C  log  «)•  a*. 

This  gives,  by  Taylor's  theorem, 

a^=:a'+Cloga.a'.A+(Cloga)«a'4  +  •  » .. +(Clogg)*a».  ^" 

^  2.3.  tfi 

+  (Cloga)-+U-+^*5-^—     0<l. 

Now  the  value  of  C  depends  upon  the  base  of  the  logarithms  chosen; 
which  base  being  generally  derived  from  an  infinite  series,  we  shall  not 
take  it  for  granted,  but  reverse  the  question  :  that  is,  instead  of  asking 
what  nrnstC  be  when  the  base  chosen  is  2*71828  •• . .  usually  called  e, 
we  shall  ask,  what  must  that  base  be  for  which  G  is  1.  Or  given  C:=  1 
to  determine  a.  Taking  the  value  of  a  for  the  base,  we  have  log  a=:  1, 
and  taking  0=1,  we  have  tQ  determine  a  from  this  equation  (derived 
from  the  preceding  by  dividing  by  the  common  factor  a%  and  substitut- 
ing 1  for  log  a  and  for  C) 

A*         h*  A"  A"+' 


2        2.3  2.3. .»  2.3 «+l 

This  wOl  be  true,  for  the  proper  value  of  a,  whatever  A  may  be :  let  us 
therefore  make  A=l,  which  gives 

a=r  1+1 +  -+—+....  +  ,r-^^ — +5-T"— Tl    ^<^i 

2       2.3'  2.3. «n     2.3,.7i+l 
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and  taking  the  extreme  values  which  a*  can  have)  namely  if  and  a^  or 
1  and  a,  we  find  that  a  must  lie  between 

1  1^ 

'1  \         a 

and  l  +  l+....  +  -7rT; + 


2. 3. .71^2. 3. .(«+!)* 

the  two  last  terms  of  which  may  be  made  as  small  as  we  please  by  taking 
n  sufficiently  great,  at  least  unless  a  itself  be  infinite.  But  if  a  be  less 
than  j[>+ga  where  q^  is  <  1  (which  is  the  present  case),  it  is  impossible 
that  a  can  be  infinite :    for  by  that  rule  a  (1  —  q^)  is  less  than  p  or  a  ia 

less  than  r-^.    For  instance,  the  preceding  shows  that  a  is  less  than 
1-^ 

1  +  1+  -or- less  than  2,  or  a  less  than  4.    Hence,  since  a  lies  be- 
o      2 

tween  the  preceding  finite  series,  it  cannot  differ  from  either  by  bo 

much  as  they  differ  from  each  other,  that  is,  by  so  much  as 

a— I  (less  than  3)^ 
2.3.4,...(n+l)  • 
but  this  may  be  made  as  small  as  we  please,  by  taking  n  sufficiently 

great,  whence  it  follows  that  the  series  1  + 1  +  -  + . . .  summed  conti- 

nually  approaches  without  limit  to  a.  This  sum  is  found  to  be 
2*717281828  • . .  which  is  the  usual  approximate  value  of  e,  and  this  is 
therefore  the  base  of  the  logarithms  for  which  C  =  1. 

We  shall  now  defer  this  subject  until  we  have  further  considered  the 
connexion  of  the  successive  differential  coefficients.  As  yet,  we  only 
know  of  the  nth  diff.  co.,  that  it  is  the  result  of  n  successive  operations, 
each  performed  upon  the  result  of  all  which  precede,  and  that  each 
operation  involves  1 .  increasing  the  value  of  a  variable ;  2.  taking  the 
increment  of  a  function  so  obtained ;  3.  dividing  by  the  increment  of 
the  variable ;  4.  taking  the  limit  of  the  ratio  so  obtained,  upon  the 
supposition  that  the  increment  of  the  variable  diminishes  without  limit. 
Consequently,  the  fifth  diff.  co.,  were  it  not  for  our  rules  of  abbreviation, 
would  require  twenty  operations,  every  fourth  one  of  which  is  the  taking 
of  a  limit.  Now  it  would  be  desirable  to  reduce  the  formation  of  the 
Tith  diff.  CO.  to  the  performance  of  a  certain  number  of  definite  opera- 
tions, followed  by  the  taking  of  a  limit  only  once.  To  put  what  we 
mean  more  before  the  eye,  let  us  signify  the  first  of  the  preceding  ope- 
rations by  I,  the  second  by  S,  the  third  by  Q,  and  the  fourth  by  L. 
Then  we  cannot  represent  the  4th  diff.  co.  of  0jr  in  any  more  simple  way 
(as  yet)  than  the  following 

*'^j=  LQSI{LQSI[LQSI(LQSI*:r)]}. 

Now  suppose  we  change  the  order  in  which  these  operations  are  made 
to  the  following 

LLLL  QQQQ  SI  SI  SI  SI  4>x  ; 

the  question  is,  can  we  get  a  clear  idea  of  what  we  are  doing,  and  can 
we  advantageously  make  that  idea  serve  for  the  further  elucidation  of 
higher  differential  coefficients  than  the  first.  This  we  proceed  to  discuss 
in  the  next  chapter. 
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Cbaftbr  IV, 

ON  THE  CALCULUS  OF  FINITE  DIFFERENCES. 

Bt  the  word  finite  we  here  mean  that  the  theorems  of  tliis  suhject  sup- 
pose quantities  to  have  given  augmentations  or  increments  which  do  not 
decrease  without  limit.  Not  that  we  dehar  omrselves  from  using  all 
legitimate'consequences  of  any  theorems  which  may  arise  from  supposed 
diminiition  without  limit,  hut  that  we  therehy  change  the  name  under 
which  we  view  the  suhject,  and  pass  from  the  Calculus  of  Finite  Differ- 
encea  to  the  Calculus  of  DifPerences  diminishing  without  limit,  or  to  the 
Differential  Calculus. 

Observe  first  the  consequence  of  forming  a  set  of  series,  each  of  which 
is  made  by  subtracting  every  term  of  the  preceding  series  from  its  sue* 
cesser ; 


a 

h^a 

b 

e^h 

c 

e^c 

t 

f-e 

f 

9-f 

9 

Ac. 

c-'26+a 

c- 3c +36— a 

/-4c+6c— 46+a,&c. 

e-2c+6 

/-3e+3c-6 

.7-4/+6e-4c+6 

/-2e+c 

^-.3/+3ff-c 

&c. 

!7-2/+€ 

&c. 

* 

&c. 

ftc 

'  Observe,  secondly /'that  when  an  operation  is  performed  two  or  more 
times  in  succession  upon  a  function,  it  will  be  convenient  to  make  a 
symbol  for  the  result  by  writing  the  symbol  of  the  single  operation, 
with  the  number  of  times  it  is  repeated  in  the  manner  of  an  exponent. 
Thus,  if  Ay  denote  an  operation  performed  upon  y^  and  if  the  operation 
he  repeated  upon  the  result,  it  will  be  convenient  to  denote  A  (A^)  by 
A'y,  and  A  (A*y)  by  A*y.  Here  A  is  not  a  symbol  of  'quantity,  but  of 
operation ;  A*  is  not  a  symbol  fAn  quantities  multiplied  together,  but  of  n 
operations  successively  performed.  . 

Let  u  be  a  function  of  «r,  and  let  Au  be  the  increment  received  by  u 
when  Ax  is  added  to  x.    This  gives 

Am  r=  ^  (a?  4-  Ai?)  —  ^x  ; 

without  proceeding  further  in  the  Differential  Calculus,  repeat  this 
operation  again.  Let  x  become  jr+ Aj:,  and  find  the  increment  of  Au. 
This  gives 

A  (A ti)  z=  [4>  (a?+ 2Ajp)  — <;fr  (r+ At]  -  |</»  (r  +  Ar)  - <^xl 
<  this  is  what  Au  becomes  >  \this  is  Am  itself.  J 
(when  x  becomes  a?+ Ar.j 

or  A««  =  0(:r+2Ar)— 2^(x+ Aa?)+0j?. 

Repeat  the  operation  again  :  when  x  becomes  <r  +  A  a?, 

A*a  becomes  0(jp+3Ar)-20(j?  +  2  Ar)+^(x+Ar) 
A»»       is      0(jc+2Ar)— 20(2?+    Ar)+<^jr; 
and  (A'u  as  changed)  —  (A'u  as  it  was)  or 

A»tf=r0(x+3Ax)-3  0(j?+2Aj')+3<;fr(x+Ajr)-0J? 

Proceeding  in  this  way,  and  supposing 
tt=0x        Vi=0  (x+ Ar)        Wi=0 (x+2Ax) .  . .  .t/.s^  (x+n  Ar), 
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).  —J^u:^0,    tt=C8in0+C'coBe+8m0/9co8dda— cose/esineda 
fecosedd=^     6 sin  e— /sin  e  (/0  =     e6inO+co8  0 

feEinddd^-ecose+fco^ode  =— eco8  0+  one    - 

M  =  C  sin  6,  +  C  COS  0  +  6  which  may  easily  be  verified. 

2.  — +u=cos0,tt=C8in0+C'co80+8in0/coB«0d0-icoB6l/8in2edd 
do*  , 

/co8«0  dd^f(i + ^  cos  20)  (£0  =  i  0  +  i  sin  20,  /sin  20 d0=  -  icos  20 

M  =  C  sin0+C'cos  0+ J  0Bin  0  +  |  sin  20  sin  0  +  icos0cos20 

=  C  sin  0 + C  cos  0 + i  0  sin  0  +  i^  cos  0 

=  C  sin  0 + C  cos  0 + i  0  sin  0.     (Explain  this  step  ?) 

3.  ^^ +«=€*>  M=Csin0+C'cos0+8in0/€*coB0d0— co80/€*8in0(l0 
du 

/5'cos0d0=6*sin0-/5'8in0d0,/fi*sin0rf0=— €*cos0+/€*co80d0 
f^co&ddd^i^  (6in0  +  COS0)    f^^mdde^^^  (8in0  -  co80) 

tt  =  C  sin  0  +  C'  COS0  +  i  £*. 
We  shall  afterwards  have  to  return  to  this  equation. 

d^u 
Show,  in  a  similar  manner,  that  —  —  u  =  X  (a  function  of  x) 

gives    M  =  Cg'  +  C  e"  +  ^  g*/  £-  X  dx  -  f  £-'/  e'  X  d x. 

We  have  placed  the  first  two  differential  coefficients  by  themselves, 
not  only  because  it  is  comparatively  uncommon  to  see  third,  &c.  diff.  co. 
in  applications,  but  also  because  we  are,  as  has  been  seen,  in  possession 
of  a  general  method  of  solving  the  inverse  cases,  or  those 'of  the  Integral 
Calculus.  That  is,  we  can  reduce  the  solution  of  m'  =  U,  or  of  t*"=U, 
to  the  finding  of  a  common  integral.  But  we  are  not  in  possession  of 
any  such  method  with  regard  to  u"  =  U,  u'*  =  U,  &c.,  and  these  equa- 
tions can  only  be  reduced  to  explicit  integration  (with  our  present 
knowledge)  in  a  very  few  particular  cases. 

_^  -,  cPjp  rf*j  d^u  d^u    „ 

Problem. — ^To  express  -^-r,  rr^,  &c.  m  terms  of -r-i»-r-^  >  &c. 

^        dvr  dur  cLb*  d.r* 

page  (153),/'=-^,     -^—^-^^-^ 

,^dt^  ,      dti' 

^  dx\      tt'V    Mtt^^«'/  tt'  '  ^' 

N  B.  In  differentiating  a  fraction  of  which  the  denominator  is  a 
power  of  a  function,  such  as  P  -^  (Q)%  abbreviate  the  rule  deduced 
in  page  52,  as  follows : — 

Differentiate  as  if  the  function  were  P-f-Q  with  these  alterations. 
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1.  After  differentiating  Q,  multiply  the  term  by  n  .  2  .  instead  of  Q* 
in  the  denominator,  write  Q*'''^ 


dx  Q"  Q*-  Q"+» 

r  _  da?"'  _  d  /3tt^^  —  u'  u"^  _  d^  /^ii"*^u'u"'\    fdx       l\ 
'^"diT^diiy         tt'»         J^dx\        u'*         )'\du''''uO 

1      1//  (6m"  tt'" - «"  tt'"  —  tt'  u'O  -  5  tt"  (3tt"«  -  u'  n"') 


—  tt'  •  u" 


uf^u^^^  \Ovfu"u'''  +  15tt''» 


tt" 


We  leave  the  following  to  the  student : 
\  _       u'*vr  —  15  »i'«  tt"  M*'  —  lOtt'*  ?^^'^'+105(tt^/"-tt"«)?/'' 


tt- 


The  problem  which  we  have  solved  amounts  to  this  :  given  u  =  0.r, 
and  therefore  the  power  of  differentiating  u  with  respect  to  jp,  required 
thediff.  00.  of  a?  with  respect  to  «,  without  the  necessity  of  actually 
inverting  the  equation  u  =  0r,  and  making  it  a?  =  "^v.  Hence,  when- 
ever Maclaurin's  Theorem  applies,  we  can  from  u  =  0j?,  not  only  expand 
u  in  powers  of  jp,  but  also  x  in  powers  of  u.  For  we  know  that  in 
every  case  where  an  infinite  series  is  admissible,  we  have  (p.  74.) 

where  by  W,(  t- J,  &c.  are  meant  their  values  when  tt  =  0.     Now, 

when  tt  =  0,  let  ar  =  A  ;  or  let  0*  =  0  :  then  (a?')  (a?'0,  &c.  can  be 
fofond  by  making  op  =  i^  on  the  second  sides  of  the  preceding  relations,  in 
which  tt',  tt",  &c.  are  all  functions  of  x.  I^et  Ai  A,  As,  &c.  be  the 
values  of*'  x"  a/",  &c.  when  a?  =  A;  then  we  have 

tt*       A     w*        A       '** 
ap  =  * +Aitt  +  As— +A,  — +  A4-273;4+  •    •    •    * 

ExAMPi-E.— Given  u  =  ax+b^  +  cj;'+ej^  +/i*+  &c.  required  a?  in 
terms  of  k. 

Here,  when  tt=0,on^*  value  of  a?  is  r=0,  and  we  will  therefore  sup- 
pose w  and  a?  to  be  beginning  together  from  being  simultaneously  =  0, 
by  which  we  shall  produce  a  series  for  a?,  which  will  be  true  until  we 
come  to   another  value  x:=^  ky  which  makes  w  =  0,  after  which  we 

•  TlieTe  may  be  (often  will  be,  we  say,  but  perhaps  the  student  may  not  have 
come  to  the  liint  at  which  this  is  proved)  an  infinite  number  of  other  values  of  x 
wUeh  wiU  make  «  =  0.  The  practice  of  assuming  that  x=0  is  the  valiw  (meamne 
the  only  value)  of  *  which  makes  «=:0  infests  elementary  works,  both  English  and 
Fmicbf  to  a  eieat  degiee.  The  consequence  is,  that  when  the  student  has  finished 
hii  danenta^  course,  he  Icarni  that  several  of  his  general  theorems  are  not  general 
atalL 
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must  take  another  series  beginning  from  the  simultaneous  values  ti  =  0, 
J?  rr  Jk,  &c.     ConBequently,  we  find 

u'  =ra+26j7+3     ex* +4        ej^+5  /r^+...,Ai=a 

m"=       26  +2.30?  +3.4    ea^+^.b       /j^+ . ..,  At=26 
w'"=:  2.3c    +2.3.4ef+3.4.6    /jf'+ . . .,  A,=2.3c 

«»*=:  2.3.4^  +2.3.4.5/r  +  ...,A4=2.3.4e 

u'  =  2.3.4.5/ +...,A»=2.3. 4.5./ 

&C.  &C.  &C. 

^^^"A.-^a*^^  ^"    A,»-      a-'^"^^-  V  «* 

A,«A4  —  10A|A,A,  +  1 5  A,»  24  a«c  — 120  oic  +  120  6» 


(*'0  =  - 


(*0=- 


A'  ^  a! 

AM*- 15  Ai*A,A4— 10  Ai«A,«  +  105  (A^A,  —  A,*)  A,* 


A,' 
_        120  g'/— 720  o»6g  —  360  oV  +  420  (Goc  —  46*)  6* 


«• 


Substitute  in  (1)  and  write  the  terms  in  a  form  alternately  positive 
and  negative,  which  gives 

1         h     .  .  26'  — ac   .      aV  — 5a6c  +  5  6'    . 

a?=-t*-~tt«  +  — -5 tt» -^ M* 

a         or  or  a? 

6g*6g  +  3aV  —  fl"/ + 7  (2  6*  —  3  oc),6« 
-f-  ,  t*  +  •    •    • 

a' 

Thusu=j?+2j^+3a^+...  gives j?=m—2u*+5u'—  l4M*+42tt'+&c. 

We  recommend  the  student  to  try  various  cases,  and  shall  proceed  to 
observe  of  this  reversion^  as  it  is  called,  of  the  series  ax  +  hj^  +  ..... 
that  n  terms  of  the  series  determine  n  terms  of  the  reverse  series,  so  that 
two  terms  of  the  latter  are  given  when  a  and  b  are  given,  three  terma 
when  a,  6,  and  c  are  given,  and  so  on.  We  now  proceed  to  another 
case  of  our  main  subject. 

Instead  of  supposing  u  to  be  an  explicit  function  of  x^  let  us  now  sup- 
pose u  r=  ^^,  J*  =:  yf/t,  so  that  u  and  x  are  not  connected  together  by  a 
given  equation,  but  by  one  implied  in  the  coexistence  of  these  equations, 
and  which  may  be  obtained  by  eliminating  L  Let  accents  now  denote 
differentiations  with  respect  to  ty  and  let  the  question  be  to  find  the 
di£f.  CO.  of  u  with  respect  to  a:,  in  terms  of  those  of  u  and  x  with  respect 
to  L 

dc  ^  dt  dx  '^'x^     d?'^  dt  \FJ  dx  ""         7^ 

dUi_x^*ix'u^' ^u'x^'')—lx'x'Xx^u'"  -tfV^O  -8(crV^^-  Sx^^x'ii^* -uW) 
dx*"^         -  -  -  ^^  , 

ExERCisB. — If  u=iat+bi^+c^+  . . .  and  «=«,  ^+6|  <■+<?!  <•+..• 
find  the  three  first  terms  of  u  expanded  in  a  series  of  powers  of  j?. 
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The  equation  u:=0ir  can  be  made  to  result  from  two  others  of  the 
form  u=yi  x^i'^t  in  an  infinite  number  of  ways;  for  assuming  x^ 
at  pleasure,  y<  can  be  found  by  determining  x  from  <px  =  xt  But 
whatever  xt  and  y[rt  may  be,  consistently  with  uznxt  and  •r=Y'<  giving 
u^ipx^  the  function  (j/  tt"— mV)-5-j/'  will  always  be  the  same  func- 
tion of  ;r,  being  always  -— .  Thus  u  s=  "v  j?  follows  from  any  case  of 
the  following, 

u  =  x<    *  =  (xO*.  giving  W  =  j^t,    u"  =  x"'> 

**=  3  (xO*  )iU      "•'  =  3  (xO*  x"<  +  6x<  (X'O*.  or 

'^  _  3 (xty'X'tx"t  -  yji {3(x<y-x"<  +  6x<(x'0'} 

<^  ~  {  3(x0'  X't  }• 

:==—-.-  a:~t,  the  same  as  from  u  =  Vj.^ 


(: 


27    (xO*  3  3 

ExBRCisB.     If  u  be  a  frmction  of  f,  i  of  v,  and  v  of  a?,  show  that 
c^  _  d^  </*•  rfi;'        d^  du  dw*        dw  rf/   eft; 

and  verify  this  in  the  case  of  u  =  ^,  <  =  t;^,  17  =  ^7*.    To  avoid  the 

inconvenience  of   parentheses,   it  is  usual  to  write  nrs    instead   of 

dor 

rfuV 

dx)  ' 

We  now  resume  the  supposition  (page  151)  of  there  being  several 
variables  independent  of  each  other.  To  take  the  simplest  case,  let  us 
suppose  u  =  ^  (x,  y).  We  have  established  all  that  is  necessary  re- 
specting successive  differentiations  made  on  the  supposition  that  x 
becomes  >r  +  Ax,  j;  +  2A  x,  &c.  in  succession  while  y  remains  constant, 
or  that  y  becomes  y  +  Ay,  &c.,  while  <r  remains  Constant.  But  we 
have  as  yet  said  nothing  of  difierentiations  in  which  first  one  and  then 
the  other  is  supposed  to  vary. 

The  diff.  co.  with  respect  to  j:  is  written  -7-,  and  that  with  respect  to 

jly  -r-.     Bui  we  cannot  loo  emphatically  remind  the  student  not  to 

extend  the  analogies  which  (page  54)  have  been  shown  to  exist 
between  diff.  co.  and  algebraic  fractions  when  all  the  variables  are 
connected^  to  the  case  where  there  are  vanables  independent  of  each 
other.  In  the  present  case  y  may  vary  independently  of  a?,  and  xofy; 
the  variation  of  u  takes  different  forms  according  to  the  different  sup- 
podtions.  Hence  Au  springing  from  a  change  of  x  into  Ar  is  altogether 
a  difl^rent  function  frx)m  ^u  which  comes  from  changing  y  into  Ay.  If 
we  have  occasion  to  use  them  together,  we  must  invent  a  symbol  of  dis- 
tinction :  but  since  we  want  nothing  but  diff.  co.  or  limits  of  ratios,  the 
apparent  denominator  is  sufficient  distinction. 
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dfi  -       '  •     •• 

When  we  see*—,'  W6  know  that  it' was  the  vsHatidn  of  x  which  made 
ax 

the  variation  of  u  by  which  this  fraction  was  obtained. 

Similarly,  as  to  second  diffepences,  A*a  may  either  represent  the  dif- 
ference {x  varying)  of  the  difference  {x  also  varying) ;  or  the  difference 
(y  varying)  of  the  difFerence  (.r  varying)  ;  or  the  difference  (r  varying) 
of  the  difference  (y  varying) ;  or  lastly,  the  difference  (y  varying)  of 
the  difference  (y  varying).  In  all,  A*m  is  the  difference  of  the  differ^ 
ence^  but  to  each  repetition  of  the  word  difference  a  supposition  is  im- 
plied as  to  the  maniler  in  which  the  difference  was  obtained.  The  two 
cases  in  which  the  variable  is  the  same  in  both  haye  been  already 
treated,  the  only  difference  being  in  the  notation.  For  whereas  hitherto 
there  has  been  only  one  quantity  which  does  or  can  vary,  we  must  now 
introduce  another  quantity  as  a  possible  variable,  but  which,  so  long  as 
it  does  not  vary,  has  all  the  properties  of  a  constant.  Thus  hitherto  we 
have  included,  for  instance,  2cx  —  j?*  under  the  general  symbol  0f  : 
whereas,  in  future,  if  we  mean  to  imply  that  we  are  at  liberty  to  make 
c  variable,  we  shall  write  it  0  (j,  c).  Thus  A^  (j?,  c)  =  ^  (j?  +  Ax,  c) 
—  0  (<r,  c)  is  an  equation  of  the  same  force  and  meaning^  as  A0x= 
0  (x  +  Ar)  —  0jr,  with  this  addition  only,  that  we  remind  the  reader 
of  the  quantity  c,  which  might  have  varied,  had  Ve  thought  fit,  but 
which,  in  the  preceding  equation,  does  not  vary. 

.  We  shall  take  A*u  where  w  =  0  (.r,  y)  on  the  four  possible  suppo- 
sitions 

when  X  only  varies     Am  =  0  (x+  Ax,  y)  —  0  (jr,  y) 

when  y  only  varies     Am  =  0  (x,  y +Ay)  —  0(r,  y) 

X  varies  twice, 

A*M=0(j?+2Ax,  y)-20(j+Ar,y)+0  (or,  y) 

X  varies,  then  y, 

A"M=0(i?+Ar,  y+Ay)-0(j?,  y+Ay)  -0(jp+Ax.  y)  +  0(x,  y) 

y  varies,  then  x, 

A*tt=0(x+Ar,  y  +  Ay)-0(j^4-Ar,y>-0(a:,y+i£iy)  +  0(r,y) 

y  varies  twice 

A»M=<}>(ar,  y+2Ay)— 20(07,  y+Ay)-h0(x,  y), 

the  second  and  third  of  these  are  the  same:  that  is,  in  a  second  dif- 
ference, formed  from  one  variation  of  x  and  one  variation  of  y,  it  is 
indifferent  which  is  supposed  to  vary  first.  From  this  it  may  be  shown 
that  the  order  of  the  suppositions  as  to  variations  when  these  variations 
are  altogether  independent  of  each  other,  is  itself  immaterial.  For  a 
moment  let  D  and  A  refer  to  x  and  y.  Then  A  (Dm)  =:  D  (Am),  in 
which  it  is  usual  to  omit  the  brackets.  Then  AADm  =  AD  Am  or 
AA.Dm  =  AD  (Am)  =  DAAm,  that  is  A*. Dm  =  D.  A'm,  &c.  &c.  Ge- 
nerally A^.D'm  =  D*.  A^'u. 

Let  us  now  expand  each  term  of  the  differences  by  Taylor's  theorem, 
applying  the  theorem  of  Lagrange  (page  73)  at  the  second  differentia- 
tion. 

Let  Aj7  =  ^  Ay  =:  ^,  and  let  differentiation  with  respect  to  x  only, 
to  y  only,  be  denoted  by  an  accent  above  or  below :  while,  when  there 
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tie  two  differentiationg  with  different  variableB,  the  one  which  is  made 
fint  has  its  accent  in  parentheses.    Thus 

0(*  +  Ar,y)  =  ^(*,y)+^'(j,y)A+f' («  +  flA,y)^     e<l 

«*,y+Ay)  =  0(x,y)  +  *,  (*.  y)  A  +  ^,,  (r,  y  +  XA)  j    X  <  1. 
In  the  first  write  y4-^3^  for  yi  <^nd  develope  the  two  first  termw 

0«<i). 

A* 
Wx+Ar,y+Ay)=^x,  y)+^,(*,y).A+^«(«,y+XA)  - 

+»;*'(*,  y)+*,<''(:r.y)*+*»"'(*,y+/'*)5}  +0"(*+«/».y+*)  ^. 

From  the  lait  increased  by  4>  ('«  y)  subtract  the  sum  of  the  two  pie* 
ceding,  which  gives  tfu  (where  both  x  and  y  vary  once) ;  or 

AA* 
A«tt=0,<''  (*,y).«+*«"(x,y+/iA)  — 

+  ^  {«"(«+»A,y+A)  -  ^'(x  +  flA,  y)}. 
But^  (*+eA,y+A)— *"(«+tfA,  y)=0/'«(«+eA,y+t)A).A,  »<!, 
Divide  both  aides  of  the  preceding  by  Ar.  Ay,  and  we  have 

~-=  « W(x,y)  +  **„« (*,y+/i*).*+ W'(x+eA,  y+i»A)  .  A, 

ia  which  if  we  suppose  &  and  k  to  diminish  without  limit,  we  have 

If  we  had  proceeded  in  the  same  way,  with  the  exception  only  of 
nbstitutjne  x-h  Ar  in  0  (x,  y+^)  instead  of  y+ Ay  in  ^  (a?  +  Ar,  y) 
vc  should  nave  found 

i^»*«f^=  *"«(',  y)  =  j.ijy'^^^'  y))' 

vboe  in  the  first  we  have  tfu  {x  varies,  then  y) ;  in  the  second  A*tt 
(jr  Tsries,  then  «).  But  these  two  are  always  the  same,  and  therefore 
the  first  sides  are  identical,  being  limits  of  the  same  function.  Hence 
tk  leomd  sides  are  the  same ;  or  when  two  differentiations  are  per* 
fimiied  with  respect  to  two  variables  independent  of  each  other,  the 
Oder  is  immaterial. 

,    .  du"        •  du  t 

For  instance  «  s=  s^  sin  y    -j-  =  «*^.  2r.sm  y     —  =r  g*  .cosy 
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du  du 

ax     ''  ay 

Now,  as   -j3  is  60  denoted^  because  though  originally  obtained  thus 

d  /du\  A'tt 

-j-l  T-  J  9  it  is  shown  to  be  the  limit  of  ;    in  like  mapner    let 

1-  {  -r—  )  be  denoted  by  - — ;-,  because  it  is  shown  to  be  the  limit  of 
dy\dxj  ^   dydx 

-  — T— .  And  if  we  place  on  the  riirht  hand  the  increment  of  the  va- 
Ly  Lx 

riable  with  respect  to  which  differentiation  first  takes  place,  we  may 
express  that  the  order  of  the  differentiations  is  indifferent  by  the  follow- 
ing equation, 

d^u    _     dPu 

dydx^dady' 

In  a  sinular  way  it  may  be  shown,  1.  That  A*"'*'"!/,  where  x  varies  m 
times,  and  v  varies  n  timet,  is  the  same  in  whatever  order  the  variations 
may  be  made ;  and  also  that  m  differentiations  with  respect  to  <r,  followed 
by  n  differentiations  with  respect  to  y,  in  whatever  order  they  may  be 
made,  will  give  the  same  result,  namely,  the  limit  of 

-^j^j^-,  which  limit  we  represent  by  ^^^5-^. 

But  it  will  materially  facilitate  the  transition  from  ^{x)  to  ^(jr,  y), 
where  x  and  y  are  independent,  and  both  vary,  if  we  pass  through  the 
case  where  y  is  a  function  of  .r.  In  that  Case  we  have  the  partial  diff.  co. 
(page  91)  just  considered  and  the  total  diff.  co.  connected  together  by 
ike  ^quatidn 

d»u  ^  du        du  dy 
dx         dx        dy  dx' 

dy 
Repeat  this  process,  (remember  that  -p  does  not  contain  y) 

d^.u  ^  d_/du      du  dy\       d  /"du      du  dy\  dy 
dj^  ^dx\dx'^d^dx)'^dy\dx'^dydx)'dx'  . 

-:  ^^^        ^"     rfy     du  dHf       d^u  dy     c^tirfy*   ., 
"^  dj^      dxdy'  dx     dydj^'^  dxdydx      dy*'£?*  ' 

J.ti  __d^u  dhidy      d^udy*      dud^y 

^       da^'^ds^  dxdydx'^d^di^'^dydj^'' 

If  we  take  the  simple  relation  yz=:ax  +  b  wehuve  the  following : 
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d.u  ^du       du 
dg  ^dx       dy^ 

djfd^^   dxdy 

•2-+^«'' 

^•tt     d*tt        A< 

^.tt     d^        d^u 

(A) 

tlie  law  of  which,  and  its  connexion  with  the  binomial  theorem,  is 
obvious. 

Now 'apply  Taylor's  Theorem  with  the  theorem  as  to  its  limits  to  the 
expansion  of  f  (^  +  ^,  y  +  ^y\  y  +  ^y  being  a(j?-|-^x)  4*6,  and  let 
U^^  be  the  nth  total  diff.  co.  just  obtained.    This  gives  (^  =  A). 

*(x+Ar.y+Ay)=«+^A  +  g'^+ +U<$.,^^(B). 

To  expand  the  last,  observe  that  if  ^[5^  (or,  y)  represent  the  pattisl 
(fii+n)tb  di£L  co.  in  which  ^  varies  m  times,  and  y  n  times,  we  have 

TJS*.r+«-*-  ^(*+^*»  y+^«*)  +  */•"'  (J?+^A,  y+^aA)wa  + 

Sabalitate  in  (B)  from  the  set  (A),  which  gives,  making  ah  or  ^^k^ 


ft 


d*u 


*^+->"+25:(b-)(^*'-'+-) 


+  the  result  of  writing  «+^A  for  <r,  y +0A  for  y,  in 

2.3...nf(ia;^  da:^-%  ^  dy"      J' 

vhich  equation  contains  j:,  y.  A,  and  ^,  and  not  a  or  6.  But  it  is  true 
far  all  values  of  a  and  6,  that  is,  true  for  all  values  of  y  and  A.  Con- 
iKqiuently  this  equation  is  always  true  whether  y  be  a  function  of  or  or  not. 
A  theorem  of  the  same  sort  may  be  found  for  a  function  of  x,  y,  and  z^ 
by  making  y=a.r+At  «=ej?+/,  and  proceeding  in  the  manner  above. 
fiat  the  following  consideration  will  tend  to  fix  the  method  in  the 
memory,  as  well  as  to  introduce  a  remarkable  view  of  the  subject. 

If  there  be  a  number  of  operations  successively  performed  upon  Ut 
denoted  by  Ai,  A,,  ftc,  and  if  they  be  all  of  what  is  called  the  con- 
vertible kind,  namely,  if  A,  performed  upon  A^ti  gives  the  same  as  As 
led  upon  AiU ;  and  also  of  the  distributive  kind,  by  which  we 
that  At  (a  4*  A  —  c)  is  the  same  as  Ai «  +  Ai  6  —  Ai  c,  &c. ;  we 

M  2 
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may  for  every  such  Bet  of  operations  invent  a  new  algebra,  or  bIiqw  tbat 
the  old  one  has  been  more  than  necessarily  limited,  as  follows.  If  reexa- 
mine the  processes  of  algebra,  we  find  that,  so  far  as  the  juxta-position 
of  letters  is  concerned,  whether  by  multiplication  or  division  (which  is  a 
case  of  multiplication)  it  is  the  converUbilify  and  distributiveness.  of 
the  operation  denoted  by  ah  which  gives  the  form  of  all  processes  after 
addition  and  subtraction.  Let  us  suppose  we  know  that  a,  6,  &c«  are 
magnitudes,  and  that  we  assume  addition,  subtraction,  and  the  rule  of 
signs.  But  let  us  not  be  supposed  to  know  anything  of  the  meaning  of 
tUf  except  this,  that  whatever  it  be,  it  is  the  same  as  ba^  and  also  that 
a(6dbc)  and  ab  ±  ac  must  mean  the  same  things.  That*i8,  let  ua 
assume  ab  to  be  1.,  some  magnitude  in  its  result  2.  obtained  by  a  double 

operation  of  a  convertible  and  distributive  character.    Again,  of  -r    let 

a  a 

us  know  nothing,  except  that  -zb  or  6  -  means  a.    Then  all  the  rest 

of  algebra  follows  in  the  same  forms  of  expression  as  when  ab  means 
multiplication.    For  instance, 

(a  +  ft)  (c  +  cT)  means  («  +  6)  c  +  (a  +  6)  d^ 

of  which 

(ji'\'h)c  means  c  (a  +  ft)  or  ca-\nih^  and  (a+ft)  d  means  oii  +  &d^ 

and  so  on.  Now  among  the  operations  which  are  convertible  and  dis- 
tributive we  have  1.  successive  differentiations  with  respect  to  the  same 
variable, 

dA^d?)^d^F^''d?\^)*     d^^"'*'*'^'^  Ji=  ■*■  d^* 


2.  Independent  difierentiations ;  for  instance, 


d  du         d  du  d  fdu        dv\  d^u  d*» 

dx  dy        dy  dx  dx  \dy        dx/        dx  dy         dx*' 

3.  Differentiation  and  multiplication  by  a  constant, 
and  the  same  for  finite  differences.  Now  consider  the  theorem 

J 

.    .  ,   du  .    ^  d^u  h^    ,  chi   h*    , 

«  +  Au=«+^.A  +  --  +  ^,-+  ..... 

We  make  a'  step,  the  details  of  which  the  student  cannot  follow, 

further  than  to  show  the  coincidence  of  some  of  its  results  with  those 

•  already  obtained.     We  assume  all  the  formulae  of  common  algebra  in  the 

Gi^e  of  convertible  and  distributive  operations.  The  last  equation  (looking 

merely  at  the  operations  performed  on  u,  and  considering  diflferentiation 

with  respect  to  cr  as  an  operation  whose  symbol  is  -r-,  which  for  a  mo- 

dx 
ment  we  call  D)  is 
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the  laftt  symbol  mnBt  be  to  tbe  student  at  present  a  symbol  of  abbre* 
Tiation,  derived  from  looking  at  the  expansion,  and  remembering  what 
it  would  be  if  D  were  a  quantity.  That  is,  if  we  treat  A  and  D  as 
quantities,  in  the  equation  (1  +  A)tt  =  e^'^.Uy  until  the  expansion  of 
both  sides  is  made,  and  u  replaced  after  A  and  D,  D*,  &c.,  and  if  we 
then  restore  to  A  and  D  their  meaning  as  symbols  of  operation,  we  have 
a  true  result.  Now  let  A'  and  DC  imply  a  di£ference  and  diff.  co.  with 
respect  to  y,  and  we  have  accordingly  (Ay  =  k) 

ii  +  A«  +  A'(«  +  Ai/)  =  tt+AM  +  D'(u  +  Att)*+ .   .   . 
or  collecting  operations  as  before, 

(1  +  A') (1  +  A) tt  =  g°'-^(g^*)  u  =  £^'*+°*',ii ; 

the  kst  result  being  that  which  would  exist  if  D  and  D',  &c.  were 
quButities.  Let  us  try  the  same  mode,  namely,  treat  D,  A,  &c,  as  quan- 
tities until  the  development  is  completed^  and  then  restore  the  original 
meaning.    We  thus  have 

(l+A)  (1+A0tt=  {1  +  (D^  +  D'k)  +  i(DA  +  D'A)«  +  . . .}  u 

==  tt+7iDtt+Ajytt+i  (A*D»tt  +2A*DD'u+**D'*u)  +.. 
which  evidently  agrees  with,  the  expansion  in  page  163. 

We  shall  now  follow  the  preceding  method  freely^  in  order  to  show 
that  its  results  are  true.  Firstly,  what  should  A*"^  mean,  or  -  ,  consi- 
dered as  a  symbol  of  operation  ?  By  definition  A  (A'^x)  means  x,  or 
ifAtt  =  i,  11=  A"'*. 

But  Afx  =if{x+  Ar)  —  f  (d?),  and  if  A0 j? rr  yj?,  we  find  that 
the  following  is  one  solution,  if  not  the  only  solution,  of  A^^r  =:  yj/x. 
fx  =  C  +  Y^(j:  —  Adf)  +  Y^(a:  —  2  Ar)  +•  '••ad  infinitum^ 

which,  by  changing  x  into  x  +  Ar,  and  subtracting,  gives  A^  a?  =  fx; 
C  being  any  constant  whatsoever.  This  we  have  introduced  merely 
to  show  that  the  relation  in  question  is  capable  of  being  satisfied ;  what- 
ever the  geueral  solution  of  the  equation  A^<r  =  fx  may  be,  let  it  be 
denoted  by  0x  ^  A~*  fx.  We  proceed  by  assuming  that  the  form  in 
which  the  binomial  theorem  enters  remains  true  when  we  make  the 
exponent  negative  and  =  —  1,  and  we  obtain  the  following,  in  which 
the  first  side  of  the  final  result  is  a  symbol  to  be  explained,  the  second 
side  (if  the  peculiar  assumptions  we  are  considering  lead  to  no  error) 
admittiog  of  explanation. 

A  =  «~—  1  A-  =  (ff~  —  !)•  A-»  =  («~  —  1)-', 

or  A-»tt=  (ff^*-l)-».w. 

If  our  process  be  correct,  the  expansion  of  the  second  side,  in  powers 
of  D  as  a  quantity,  and  the.  subsequent  restoration  of  the  meaning  of 
D^,  shoula  give  an  explicable  result.  That  it  will  do  so,  we  shall  show 
in  a  Bubeequent  part  of  the  work ;  at  present,  we  shall  take  an  instance 
we  can  more  easily  verify. 


1  +  A  =  €",  we  have  DA=:  log(l  +  A)    ADit  =  log  (1  +  A)tt. 
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On  expanding  the  second  Bide,  and  restoring  the  meaning  of  AV^  wb 
have 

,  du 

A;t- t=  A«— iAN*  +  t  A»tt  — iA*tt+ 


djc 


We  may  easily  verify  this  result  on  particular  cases.  Thus  when 
1*  =  a:*,  Att  r33jr«A  +  Sxh*  +  h\  A«u  =  3A (2xA  +  ^i* )  +  3A*,  A^u 
=  6A«,  A*u  =  0,  &c. 

Att  -  i  A»M  +  i  A"u  =  Bhx",  which  is  also  A  ^. 

ax 

We  may  now  consider  ourselves  as  having  advanced  hy  the  route  of 
analogy  to  a  theorem  which  we  should  never  otherwise  have  suspected, 
hut  of  which  we  have  not  yet  got  demonstration.  But  having  the 
theorem^  it  is  easy  to  furnish  a  demonstration*  Firstly,  we  shall  show 
,  du 
that  -T-  may  be  expanded  in  a  series  of  the  form  of  A  Au  +  B  A'u  +•.. 

The  accents  denoting  differential  co-efficients,  we  have 
Au=u'A+M"~  +u'"il+.   .... 

Take  the  difference  A  of  both  sides,  which  gives  AVas  AAu'  + 
iA'Ati'^  +  .  .  .  and  in  place  of  each  term  write  its  corresponding 
series  derived  from  using  the  theorem  just  given  wiUi  u'^  u",  &c.  This 
gives  for  A*  u  a  series  of  the  form 

A«tt  =  tt"A«  +  Mu'"A»+ Ntt»'A*+  .   . 

Repeat  the  process,  writing  for  A  iif\  &c.  their  values,  and  we  have 

A»tt=:u'"A«+M'tt'^A*H-N'tt^A*+ .   .    • 

and  so  on ;  where  M,N,  M',  &c.  are  specific  fractions  determined  in  th^ 
process.  Substitute  every  one  of  these  in  the  series  A  Au  +  B  A*tf  + 
C  A'u  -)- and  we  have 

A^^tt'A  +  u"!  +tt'"^+  &c.^4-B(i*"A«+Mt«"'A'+  &c) 

+  C(u"V  +  ....) 

dtt 
which  can  be  made  identical  with  A-— -byAsl,    iA  +  BsO. 

ax 

r-^ A4~MB  +  C  =  0,  &c.     It  is  not  necessary  to  determine  any 

term,  for  as  soon  as  we  know  that  any  form  of  Au'  can  be  expanded 
into  A  Au  +  B  A*  u  +  ....  where  A,  B,  &c.  are  independent  of  the 
function  chosen,  and  of  A,  we  can  immediately  find  a  function  which 
ahall  point  out  what  these  co-efficients  must  be.  Let  u  =  (1  +0)',  and 
let  A  =  1 ;  then  we  must  have  Au  s  (1  -f  a)'. a  A^i  =:  (1  +  aY-aS^ 
&c. 

(1 +«)•  log(l +a)  =r  A  (1 +«)'.  tf +B  (1 +«)•  a«  +  0  (1 +ay.  fl^+.... 

or     log  (l+a)  =  Aa+Ba*+Ca«+  ...•  =  0— Ja*  +i^a'+ 

whenceA  3=  1,    B  s:  -<-  ^,    G  s  2^  &c* 
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Let  the  Btadent  now  interpret  the  fbllowing,  and  Terify'  the  seooiid. 

4  4  4^ 

^(P0=^(1+^)P,    ^..(Po=^(i+-^Jp. 

By  D''  ^(j~)   fWeareto  mean,  by  definition,  a  function  such 

that   D  (D"'u)  =  ti,  ^^^jjz  •  "T^i  =*=  **»  whence  (  ;t-  )    «   i»  ywA?* 

Let  us  apply  this  to  the  last,  and  see  whether  we  can  derive  a  verifiable 
theorem  from 

Thia  may  be  immediately  verified  by  parta ;  thus 

We  shall  conclude,  for  the  present,  with  another  remarkable  instance* 
Taking  Taylor's  Theorem,  and  changing  h  into  —  A,  we  have 

*(«--*)  =  4^  -*'«*  +  *"*  ^'  -  <t/^'w  J^+4^^j,^^^&c 

As  A  may  be  anything  whaterer,  let  it  s=  jr,  ktxd  a  simple  transpo- 
sition giTea 

>x  =  ^  (0)  +  ^*  *  -  ^"«  I  +:*"'x  ^  ~  &c. 

or  ...  da  J^  a*   .  ifu    «•        . 

whefe  (tf)  is  the  value  of  u  when  x^O.    As  this  is  true  for  all  Amotions, 
substitute  the  nth  difiF.  co.  of  u  instead  of  u,  and  we  have 


Try  this  when  n  s  —  1,  on  the  suppositions  hitherto  employed. 
Then 

Here  we  must  ask  what  ;r-^  means  ?     Since    in   the  method  by 

which  these  extensions  are  made  the  symbol  D  is  used  as  a  quantity 
until  the  end  of  the  process,  D^  will  not  occur  except  where  it  is  unity, 
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when  XM)n8idere^  as.  a  quantity.  Hence  u  itself  is  D^u;  but  we  will 
make  the  theorenif  just  obtained  the  test  of  the  correctness  of  this,  so  far 
as  one  instance  can  be  a  test.  If  we  assume  the  point,  we  have  on  one 
side  J'ltdx  —  (^Judx)  or  J'vdx  —  its  value  when  x:=^Oy  that  i%J*^udx. 
And  thus 

r,  •  du  *«        d*U  3^ 

-^^  dx2         dj^2.3 

which  is  called  John  Bernouilli's  Theorem.    It  is  ▼eritied  thus : 
fudx  =2  tt*  —  fxdu  =  tM?  —    /  —  xdjF, 

^  du  3^  /*x*  d     du    . 

^  ^  ^  dx    2       J  ^2  dx    dx'   ^* 

du  a^         d^u    a^  HPu    «■  , 

=  ^^^5^2  +  5? -2:3  ""Jd?  2:3 '^•*'- 

We  have  not  yet  applied  the  great  principle  of  the  convertibihty  of 
independent  differentiations  in  any  problem  of  primary  importance :  but 
we  shall  now  proceed  to  establish  what  are  called  Lagrange's  and  La- 
place's Theorems.  They  are  contained  in  the  following : — Given  F«r, 
ff)Xy  and  yj7,  and  the  condition  that  u  must  be  such  a  Unction  of. «  and 
r  as  is  implied  in  the  equation 

tt  =  F  (^  +  0?  4^u) 

Required  the  development  of  Y^  in  powers  of  x. 

Since  '^  is  to  be  developed  in  powers  of  <v,  and  since  it  must  be 
(with  u)  a  function  both  of  x  and  z,  the  co-efficients  of  the  development 
will  be  functions  of  2,  and  considering  x  alone  as  variable,  we  have 
(pagc74) 

♦«= (w+(^)..+(^)'j +.....  (1). 

where  the  brackets  indicate  the  values  when  <r  .=  0.  The  determina- 
tion of  these  is  the  point  on  which  the  solution  now  depends ;  and  the 
consideration  by  means  of  which  we  succeed  is  the  following.  When 
a  function  is  to  be  differentiated  with  respect  to  j?,  and  x  is  then  to  be 
made  =  0,  we  have  a  result  which  can  only  be  indicated,  Unless  the 
function  be  explicitly  given.  For  if  we  made  j  r=  0  before  differen- 
tiation, we  should  only  have  a  paiticular  value  of  the  function^  or  a  con- 
stant. But  when  we  have  to  differentiate,  and  then  to  make  a  constant 
s=  0,  these  operations  are  convertible,  and  either  may  be  done  first. 
Thus  to  differentiate  <t^x  +  c^x,  and  then  to  make  c  :=  0.  is  to  take 
^'j?  +  cx'j?,  and  then  ^'x.  If  we  invert  the  order,  we  first  reduce 
^<r  +  ^  J?  to  ^jr,  and  then  take  <l>'x.  Accordingly,  if  we  can  express  the 
diff.  CO.  of  u  with  respect  to  x  in  terms  of  those  with  respect  to  z,  then  as 
in  the  latter  case  x  h  s.  constant,  it  niay  be  made  =  0  before  the  dif- 
ferentiations. We  proceed  with  the  problem  as  thus  reduced,  which  is 
simply  this : — Given 

i»=  F  («  +  JP^w). 


or 
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to  express  -^r^r  ^^  terms  of  diff.  co.  of  U  with  respect  to  z  only,  IT 

being  any  function  of  «  (remember  that  x  and  z  are  independent). 
Let 

,  ,  _     d«      d¥v  dv       du       dFv  dv 

dv       .  d4>u      ,   .       d4>udil 

—  =  1  +  ;c  — -—  s:  1  +  5?  — 9 

dz  dz  du  dz 

rfa  ^  ^    dz  /      dz        1  —  j:0  u  F't? 

dx  dxj     dx        1  —  J9ttF'i7 

whence  it  is  plain  that .  -r-  =:  4ni  -j— , 

a  result  independent  of  the  function  F.  See  pages  63,  64,  where  it  is 
shown  that  an  equation  between  partial  diff.  co.  may  be  true  for  a  whole 
das*  of  functions. 

,^       du      ^  du       '  dVdu       ^    dVdu         dU        .    dV 
If       —  =2  Qfu  ' — •  then  T — r—  2s  <Du  —  — ■    or  —  Z2  0u  —  • 
dx     ^  dz'         du  dx       ^  du  dz     ""^  dm        ^  dz 

4fu  -7-  is  a  function  of  u :  and  is  therefore  the  diff.  co.  of  some  function 
du 

efU,  say  of  V;  then 

dx  du  dz  '~'  du  dz"^  dz^ 


£U 
dx 


'^^  dxdz^   dzdx  ^  dz\^  dz)' 


dz\^  du  dz)       dzKy*^^  du  dz)        dz  V^'    dz)' 

rfU  dU 

ibr  the  equation  y-  =  0tt  -^  is  true  of  all  functions  of  i/. 

T^  r^x.^'U        dV     .       cPU       d/dYdu\       d    dV 

"  dx"^  dz*'    dji"  '^  dx dz^  ""  dz*'  dx 

d"  /,     dT\        d»  /  .    dV  du\        d"  (,^  ,,  dU  du\ 

'^d;i^\^''d;rji^\^-di 


dx» 


= ^  (<*•)•  f>  ■ 


1 
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To  give  the  general  law,  let  ^^  =2  dF^A^^^  dz} 


<f^*U  _  rf  rf*V  _  d'    dV 
cbr*-^  ^  dx  d:^  '^  dz^*  dx^dz 


ix"  y^  dxj 


=  £(*-SS)=^K'S^)=S(<»«)-S). 


But  this  law  has  been  proved  to  hold  true  aa  far  as  the  third  di£  eo. : 
therefore  it  is  true  for  the  fourth,  &c. 

We  have  now  ezpreaaed  diff,  co.  with  reapect  to  ;r  in  termi  of  thoae 
with  reapect  to  z ;  and  making  «r  ==  0  on  both  aidea,  and  taking  fu  as 
the  function  repreaented  by  U,  we  have 

(T?)=(^.{<*"'-t=})' 

but  on  the  aecond  aide  we  may  make  «  s:  0  before  differentiation.  Now 
when  «r=  0,  z  +  x<pu  becomes  Zy  and  v  or  F  (2  +  jyfu)  becomea  Fa. 
Consequently, 

(y«)is1f.F*and(^)    or    (^«^)    is     fF,.^, 
and  generally 

Hence  by  aubstitution  in  (1)  we  have       # 

which  is  Laplacb's  Theorem.  If  we  take  the  particular  case  of 
Fj?  =  J?,  or  u  =2  2  +  J?0u,  we  hate 

which  is  Lagrange's  Theorem.  The  most  simple  case  of  this  is 
where  yfniszut  Y^t£=l ;  in  which  case  uszz+^o^^  ^ve^ 

d  X*        d*  a^ 
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Taylor's  Theorem  is  a  particular  case  of  that  of  Laplace,  as  foUows : 
let  0u  be  a  constant  =:a,  and  let  yu=su;  then  u=:F  (z+ox),  and 

„         dFz  .cPFzj:"         ,cPF«    a^ 

.  «=F,+a -^  .  .r  + 1.'-5^  2  +  a* -^  -  +  &c. 

and  making  or  =  A  we  have  the  well-known  development  of  F  («+A). 

ExAUPLM  1.     u  3s  sin  {z+x^);  required  log  u  ? 

Fj:=8ui  i*,    0J?=  «•,    V^a:=log  x    0F2=:f  •*• ' , 
ii>//  F^         d  (log  sin  2) 

-5r=  — df —  =  """• 

d  3!^     d^  t^ 

togtts=logBin«+f '-.cot  A.j?+ -J-  («■•»»•  cot  f)r-  +t-.(«'"^'  «ot «)  ;r-;;+ 

cU  ^      <tr'  2.3 

and  the  differentiations  only  remain  to  be  performed. 

ExAMPLS  2.    u  3=  21  +  ^  sin  u ;  required  2  tan*^  (a  tan  u). 
This  is  a  case  of  Lagrange's  Theorem,  or  Ftt=:u ;  ^u=Bin  u, 

-*        I  r  N     f  /  '2  a  2a 

^r:2tan~Matan;r),   \J/jjr  =  --; — r .   r- =  z — t": r-r-r- 

^  V  y»   T         i  +  a«tan««       cos ««       l  +  (a«-l)8in»jr 

«        w  N  **.       w  N        2a  Bin « 

2tan"\atantt)=2tan"Yatan«)+; — r-i— rr.  •  .« 

X+(a*-l)8m"« 

<i  /        2a  sin  'z       \  it* 

'^rfiVl  +  (aP-l)8inV^'^  •••  • 

ExAMPLiC  d.    K=2  +  •I?  sin-  u ;  required  u, 
«  =  *+«ii  *.x  +  ^  (sin'*)  -  +  ^(BiDz)».  —  + 

The  student  must  not  believe  that  theorems  have  been  invented  or 
perfected  by  the  methods  in  which  it. is  afterwards  most  convenient  to 
deduce  them.  The  march  of  the  discoverer  is  generally  anything  but 
on  the  line  on  which  it  is  afterwards  convenient  to  cut  the  road.  WaUis 
made  a  near  approach  to  the  binomial  theorem  in  trying  a  problem 

which  we  should  now  express  by  the  question  of  finding  yo'  (oP— x*)*djr. 
Newton,  following  his  steps,  did  what  amounted  to  expanding  the 
preceding  in  powers  of  x,  and  afterwards  found  that  the  expansion  of 
(a+f)^  was  involved  in  his  result  In  the  case  of  Lagrange's  theorem, 
Lambert  (of  Alsace,  died  1117),  in  endeavouring  to  express  the  roots  of 
some  algebraic  equations  in  series,  found  (for  his  particular  case)  a  law 
resembUng  that  which  we  have  just  developed.  He  published  his 
results  in  1158,  and  Lagrange  generalised  them  into  the  theorem  which 
bears  his  own  name.  Finally,  in  the  Mecanique  Celeste  Laplace  made 
a  still  further  extension. 
We  now  proceed  to  the  consideration  of  singular  values. 
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Chaptbr  X. 

ON  SINGULAR  VALUES. 

* 

By  a  singular  value  we  mean  generally,  that  which  correBponda  to 
any  form  of  the  function  which  cannot  he  directly  calculated ;  and  the 
only  way  in  which  we  shall  say  the  fimction  has  a  value  at  all  in  such 
a  case  is  this :  if  a?  =  a  give  a  nngular  form  to  the  function,  then  the 
limit  of  the  values  of  the  function  when  x  approaches  without  limit  to 
a,  is  the  value  of  the  function.  That  it  cannot  have  any  other  value,  is 
readily  proved  by  the  process  in  pages  21,  22,  and  perhaps  a  proper 
method  of  considering  the  symbols  0  and  a,  as  bearing  a  tadt  reference 
to  the  manner  in  which  they  are  obtained,  might  render  it  easy  to  say 
in  absolute  terms,  that  the  singular  forms  of  functions  have  values*. 
But  with  this  question  we  have  here  nothing  to  do ;  our  object  being  to 
find  the  limit  towards  which  a  function  approaches,  as  we  approach  the 
singular  form.  The  language  used  will,  for  abbreviation,  be  that  which 
calls  the  limits  so  obtained  values  of  the  singular  forms. 

The  most  obvious  singular  forms  are, 

0     ^  *       >^      ^*«  0  *•  ,*"    « 

~,Oxa,     -  ,    (r,     0     ,      oc   ,       a    ,     oc  — oc,     1     ,  &c. 
u  X 

Thus  with  reference  to  forms  merely,  x^=ia  gives 

sf—a^      0      ,  N     ^/  \      /v  cosec(jf-a)       oc 

-i :  =  ;:»    (x  -  a)  cot  («  — a)  =  0  x«,      .     . r=— » 

jf»  -  a»      0  cot  (j:  —  a)        oc 

(^      )*~*  =  oc •         coscc  (a:  —  fl)  —  cot  (x  —  a)  =  «  —  oc . 

These  forms  are  easily  settled,  when  there  is  no  compensative  effect 

in  the  various  increases  or  decreases.  For  instance,  in  f  -  j  where 
X  diminishes  without  limit,  it  is  evident  that  a  continually  increasing 

*  Much  ducussion  has  formerly  taken  place  at  to  whether  the  frectiou  Tr^for 

instance,  has  value  ;  which  seems  to  have  arisen  from  previous  neglect  te  ascertain 

whether  sll  parties  agreed  in  their  meaning  of  the  term  vo/mc.    If  it  mean  value 

derived  frum  the  apiilication  of  the  ordinary  rules  of  arithmetic,  it  is  clear  that  such 

a  fraction  has  no  value,  er  any  value  whatever,  according  to  whether  we  reject  the 

absolute  0,  or  employ  it  as  a  number.     In  the  former  case,  it  is  an  inadmissibW 

symbol,  in  tlie  latter  U  may  contain  0  what  times  we  please.    But  if  au  exprvstion 

be  said  to  have  a  value  when  we  can  by  reasoning  of  any  kind  prove  that  we  can 

0 
answer  a  problem  in  nnmbe rs  by  means  of  it,  then  —  may  have  vahie.    In  any  case 

it  is  dear  that  the  only  way  of  avoiding  confusion  is  to  define  vahie  previously 
to  entering  upon  tlie  discussion  whether  &is  symbol  or  any  other  has  value*  Even 
numbers  are  values  in  one  sense,  and  not  in  another.  Thus  2  is  no  value  if  we 
understand  concrete  value ;  it  representt  no  length,  for  instance,  in  itself. 
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number,  raised  to  a  continually  increasing  power,  increases  without  limit. 
And  in  this  way  we  briefly  express  the  following : 

«•=«,     «-»=0,     0+»=:0,     0--=:a, 

or  P^  increases. without  limit  when  P  and  Q  do  the  same ;  P ~^  or  =2 

diminishes  without  limit  when  P  and  Q  increase  without  limit ;  P' 
diminishes  without  limit  with  P,  and  still  more  when  Q  increases,  since 
the  raising  of  a  power  diminishes  quantities  less  than  unity;  and  P""^ 

or  (  ^  j  when  P  diminishes  and  Q  increases  is  included  in  the  first 

Chapter;  and  the  rest  not  hitherto  mentioned  can  all  be  reduced  to  this 
form. 

Let  0jr  and  fx  both  become  nothing  when  cr^a,  then,  page  69,  if 
the  diff.  CO.  ^a  and  f^a  be  finite,  we  know  that 

Now,  h  diminishing  without  limit,  the  first  side  approaches  the  singular 
form  ;r~   o'  ^f   hut  its  equivalent  continually  approaches  the  limit 

-^,  which  is  the  limit  required.     If  0'a  only  be  =:  0,  then  the  fiinction 

in  question  diminishes  without  limit :  if  y a  only  =  0,  it  then  increases 
without  limit :  but  if  both  <f>'a  and  Y^'a  =:  0,  then  by  the  theorem  already 
dted  we  have 

— 7 — r-7{  ==  — ;r7 ■;t\        *°"  -tt  «  the  limit, 

subject  to  similar  remarks.  But  if  ^'a  s  0,  yf/'a^O^  then  4^a  and 
if/^a  must  be  used,  and  so  on.    Hence  the  rule  is»  to  find  the  value  of 

a  function  in  the  case  where  its  form  is  -,  substitute  fur  the  nume* 

ntor  and  denominator  the  first  diff.  co.  which  do  not,  for  the  value  of 
Xf  assume  the  same  form. 

1  mm.  COS  X  sin  X 

Example  1.     where  j  =  0  =  — r-  =0  or  is  commi- 

X  1 

nnent  with  x. 

X  1 

ExAMPiA  2.       ^     ,  (whena?  =0)  =  -—  =  1. 

^    .  ^     2j?sina:— t/  flr\       2sin:r+2j?C08d? 

EZAMPLB  3.     [    Jf  =  -     =5  : =  -  2, 

coso:       \         2/  —sin  J? 

(x  —  aY 
EzAMFU  4.    ~ — ^  when  x  «  a  iseither  0,  $"%  or  00  according 

aan  is  greater  thau,  equal  to,  or  less  than,  I. 
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Remember  that  ia  the  relation  which  produees  the  form  -  any 
letter  may  be  treated  as  the  variable.    For  instance, 

jA  M—  4/1  A^        —  2t/ 

-T — —  when  y  =3  df*  has  either  -r-  «r  — f-  for  its  limit, 

which  are  the  same  when  y  =  j^ ;  that  is,  we  may  either  suppose  »  to 
approach  towards  y  or  y  towards  «,  and  the  relation  which  produces 

^  makes  the  results  of  both  differentiations  agree.    But  if^  as  in  the 

case  of  (%j^—2xy—  2)  -rr  (3jf*  —  y)  we  observe  that  without  assigning 

any  general  relation  between  x  and  y,  the  form  ~  occurs  when  j:  =  1 

y  =3,  we  are  not  to  expect  the  same  result  by  substituting  1  for  «,  and 
making  y  variable,  as  we  should  have  if  we  substituted  3  for  y,  and 
then  made  x  variable.    The  two  processes  give 

always  s=  2,  and  — --3 —  havmg  hmit  =  3. 

3  """■  y  »5«*  ""■  tS 

Let  4^x  and  fx  be  functions  of  x  which  severally  become  0  and  o» 

1 

when  j=  a:  then  (t>x  X  V'*  is  ^x-f ,   in  which  fraction  both 

'  ^        yj/x 

terms  are  =  0  when  xsza.    This  case  is  then  treated  by  the  last  as 

follows : 

4>x  4/x 

—= — r—-- 

fx  (Y^j?)"  ^ 

It  must  be  observed  that  any  ^m7«  value  of  j?  which  makes  Y^j;  in- 
finite, makes  all  the  diff.  co.  infinite :  for  x  can  only  arise,  in  such  a 
case,  from  the  denominator  becoming  s  0 ;    and  page  65,  no  deno- 

minator  is  ever  got  rid  of  by  differentiation.    There  is  then  the  form  ^ 

GC 

in  the  denominator  of  the  preceding.    To  this  form  we  proceed. 

Let  017  and  ^x  both  become  infinite  when  x=a;  their  reciprocals 
then  become  nothing,  and  we  have 


1  yx 


(hx      0'* 
or  —  = 


0J?  (0'^)" 

the  rule  for  this  case'  is  then  the  same  as  in  the  first,  but  0'j7  -7-  Y^r 


X 


also  has  the  form  — .     It  will  however  frequently  happen  that  a  factor 

disappears  from  the  numerator  and  denominator,  or  that  some  other 
reduction  may  be  made,  by  which  the  value  of  the  original  ratio  may 
be  more  easily  found.  Some  instances  will  show  the.  mode  of  pro- 
ceeding: 
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EZAMPLB  1. 

1  -  log  jf ,  ,  ^^        1     /  -         IN       ^     \ 

EZAltFLK  2. 


—  (when  uP=:  oc  )=: 


nj»"^  -.  ^(^*^^)^'^^         ^  nCn—  1)  ♦,..  1 


•  •  • 


5*  g*  g* 


wluch  last  is  =  0  when  j?  =  oc.  That  is,  as  x  increases,  the  ratio  of 
jr*  to  c*  continually  diniinishet ^  aiid  without  limit. 

When  an  expression  hecomes  =s  oc  for  a  finite  value  of  the  variahle, 
all  its  diff.  CO.  do  the  same :  consequently  the  rule  can  only  he  applied 
in  such  cases  in  order  to  see  whether  the  fractions  formed  hy  diff.  co. 
ezhihit  any  circumstance  hy  which  the  process  can  he  dosed. 

The  cause  of  the  singular  form  is  the  existence  of  a  factor  which 
hecomes  nothing  or  infinite,  and  is  common  to  the  numerator  and  deno- 
minator :  differentiation  may  remove  this  factor  in  common  algehndcal 
expressions  :  hut  it  frequently  only  exhibits  the  factor,  and  allows  it  to 
be  removed  by  division. 

In  the  case  of  0*,  «•,  and  1^",  remember  that  P^  is  g*^**''^  and 
Q  log  P  takes  the  form  0  X  ±  oc  in  all  these  cases :  namely,  in  0** 
Q=  0,  log  P=  -  qo;  in  Qc'»,Q=:0  logP=  a  ;  inl*«Q=:  ±x, 

log  P  =  0.    Hence,  in  all  these  cases  log  P  -r  -tt  is  either  —  or  -, 
^  Q  oc       0 

iad  is  determined  by  the  ratio  of  thediff.  co.^  or  by  ^  -f>  (  —  ^  wthat 

is,  when  V^  is  0*,  «•,  or  !*•,  its  value  is  that  of  T   ^'  , 
Thusi  «**  when  j?  =^  0  is  s  -'^^t****  ,     or  e"*  '* ,  and  si.. 
(1  +  a»)*  when  d?  =  oo  is  •  log"**  \ •,  x  a-»-  fl+fla?x-  -j*jl 

but  when  dr  ss  0«  the  value  is  <*^» 

In  the  cue  of  P  -^  Q,  where  P  and  Q  both  become  infinite  when 
jr  =s  a,  remember  that 

P— Q  =  log  -5  and  -«  is : —  when  a?.=:  a     and  is  =5  -5-777. 
Hence  P  -  Q«=  P  —  Q  +  log  q, . 

*  To  avoid  ezponentt  of  eonndetftble  complexity,  remember  that  just  as  8lii-i« 
itfaeabgleivhOM  sine  is  d*,  leg~'^  may  mean  the  nmnber  whose  log  is  ar^  or  i*. 
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P' 
Either  then  P  —  Q  is  inftnite,  or  rrr  =  1.    In  the  latter  ca«e  P  —  Q 

may  have  {^finite  value  when  in  the  form  cc  — •  « .  The  value  may  be 
determined  by  reducing  it  to  one  of  the  preceding  forms.  Thus 
sec  J*  —  tan  x,  in  which  the  preceding  condition  ia  .aatiafied  when 

J?  3=  ~  ar,  may  be  written  in  the  form  (1  —  sin  x)  -f-  cos  jt,  the  value  of 

which,  when  in  the  form  -  is  =  0, 

We  shall  now  proceed  *  to  the  cases  in  which  it  is  customary  to  say 
that  Taylor's  Theorem /oi/f,  as  it  would  have  done  if  we  had  not  taken 
notice  of  the  limitation,  namely,  that  in  the  expansion 

0  (a  +  A)  =  0a  +  0'a .  A  +  ^''a  ^  + . . . .  +  0"  (a  +  e^)     '*" 


2  2.3....M' 

all  the  diff.  co.  up  to  0"a  inclusive  must  be  finite.  But  suppose  it 
happens  that  the  diff.  co.  next  following  4^x  (and,  page  65,  all  which 
follow  t'O  become  infinite  when  xsz  a.  This  implies  that  a  factor  is  in 
the  denominator  of  4^^  ^  which  was  not  in  that  of  0*jr :  this  constantly 

happens  in  differentiation.  For  example,  take  Faf^  whose  first  di£f.  co.  is 

5    L  L  35    *  L  L 

-x*F  +Jfl  P',  its  second  is--  Ji5"  P  +  5x«  P'  +  d5«  P",  and  in  the 

2  2  2 

13  5  —L 
third  differential  co-efficient  we  have-- -jr~«  P  +  &c.,  or  powers  of  d? 

2  2  2 

begin  to  appear  in  the  denominators :  and  generally,  if  v  =  Y'"P^  we 

find 

tt'smV-^PY'+Y-P',  M"=:fii(m-l)V-«PV'«+2mV— '  P^V'+Ac 

where  a« ,  a^  &c.,  are  functions  of  m.  If  m  be  negative  at  the  outset^ 
y  is  in  denominators  from  the  beginning :  if  m  be  positive  and  in- 
teger, y  never  comes  into  a  denominator,  since  the  differentiated  term 
previously  disappears  by  introduction  of  the  factor  0 :  if  m  be  positive 

*  The  beginner  may  omit  the  rent  of  this  chapter,  and  it  i»  perhaps  necenaiy  te 
give  the  more  advanced  atud^nt  Nome  reason  why  this  subject  is  treated  at  such 
length.  Until  very  lately,  all  analysts  considered  functions  which  vanish  when 
ac^a  as  necessarily  divisible  by  some  positive  power  of  ^r  —  a.  This  is  only  one  of 
ft  great  many  too  general  assumptions  which  are  disappearing  one  by  one  from  the 
science.  It  appeared  to  be  true  from  observation  of  functions,  and  is  so  in  fact  for  all 
the  ordinary  forms  of  algebra.  But  observation  at  last  detected  a  function  for  which 
it  could  not  be  true,  as  was  shown  by  Professor  Hamilton,  in  the  Transactions  of 

the  Royal  Irish  Academy,  some  years  ago.    The  function  in  question  was£   «*^ 

or  log" '(  **  "T"^  )»  which  vanishes  when  x  is  nothing,  but  is  not  divisible  by  any 

positive  power  of  or,  as  can  be  independently  proved.  From  this  hint  I  have  beem 
led  to  the  classification  of  functions  which  is  here  deduced,  and  of  which  1  will  not 
undertake  the  unlimited  defence.  But  I  feel  disposed  to  maintain  that  the  coo* 
elusions  of  this  chapter  are  more  rigorous  than  any  demonstration  which  has  been 
given  of  TayWs  Theorem,  except  only  the  one  in  Chapter  I1I.|  which  is  founded 
on  that  given  by  M«  Cauchy* 
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and  fractional,  then  the  series  of  exponents  mytn — 1, .  .  •  has, no 
tern  =  0,  but  in  time  negative  fractions  appear.  If  then  a  par- 
ticular value  of  X  make  V  =  0,  say  j?  :=  a,  then  the  diff.  co.  may  be 
either  infinite  from  the  beginning,  or  become  infinite,  according  as  we 
have  the  first  or  third  cases. 

Throrem.  If  a  certain  value  of  m  give  P  =  ^j?-r(ia:  —  a)*  a 
finite  limit  when  x  =  a,  then  every  greater  value  makes  P  infinite,  and 
every  less  value  makes  P  vanish;  and  if  two  values  both  make  P  either 
in&nite  or  nothing,  then  every  intermediate  value  does  the  same  ;  and 
if  any  value  of  m  make  P  infinite,  so  does  every  one  greater ;  while  if 
any  value  of  m  make  P  vanish,  so  does  every  less  value.  And  there  is 
at  most  but  one  value  of  m  which  will  make  P  finite  (m  is  supposed 
positive  throughout). 

All  this  will  immediately  appear  by  looking  at  the  following  equations, 
and  remembering  that  when  j?  —  a  is  small,  division  by  any  positive 
power  of  it  increases,  and  multiplication  diminishes,  any  expression. 

We  must  now  consider  the  various  singular  forms  of  a  diff.  co. ;  and 
we  shall  confine  ourselves  to  singularities  which  are  created  by  differen- 
tiation, and  did  not  exist  in  the  original  function.     If  :r  =  a  make  any 

diff.  CO.  assume  the  form  -,  then  we  must  presume  that  the  factor 

which  the  numerator  and  denominator  contain  in  common,  existed  in 
the  orig^al  function ;  for  differentiation  introduces  no  new  factors  into 
both.  And  the  same  applies  to  '  X  oc ,  and  to  all  the  other  forms. 
Moreover,  an  exponential  never  appears  in  a  diff.  co.,  unless  it  were 
in  the  original  function.  All  this  is  to  be  taken  as  very  insecure  reason- 
ing, for  the  purpose  of  pointing  out  the  cases  which,  as  our  knowledge 
of  functions  stands,  require  or  do  not  require  a  particular  consideration. 
It  has  been  of  great  disadvantage  to  analysis  in  general  that  there  has 
existed  a  strong  disposition  readily  to  take  for  granted  theorems  which 
appeared  to  be  generally  true,  only  because  they  were  true  of  the  most 
ordinary  functions.  For  instance,  it  is  only  very  lately  that  the  follow- 
ing proposition  has  been  doubted  :  ^*  If  0x  become  nothing  when  J?=a, 
then  4^x  can  be  expanded  in  a  series  of  positive  powers  of  cr,  such  as 
ax^  +  6y  +  ••••;"  and  the  reasoning  was  as  follows,  sanctioned  by 
the  name  of  Lagrange* :  let  0jr  be  expanded  in  a  series  of  powers 
of  X  (the  possibihty  of  which  is  assumption  the  first)  ;  then  if  there  be 
negative  powers,  there  are  terms  which  will  become  infinite,  and  the 
series  will  become  infinite  (demonstrable  when  the  number  of  negative 

• 

*  Perhaps  the  object  of  the  Theone  det  Fonciiotu  has  not  always  been  fully  com* 
pfdiended.  Did  not  Lagrange  Kimply  say  to  his  contempqraries,  ^  You  found  your 
Oiilerential  Calculus  upon  a  mixture  of  the  theory  of  limits  and  expansions ;  I  will 
sbov  you  that  yomr  algebra,  such  as  it  is,  is  suiSicient  to  establish  ymtr  Differential 
Calculus  without  the  theory  of  limits."  This  appears  to  us  sufficiently  apparent, 
when  he  says  **  it  is  clear*'  that  radical  quantities  in  a  def  elopment  must  sprin|^  from 
the  same  in  the  function.  What  makes  this  clear  ?  .  Cextainly  not  native  evidence 
ia  the  assertion.  It  must  bo  then  the  ordinary  algebra  to  which  he  appeals.  And 
tboae  who  are  acquainted  with  the  controversy  upon  this  subject  know  that  the 
flppooents  of  Lagrange  (Woodhouse^  for  example)  are  at  the  same  moment  those  <ii 
that  part  of  Algebra  to  which  he  appeals  under  the  niune  of  thv  Tkcwiedet  Smite$* 

N 
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terms  is  finite,  but  the  truth  of  this  when  the  number  is  infinite  consti- 
tutes assumption  the  second) :  this  is  against  hypothesis,  therefore  all 
the  exponents  must  be  positive,  in  which  case  the  series  is  evidently 
=  0  when  a?=  0;  because  all  its  terms  are  nothing  (this  is  assumption 
the  third).  The  third  assumption  is  demonstrably  true  when  the  co- 
efficients, o,  fc,  Ac,  are  such  as  to  render  the  series  convergent  for 
toall  values  of  x.  But  ih  the  case,  for  instance,  of  1  +  2j:  +  2.3j:*+ 
2.3.4jE^-f"  *c.,  it  is  easily  shown  that  the  summation  of  terms  gives  an 
infinite  i-esult  whett  a?  has  any  value,  however  small.  It  must  be  proved 
then,  and  not  assumed,  that  the  equivalent  expression  for '  this  series 
becomes  0  when  a?  =  0. 

We  shall  point  out  some  instances  in  which  distinct  singularity  of  form 
appears,  without  denying  the  existence  of  others.  Taylor's  theorem 
readily  applies,  as  has  been  proved,  to  all  cases  except  those  in  which 
a  diff.  CO.  becomes  infitiite.  But  there  is  a  possible  case  in  which  all  the 
diff.  CO.  vanish,  in  which  case  the  following  theorem  (page  13)  must  be 
true: — 

*  (a  +  A)  =  <^  (a  +  eA)  — ^1^         e<l; 

in  which  there  is  nothing  like  expansion  in  powers  of  h.  We  lihall  now 
give  the  instances. 

1.  sin  X,     j: -7-  (I  +  J?*),  tan  x.     All  the  even  diflf.  co.  vanish  when 

2.  cos  J?,    a^-r  (1  +  j:*),  fi** .    All  the  odd  diff.  co.  vanish  when 

3.  J?  -T-  ( 1  +  j^).     All  the  diff.  co.  vanish  when  j?  =  0,  except  the 

1st,  the  (n  +  l)th,  the  (?»  +  l)th,  &c.  In  these  three  cases  there 
is  no  singularity  ;  certain  powers  of  x  disappear  from  the  development 
called  Maclaurin's  iheorem. 

4.  (a?  —  a)'  +  (x  —  o) « .  The  first  and  second  diff.  co.  Taniah 
when  X  ^  ai  the  third  is  then  =  6,  and  all  the  succeeding  ones  are 
infinite. 

5.  (a?  —  a)  8 .  The  first  three  diff.  co.  vanish  and  all  the  rest  be- 
come ifafinite,  when  x^  a. 

__i 

6.  £  « .  This,  and  all  its  diff.  co.  vanish  when  a?  =:  0.  For  the 
nth  diff.  CO.  will  be  found  to  have  the  form, 


or'"^^"*"  ••••  j' 


the  several  terms  of  which  are  of  the  form 

t 

Of"  "Is  0.7? 

-r     J  or  -— ,  where  «  =  o&     when  jr  =  0, 

which  may  easily  be  shown  (page  175)  to  be  =  0,  when  x  =  0. 

.  Theorem.  If  j;  =  a  make  ^x  infinite,  it  also  makes  ^x  infinite. 
This  was  matter  of  observation  in  preceding  chapters  \  we  now  prove 
it  for  all  functionB. 
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For  if  poBBible,  suppose  ^'x  not  to  increase  without  limit  as  x  -ap- 
proaches a.  Say  then,  that  however  neat*  a^  shall  be  to  a,  ^'ai  shall 
not  be  greater  than  A,  while  by  the  hypothesis  4^^  may  be  made  as 
great  as  we  please.  Divide  h^  the  interval  between  a^—h  and  ai,  into  n 
equal  parts,  each  =:Ax,  and  take  Ar0'(«i"~A)+AiC^'(<*i"'^+^)+«" 
up  to  At  0^  (oi — Ar).  This  sum  is  therefore  (as  vat  page  100)  always 
less  thsn  Ax.  A  x  tz*  since  each  term  is  less  than  Ar .  A ;  or  it  is  less  than 
hk.  Its  limit  consequently  does  not  exceed  AA;  but  this  limit  is 
ff'x  dx  from  or  =  at— A  to  x:=iai ,  or  f  (ai)  —  0  (o|— A).  Now  that 
f  X  increases  without  limit  as  x  approaches  a  indicates  that  whatever 
f  (Hi— A)  may  be^  ^^  may  be  made  as  much  greater  as  we  please^  or 
0(ai}  —  0(ai— A)  may  be  made  as  great  as  we  please,  which  is  absurd, 
it  being  less  tnan  AA.  Consequently  ^'x  is  not  always  less  than  a  given 
quantity  A  as  x  approaches  to  a  in  value,  or  <p'x  increases  without  limit 
in  such  case.  And  this  is  our  primary  signification  of  the  phrase 
"  f^x  =  oc  when  x  =  «." 

Corollary,  Hence,  if  ^jp=o&  when  j?=:a,  every  difF.  co.  is  infinite. 
For0'^  being  infinite,  its  diff.  co.  0''a  is  infinite,  and  so  on. 

A  function  which  has  some  diff.  co.  finite,  preceding  the  nth  which 
becomes  infinite,  can  have  all  the  difficulty  of  its  development  reduced 
to  that  of  another  in  which  all  the  diff.  co.  preceding  the  nth,  and  the 
function  itself,  vanish  whenx=a.  Let  the  function  itself,  and  its  first 
n  —  1  diff.  CO.  be  Alt  Ai  .  .  .  .  A,_i  ,  all  0  or  finite.  Then  the 
function 


«-» 


A„^i 


0*  -  A«—  (a?  — a)Ai— (a?  —  a)«-|5— ....-(ar  — a) 

vanighes  with  its  first  n  —  I  diff.  co.  when  x  =:  a,  white  its  nth  diff.  co. 
IS  0*x,  and  becomes  infinite  lirhen  ^r  =  «. 

THBoasM.     If  <l>z  be  0  or  finite  when  z  =  a,  and  increasing  from 
z^atoz^  Xf  but  if  0'a  be  infinite^  then  /  ((f>x  —  0a)  dz  must  be 

greater  than  -  (fx  —  ^a)  (j?  —  a),  or  at  least  must  become  so  if  jr  be 

taken  BOJQSciently  near  to  a.  ^or  by  definition  of  a  diff.  co.  (0z — 0a) 
-f-  (z  —  o)  increases  without  limit  as  z  approaches  a ;  let  then  ±  be  so 
near  to  a^  that  from  2  =  j?  to  z  =  a  the  preceding  function  shall  be 
always  increasing ;  that  is, 

r H-      >         ^         or  \x—a)  (<t>x  -  (pa)  >  (0a:— 0a)  (z  -  o) , 

z — A  jp — a 

consider  these  two  last  as  diff.  co.  with  respect  to  z.  Then,  since  they 
remain  finite  from  «  =  a  to  ;e  =  or,  and  since,  firom  the  process  in  page 
100,  it  follows  that  P  being  always  greater  than  Q  within  certain  Umits, 

£Vdz  is  greater  than  Jw^Zy  both  being  taken  within  these  limits :  it 
U0W8  also  that 

(x— a)  y(0«-0a) dz  >(0«— 0a)  fiz^a)  dz    firom  z±za  to «=i*, 
or 


ix  —  a)/(^«  -  ^a)  d«  >  (^jp-^a)  X  ^  (*-a)S 
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and  Si^^  ""  ♦^)  ''^  >  o  ^^*  "  ^^^  (*  ""  ^^* 

Hence     \f,7    ^^  vT       is  leas  than  2  for  any  value  of  x,  how- 
/(0«  —  0a)  a« 
ever  small.  « 

0 
As  X  approaches  to  a,  the  last  fraction  approaches  the  form  g  ;    for 

the  denominator  being  fi  Vdz  is  of  the  form  fx  —  /a.  But  being 
always  less  than  2,  so  must  be  its  limit  (at  least  it  cannot  exceed  2)  ; 
and  this  limit  being  determined  as  in  page  173,  by  the  ratio  of  the 
diff.  CO.  (the  denominator  being  considered  as  a  function  of  x)  we  see 
that  the  limit  of 

0'x  (x— a)+0j?— 0a  ,  ,^         0'j?(j?— a)      "  . 

^ — ^-       ^T   ^  does  not  exceed  2,  or  \^       .       <  or  =  1. 

9 J?— 9a  <px — (pa 

ib'x  (x — a) 

Hence,  if  <{>a  =  0,  the  limit  of docs  not  exceed  1. 

fx 

If  0a  be  finite,  then  ^'x  (  j?— a)  -J-  0*  decreases  without  limit :  for 

0'a?  (j7 — a)  __  (jf'x  (j?—  a)      0j:  —  0a 
0j?  ^—•<f>a     '       0x     ' 

the  first  factor  of  which  remains  [finite,  the  second  diminishes  without 
limit. 

Also  since  0;g— 0a  <  0J?— 0a,y(02 — 0a)  dz  <{,^x^^a)  fdx^  or  leas 
than  (0JP— 0a)  (x — a).    Hence 

(0x— 0a)  («— a)  ^  , ,.    .     i.0'*(*— o)^  ^ 

/>r/      \  ^  ■   >  1  and  Imiit  of  i— ^ -^ >  0  or  posiUve. 

J  (0«— 0a)  rf«  0* — 0a 

TaEORBV.  If  everything  remain  as  above  except  that  ^'a  ==  0,  then 
the  limit  of  0'j?  {x  —  a)  -f-  (<{>x  —  <{>a)  must  be  greater  than  unity. 

For  everything  is  as  before,  except  that  (<{>5  — <f>a) -^  («-a)  dimi* 
nishes  without  limit ;  that  which  was  the  less  of  the  two  intqpala  is 
now  the  greater,  and  the  final  result  is  that 

limit  of  •— T 1 is  greater  than,  or  s=l,  which  was  to  be  shown. 

^x—^a         ° 

If  <{>a  =r  X  and  therefore  <J)'a=:  a ,  let  <})j  x  yx  =  1.    Then 

<^'a?  y«  ^'x  yj/x.        . 

J— =  — 7-  T— (j?— a)  =5     —-2— (a?— a), 

4>x  ^x  <f>x   ^         ^  fx  ^         ^ 

and  the  limits  of  these  are  the  same  with  different  signs.  But  "^a  r=:  O, 
and  therefore  one  of  the  preceding  cases  applies  to  it.  And  the  limit  of 
yff'x  (x—a)  -7-  fx  being  always  positive  when  finite,  that  of  <{>'j?  (x— a) 
-r  <^-F  is  always  negative  when  finite  ;  and  can  never  be  =  0,  because 
the  only  case  in  which  this  limit  =  0  for  Y^j,  is  when  Y^a  is  finite, 
which  cannot  be  if  <{>a  =:  x . 

Theorem.  If  <{>a,  4>'a^  .  .  .  .  up  to  <}>"a  be  severally  =  0,  but  if 
<^■+^a  and  all  the  rest  be  infinite,  then  the  limit  of  <|>'«(jt— a)-T-4>j? 
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lies  between  n  and  n  +  1,  or  at  least  is  either  n,  orn  +  1,  or  some 

fraction  between.     For  by  dififerentiating  the  numerator  and  deno- 

0  ' 

minator  of  this  fraction,  which  takes  the  form  r-  when  a?  =:  a,  we  find 

Mit  of f:i$Z^=l„nit  of *^^'*2±i^'=  1  +  limit  ot^^^^^ 

(repeat  the  process) 
=  2  +  Inn.  of  -^ — tt; ^  • .  •  •   =  n  +lim.  of  -^ ^ -; 

bat  because  <f>'*x  =sO,  and  <f>'*'^*j?=:oc ,  this  last  limit  does  not'exceed  1 ; 
whence  the  theorem. 

Hence  it  appears  that  the  more  remote  the  diff.  co.  which  first  be- 
comes infinite  the  greater  the  limit  in  question ;  or  if  the  diff.  co.  ad 
infinitum  be  =  0,  this  limit  is  infinite,  or  4>'x  (x  — a)  -f-  4>x  increases 
without  limit  When  all  the  diif.  ca  are  =  0,  then  by  the  usual  pro- 
cess 4>x^  (x  —a)*  is  =  0  when  a7  =  a  (O-7-  I.2.3. .  .m)  for  every 
whole  Talue  of  fn,  and  therefore  for  every  fractional  value  (page.ltT). 
And  it  will  immediately  be  proved  independently,  that  ifj^'x  (j?— a)-:?-  <f><r 
had  any  finite  limit,  this  could  not  be  the  case. 

Theorem.  If  0j?  be  nothing  or  infinite  when  f =a,  and  if  its  diff. 
CO.  be  all  infinite  (as  must  be  when  0x=  «  )  or  all  nothing  up  to  a 
certain  point,  and  then  all  infinite,  it  will  follow  that,  p  being  the  limit 
of  ^x  (j?— a)  -T-0J,  the  function  0j:  itself,  divided  by  (a? — a)',  will  be 
a  function  which  does  not  vanish  when  x=a. 

In  this  case — ,  which  call  y.r,  is  ~  or  — ,  for  when  <pxszcc , 

p  is  negative,  as  was  shown.    We  have,  when  <x=:a, 

log0a?— log>pj?       «       ,.        0'j?(j?-a)      ,.     Y^jp(j?— a) 

p  =  — - — ' 7 —  2=  —  =  Iim.    -7 -  lun. • 

log(« — a)  X  9j?  fx 

dbaerve  that,  the  first  fraction  being  always  p^  a  finite  quantity,  and  its 
denominator  increasing  without  limit,  so  must  its  numerator,  therefore 
even  if  log  Y^a  =  x ,  the  numerator  oc  — x ,  must  increase  without  limit. 
Without  this  remark,  there  would  be  a  tacit  assumption  of  the  question  ; 
namely,  that  fa  Js  finite.  But  by  hypothesis,  the  preceding  equa- 
tion ia 

Y/j?(a:-o)        ,.      yx{x^a) 
«  =: »  —  hm.  -^ '    or  lim.  -^ — ^ =  0. 

Therefore  fa  must  be  finite :  for  of  all  suppositions,  this  is  the  only 
one  on  which  the  preceding  limit  =  0. 

(}onaeqaently,  when  the  (n  -|-  l)th  diff.  co.  becomes  infinite,  make 
the  preceding  diff.  co.  vanish  by  the  method  in  page  179,  and  suppose 
the  function  then  becomes  of  the  form  4^x — ^— (x — a)  ^'a-  &c.  This 
then  may  be  written  (7-a)'x^f  where  p  is  the  limit  obtained  from 
^  —  ^a  —  .  •  .  and  x*^  <^oe>  i^ot  vanish  for  jp  =:  a.  We  have  then 
(p  lying  between  n  and  n-h  1) 

6*a 
*jr  =  ^+  («— a)  *<a  +. . . .  -h  (x-a)' -r; — -  +  (x-ay  x*- 
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The  4^6lopiBei)t  of  ^  (a  +  A)  l^eeome?  (x=:a+A) 

I     A^  A* 

or  the  (n  +  l)th  diff.  co.  becoming  infinite  when  ^=a,  is  a  sign  that  the 
development  of  (pia  -f  h)  contains  fractional  powers  all  higher  than  n. 
The  process  must  be  repeated  with  yx,  if  any  difF.  co.  become  infinite. 

But  if  <{>a  =  X  ,  then  at  once  determine  <f>\v  (x  —  a)  -J-  0j?,  and  its 
limit,  and  we  have  then  ^x  =  (.r  —  ay  ^J",  where  p  is  negative,  and  x* 
finite.  Hence  ^  (a  +  A)  5=  A'^  (a  +  A),  j^nd  negative  powers  occur 
in  every  term  of  the  development,     t'roceed   in  the   same  way  with 

But  if  all  the  difp.  co.  become  nothing,  the  development  of  9  (a  +  A) 
capnot  be  made  in  the  form  hitherto  specified,  which  contains  ascending 
powers,  and  nothing  but  ascending  powers,  whether  whole  or  fractional, 
whether  beginning  from  0  or  from  a  negative  power.  The  only  re- 
maining case  is  that  in  which  the  development  is  in  descending  powersj 
that  is  in  ascending  powers  of  1  -?•  A,  in  which  way  therefore  all  func- 
tions can  be  developed  in  the  case  in  which  all  diff.  co.  are  =  0,  or  id 
no  series  of  simple  powers  whatsoever. 

The  formal  application  of  the  preceding  theory  will  not  be  necessary, 
since  the  instances  to  which  it  might  apply  are  generally  such  as  are 
easily  reducible  by  common  methods.  But  its  use  is  to  complete  the 
theory  of  development  and  to  prevent  the  student  from  imbibing  the 
notion  of  the  universality  of  the  common  fprm  of  Taylor's  Theorem. 

In  the  case  of  Vj*  —  a*,  for  example,  which  is  to  be  developed  whea 
x=  a  +  hy  we  see  that  <f>fiz=0  q>'a :=.  cc :  and  the  function  may  be 

written  (jf  —  fl)*  (x  +  ay  i  when  »=sft-|-A  this  becomes  A'  (2a+A)' 
the  second  factor  of  wbiph  can  be  developed  in  the  coipmon  way,  and 

the  whole  developn^ent  wiH  then  be  in  powers  of  h  of  the  form  n  -|-~, 

where  n  is  a  whole  number. 

Wliep  -—-  is  expressed  as  a  function  of  t,  it  can  only  take  the  fbmi 

~,  ip  consequence  of  factors  being  both  in  the  numerator  and  denominator 
of  the  original  function.  But  if  this  diff.  co.  be  expressed  as  a  Amctton 
both  of  y  and  «r,  its  appearance  in  the  fprm  t:  i^  &  sign  of  its  having 
several  values,  as^follo^s  :  Let 

dx         Y'(x,yy     ^^"^      ^-dx""^* 

and  let  j;  s  a  y^h^  make  4^  :=  0,  )p  r=  0,  it  being  understood  that 
the  arbitrary  constant  of  integn^tion  must  be  so  assumed  that  in  the 
original  function  j;  =  a,  when  y  =  b.  Differentiate  both  sides  with 
respect  to  j:,  of  which  ]y  is  a  function :  then  . 

rf»        dy  dx      \dx       dy  dx  J  dx        ^  dx* 
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Let  p  be  the  value  of  ^  Bought :  then  making  j?  =  a,  y-=6>  V'FO, 
in  the  last,  we  have 

where    f  —  J  &c.  are  the  values  of  -r-,  &c.,  when  j?  =  a  y  ==  6.     If 

these  be  finite,  there  is  an  equation  of  the  second  degree  giving  two 
values  for  p.  But  if  p  as  determined  from  this  equation  be  - ,  dif- 
ferentiate (A)  again,  and  it  will  be  found  that  the  terms  containing  yf' 
and  y^'  disappear,  leaving  an  equation  of  the  third  degree  to  determine 
p,  which  has  therefore  three  values  :  and  bo  on.  There  will  be  further 
illustration  of  this  point  in  the.  sequel.  We  now  pass  to  the  considera- 
tion of  differential  equations. 


Cbapteb  XI. 
ON  DIFFERENTIAL  EQUATIONS. 

All  that  we  have  yet  done  hfis  been  in  one  sense  or  other  on  difr 
ferential  equations ;  but  this  tisrm  is  more  pfirticularly  applied  to  rela- 
tions between  diff.  co.  and  functions,  where  we  wish  to  find  the  primitive 
relation  between  the  functions.  We  have  already  (p.  154)  in  the  course 
of  investjffation  come  so  near  to  some  very  important  diff.  eq.,  that  it 
was  worth  while  to  stop  and  solve  them.  A  differential  equation  is 
considered  as  solved,  when  it  is  reduced  to  explicit  integration,  as  in 
p.  155. 

Firstly,  how  does  a  differential  equation  arise  ?  By  differentiating  a 
function,  no  doubt.  But  our  present  question  is,  how  does  that  dif- 
ferentiai  equation  arise  which  belongs  to  one  stipulated  function^  and  to 
no  other  whatsoever  ?     Not  always  by  simple  differentiation ;  as  in  the 

case  of  y  =  ox,  which  gives -J   =  a,  certainly  a  differential  equation, 

and  certainly  true  of  ^  =  ar,  but  not  in  the  sense  ofJ)eing  true  of 
nothing  else ;  for  it  springs  equally  from  y  =  ox  -|-  6.  And  it  is  clear 
that  since  integration  always  introduces  a  constant,  there  must  always 
be  at  least  as  many  more  in  the  primitive  equation  as  we  need  inte- 
grations to  pass  to  it.  If  then  we  would  have  a  diff.  eq.  which  belongs 
to  y  =  ar  only,  we  must  so  differentiate  that  a  shall  disappear  in  the 
pvocess ;  or  if  hot,  we  must  eliminate  p  between  the  primitive  and  the 
differenUaied  equation.     Either 

1.  Write  y  =  oi  thus    a  =  ^  0?=  ~(^x  ^ -^y)j  or,' 
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dy  dy 

2.  »  =  «'.   T.^'^'y'^T.'' 

Both  give  the  result  y  —  -p  «  =  0. 

Or    ^^-  =  ««.a   =y-^— ;  both  give  x/  — ylogy  =  0. 
Example  2.    y:=zcx  —  <^^    2c  =:  —  a;  ±  V^«*  —  4y , 

0=^1  -f    ,  a?-2-j^=::±Vj;«  — 4y, 

""  V  .T«  -  4y  «* 

square  both  sides,  to  avoid  ambiguity,  and  we  have 

«ix»       "^  dx  +  *      "• 

dy  dy  cf y* 

Or.  y=cr-c',    ^  =  c.    y  =  ^*  -  ^.  agbcforc. 

We  see  thus  how  it  happens  that  we  introduce  one  constant  at  least 

in  every  integration ;  but  may  not  an  integration  introduce  more  than 

one  constant  ?    We  are  not  to  conclude  that  because  differentiation 

destroys  only  one  constant,  and  explicit  integration  introduces  only  one, 

dU 
that  therefore  elimination  of  one  constant  between  U  =  0  and  -r-  =  0 

ax 

win  never  eliminate  more  than  one.  There  are  cases  enough  in  algebra 
in  which  two  quantities  so  enter  two  equations,  that  one  cannot  be  eli- 
minated without  the  other.  Where  is  the  evidence  that  no  such  thing 
can  take  place  in  the  two  equations  iust  mentioned  ? 

Assume  y=  9  (x,  c,  </),  c  and  <r  being  two  constants,  and  let  the 
common  diff  co.  be  denoted  by  0'  (Xy  c,  c'). 

Let  y  =  0  (j?,  c,  d)  give  c  =  y  (x,  y,  (/),  consequently  direct  differen- 
tiation makes  c  disappear ;  if  possible,  let  it  also  make  (f  disappear. 
Now  since  Y^  contains  j?,  directly,  and  also  through  y,  direct  differentia- 
tion gives 

dyff 
^^dx^dydx       ""^  dx  d^ ^^^' 

dy 
which  answers  to  the  way  in  which  -~  is  obtained  without  c,  above. 

Compare  it  with  Example  L,  thus  : 
r/,  ,A-  l^y  ^V^-       logyd^f'^l  ^^V  ,    ^  ^V  ^  ^ 
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Now  the  fraction  (A)  can  only  be  independent  of  d  in  two  ways,  1.  by 
neither  numerator  nor  denominator  containing  c/ ;  2.  by  their  both  con- 
taining the  factor  C,  a  function  of  (/,  and  not  containing  d  in  any  other 

way.     In  the  first  case^  since  ~  does  not  contain  (/,  then  yp  must 

have  the  form  a  (or,  y)  +  ^  (y.  O  (a  and  (i  being  functional  symbols) 

for  (/  can  only  occur  combined  with  terms  which  disapfear  in  differ- 

dMi 
entiating  wUh  respect  to  x^  that  is,  with  functions  of  ^.     And  since  •— 

does  not  contab  c',  "^  must  be  of  the  form  y  (jp,  y)  +^  (j?,  c^,  for 
similar  reason.    Hence 

a  (Jf>  y)  +  /3  fy,  c')  =  y  (r,  y)  +  S(a:,  O 
or  /3  (y,  cO  —  5  (x,  c/)  =  y  (a:,  y)  —  a  (j,  y),  a  function  of  j?  and  y  only  ; 

consequently  j3  (y,  (/)  and  ^  (<r,  c^  can  only  contain  the  same  function 

of  c',  disengaged  of  all  functions  of  y  and  x  respectively,  for  if  c'  could 

enter  combined  with  a  function  of  y  in  the  first,  it  could  not  disappear 

bj  subtraction  of  the  second,  which  must  not  contain  y.    That  is, 

the  preceding  forms  must  be  /3  (y)  +  C  and  ^  (jt)  +  C,  C  being  a 

function  of  &.     Or  "^  has  the  form  /(j,  y)  +  C.     But  "^  (x^y^  c'\ 

or  Y',  is  =  c,  or  the  equation  between  x  and  y  may  be  reduced  to  the 

form  f(x,y)  =  c  —  C,  in  which  the  two  constants  are  in  reaUty  only  one, 

dUf  d\L 

But  if  T^  and  -^  have  a  common  factor,  a  function  of  </  only, 
dx  dy  •'• 

which  call  C,  then  -^  must  have  the  form  C'a  (x,  y)  +  /3  (y,  </)  and 

C'y  (x,  y )  +  ^  (ar,  c')  for  reasons  as  before.     Hence 

the  second  terms  of  which  are  only  other  forms  of  /  (y,  c')>  and 
/  (z,  c').  The  same  reasoning  applies,  the  two  sides  can  only  have  the 
form/(ap,  y)+C",  and  y[f  can  therefore  only  have  the  form  C'/(jp,  y) 

+  C'  C',  which  being  c,  we  have 
g (yiQ' 

/(a  y)  =  ?v »  which  is  equivalent  to  but  one  independent  con- 

•tant 

But  may  not  both  numerator  and  denominator  in  (A)  contain  a  factor, 
which  is  a  function  of  c\  x^  and  y\  cf  not  being  contained  in  the  other 

dyif  dHf 

parts  ?   If  possible,  let  ~-  =  MV  -—•  =  MW,    M  containing  if,  but 

Vand  W  not  containing  (/,    Then  we  have 

rf>        dM  ,^        d^        dM  „^ 
dxdcfdc'       '     dydc      .d&      ' 

from  which  we  find,  putting  for  V  and  W  their  values, 

-if  ^«.  J- ^1^  —  0       —^^      1  didd^ _ 
dxd&      Md^dx'^    '      dydJ'Md</  dy  ^    * 

d  d^    d\ff       d  df    dyj/  __     . 
dy  d(f*  dx       dxdc'  '  dy  ^     ' 


(be  last  of  whioh  (by  tbe  lemma  in  the  nea^t  page,  prpved  iudep^pd^tly 
of  this)  shows  that -77  must  contaiu  x  and  y  only  tlixougb  if/,  qr  -j-,  = 
/(Y^)i  giving 

which,  with  the  preceding,  gives  r^  -p  =  pf.     But  ^r-  --p/  *^  1  • 

rf  log  M      f%  d\lf       d  log/V^  ,      ^.,  ,  ^     ,     _  _  ,  _ 

whence —^^  =  i^  ^  =  -^,^,     or  log/(^)=logM+Z, 

where  Z  is  a  function  of  ^  and  y  (or  ijnay  be,  since  x  and  y  are  (be  pon- 
slants  of  the  last  integration) . 

Hence  M  is  of  the  form/Yr.Zi ,  where  Zi  does  not  contain  cf.  And 
thus  we  have 

ffdx  Jfdy 

and  neither  VZ,  nor  WZj  contains  c'.  Let^  (/Yf)"~'«?Vfr=xV^>  then 
VZl  sind  WZi  are  its  diff.  co.  with  respect  to  x  and  y.  But  neithcf 
contains  c',  hence  xf  itself  can  only  have  the  form  f  (x,  y)+C.  But 
^ince  the  original  condition  gave  c  =  Y^,  we  have  therefore 

XC=F(j?,  y)+C     or  xc-C=P(a?,  y), 

so  that  the  two  constants  are  equivalent  only  to  one. 

Before  we  proceed  further,  we  must  require  the  student  to  remember 
that  there  will  be  between  the  diff.  co.  employed  a  distinction  analogous 
to  that  of  known  and  unknown  quantities  in  algebra.  If  we  actually 
assign  a  function  of  x  and  y,  say  xy^^  we  shall  never  need  anything  to 
remind  us  that  its  diff.  co.  are  given,  for  we  absolutely  write  them, 
namely,  y\  and  2xy.  But  when  we  reason  upon  a  given  function  whicH 
is  not  specifically  given,  but  merely  assigned  or  laid  down  as  given 
(like  the^notiT;^  letters  of  an  equation  in  algebr^),  we  are  in  danger  of 
confounding  the  diff.  co.  of  a  given  function  a(T,  y),  which  are  given 
without  an  equation,  and  which  we  can  specify  as  soon  as  we  specify 
the  function — we  say,  we  are  in  danger  of  confounding  these  with  such 

diff.  CO.  as  —  — ,  which  have  no  existence  except  under  an  implied 

equation.  What  are  the  diff.  co.  of  xy*  ?  Answer,  y*  with  respect  to 
.r,  2xy  with  respect  to  y :  this  question  is  answered  without  an  equation 
expressed  or  implied.  What  are  the  diff.  co.  of  « ?  Answer,  with 
respect  to  x  and  y  both  equal  to  nothing,  for  u  is  not  a  function  either 
of  X  or  y.     But  what  are  the  diff.  co.  of  u  when  it  is  meant  that  u  is 

always  =jy*?    Answer,  —  =  y«,  -j-  ==  2.ry.     Hence  then  we  see 

1  rk     -i.     i^       du      dP   ^     , 

that  such  an  assertion  as  a  =  r,  tneijBrore  —  =  — ,  &c.  is  not  use- 
less tautology ;  for  it  implies  that  we  have  w,  a  given  function  of  x  and 
y,  with  diff.  co.  which  can  be. found,  and  the  second  equation  of  the  last 
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pair  i^^  cqrmbelic  imitatioT)  tf  tbe  im)ce^s  of  finding  t^e  uBknown  o|i 
the  first  side  by  means  of  the  known  on  the  second  side  \  an  imitation 
which  cannot  be  rendered  real  till  ve  specify  P,  in  which  ease  an  alge- 
braical result  takes  the  pl^ce  of  the  symbol  of  di^er^ntiatipn  on  the 
second  side,  but  not  ou  the  first. 

Lagrange,  in  his  attempt  to  reduce  the  DifF.  Calc.  entirely  to  the 
principles  of  common  algebra  (in  the  Tk^orie  des  Fonciions)^  adopted 
the  following  notation :  f  (j,  y)  being  a  function  of  J?  and  y,  its  diff.  co. 
with  respect  to  a?  and  y  were  denoted  by  f  (j?,  y)  and  f^  (a;,  y).  A?  tjiis 
notation  wil]  be  frequently  convenient  in  functions  of  two  variables,  we 
notice  it  here.     In  like  manner  u'  and  u^  may  be  the  diff.  co.  oft/. 

We  shall  adopt  the  following  notation.     Let  Yr(j?,  y,  c)=:0,  give  ys=i 

dy 
f^(ap,  c)  when  solved  with  respect  to  y ;  and  let  ~-  =  x  (*i  y)  ^  t^c 

ref  lilting  diff.  eq. 

Lemma.     If  p  =  a  (x,  y)  and  if  ^r-  ^ -  —  3—  -,-  =  0,  then   u 

*  ^  dx  dy         dy    dx 

cannot  be  any  function  of  x  and  y  other  than  some  function  of  p  (the 
etrnverse  appears  in  page  91).  For  if  possible,  let  u  =/(x,  y),  such 
that  finding  y  in  terms  ofp  and  x  from  j9=a  (a;,  y)  we  obtain  t<=F(p,J?), 
when  X  as  well  as  p  appears.  Then  u  contains  x  directly,  and  through 
p  i  but  u  contains  y  only  through  p.     Hence 

du        dF  ,  dF  4it  du      dF  dp 

^^^•"^      ZIZm  m^>~*         *T*         ■■■■■■      ■  ■  J  ■  m     ■  ■  ■  ^^         ^^^^  ■ 

^        dx       dp  d^  dy      dp  dy  ' 

du  dp       du  dp    ^  dF.  ^J'  *'^  /^     ^i^    . 
dx  rfy       dy  dx    ^  dx  'dy  ^  ^    ^^ 

But    -P  ia  not  z:  0  if  f^  be  a  function  of  y ;  therefore  -f-  ;=:  0,  that  is, 
dy  ^        do? 

F  is  not  (as  was  supposed)  a  function  of  x  directly,  or  F  (p,  x)  is  only 
of  the  fbrqi  of  some  function  of  p. 

dy 
jHEPEBif.    Thp  equatiqi^  -~-  =3  ^  (4:>  y)    cannot  re«]^]t  firpin  two 

ji^Smnt  jnrimitives  j/  =  ^(^,  c)  ,  y  =:sr  (x,  k)  of  diffof^i:it  fprpiSs  ^itb 
an  arbitrary  constant  in  each.  For,  let  both  the  second  and  third  be 
frimiftives  of  the  first;  and  let  yssip(xy  c)  give  c  r=  ^(x,  y),  and  let 
3fs«#(jr,  k)  give  jfc=ll(jr,  y)  ;  then  the  diff.  eq.  of  these  primitives  are 

dx        dy'  dx  dx       dy  dx 

which  are  both  satisfied  by  ^  =  jj  (x,  y),  or -^  is  the  same  in  bo^h. 
Eliminate  this,  which  gives 

^  *?  «.  ^.  *?  =  0,      whence  *(x,  y)=some  ^  of  H  (x,  y) 
«te  dy       dy,  dx  ' ' 

or,    c±:/^{n(T,y)},     ft=IT(ar,y);  let  c=^z  gives==/ir. 
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Then  /iC  ==  11  ( j?,  y)     which  gives  y  rr  w  (ar,  /jc)  one  primidvet 
c  =  n  (a:,  y) y  =  «r  (j:,  c)      the  other, 

or  the  two  primitives  only  differ  in  the  form  of  the  constant. 

Consequently,  a  differential  equation  of  the  first  degree  cannot  have  a 
primitive  with  more  additional  constants  than  one,  nor  two  different 

Primitives  with  the  additional  constants  entering  in  different  manners, 
t  only  remains  to  ask,  may  not  some  one  particular  case  of  another 
primitive,  maUe  by  giving  its  constant  some  one  particular  value 
(and  thus  making  it  cease  to  be  an  arbitrary  constant)  solve  that  diff. 
eq.  whose  primitive,  with  the  constant,  is  y  =  ^  (j?,  c)  ? 

The  preceding  case  includes  this  as  well  as  any  other,  for  whether  k 
be  supposed  to  have  a  particular  or  a  general,  but  constanty  value,  the 
investigation  is  the  same.  (The  student  must  always  remember  the 
difference  between  "  let  k  be  10,  or  1 1,  or  any  other  assigned  constant,'' 
and  *'  let  k  be  anything  whatever,  but  let  it  not  vary^*^  which  is  the 
character  of  an  arbitrary  constant. )  It  should  seem  then  that  the 
question  is  answered ;  but  here  we  are  obliged  to  remember  the  COU" 
dition  which  runs  through  all  our  reasonings^  unless  the  contrary  be 
specially  mentioned^  namely,  that  diff.  co.  must  not  be  infinite.  And 
it  is  essential  before  we  proceed  to  show  why  we  did  not  find  it  neces- 
sary to  allude  to  the  possible  case  of  ^'  or  €»^  being  infinite  in  the  last 
theorem. 

When  we  differentiate  a  simple  function  of  x,  specific  values  of  x 
may  make  y'  (y  =  0x)  infinite,  as  already  discussed.  But  when  we 
come  to  functions  of  x  and  y,  not  only  specific  values  of  x,  but  specific 
forms  with  unlimited  numbers  of  values  of  x  and  y,  will  produce  the 
same  effect.    Instance, 

tt  =  V«"  +  y*-l       -r=-p===  =  oc   ifysrVl— x" 

dx      V^+y«.i 


^  =  -7— y =  Qc    ifysVl—j* 

«y       Vj:«+y«- 1 

This  was  immaterial  in  the  preceding  theoremi  for  since  ^  (x,  y)  was 

without  an  arbitrary  constant,  so  were  its  diff.  co.,  and  if  3—  had  had  a 

ttX 

denominator  a  (x,  y),  then  a  (x,  y)=0  could  not  have  given  a  value  of  y 
in  terms  of  x,  with  an  arbitrary  constant^  which  was  necessary  to  every 
case  then  under  trial.  But  now,  when  we  are  considering  the  possibility 
of  some  specific  case  of  another  primitive  satisfying  our  equation 

dy 

-^  zz'^ijt^  y),  we  are  bound  to  consider  those  relations  between  xand  y 

d^        d^    ,       , 

which  make  -r—  or  -3-  infinite,  for  they  may  now  (that  we  arc  con- 

dx         ay 

sidering  relations  without  arbitrary  constants)  be  the  cases  in  question : 
and  no  others  can  be  such,  since  the  preceding  theorem  is  conclusive  as 
to  all  the  cases  which  it  includes.  Returning  then  to  the  preceding 
theorem,  it  appears  that  we  must  devote  our  attention  to  the  cases  in 
which  the  diff.  co.  of  ^,  or  any  of  them,  are  nothing  or  infinite,  and  to 
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the  idationB  between  y  and  x  which  produce  that  result.  But  having 
thus  defined  the  question,  we  have  a  more  easy  method  of  proceeding 
than  direct  investigation  of  its  several  cases,  as  follows  : 

The  equation  y=  0.(j?,  c)  may  be  changed  into  any  equation  what- 
ever y  =:  tBT,  by  making  c,  not  a. constant,  but  such  a  function  of  x  as 
will  be  obtained  by  finding  c  from  ^{j?,  c)  ^zzwx.  Let  us  then  suppose 
e  afimction  off,  and  let  y  =  vj;  thence  obtained  be4he  particular  case 
(if  there  be  any)  of  another  primitive  which  satisfies 

<ltf  dy 

;/^  —  X  (^j  y)>  obtained  by  eliminating  c  firom  yz=i(t>(j3t^  c),  -^=9'(a?,  c). 

dy      d(f>       d<i>  dc 
Buty=*(x,c)(carofx)      gives      _  =  _  +  —_....  (1). 

dd>  d<p 

where,   since  -7-  supposes  c  constant,  -7-  =  ^'  (*,  c), 

dv  ^0  ^^ 

and  since  ^=x(*»y)  satisfies  (1),  %(j?.y)  =0^(^,0)+ —  — •  ; 

But  X  (*f  y)  =  ^'C^*  <^)  is  satisfied  independently  0/  c  by  y  =  ^  (j,  c), 
because  y=^(jr.  c),  y'=0' (a:,  c)  together  give  y'=  xC-^*  y)  ^7 
elimination :  so  that  x(^»  y)  =  ^'('^j  0  "  «^*<le  identically  true  t/ 
3f  =  ^x,  c).     From  hence  it  is  immaterial  whether  in  yz:z<l>(XfC) 

d<p  dc 
we  nippose  c  constant,  or  any  function  of  J?.     Consequently  —  —  must 

dc 
=  0  in  the  case  supposed.    Either  then  -r-  =  0  (or  c  is  constant, 

dib 

which  reduces  0  (x,  c)  to  the  usual  primitive),  or  -~  =  0,    that    is,  a 

dc 

certain  function  of  x  and  c  is  =0,  from  which  c  may  be  determined 
in  terms  of  x. 

Far  instance,  in  ys=tjp+ (c— *)*,  we  have,  to  form  the  diff.  eq., 

-^  =  1—2  (c— «)  :  eliminate  c,  and  -^  =  1  —  2Vy  —  j? . . . .  (2). 
dx  dx 

If  c  were  a  function  of  »r,  then*  -f  =  1  —  2(c-x)  +  2(c— j)  -p- . 

ax  dx 

Now  required  c  so  that  (2)  shall  still  be  true,  or  that 

(y  being  j:+  (c  —  j)«)^ 

1— 2Vy~jrr=  i~2(c-.  j:)+  2(c~j)  ~  •       ' 


and  either  c  is  constant,  or  else  c=x^  in  which  case  y:=  j7+0=:j7.     And 


Observe  that  1  —  2i/y —  x  is  1—2  (c-«),  therefore  2(c-j?)  v-  =  0, 


*  Though  the  following;  caution  appear  rather  trivial,  yet  some  difficulty  to  the 
itedeoi  may  be  aToided  by  it :  the  sign  =  includes  all  the  moods  and  tenses  of  the 
|lvase  '*  is  equal  to.**    In  the  present  case  read  it,  w<mld  he  efmai  /«. 


IM  DIFFBJltol^^IAL  ANii  IHtfiGltit  CALCULUS. 

y=s jf  REtisfies  ;^  =  1  —  2vy — j?  j 

but  ii  no  bftfte  of  the  primitive  p=x+  ic^»)\  c  being  eoMtatU,  ti  is 
theti  the  otilj  pat-ticttkr  case  of  any  other  primitive  which  «tttiBfiefe  (3), 
the  primititri  of  (2>,  whieh  hab  a  constant*  being  y  =±  i?+  (c  —  «)". 

This  new  kind  of  solution  has  been  called  a  Hngular  s^iutiotiy  a  ptu^^ 
ticular  soluiioriy  and  A  parlieuiar  iniegnti.  We  shall  tAopt  ttie  fii^t 
title. 

The  point  of  view  iinder  whidi  the  singular  solution,  takes  its  moM 
remarkable  form  in  geometry  answers  to  that  of  a  species  of  connecting 
fitncUon  between  the  different  cases  of  the  primitive,  such  as  arise  from 
giving  different  values  to  the  constant.  Thus  ^rz:  x  («^>  y)  is  tnie  for 
y=0(j?,  c),  whatever  the  (constant)  value  of  c  may  be.  It  is  equally 
true  therefore  of  y = 0  ( j?,  c)  and  of  y = f  (jr,  <?+  ^r) .  Now  ^(a?,  ,c)  imd 
^(a:,  c+Ac)  are  generally  of  different  values;  but  there  inay  be  specific 
values  of  x  for  which  they  are  equal.     Let  us  consider  then  the  case 

0(j?,  c)  =^(*,  c-\^U)  =  0(J^»  0  +  J  Ac  +  ^  5^  + 

If  Ac  be  very  small,  then  the  resulting  value  of  j?  is  very  nearly  that  ob- 
tained firom  -p  zrO;  if  still  smaller,  still  more  nearly;  and  80  on  without 
do 

limit  But  if  Ac=:0  absolutely^  then  ^x,  c)=f  (*,  e+ Ac)  fbir a// values 
of  Xi  and  of  course  among  the  rest  for  those  obtained  by  -r-  =0.      Still 

tic 

the  solutions  of  the  last  equation  have  this  property,  that  the  values  of  x 
fot  which  the  two  fhiictions  have  the  saihe  value  when  Ac  is  smill,  ap- 
proach nearer  and  nearer  to  them  without  limit,  as  Ac  diminishes.  For 
example,  in  the  equation  y=jr-h  (c— *)•  already  discussed,  if  we  inquire 
for  those  values  of  x  which  make 

d?+(c-j:)*  =  «  +  (c+ Ac— J?)*    or  2(c— Jr)  Ac  +  (Ac)«  =  0, 

we  find  that  2  (c  —  ap)+'Ac  2=0,  [or  J?  is  c+  jr-Ac,  which  approadiea 

nearer  and  nearer  to  a?  =  c  (the  supposition  from  which  the  singular 
solution  was  derived)  as  Ac  is  diminished. 

We  return  to  page  186,  in  which  it  is  shown  that  no  case  of  any 
other  than  one  primitive  will  satisfy  a  diff.  eq.  so  long  as  .the  suppo- 
sitions implied  in  the  demonstration  exist ;  that  is,  eo  long  as  none  of 
the  diff.  CO.  employed  have  singular  values.  Whence  it  follows  that 
the  singular  solution  really  obtained  must  belong  to  a  case  in'  which 
diff.  CO.  have  singular  values. 

AndBince     _*(x.y)  =  *'+*,^    or   -  +  -  J, 

we  cannot  have,  by  one  supposition,  both  ^  and  ^^  =:  0 ;  for  that  wf^ 
position  (say  it  is^  =:^)  would  show  that  ^  («,^)  is  by  yz=zfxrt* 
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duced  identically  to  a  constant,  and  this  case  is  therefore  included  in  the 
primitive  y  =  0  (x,  c)  or  c=  *(j?,  y).  tVe  cannot  have  i'=  0  and  6, 
infinite,  for  if  we  suppose  c=mj?  to  be  the  value  of  c  which  giyet  the 
singular  sobition  above,  we  have  then 

Gri=^  (j?,  y)     and  ix/x^i  l^+'^f  \{Xy  vrx) . 

But  «P;  is  =  cb ,  And  fi/^  not  being  generally  infinite  for  all  values 

of  Xy  we  can  only  have  x  (^»  ^'^)  =0  ^^  ^7   ~  ^»  which  is  not  uni- 

versaliy  true  |  for  the  singular  solution,  as  well  as  the  ordinary  primitive, 

dy 
gives  ^  a  function  of  x  Andy.    Nfeither'can  we  have  *'=  cc  and  $, 
ax 

=0,  for  then  isr'x  =  oc ,  which  cannot  be  generally  true.  There  only 
remains  then  the  case  where  ^'  and  ^^  are  both  infinite,  so  that  (remem- 
bering that  algebraical  quantities,  upon  finite  supposition^,  only  become 
infinite  when  a  denominator  is  made  =  0)  we  have  the  following 
theorem. 

If  y  =  0(x,  c)  give  y'rs  ^  (a?,  y),  and  c  =  *(j?,  ^),  then  the  sin- 
gular solutions  of  y'=Y  (r,  y)  will  all  be  found  among  such  equations 
/(^>  y)=0  as  make  4>' and  4>^  infinite,  or  a  common  factor  in  their  de- 
nominators nothing.  Observe,  we  have  not  proved  the  converse.  There 
may  be  values  which  make  $'  and  ^^  infinite,  but  which  are  not  singular 
solutions. 


Example  1.  y  =  j?  +  (c  —  a;)',  gives  c=3?-h^y  —  x  ,  which  dif- 
ferentiated with  respect  to  x  and  y,  has  only  2Vy  —  a?  in  the  denomi- 
nator.    Therefdre,  if  there  he  a  singular  solution,  it  i^  y  =  jr. 

Verification.    This  is  the  singular  solution  we  found. 

Example  2.  Let  y=c«  — 2cj:,  c=a?+V'y+j:*.  As  before,  if  there 
be  a  singular  solution,  it  must  bey=:— uC^  Treat  this  by  the  other 
method,  and  we  have 

d0 
0(a:,  c)=c*— 2cx,  —  =  2c— 2j?=:0,  c=jr,  or  y=j:«— 20?"=  —  J5«. 

As  yet,  we  have  only  found  the  singular  solution  from  the  primitive 
itself.  We  now  proceed  to  show  how  it  may  be  connected  with  the 
diff.  eq.     From  y=0(j7,  c)  giving  c=<&(j?,  y),  we  obtain 

dy  dy  ^' 

0=4/+*y^    or    ^  =  — ~  =  X  (j?,  y)  by  reduction. 

But  if  we  prefer  the  direct  elimination  of  c,  we  take  y  =  0(j:,  c), 

dy       d<f> 
and  ^  =^  "j~»  *  function  of  j?  and  c.     Let  this  last  equation  giv6 

c=  Pf  ^»  ^  )  >  then  the  diff.  eq.  is 

y=  0  f  J? ,    F  ^x,  ^J  J  equivalent  to  ^  =  x  (^,  y)  > 
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BO  that  the  substitution  of  x  for  -~  in  0,  as  last  written,  would  make 

ax 

y=0  idenHcodly  true,  independently  of  a?  and  y.  Or  we  have  y =0  (*,  c) 
is  made  identical  by  c  =  F  f  a?,  -—  ) ,  if  -^  be  made  =  x(*>  V)' 

This  equation,  then,  on  these  suppositions,  may  be  differentiated  par- 
tially with  respect  either  to  jr  ory,  and  thus  we  have 

* 

dtp       <f0  dc 
^  ^  d(/>       d4>  dc       d(f>  dc  dx  ^X  ^  rf.r        dc  dx 

db'^d^di'^d^d^d^'     ^^^"^'  di  ^  _d^dc^ 

dc  dx 

1-2  d^dc^dx  ^  — _1_ 

dc  dx  dy  giving.  ^^   "^  dtp  dc^ 

dc  dx 

As  an  instance  of  this  process,  we  take  y=a?+(c— a?)*=:0(ir,c) 

which  18  rendered  identical  by  -p  =  1  —  2vy  -  j:  =  xC*^*  y)> 

dx      ^dr_  l-2(c-j)+2(c-^j)Xl  _    1       _     L.  —  ^ 

d0  dc      *"  .        ^,         ^  1         ""*  c-x    ^     Jy—x       ^ 

-dcdx  -2(c-.)x-^  ^^ 

i_  _  1        _    1 L--^ 

dcdx  ^     ^        2 

Now,  returning  to  the  general  expressions,  we  know  that  the  sin- 

d0 
gular  solution  requires  c  to  be  such  a  function  of  x  as  will  make-r-  =  0, 

and  therefore  ~=  and  -p=-  infinite,  unless  it  happen  at  the  same  time 

dx  dy 

that  -^  is  infinite,  or  else  -^  nothing.    But  -p  is  ^  in  both  cases ;  the 
dx  dx  °  dx     dx 

dc 
last  therefore  cannot  be :  and  to  suppose  --r-  infinite  would  be  to  sup- 
pose that  F  {Xy  x)  =  Cy  re-inverted  into  x  =  ;i^>  gives  -—  =  0,  or  that 
X  does  not  contain  r,  or  that  y=0  {x^  c)  must  be  of  the  form  y^fx+Cf 


r 
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a  caie  we  presently  consider.    There  remains  then  only  this  case;  that 

-J-  being  =  x  (j:»  y),  all  the  singular  values  of  y  make  ~  and  ^ 

both  infinite. 

In  the  preceding,  we  have  supposed  x  (^>  V)  ^  ^^  really  a  function 
of  both  X  aud  y;  but  if  it  happen  that  the  diff.  equ.  be  of  the  form 
jf':=X('')t  ^^  roay  8ce  at  once  that  the  primitive  is  y^zf^Jcdx  +c; 

wliileif  3^=xy>  we  have  j?=  I  —  +  c.     The  singular  solutions  of 

these  are  only  such  as  can  be  derived  from  xr  =  ^  and  x3^=  oc ;  as  we 
shall  now  show. 

Theorem.  If  ever  we  imagine  a  letter  to  be  a  variable,  and  differen- 
tiate with  respect  to  it,  while  under  our  implied  conditions  it  is  a 
constant,  then  the  difif.  co.  which  we  expected  to  find  finite,  will  be 
found  infinite. 

Suppose,  for  instance,  xssa-^-kylftf  which  we  imagine  to  vary  with  t^ 
but  which  does  not,  because,  as  we  afterwards  find,  ^=0.  If  we  then 
differentiate  y  with  respect  to  a;,  we  have  (y  being  really  variable  with  t) 

dy_dy^dx_  J}_dy_ 

dx"  dt   *  dt"  kytdt  -  *  "  '^    "• 

\(  -J  :=.  \Xy  and  if  a?=a  make  xJ?=«: ,  then  -^  =  oc ;  and  x  =  fl, 
vLX  ax 

or  a  constant  value  given  to  x^  satisfies  the  differential  equation.  But 
this  is  an  extreme  case  of  singular  solutions,  and  will  be  satisfactorily 
illustrated  when  we  come  to  apply  the  subject  to  geometry. 

Example  1.     j^  =  vjp*— y«  .     The  singular  solutions,  if  any,  are 

Cm? 

y=  +  X,  or  y=  —  x :  but  neither  of  these  is  a  singular  solution,  for 
neither  satisfies  the  diff.  cq. :  they  give  -~  =:  +  1    or  ^  1,  while 

a«  —  y*=:0  gives  ^  =  0.    But  ^  =  1  +^x^'-y*    has  y=  +x  for  its 

singular  solution :  it  is  usual  to  add,  unless  it  happen  to  be  a  particular 
case  of  the  primitive ;  and  certainly  the  not  being  a  case  of  the  primitive 
which  contains  the  arbitrary  constant,  is  the  fundamental  definition  of 
a  singular  solution.  But  as  it  may  happen  that  a  particular  case  of 
y  =  ^(f ,  c)  may  have,  with  the  single  exception  of  being  such  a  pnr- 
tictdar  case,  all  the  characters  of  a  singular  solution,  and  particularly 
all  the  geometrical  characters,  we  shall  not  attend  to  this  distinction. 

Example  2.      y  ^=:Va?*+y*— a*  — x.     The  singular  solution,  if 

any,  is  y=:  +va*— x*,  and  this  does  satisfy  the  diff  equ. 

We  are  now  in  possession  of  all  the  possible  forms  which  can  satisfy 
an  equation  of  the  first  degree  y'=x(<^i  y)»    We  shall  now  take  several 

o 
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leading  forms  which  admit  of  complete  solution,  reserving  those  which 
require  particular  artifices  for  a  future  chapter,  or  specific  application» 

1.    ;p  =  /(^)-    This  evidently  gives  y  tizffxdx  +  c. 
being  ay,  fx  is  such  that  ay  =:  «  —  c  gives  y  =  Yr(dp— c). 

T.  rfy      •  1  1 

Example.     -^=:y,    x  =  c ,     y= . 

dy  1  A«*  +  « 

Example.    ^=:j^,    logy  =  ~*»  +  c,    yrrf 

4.   -^  =  "^"^ (     )  '     Under  this  general  symbol  is  included  every 

homogeneous  function  of  x  and  y,  meaning  either  rational  and  integral 
functions,  all  terms  of  which  are  of  the  same  degree,  or  any  functions  of 
them  made  as  follows.  The  number  or  fraction  n,  positive  or  tieglllive. 
is  the  degree  of  the  function. 

x*  +  j:y  +  y*    or  a?*  f  1  +  -  +  ^  j    is  of  the  degree  3| 

^       or  x"^       '       .  0, 

x  —  y  1  -  y-T-x 

JTVy        or.*(l  +  |)         1, 

.^=L         or.-iJLzJ^Zlf.      -|. 

var^  +  y*  Vl+(y-f-*)»  « 

Assume  y  =:  xu»    Then  we  have 

«  -f-  it  J-  c:  «"/f«f 

which  is  immediately  reducible  to  integration  only  when  n  e:  0.  Sup- 
pose this,  and 

\      du       I  r   *'«         I         J.  I 

7 T"  =  ■"  >  I  'a =  log  J?  +  c  =  log  CJ?, 

for  instead  of  c,  which  is  perfectly  arbitrary,  we  may  write  log  c.     Let 

du 

^ =  Y^/,    and  let  f  u:=zv  give  w^yfr^  then  y  2=:«^~'  O^Jg «"')• 

ju — u 

Here  by  ^"^u  we  mean  the  function  inverse  to  fu^  %o  that  Y^^~4f)=:« 


/: 
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We  have  thos  integrated  ^  =/(|  j  ^  ^^^*  P  +  Q  ~  =  0  may 

be  reduced,  if  P  and  Q  be  homogeneous  functions  of  x  and  y  of  the  same 
degree. 


■J^ 


>r=tt-J,     J^=-/«d«=-itt«=logcx, 

tt  or  -  =v -2logcx  :      or    y  =  v2.  or /v/logf — J. 

Verification. 

g  =  V2Vrbi^+>^x.i{-logcxr*(-i)=i|-^. 

5.    :r  +  Py  =  Q  i    where  P  and  Q  are  functions  of  x. 
ax 

Let  y  :tz  uv»  which  may  be  satisfied  in  an  infinite  number  of  Ways, 
and  we  are  at  liberty  to  assume  one  equation  between  u  and  v,  or  to 
assign  a  value  to  either,  the  other  remaining  to  be  determined  by  the 
di£  equ.    We  have  then 

Let 

^  +  Pv=0   orl  — =  — /Pdx  +  c    or©2=r^'^ssr.r'^, 

for  which  we  write  c€'^^f  since  t  is  merely  an  arbitrary  constant 

We  also  have  v  -;!^  s=  Q,  or  ^^  =  -  Qsf^  . 

ax  ax       c 

Hence  w  =:  -  I  Qe'^^dx  +  c',  c'  being  another  constant, 

y  =     r^**  ./Qf^  dx  +  c'f -^^  (writing  c'  for  c^  xc) 

m  which  one  constant  has  disappeared,  and  only  one  distinct  constant 
remains.   We  may  verify  this  result  as  follows : 

=  ~l?(6-^^fq8^^dx  +  c'€'^^  +  Q=^  -Py  +  Q. 
ExAinPLB  1 .    ^  +  ay  s=  Q      gives  y  =  r^fQf  dx  +  ci"". 

Example  2.    /  +  Py  =  P      gives  y  =  1  +  ce^^. 

dx 

o2 
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Example  3.    Let  -^  =  x  +y,     P=  —  1     fPdx  =  -  j?    Q=  x, 
Jxr'dx^  — arf"'  —  f"',        y  =  — x  — 1  +  eg*. 

6.    y=   A^  "^  fxAJ*   f^^^Z  •^y  function  whatsoever.    The 

dy 
integral  evidently  is  y  =  ex  +  /c,  which  gives  -^^  =  c.     This  primitive 

is  remarkable  for  its  singular  solution,  found  from  x+f'c^:z  0.  If  this 
give  c  =r\|/x,  then  y  =  xfx  ^fifx)  is  the  singular  solution. 

Example  1.    y  =  ^x  +  sin""*  ~-  gives  y  =:  ex  +  sin~*c.    Its  sin- 
gular solution  found  from 

X  +     .  =0        or  c*  =2  — — —  ,  is  y  =:vx*—  1  +  sec"*x, 

VI -c«  ^ 

Example  2.    y  =  ^  x  +  (^  ]    gives  y  =   — 3(t|  i  the  sin- 
gular solution. 

We  are  now  in  possession  of  the  means  of  integrating  equations 

enough  to  illustrate  their  theory;    and  particular  instances  can  only 

acquire  an  interest  in  connexion  with  problems  which  produce  them. 

dv 
The  most  general  attempt  to  integrate  P  +  Q  ^  =  0,  where  P  and  Q 

are  any  functions  whatsoever  of  x  and  y,  is  one  which  fails  by  requiring 
the  previous  solution  of  another  species  of  equation ;  but  its  principle 
is  highly  instructive.     We  return  to 

d^       d^  dv 
y  =  0(x,  c)  giving  c  =*(x,  y)  and  0  =  ^  +  •5-  ^» 

which  latter  is  in  fact  the  differential  equation,  since  it  does  not  involve 
c.    But  if  ^'  and  ^^  have  a  common  factor  M,  so  that  ^'  =  MP, 

^  =  MQ,  substitution  and  division  show  us  that  P+Q  -r  =  0,  which 
'  dx 

may  be  the  diff.  equ.  in  the  form  in  which  it  is  first  presented  to  us  by 

a  problem.     Now,  how  are  we  to  know  whether  a  factor  has  or  has  not 

disappeared?    By  the  following  simple  process.    If 

du  d^       d^  dy 

P  +  Q -^  =  0  presented  to  us,  be  really  T"  +  3"  3^  =  0, 

to  which  direct  derivation  from  the  primitive  would  bring  us,  then,  be- 
cause 

d  d^        d  d^   ,         ,^^,  ^        dP       (fQ 

-T  -7-  =  -7  ir  (page  162)  we  must  have  --  =  -7- . 
dydx        dx  dy  ^^^  '^  dy       dx 

dv  d  iir*       d  ly* 

Thus,  i"  '*'  +  y*  ^  =  0«    we  see  that  -^  =  -^  •=  0  {partial  diff. 

CO.) 
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But  in  j:  +  y»  ■+  x*-f  ,   -^  ,-   -  =:  2y  is  no^  =  ^^  =  2x. 
In  the  first,  therefore,  we  have  no  factor  to  look  for,  in  the  second  a 
factor  has  been  lost.    This  equation  -r-  =  -=—  is  called  the  condition 

ofiniegrahilityy  and  we  shall  see  that  integration  can  really  be  per- 
formed without  further  preparation  when  it  exists. 

dV       dQ  dy 

Let  "j"  =  j~  >  t^®^  in  P  +  Q  —■ ,  P  is  a  diff.  co.  obtained  by  sup- 
posing y  constant.  Integrate  on  this  supposition,  then  fVdx  +  const, 
is  the  primitive.  But  since  y  was  a  constant  in  the  integration,  the 
latter  term  (const.)  may  have  been  a  function  of  y ;  for  such  a  function 
may  have  disappeared  by  differentiation  with  respect  to  <r.  Let  there- 
fore J*Pdx  +fy  be  the  primitive :  then,  because  Q  is  the  diff.  co.  of 
the  primitive  with  respect  to  y,  we  must  have 

^  ifPdx+fy)  =  Q      ot^  (fPdx)+fy  =  Q. 

Le    fPdx-Y     th     P=  —    —  =  —^s:—  —  ' 
•^         ""    »  ^  dx*  dy'^  dy  dx^  dx  dy* 


or 


Sfy^^fi'^  '^^    ¥   =|^^'^>' 


io  that,  in  like  manner  as  the  order  of  independent  differentiations  is 
indifferent,  so  is  that  of  a  differentiation  and  an  integration  with  respect 
to  independent  variables. 

The  latter  integration  is  made  on  the  supposition  that  y  only  is 
variable.  This  might  appear  to  require  that  a  function  of  x  should  be 
added  ;  which,  however,  must  not  be,  because  by  such  an  addition  the 
condition  already  satisfied,  namely,  that  the  diff.  co.  with  respect  to  «  is  P, 
would  be  undone  again.  Hence,  the  function  whose  diff.  co.  with  re- 
spect to  X  and  y  are  P  and  Q  (which  call  U)  is 

Differentiate  for  verification,  remembering  the  theorem  just  proved,  and 
ExAUPLE.     From  what  function  springs    - 
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fPdxss/Oi  +  8ay)d*  ss  -  +  a^, 

uid  the  fuoctioii  i$  o^  "^  ^  "^  q  V'  ^ 

from  which  we  infer  that  the  solution  of 

«+2iy  +  (^  +  y')^  =  0     is  c=ij^  +  jr«y+gy». 

In  the  preceding  operationi,  observe  that  none  of  the  signs /*  imply 
the  addition  of  constants,  those  having  been  considered  in  tne  pro- 
cess. And  also  that  the  term  annexed  to  y,  though  it  appear  to  contain 
J,  is  really  a  function  of  y  only,  since 

ijc»-y^->=/(g-f)*=«- 

In  P  4-  Q  -^  we  have  hitherto  supposed  that  y  is  some  function  of  x, 

it  is  not  known  what.     If  we  make  the  preceding  ==  0,  then  y  is  the 
function  of  x  defined  by  c  =  U. 

We  have  reserved  the  notion  of  differentials  (which  we  may  abbre- 
viate into  diff**.)  as  distinguished  from  diff.  co.,  till  we  have  come 
to  a  point  at  which  the  occasional  rejection  of  the  latter  in  favour 
pf  the  former  will  produce  an  advantage  more  than  compensating  the 
liability  to  inaccuracy  which  the  former  are  said  to  involve*.  (Read 
here  pages  14,  15,  38 — 41  of  the  Elementary  IlluHraiions.)  If 
t£  s=  0  (dp,  y)  -  give  Au  =  0'  Ajj  +  <(>^  Ay  +  &c.  (page  87)  wc  write 
du  s^  <pf  dx  +  </>f  dy  M  an  equation  1,  which  approximates  without  limit 
to  truth,  as  de  and  (fy  are  diminished ;  2.  as  one  which  gives  the  limits, 
00  soon  as  ratios  are  formed  by  division,  upoQ  all  suppositions.    The 

*  Ilia  anthof  takM  tbif  opportunity,  once  for  all,  to  diftont  from  notjons  whiah 
havo  bean  lately  piomulgated  ia  English  works,  relative  to  the  rejection  of  d|ffi;rea- 
tiale.  To  tuch  a  point  has  this  been  carried,  that  the  very  striking  and  instructive 
analogy  between  SyAr  and  /vdx,  as  compared  with  that  which  exists  between 

Ay  ^y 

-^  and   -/-,  has  been  lost  to  the  eye  by  the  introduction  of  y^  y  to  stand  for 

Aar  dx  ■  • 

lilar 

who 

imagined  they  were  more  accurate  when  they  wrote  ■—  ^p  instead  of  dtf  s  pdx^ 

dx 

rejected  the  assumption  that  f{x  4-^)  can  always  generally  be  expanded  in  whole 

powers  of  h,  or  the  attempts  at  k  priori  proof,  after  the  manner  of  Lagrange,  that 

fractional  and  negative  powers  cannot  enter  ?    And  have  they  been  equally  attentiYe 

to  phraseology  P    Have  they  rejeeted  the  expressions  about  the  faiiure  of  Taylor's 

Theorem,  which  would  imply  that  the  said  expansion,  not  having  the  process  by 

which  it  waH  declared  universal  before  its  eyra,  but  being  moved  and  instigated  by 

the  vanishing  of  a  factor,  did  wilfully  and  of  malice  aforethought,  refuse  to  be  tnie 

in  Chapter  U.,  the  same  being  agamst  the  proof  in   Chapter  I.,  its  truth  and 

generality  ?    Until  these  questions  can  be  answered  in  the  afErmativai  w«  are 

reminded  of  differentials  by  the  relative  sizes  of  a  gnat  and  a  camel. 


yjrddr.    But  has  this  great  sensibility  to  notation  been  accompanied  by  a  simil 
aeling  with  regard  to  the  assumption  of  principles  or  theorems  P    Have  tbose  ir 
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oBly'^vanung  necessary  is,  never  to  separate  a  partial  di£ferential  from 
its  denominator  without  making  a  proper  distinction,  since  the  removal 
of  the  denominator  removes  the  existing  distinction.    Thus 

au9s~  09  +  ^  d^  caunot  be  wntten  du^dU'\'  du^  though  we 

have 

4u  (when  both  vary)  s  du  (when  x  only  varies)  +  du  (when  y  only 

Which  might  be  written  dw=  d, u  +  (f,2/,  but  -r-dx  +  -r  dy 

will  be  Ibund  more  convenient. 

We  shall  now  suppose  that  in  Pdx  +  Qdy,  the  condition  of  inte- 
grability  is  not  satisfied.  Let  M  be  the  factor  which  has  been  lost,  so 
that  MFcbp  +  MQdy  is  a  camplefe  difiereniiai. 

Then  ^(MP)  ^d(UQ)     ^^p^M^     rfM  _^/dQ_dP\ 
dy  dx  dy  dx  \dx       dy)  ' 

ThnSy  if  we  wish  to  fen4er  ydx  —  xdy  complete,  we  have 

or  we  have  to  solye  a  partial  di£F.  equ.,  namely,  to  find  M,  a  function 
of  X  and  y,  between  which  and  its  partial  diff.  co.  the  preceding  relation 
shall  exist.  This  we  cannot  do  generally,  but  thereupon,  seeing 
that  (his  propositioQ  is  true :  **  given  the  solution  of  all  partial  diff. 
equ.  that  of  all  common  diff.  equ.  follows,  both  being  of  the  first  degree," 
we  may  suspect  the  converse,  namely,  that  we  shall  be  able  to  solve  edl 
partial  equatiops,  so  soon  as  we  can  solve  all  pommon  ones.  And  this 
we  sh^ll  find  true,  with  just  enough  of  variation  to  remind  us  that  the 
assumption  of  converses  is  dangerous. 

TpeqrikM'  If  N  be  a  function  ofx  and  y,  giving  dN  =  pdx  +  qdy^ 
then  the  equation  dii  =  VdN  is  incongruous  and  self-contradictory, 
except  upon  the  assumption  that  u  is,  as  to  x  and  y,  a  function  of  In  ; 
or  oiily  contains  x  and  y  through  N. 

|jcf  N  =  y^(ar,y)  give  y  ==  x(N,  x),  ^nd  suppose,  if  possible,  that 
the  substitution  of  this  value  of  y  in  u  gives  usz  p  (N,  x),  x  not  disap- 
pearing with  y.    Then,  x  and  y  varying, 

dN  dr       ^  dN  dy  ^       dx     ' 

or       du  =  ^,  dN  +  ^  dx  =  VdN, 
dN  dx 

which  equation  being  universal,  is  true  on  the  supposition  that  x  does 

d/3 
not  vary,  or  that  dr  :=  0.    This  gives  ;7j^  =  ^^  5 

or  du  =  VdN  +  ^dj  =  VdN, 

dx 

because   -j^  and  V  being  independent  of  the  variations  (as  are  all 
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diff.  CO.)  whatever  relation  exists  upon  one  supposition  exists  upon  all 

others.      Hence  —  =  0,  or  j3  does  not  contain  x  directly,  but  only  as 

it  contains  N.  We  have  purposely  introduced  this  demonstration  here, 
because  it  gives  the  opportunity  of  dwelling  on  the  point  most  likely  to 
confuse  a  beginner  in  his  first  use  of  differentials.  In  the  equation 
o^N  =  fdx  +  qdyy  which  is  true  of  dN,  dr,  dy^  not  in  the  ratios  which 
they  ever  can  have,  but  only  in  those  to  which  they  continually  approach 
as  they  diminish,  we  can  no  more  suppose  c2x  =  0  absolutely,  than  dy 
or  (2N,  except  only  on  the  supposition  that  x  does  not  vary  at  all.  The 
small  ness  of  dy^  if  it  be  supposed  small,  is  no  reason  for  the  rejection 
of  qdy  as  compared  with  pdr.  Or  let  dt  be  a  comminuent  with  (2N, 
dx^  and  dy^  and  let 

^N  .     -    ,.    .^  .  ,     ,  dfi  dS       dfi  dx      ^^  dS 

-r-  &c.  be  limiting  ratios  as  usual,  whence  •—;  -77  +  -r-  -r-  =  V  -t- 
dt  d^  dt       dx  dt  di 

is  absolutely  true,  upon  all  suppositions.  If  then  x  do  not  vary,  we 
have 

dx      ^      dfi       __           .    ..dN      d(i  dx      ..  dS 
— :  0       -— '  s=  V       and    V  — —  ^  -— =2  V  — 

dt      ^'     dS      ^       ^"^    ^  dt  ^  dxdt       ^    dt' 
which  being  true  independently  of -=r  9  must  give   j-  s  0,  as  before. 


Again, 


dtts  voN  =s  v-r-rf«  + V -7- ay  gives-p  [  V-^  )=5-t-   V-r- ' 

dx  dy  dy\     dx  J      dx\     dy 


) 


dV  ^  .  V— — -—  — +  V-^—        ^^  —  ^^-0 
dy  '  dx  dydx  ^  dx'  dy  dxdy  *       dy  dx       dx  dy^  * 

whence  (page  187),  V,  as  to  x  and  y,  must  be  a  function  of  N.    Let  it 
be/N,  then  du  zzfS.dH^ ,  u  sry/N.cfN  +  const.,  a  function  of  N. 
Hence,  du  =  Vr/N  requires  both  V  and  u  to  be  functions  of  N. 

Theorem,     du  ^  Pdx  +  Qcfy,  u  being  a  function  of  x  and  y,  cannot 
be  true,  x  and  y  being  independent^  unless  -j-  ^  t-- 

uy        UtC 

y-  dj?  +  -J-  dy  =  Pdx  +  Qdy, 

J      T  du  du       ^      .  .       dP       dQ 

and  unless        :j—  =  P       -r-  =  Q    giving  -z-  =  -p, 

dx  dy       ^    ^      ^  dy       dx' 

we  may  easily  show  that  do  given  function  of  x  and  y  can  be  =  v, 
unless  upon  a  supposition  which  connects  x  and  y.  Thus,  in  the  case 
of  du:=:dx  '\-  xay,  we  canoot,  for  instance,  have  uzzx^+  y\  unless 
we  have 

2xdx  +  2ydy  =:  dr  +  xdy    or  -^  =z     -— , 

^  ^  dx  «  — 2y 


r 
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which  is  only  true  where  y  is  one  particular  function  of  <r.  Similarly, 
ytt  can  only  have  u=a:y +y,  where  y  is  another  function  of  x^  and  so  on 
for  every  function  of  <r  and  y  which  u  can  be.  But  in  du  =  xdy-^-ydXy 
we  have  u  =  xy^  whatever  y  may  he.  This  latter  sort  of  connexion 
between  u  and  a  function  of  x  and  y  is  therefore  impossible  in  tbe  pre- 
ceding case :  which  was  to  be  proved. 

Where  one  equation  only  exists  between  two  variables,  as  in  y  =  <l>x^ 
or  y  {Xj  y)  =0,  there  is  one  independent  variable.  But  there  is  one  only 
when  there  are  two  equations  between  three  variables,  three  between 
four,  &c.  To  take  the  former  case,  let  us  suppose  0(.r,  y,  u^  c)  =:  0, 
f  (or,  y,  v,  cf)  =  0,  each  equation  containing  an  arbitrary  constant. 

If  we  differentiate  these,  we  have 

dx  dy'^       du  dx  dy    ^        du  ' 

from  which  four  equations  we  may  eliminate  c  and  c',  leaving  two  equa- 
tions between  a:,  y,  u,  and  their  differentials,  or  when  more  convenient, 
the  difif.  CO.  of  any  two  with  respect  to  the  third.  We  may  also  in  the 
same  way  obtain  singular  solutions,  satisfying  the  diff.  equ.  by  substi- 
tuting in  the  equations  the  values  of  c  and  c'  in  terms  of  Xy  y,  and  u, 

d(f>  dMt 

derived  from  -7-  =  0  r~  =  0.    All  this  will  be  also  true  when  both 
dc  dc 

equations  contain  both  c  and  c\  except  with  regard  to  the  singular 
solutions,  which  we  shall  have  to  consider  hereafter.  And  the  diff.  equ. 
may  be  obtained  directly  (as  in  page  184),  by  explicitly  obtaining  c  and 
c^mim0=:O  y=:0.  Let  these  give  c  =  $  (j^,  y,  u,) ,  c' 5=^(a?,y,tf,) 
from  which  we  obtain  diff.  equ.  of  the  form 

Mcir  +  Nrfy  +  Prfu  =  0        Wdx  +  N'rfy  +  V'du  5=  0, 

where  M,  N,  P,  do  not  contain  c  or  c\  and  are  either  partial  diff.  co.  of 
4,  or  diff.  CO.  stripped  of  a  common  factor.  And  the  same  of  M',  N',  P', 
and  ^.  But  we  are  not  to  conclude  that  these  will  always  be  the  diff.  equ. 
presented  by  a  problem  of  which  the  result  is  that  <{>  =  0  y^  rr  0.  For 
if  we  multiply  the  second  by  V  and  W  successively,  and  add  the  results 
to  the  first,  we  have 

(M  +  M^)rfj?  +  (N+N^)  (fy+  (P+P'V)rftt  =  0, 
(M  +M'W)(/x+(N+N'W)rfy+(P+P'W)rfu=:  0, 

the  truth  of  which  implies,  and  is  implied  in,  the  truth  of  the  first  pair. 
And  these,  with  some  particular  form  of  V  or  W,  may  be  the  conditions 
at  which  we  arrive. 

But  now  suppose  we  require,  not  that  the  preceding  equations  should 
be  both  true,  but  that  ?/,  <r,  and  y,  should  be  connected  in  such  a  way, 
that  either  of  them  will  be  true  when  the  other  is  true ;  that  is, 
either  is  to  be  a  necessary  consequence  of  the  other.  Supposing  the 
equations  to  be  so  combined,  if  necessary,  that  the  restoration  of  a  factor 
shall  make  the  first  side  of  each  a  complete  differential  (say  the  first  of 
^  and  the  second  of  '^),  then  our  requisite  condition  is  this,  that  d^ 
shall  =  0,  when  d^  =  0.  This  will  be  true  if  such  an  equation  as 
d^:=-Wd^  exist,  that  is,  if  ^  be  made  a  function  of  ^.  Hence,  we  have 
this 
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Theorem.  If  the  diff.  equ.  of  0  («,  o^,  y,  c,  c')  sz  0,  and  y  (u^ «» y» 
e^cfyssO  may  be  so  connected  that  either  shall  follow  from  the  other, 
then  ^  and  "¥  being  the  values  of  e  and  c'  deduced  from  ^  s  0,  ^  s  0» 
we  must  have  ^r=/(^):  and  conversely,  (it  may  be  shown  from 
d^szf'^  dif)  that  «  syi[^)  makes  either  of  the  diffi  equ.  deduced 
from  0=0  \{/  =:  0,  follow  from  the  other. 

Though  we  have  shown  that  Mcb  +  Kdy  +  Pdu  ss  0  is  incongruous, 
except  only  in  the  case  where 

du:s  —  ~djr  —  pilyisa  complete  difierential ; 

yet  two  such  equations  existing  together,  have  meaning  and  rational 
results.  Fqt  by  eliminating  du  we  obtain  a  relation  between  dx  and  c(y, 
which  implies  that  y  is  a  particular  function  of  j;  ;  as  also  appears  by 
eliminating  u  between  the  primitives  0=0  y  s=  0.  This  is  a  sufficient 
(ketch  Qf  the  theory  of  simuUaneaiis  diff.  equ.  for  our  present  purpose. 
Wha|  function  of  x  and  y  is  u,  so  as  to  fulfil  the  condition 

X^^+Y^rrU (1) 

dx  dy  ^  ^ 

where  each  of  X,  Y,  and  U ,  is  a  given  function  of  the  three  variables 
Xf  y,  and  u,  all  or  either.    To  begin  with  a  particular  case,  let  us  take 

X  ^  +  y  ;i~  ==^  ^'    Now  tt  being  a  function  ofx  and  y,  gives 

ijurs  -r-dar  +  ^-dy  (for  all  functions)  =  -r-dx  +  -[  u  — a?-- jdy 
dx  dy  ^  '       dx  y\  Ax)  ^ 

(for  the  case  in  question). 

du 

That  is,    ydu  -  w^^y  =  ^  (y^f  -  ?^U)  •    r    r   ?  (2)r 

This  immediately  shows  iis  that  u  must  be  of  such  a  kind  that  ydu  - 
iidy  =  0  follows  from  ydx  —  xdy  sO :  of  which  the  first  gives  u  =  cy^ 
the  second  y  =r  dx.  Hence,  in  the  theorem  preceding,  c  or  i^,  or  u-i-y, 
must  be  a  funption  of  c'  or  ^,  or  y  -J-  x^  and  therefore 

if  op-T-  +  y  -;—  =  M  have  a  solution,  its  form  is  u  =:y  /(  -  |. 
dJf^^dy  ^     W 

The  next  question  is,  will  any  form  of  /  be  a  solution,  or  does  tl^is 
require  any  particular  forms,  and  what  ?  To  try  this :  observe  that  (2) 
may  be  immediately  reduced  to 

which,  u  being  yf(y  -5-  jr),  is  true  for  every  form  off.    We  now  pro- 
ceed to  the  general  case. 
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du 
In  the  value  of  du  gubstitute  -r-  from  (1),   which  gives 

cy 

Ydu  -^  Udy  «  ^  iYdx  -^  Xdy). 

Coniequendy,  u  must  be  such,  that  Xdu^Vdy  s  0,  and  Ydr  —  XdyzsO 
diall  follcyw  one  from  the  other.  If  then  their  primitives  can  be  found, 
and  the  two  constants  deduced  in  terms  of  x,  y,  and  v,  the  value  of  u 
must  be  among  those  derived  from  making  the  expression  for  one  of  the 
eonstants  a  function  of  that  for  the  other.  It  only  remains  to  show  that 
the  ODe  may  be  any  function  of  the  other.  Let  c  s=  ^  and  c'  =  "i^  be 
the  values  of  the  constants  i^bove  mentioned;  whence  ^s/^  is  the 
form  to  be  tried. 
We  know  that  (by  the  manner  in  which  $  and  ^  are  obtained) 

may  be  transformed  into,  and  imply  and  are  implied  in 

Ydu-  Udy  ==  0  Ydx  -  Xdy  =  0. 

If  then  we  use  the  two  last,  and  eliminate  dy  and  dx  from  the  two  first, 
we  produce  (eliminating  a  quantity  from  equations  which  are  the  same 
in  different  forms),  identiccU  equations.     These  are 

.  d*  d*         d^  d9         d^         d'9 

du         dx         dy  du         dx  dy 

These  results  are  necessary  consequences  of  the  manner  in  which  ^ 
and  ^  were  obtained.  Now  I  say,  that  the  supposition  of  $  =/^, 
fnakes  these  render  the  equat'  n  ( 1 )  true,  whatever  /  may  be.  Fo^, 
differentiating  the  last  with  respect  to  x  and  y  separately,  we  find 

d*  **_      d^  _  /d*  du      d^\ 

du  dx       dx         ^      \du  dx      dx  ) 

.   •    .   .  (A) 
d^du^       d*  _     ,     /d^  du       d^\ 

du  dy       dy  ^  \du  dy      dy ) 

Multiply  the  first  by  X,  and  the  second  by  Y  and  add,  remembering'the 
preceding  equations.    We  then  have 

Consequently,  whatever /may  bo,  we  have  either 

du  du  dx  dy 

of  which  we  shall  show  that  the  first  not  only  requires  a  relation  to 
exist  ;identically  between  *  and  *',  but  is  even  then  only  true  of  one 
form  of  /.  Assume  the  first,  then  from  equations  (A),  we  have  the 
foUowiog  additional  equations : 
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dx  dx  *  dy  dy^ 

which  three  relations  imply  that  <b  and  /^  are  identically  the  same, 
or  at  least  only  differ  in  constants,  or  in  quantities  not  containing  either 
V,  Xy  or  y.  Now  ^  and  ^  contain  nothing  arbitrary,  being  entirely 
determined  when  X,  Y  and  U  are  given :  the  one  therefore  cannot  be 
made  identically  a  function  of  the  other ;  and  even  supposing  that  we 
had  obtained  a  case,  in  which  ^  was  a  certain  function  of  ^,  the  first 
could  only  be  one  definite  function  of  the  second;  that  is, /could  not 
be,  as  was  supposed,  of  any  form  whatever.  Generally,  therefore, 
4>=/^  gives  equation  (1).  And  we  have  thus  obtained  the  most 
general  solution ;  for  if  not,  let  the  more  general  one  be  or  (a?,  y,  w)=:0, 
which  is  such,  that  when  we  substitute  values  for  x  and  y  in  terms 
of  t/,  ^,  and  *,  from  ^  =  <>  (jr,  y, m),  ^  =  ^(j',  y,  w),  we  do  not  find 
u  disappear  also,  but  suppose  we  find  x  (w>  *>  ^)=0  giving  ^=:/(*,  u) 
instead  of  the  former  solution.  The  equations  (A)  then  require  the  ad- 
dition of  terms  to  the  second  sides  arising  from  /  containing  x  and  y 
through  u,  which  enters  directly,   as  well  as  in  ^  :  that  is,  terms  of 

the  form  -; — r-  and  -p-  -r-.    The  multiplication   and  addition  then 
du  dx  du  dy  ^ 

makes  the  final  equation  become  (/'^  meaning  now  the  partial  diff. 
di 


CO. 


I) 


^du     ^      duj  \    dx        dy  )        du\    dx         dyj* 


and  this  does  not  satisfy  the  equation  (1) ;  for  the  admission  of  (hat 
equation    gives    0  =   —  U  --^.    Now,     if  U  be  finite,  this  gives 


f  =  o. 


,  the  very  equation  which  denotes  that  u  does  not  enter  where 

it  was  supposed  to  enter :  but  if  U  =:  0  the  preceding  equation  is  then 
reduced  to 

\du  du        du  J  \    dx  dy  J*^    ' 

The  first  factor  does  not  vanish,  by  reasoning  similar  to  that  already 
given.  The  second  factor  therefore  vanishes,  or  the  equation  (1)  is 
satisfied ;  but  our  new  supposition  O  =/(4^,  u)  still  exists,  as  a  solu- 
tion; has  the  equation  really  a  more  general  solution  when  U=0  than 
in  other  cases  ?  If  we  return  to  the  diff.  equ.  we  find  that  U  =  0 
(Y  being  finite)  gives  du  =  0,  Ydx  —  XcZy  =  0,  and  one  of  the  pri- 
mitives must  be  u=:c;  that  is,  u  itself  is  either  ^  or  ^  :  be  it  either; 
still  *=/c4^,S^)  or  *=/(^,*)  show,  either  directly  or  by  deduction, 
that  <>  is  a  function  of  ^. 

Thus  an  arbitrary  function  is  in  partial  diff.  equ.  what  an  arbitrary 
constant  is  in  those  which  have  only  one  independent  variable,  a  neces- 
sary part  of  the  most  general  solution  of  any  one,  however  simple.  We 
now  give  some  examples ; — 

du 
1.    -=—  =  11.    Here  X  =  1  Y=0  and  the  diff.  equ.  become  Urfy=0, 
dx 
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Xdy  =  0,  or  y  =:  c  satisfies  both.  In  fact,  owing  to  only  one  variable 
being  difikrentiated,  this  is  a  common  diff.  equ.,  in  which  the  other  pos* 
sible  variable  is  constant.    The  arbitrary  function  is  one  of  y. 

du      du 

2.  ;j—=  j~"«    X=l  Y=  —  1,  U  =  0,   and  the  equations  are 

cfu  =  0,  dr  +  dy  =  0,  the  primitives  of  which  are  u  :=:  c  j:  +  y  =  c', 
and  u  ==/(jp  +  y)  is  the  solution.     (For  the  converse)  see  page  62.) 

^     du        du       ^       .  „.  .  ^      du       ,  du        ^ 

3.  -I—  +  -T-  =  0    gives  u  =/(«  —  y)      and  a  -r-  +  o  -r-  =  h 
dx        dy  ^  ./  V        J/  dx  dy 

hi* 
gives  u  ==f(ay  —  bx)  +  — . 

gives  1*  =  0  (j;"  —  y-). 

5.     Let  X,  Y,  and  U,  be  severally  a  function  of  x  only,  of  y  only,  and 
of  u  only.    Then  the  solution  is  the  value  of  u  derived  from 

n  =  f^  *  if^  -  m  ■ 

^  du  ^      du  ^jffy\ 

7.     Explain  the  following  assertion : — If /may  be  any  function,  then 
/(P  —  Q)  +  P,  and  /(P  —  Q)  +  Q  are  the  same  inform ;  and  so  are 


P/(|)  "d  Q/(|) . 


We  have  thus  completed  what  it  is  necessary  the  student  should 
know  on  equations  of  the  first  order  (of  differentiation),  and  of  the  first 
degree  (as  to  powers  or  products  of  diff.  co.)  both  for  two  variables  (one 
independent)  and  three  variables  (two  independent).  With  regard  to 
those  of  the  second  order,  yfe  have  already  integrated  (in  page  154,  &c.) 
by  far  the  most  important  of  those  which  occur  in  practice.  Those  of  a 
higher  degree  than  the  first  are  not  of  primary  utility.  Without  making 
further  application  than  is  necessary  for  elucidation,  we  shall  content 
ourselves  in  this  chapter  with  pointing  out  the  most  important  general 
considerations  connected  with  them. 

Let  there  be  an  equation  y  =  0  (x,  Ci,  c^,  .  .  .  )  containing  n  ar- 
bitrary constants ;  three  will  be  sufficient  for  our  purpose.  We  may 
then  form  n  different  diff.  equ.  of  the  first  order,  according  as  we  eli- 
minate one  or  another  constant.  From  any  one  of  these  we  may  elimi- 
nate a  second  constant,  and  thus  we  shall  have  equations  of  the  second 
order  with  only  n  —  2  constants  in  each.  Proceeding  in  this  way,  we 
may  by  means  of  the  primitive  equation,  and  the  n  equations  imme- 
diately deduced  by  n  differentiations,  eliminate  all  the  constants,  and  we 
shall  thus  have  an  equation  of  the  nth  order  containing  no  arbitrary 
constants.  For  instance,  suppose  y  =  Cj  j?* -I- r,  j;^ -h  c^^r*  (A)  whose 
differentiated  equation  is  y'  =  4ci  a?*  +  3ct  a^  +  2ca  x,  from  which 
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Eliminate  C|    giving  4y  —  f/  =s        r,«*  +  2cgS**  •  • .  .B| 

.   •    .   .    Ct     ••••     3y  — Jty'ss— '   CiX*  +    c^jp" B^ 

.   •   •    •    Ct     •»••     5^— jf/=  —  2ciJ^-*   Ciit* Bft  . 

The  differentiated  eqaation  of  the  first  is 

3y'  —  •^'  =  3ct«"+  4ci  jp, 
fbm  which,  and  firom  either  B| ,  Bt ,  or  B«,  another  constant  tnqr  bt 

eliminated* 

Proceed  in  this  way,  and  show  that  the  first  equation  in  which  all 
the  constants  are  eliminated,  is 

s^yfff  _  6jp«3/"  +  18iy  —  24y  =  0, 

which  equation  has  (A)  for  its  complete  primitive.  It  might  he  sup- 
posed that  there  are  12  equations  of  the  second  order*  namely  (denoting 
by  B/  the  differentiated  equation  of  B| ,  &c.),  two  from  each  of  the  fol- 
lowing pairs,  according  as  one  or  the  otiier  constant  is  eliminated  B|  B\, 
Bt  B', ,  Bg  B'a ,  and  one  from  each  of  the  six  other  pairs  Bi  B'l,  BiB'i,  &c 

But  four  of  these  twelve  contain  Ci  only,  and  are  identical,  and  the 
same  of  c^  and  c^.  However  an  equation  containing  C|  only  may  arise, 
tt  must  be,  with  one  order  of  processes  or  another,  tibe  result  of  elimi- 
nating Ci  and  Cg  between  A  and  its  differentiated  equations  A'  and  A^'. 
Hence  there  are  n  ways  (supposing  n  constants)  in  which  one  constant 
can  be  omitted,  or  n  diff.  equ.  of  the  first  order;  ^n(n  —  1)  ways  in 
which  two  can  be  omitted,  giving  as  many  of  the  second  onier ;  and 
finally,  one  only  in  which  all  can  be  omitted,  or  one  of  the  nth  order. 
Thus,  in  one  equation  with  4  constants,  there  are  4  equ.  of  the  first 
order,  6  of  the  second,  4  of  the  third,  and  1  of  the  fourth. 

Hence,  n  is  the  least  number  of  constants  which  an  equation  of  the 
nth  oiider  can  have  in  its  complete  primitive,  and  also  the  greateat.  Thia 
last  point  is  one  of  which  a  complete  and  final  proof  cannot  easily  be 
given ;  we  shall  therefore  (here  at  least)  content  ourselves  with  remark-^ 
ing,  that  as  our  only  method  of  reducing  an  equation  to  the  next  lower 
order  is  common  integration,  which  introduces  one  constant  only  at 
each  step,  we  know  that  a  primitive  with  n  constants,  independent  of 
each  other,  is  the  most  general  which  we  have  the  means  of  finding. 
We  shall  now  proceed  to  consider  the  general  properties  of  the  express 
sion 

where  P« ,  P«-i ,  &c.  are  any  given  functions  of  «  and  y,  and  V  £s  0  is 
the  general  diff.  equ.  of  the  nth  order  and  first  degree.  If  for  y  we 
substitute  any  given  fiinction  of  .»,  then  V  beoomes  a  given  function  of 
«,  and  is  integrable^  or  supposed  to  be  so :  we  shall  hereafter  show  that 
approximate  intesration,  at  least,  is  always  possible.  But  there  may  be 
cases  in  which  this  function  is  what  is  called  inteffrable  per  te^  that  is, 
whatever  function  y  may  be  of  « ;  that  for  example,  in  which  Q  -f  F^ 
is  such,  has  been  already  investigated.  But  what  we  have  at  present  to 
show  is  this,  that  excepting  only  in  the  case  last  instanced,  or  m  that  of 
Q  +  PoV  +  Ply^  the  preceding  function  cannot  have  ariaen  from 
direct  differentiation.  Nothing  more  is  necessary  to  show  this  than 
actual  differentiation  of  a  function  of  9  and  y.  Let  the  function  be  U, 
and  let  U',  Un  U'',  U', ,  U^,  &c.  be  its  partial  diff.  co«  with  respect 
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to  X  and  y.  We  have  then,  y*,  y",  Ac,  being  the  dlflf.  co.  of  y,  the 
following  results  for  the  diff.  co.  of  U,  considered  as  a  function  of  or, 
both  directly  and  through  y. 

Ist  diff.  €o.« 

sU'+U,/  2nd  diff.  co.  =  U''+2U',  y'+U,,y^+U,y", 

drd  diff.  CO., 

-U'^+3U/y+3U,/y«+U^,y'•+2U^/+2U;,y'y''+(U/+U,,yOAUy'^ 

It  appears  then  that  the  nth  diff.  co.  of  u,  thus  obtained,  contains  not 
only  y'  y"  ,  &c.,  but  powers  and  products  of  them :  so  that  V  cannot 
be  such  an  nth  diff.  co.  when  P. ,  &c.  are  simple  functions  of  x  and  y. 
The  only  exception  is  the  first  diff.  co.,  since  Q  +  Pq  y  +  Piy '  may  be 
Identical  with  U'  +  U^  y^^  But  if  we  are  at  liberty  to  suppose  P» ,  Ac, 
ftmctions  of  or,  y,  y\  y" ,  Ac,  then  Y  may,  in  particular  cases,  be  au 
exact  diff.  co.  independent  of  any  specific  connexion  betweett  y  and  «. 
We  shall  proceed  to  ascertain  when  this  is  possible. 

By  integratitig  fSix  by  parts,  we  can  now  attain  the  condition  (for 
there  is  only  one,  as  will  be  found)  utider  which  this  operation  tan  be 
performed  independently  of  specific  connexion  between  y  and  x.  Let 
us  take  the  general  term 

A*V  AfA*"'v^       c  /^'•■''^X 

For,  Lx  being  constant,  ^A*=     ^/'«=     \^J' 

dp 
Write  rfP«  in  the  form  -j^  dxy  the  diff.  Oo.  being  total  (throughout 

this  process,  y  is  an  implied  function  of  x)  tmd  continue  the  process, 
which  gives 

-p  *!:>  _^-^!:^+*?=Q'_  r«f p« «<"*y ^ 

Thus.    Jp.^d,=  P.  J--^+_y-J_j^. 
Sabstitute  these  several  terms,  up  to  m  =  n,  in  f\dxy  and  we  have 
/Vdr«/Q*+/P^x  +P^.  rg>,d,+P.|-f V+/gy*' 
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^    'dx*       dxdx^dj*''     J  dx'^      ^ 

But  the  integral  in  the  first  line  is  not  attainable  without  specific 
connexion  between  x  and  y,  unless  we  suppose  that  Q,  y,  Po ,  &c.,  are 
BO  connected  that  the  multiplier  of  dx  is  a  function  of  x  only :  let  it  be 
X^t  whence  the  following  theorem,  obtained  by  equating  that  multiplier 
to  x^t  A^d  substituting  the  value  of  Q  thus  obtained  (we  leave  out  x^> 
because  x*^  ^  alone  is  evidently  integrable ;  and  if  the  whole  be  inte- 
grable,  and  one  of  its  parts,  so  is  the  remainder).    The  expression 

^'d?'^^'-'d^''^""^^'di^^\di~'d:^'^ -IFj' 

is  integrable  per  te;  and  its  integral  is 

*^"d*— +V  dxjda^*^^'-*    ••••-' dor- ^••••+^V         <^      "^ 

,       „  dy  .      dP,  .  „  d«tf      n  dy   ,      /dP,      d«P,\ 

Examples:  P.^  +  y^'  ,  and  P.^ +  P.^ +y  (- -^«) 

are  integrable ;  the  first  we  know  well  already  ;  the  integral  of  the  second 

is  P,-p  +  f  Pi  —  -7-^  j  y ,  which  may  easily  be  verified. 

These  are  the  conditions  upon  which  one  integration  is  possible ;  we 
might  apply  the  same  method  to  ascertain  those  upon  which  a  second 
integration  is  possible ;  and  so  on  up  to  n  integrations ;  but  as  this 
would  not  be  useful,  we  shall  merely  give  the  results  of  one  case  as  an 
exercise  for  the  student.    What  are  the  conditions  which  make 

V  =  Pa  ^  +  P,  ^  +  Pi  ^  +  Poy  ...  (A)  completely  integrable  ? 
That  first  integ".  may  be  possible  Po  =  -7-^ -^  -j-  -^ 

uX  CLX^  dX 


ri„. ..e^ ,.  .... P.g  +  (p.- g)|  +  (p. -§+  g). 

Condition  of  2nd  integration, 

p_^'+^-^'_^«_*Pl      orP-a^'-^'^'P' 
'       dx^  dx*~  dx        dv*        dx*  '  '~     dx  dP* 
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Cond*.  of  3rd  integ-.      p.-2^'  =  ^',       orP,=:3^^ 

°  dx dx  dx 

Third  and  last  integral    P^y. 

Show,  from  the  conditions,  that 

V-p^+3^^4.3^^4.^%   ■ 
^^^'dr-^^  (ir   dx^^^  dj^d^^  df^' 

The  student  should  attend  particularly  to  this  process,  as  it  is  of 
importance  in  the  Calculus  of  Variations^  to  which  we  shall  come. 

Suppose  now  that  V,  instead  of  being  integrable  one  step  i?^  se^  is 
not  so  because  it  has  lost  a  factor,  as  might  have  happened  if  Y  =  0  be 
an  equation  given.  We  shall  confine  ourselves  to  the  second  order  of 
difL  equ.     Let  M  be  the  factor ;  consequently, 

MPt—  +  MPi—  +MP^is  mtegrable,  andMPo=  — -r -j-^ — 

From  this  last,  if  M  can  be  found,  we  can  integrate  Y=0  one  step. 
But  this  is  itself  a  diff.  equ.  of  the  same  decree  as  V:=0,  and  we  there- 
fere  appear  to  have  only  reproduced  the  difficulty  in  another  form.  Nor 
have  we  done  more  relatively  to  the  order  of  the  diiF.  equ. ;  but  at  the 
tame  time  observe  that  all  that  is  necessary  to  M  being  a  factor  fit  for 
oar  purpose  is  that  the  last  equation  shall  be  satisfied.  We  do  not 
want  its  general  solution,  or  even  a  solution  with  an  arbitrary  constant ; 
any  solution  vrill  do.  For  the  preceding  process  makes  it  evident  that 
the  mere  existence  of  the  condition,  arise  how  it  may,  is  sufficient  to 
destroy,  or  to  render  a  function  of  x  only,  the  indeterminate  integral 

part  of  y  Vdr.    We  have  then  made  a  particular  solution  of  one  diflF. 

equ.  the  only  condition  necessary  for  a  step  towards  the  general  solution 
of  another.     For  instance,  I  propose  the  equation 

''S~^'^  +  2y=0        V,^j*        P.  =  -2x.        P.c=2. 
LctMbethcf«:tor;then     2M  =  ^|^-*^. 

dx  dJr 

which  may  be  reduced  to  c^rrr  +  ^x-:r  +  6M  =  0. 

'  djF»  dx 

Now  suppose  by  trial,  or  other  means,  we  arrive  at  the  knowledge 
that  M=  1-r  a:*'will  satisfy  the  last,  which  it  will  be  found  to  do. 
Then 

Consequently,  page  195, 
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•which  is  the  complete  integral  of  the  given  equation. 

This  method  can  only  he  applied  with  success  to  cases  in  which 
P, ,  P,^i ,  &c.,  are  all  functions  of  x.     Let  the  student  apply  it  to 

-^  4.  Py  =  Q,  and  show  that  the  factor  which  makes  the  first  side 
dx 

integrable,  is  log"*  {^f^dx)^  whence  let  him  deduce  the  solution  which 
was  obtained  by  a  particular  artifice  in  page  195. 
When  P, ,  &c.,  are  all  constants,  the  equation 

''"S+'^"-'S^  + +a.|  +  <^=X(r.ofx). 

admits  of  complete  integration.  We  shall  take  the  third  degree  as  a 
case.  Let  M  be  the  factor  which  makes  the  first  side  integrable ;  then, 
taking  the  equation  of  the  third  degree,  the  condition  for  determining 
M  is 

dM   ,      d«M  ^M       ^ 


A  particular  solution  is  readily  found.  Assume  M  s  r"^ ;  then  we 
have 

s-*'(ao  +  Oj  A:  +  «,  ^  +  a,*')  =  0, 

which  is  satisfied  if  k be  either  of  the  roots  of  ao-\-  a^k-^-  &c.  =:  0. 
Let  ^1  ,  As ,  ^s  ,  be  these  three  roots  ;  use  them  one  after  the  other, 
and  we  determine  the  three  primitives  of  the  second  order  belonging  to 
the  given  equation,  as  follows  (multiplying  both  sides  by  f~**,  inte- 
gp-ating  by  the  formula,  and  then  dividing  both  sides  by  ff"**) ; 

It  is  unnecessary  to  integrate  further;  for  the  elimination  of  y'  and  y" 
between  these  three  equations  will  give  y  in  terms  of  the  three  explicit 
integrals,  each  of  which  contains  an  arbitrary  constant.  To  perform 
this  elimination,  determine  X,  /i,  and  v,  from 

X  +  /i  +  v  =  0,         A,  X  +  Arj/i  +  Atj  V  =  0, 

which  are  satisfied  by  X  =  A:i— Ag ,  /i=  k^—k^,     v  =  Ati— A-, .  " 

Multiply  by  X,  /li,  v,  and  add,  make  X^|«+  ^,«  +  vifca*  =  K ;  then 
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If  X  =  0  the  integrals  are  arbitrary  constantB,  and  we  have,  writing 
Ci9  c»y  Cs,  for  the  complicated  coefficienta,  which  are  in  reality  arbi- 
traiy  and  constant. 

If  two  of  the  roots  be  equal,  say  ki  =  k^  then  i^  =  0,  and  one  of  the 
preceding  terms  disappears,  whence  the  solution  not  having  three  arbi- 
trary constants,  is  not  complete.  In  this  case  two  of  the  three  primi- 
tives of  the  second  order  are  identical,  so  that  having  only  two  distinct 
equations,  we  can  only  eliminate  y" ;  do  this  from  the  second  and  third, 
giving 

a.(ifc.-ifek)^+  (^.-*.){a.+a,(*,+ft,)}  y^^^fXs-^dx-e^fXs'^dx 

But  Oa  +  Os  (^t  +  W=  ^ajci ,  in  all  cases,  by  the  theory  of  equations ; 
or  the  first  side  of  the  preceding  becomes  a,  (/ft  —  W  (  5^  ""  *iy  J  >  ^^^ 

factor  which  renders  this  integrable  is  s'^i' ;  multiply  by  this,  and 
int^rate,  which  gives  (since  Ati  =  A:,), 

which,  involving  four  integrations,  may  seem  to  introduce  four  arbitrary 
constants ;  but  this  is  only  in  appearance.  For  the  second  side  of 
the  preceding  di£ferentiated  twice  successively,  gives 

fXf-^dx  -  g(*3-*.)»  fxs-'n^dx     and  (k^-ki^  g^V^tP*  /xs-V  dx, 

whence  (hy  ff" V-  =    f{dxf(dx. 5<S-*t)»  fxs'^ dx)}  f 

in  which  there  are  three  integrations  only.  (It  is  always  possible  to 
make  a  single  integration  appear  two  or  more ;  thus 

/PQdr  =  P/Q(ir  -  Jj^jQ^irJdr). 

When  X=0,  the  first  integration  gives  a  constant,  say  c ;  the  second 
gives 

—!-.€<*»-*«>'  +  </,  and  finally  a^g^**'^  ,.    ^ ,  •  g(*»-H).  ^c^jj+c", 

k^ — A,  (fta  — ««) 

or  y  =  C€*f  +  (C'jr+C")€*f  . 

When  all  three  roots  are  equal,  the  three  primitives  of  the  second 
order  become  identical ;  and  we  should  then  integrate  the  primitive  of 
the  second  order  twice  successively.  But  the  form  to  which  we  have 
reduced  the  case  of  two  equal  roots  does  not  lose  a  constant  when  ^9=^^, 
and  gives  (with  three  integrations),  k  being  the  root, 

p2 
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when  X  =  0  y  =  (Cx'  +  C'j  +  C")  ^'. 

The  most  important  case  is  that  of  the  second  order^  or 

d*v  dy 

and  proceeding  as  before,  we  find  that  the  factor  is  either  i~*i' ,  or  5~*«% 
^1  and  k^  being  the  roots  of  o^  A*  +  At  ^  +  ^^o  =  0 :  the  two  primitives 
of  the  first  order  are 

«.  ~  +  (ai  +  a.*i)  y  =  ^^'fX€''i'  d  r, 

c.  ^  +  (ai  +  (hh)  y  =  ^ffXr'*'dx, 

giving      a,(*i-AOy  =  fi*i'/Xff-V(fi?  -  gV/xr***  Jo? (A)  . 

If  both  roots  be  =  ^,  the  integration  of  either  of  the  first  pair  gives 
(remembering  that  ajt  +  ai=^  —  ajk^  and  that  the  first  side  becomes 

a,(  -^  —  Aj?  J ,  of  which  the  factor  is  ff"*') 

a,y€'^l=2fdx[fX6-'"dx} (B). 

when  X  =  0,  y  =  C|  £*i*  +  c^gV ,    or    €**  (c,  +  c,x)  , 

according  as  the  roots  are  unequal  or  equal.  But  let  us  suppose  in 
(A),  that  ki  is  a  variable  which  approaches  to  k^  as  a  limit,  in  which 

case  the  value  of  y  in  (A)  approaches  the  form  - .  Differentiate  both 
numerator  and  denominator  with  respect  to  /ei ,  remembering  that  (j; 

and  ki  being  independent)  --^JPdx=:  I  -rrds^   and  the  value   of 

aki  J  dki 

a,  y  will  be  f  since  —  (ifei  —  ^g)  =  1  j  , 


/■ 


To  which  (B)  is  immediately  reduced  by  parts. 
If  the  two  roots  be  impossible,  we  have 

«**'/Xr^*'(ir=£-'(cos  /3j:+ V^sin  /3j)/{cos  iSx- V^sin/3j}r^XcZx 
€**/Xr-*''cij:=6-(cos  )8a:-V^8in/8j)/{co8  i8x+^^Bini8jr}g-'X(lr 

2r'V-l  sin  /8jr/xr^cosi6xdr-2r'V^co8)3jc/X£—  sin  /Jjpdj? 

«riy«~"=8in  fixfXr"  cos/8j?  do?  --cos  fix  fXr^  sin  /3x  </j?. 
If  a  s  0,  we  have  the  oase  already  considered  in  page  155. 
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The  following  theorem  is  the  synthetical  constniction  of  the  solution 
of  such  equations :  If  y  be  multiplied  by  £*i' ,  and  the  product  dif- 
ferentiated ;  the  result  multiplied  by  g^*«~*i^*  and  the  product  differen- 
tiated; the  result  multiplied  by  €<*»-V'  and  differentiated,  and  soon 
up  to  multiplication  by  5^*»-*«-i5'  and  differentiation  :  and  if  the  result 
be  then  divided  by  g^**- *■-!>*;  the  final  result  will  be 

d?  +  '^"-^5?=i+ ^^^dx  +  '^'y' 

where  aii.i=^,  +  ^  +...     a«.i  =  *i kt  +ki A,  +.,.,  &c.   [ffo=^i^i •-*•• 

We  now  come  to  equations  of  higher  degrees  than  the  first.  It  will 
be  sufficient  here  to  consider 

where  P,  Q,  and  R  are  functions  of  x  and  y.  This  equation  gives  three 
distinct  forms  for  j^,  answering  to  its  roots,  considering  it  as  of  the 
third  degree :  let  them  be 

^  =  A,        %-K        %-^    (A»,A.,  Aif^ofjjandy). 

If  we  can  find  the  primitive  of  either  of  these  three,  we  have  a  solution 
of  the  equation.  Let  the  primitives  of  these  be  Yt  =  0,  Vt  =  0,  and 
V,£=0;  either  of  these  then  satisfies  (1);  but  no  others  satisfy 
V,  V,  V,  =  0 :  consequently,  let  Vi ,  V, ,  and  Vg ,  be  combined  by  mul- 
tiplication, and  let  y  be  deduced  from  the  product.  This  value  oi  y  will 
contain  three  arbitrary  constants,  contrary  to  what  is  proved  in  page  184. 
But  it  must  be  remembered  that  in  what  we  have  just  said  we  have 
tacitly  extended  our  meaning  of  the  term  differential  equation  beyond 
what  was  allowed  in  the  psge  just  cited.    The  equation  (1)  gives  a 

dy 
choice  of  three  forms  for  -^  ,  and  may  be  written 

(S-*-)(|-*0(£-*-)=»--"'^'- 

And  V|  V,  V,=0  gives  a  choice  of  three  primitives.  If  we  choose  Vi=0, 
we  satisfy  (2)  by  means  of  the  factor  --  —  Ai  =:  0,  which  follows  from 

Vi  =r  0.  But  y  as  obtained  from  Vj  V,  V,  =  0  being  differentiated, 
and  C|  (one  constant)  being  eliminated,  will  the  result  be  the  equation 
(1)  ?  To  try  this,  suppose  the  three  primitives  to  be  written  Cj  =  W,, 
r,  =  W,,  c,  =  W,,  when  (c,-WO,  (c.-W,)  (c,— W,)=0  is 
the  complete  primitive,  as  far  as  we  have  yet  gone.  Differentiate 
this,  and  we  have 
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(C-WO  (Ci- W.)^  +(c.-W.)  (c-W.)^' 

if  w 
+  (c,-W|)(c.--W,)-^  =  0. 

Eliminate  c^  from  the  original,  which  can  only  be  done  by  making 
C|  r=  Wi  y  and  the  preceding  is  reduced  to 

(c.-W.)(Ca-W3)^=:0. 

which  is  not  the  diff.  equ.  (1)  or  (2),  but  has  a  factor  in  common  with 
it,  80  that  both  are  satisfied  together  by  C|  =  W|.    For  by  supposition 

dy 
Ci  =  Wj  and  V,  =  0  are  simultaneous,  and  the  latter  gives  ;;r-  -  Ai  =  0. 

But  if  we  make  c^  =  c,  =  c^  so  as  to  have  only  one  arbitrary  constant, 
the  elimination  of  Ci  will  lead  to  the  equation  (2).  Suppose  (to  give  a 
more  simple  example)  we  take  the  form  (1)  but  of  the  second  degree, 
everything  remaining  as  before,  except  the  suppression  of  Ag,  V« ,  &c. 
Then  (c  -  WJ  (c  —  W.)  =r  0  gives 

Eliminate  cj     then  (W.  -  W.)' ^  2Jli  _  o  .   ...   (3) 

dx       dx 

But 

—p-^  =  — r-  +  --r-^  -p   and  -/  -  Ai=0  follows  from  — —  s=  0. 
dx  dx         dy    dx  dx  dx 

whence 

which  is  the  primitive  diflF.  equ.  affected  only  by  factors  not  containing 

dy      -_ 

— .     Hence  the  real  primitive,  in  the  sense  used  in  page  184,  is  the 

product  of  all  the  primitives  ivith  the  same  arbitrary  constant  in  aU. 

For  example,  let  ^^^(a+x)^-{'ax:^Oy  which  is  satisfied  either 

,      dy  dy 

by  -T-  =0*    or  ^  =j,  the  primitives  of  which  are  y-ar-c=0,  and 

y— Jot*— cr±0,  and 

y'  -  iax4-  4a?*+  2c)y  +  (oj? + c)(ij:*+  c)  =0 

is  the  complete  primitive. 

The  student  must  here  remark  a  distinction  which  has  no  specific 
name,  but  is  of  considerable  importance.     The  ambiguity  which  exists 
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in  algebraic  expressions  arising  from  the  occurrence  of  the  radical  sign, 
has  two  characters,  1,  when  the  root  in  question  can  be  extracted  in  a 
more  simple  algebraic  form ;  2,  when  the  root  cannot  be  so  extracted. 
An  example  drawn  from  geometry  will  do  better  than  anything  else  to 
illustrate  the  difference.  Let  y=V  and  y^^Vf  be  the  equations  of  two 
curves,  V  and  W  being  functions  of  x.  Let  it  be  required  to  find  an 
equation  to  both  curves  in  one ;  or  0(j?,  y)  =0  is  to  be  satisfied  when  x 
and  y  are  co-ordinates  of  a  point  in  either  curve.  This  may  be  repre- 
sented by  means  of  the  ambiguity  of  P+Q*i  let  P-|-Vq'=V,  and 
P-Vq=W,  and  we  have 

P=i(V+W)    Q=i(V-W)«  y=i(V+W)+i(V«-2VW+W«A 

which  is  either  V  or  W,  according  as  we  take  one  sign  or  the  other 
for  the  square  root.  Thus,  under  the  appearance  of  an  ambiguous 
single  form,  y  may  have  either  of  two  perfectly  distinct  forms.     But  if 

we  now  consider  yt^ra+ir',    we    have  two  varieties  y=a+vj?,  and 

y=a — VJ,  belonging  not  to  two  different  curves^  but  to  two  different 
branches  of  the  same  curve  ;  where  by  the  same  curve  wt  mean  the 
same  to  common  perceptions.  We  can  get  a  circle  and  a  parabola 
into  one  equation  of  the  first  kind,  but  yz=ia+tjx  and  y^a—,Jx  belong 
to  two  dififerent  branches  of  the  same  parabola.     Thus  the  equation 

y=:(**-fc)*  exhibits  an  hyperbola,  or  +Va?"+c  and  — vx*-fc  are 
ordinates  of  dififerent  branches.    But  let  c  become  =0,  and  we  have 

y=  (j*)';  that  is,  y=+a:ory=— J?,  and  these  two  branches  together 

form  two  straight  lines.     It  is  true  that  this  system  of  two  straight 

lines  is  an  hyperbola,  according  to  every  definition  that  can  be  given 

of  that  curve :  but  it  is  equally  true  that  this  is  an  extreme  case  of 

the  hyperbola,  which  presents  a  peculiarity  of  its  own  ;  namely,  that  for 

this  single  case,  the  hyperbola  degenerates^  as  is  sometimes  said,  into 

two  other  lines  which,  both  together  possessing  the  properties  of  an 

hyperbola,  are  yet  each  complete  in  itself. 

The  last  difif.  equ.  we  took  was  one  which  belongs  either  to  a  straight 

line  or  a  parabola;  but  let  us  now  consider  one  which  cannot  rationally 

/dy\ 
be  resolved  into  factors,  J^^^-r- 1  =y.    We  have  then  either 

~=  Ny     or    -y-Tsi—  *Jy      and  Jy  =  }^x+c     or  —  Vy^rjx+c, 
dx  dx 

the  complete  primitive  is 

(i*+c-^ (ia?+c+Vy)=0      or  y=(ij;+c)«, 
the  equation  of  one  parabola,  each  factor  being  that  of  one  branch. 

We  shall  now  proceed  to  applications  of  the  differential  calculus 
which  are  valuable  in  themselves,  as  well  as  for  illustration  of  prin- 
ciples. We  have  before  us  the  fields  of  algebra,  geometry,  and  me- 
chanics, which  we  shall  take  in  the  order  in  which  they  are  mentioned, 
placing  a  chapter  of  examples  on  the  subjects  of  all  the  preceding  chap- 
ters between  those  on  algebra  and  mechanics. 
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Chapter  XII. 

FURTHER  APPLICATION  TO  ALGEBRA. 

A  FUNCTION  of  two  Variables  may  have  a  maximum  or  a  minimum ; 
that  18,  it  may  be  possible  to  assign  j?=a,  y=6,  so  that  0(a+A,  6-f  A) 
shall  be  always  greater  or  always  less  than  0(a,  6),  or  become  perma- 
nently so  from  certain  values  of  A  and  Arto  anything  short  of  A=0  Ar=0. 
The  law  by  which  these  values  are  to  be  determined  is  obtained  as  fol- 
lows :  such  an  absolute  maximum  or  minimum  remains  if  we  suppose  y 
any  function  of  x^  subject  to  the  single  condition  of  that  function  being 
=:6  when  07= a.  For  if  all  species  of  values  of  h  and  k  satisfy  any 
condition,  so  do  those  which  arise  from  supposing  A;=a(a-|-A)— oa; 
and  conversely,  k  may  be  made  =  any  given  quantity,  a  and  A  being 
given,  by  choosing  a  proper  form  for  a.  Thence  0(j?,  ax)  is  to  be  made 
a  maximum  or  minimum,  whatever  may  be  the  form  of  a ;  that  is 

— 5;— ,(y-«*),     or    5^  +  ^«'x 

changes  sign,  whatever  <£x  may  be  (page  132),  in  passing  from  x^a^h 
toa+A;  and  this,  however  small  h  maybe.  That  there  may  be  a 
maximum  this  change  must  be  from  +  to  — ,  or  the  last  function  must 
be  decreasing ;  for  a  minimum,  it  must  be  increasing ;  or, 

for  a  maximum W<^  .^  d^  ,  .  cP0  ,  ,  x.  ^0  »#  fmustbc  — 
for  a  mmimum)  dsr        dxdy  ay*  ay        (must  be  + 

We  shall  confine  ourselves  here  to  those  maxima  or  minima  which 
arise  when  ^'+0/.(/a7r=O,  (it  must  be  either  0  or  oc  ),  and  since  this 
must  be  true  independently  of  oe'f,  we  must  have  ^'=0  0/=:O.  Making 
<t>f==0  in  the  last,  which  is  thereby  reduced  to  ^"+20/a'x+0//(o/ap)% 
we  know  that  this  cannot  be  always  of  one  sign  whatever  (/x  may  be, 
unless  the  values  it  would  give  to  c^x^  when  equated  to  nothing,  are 
impossible  or  equal ;  that  is,  unless  0^0//  be  not  less  than  (0/)'.  In 
this  case  ^'^  and  0^/  must  have  the  same  sign,  and  this  sign  determines 
that  of  the  expression.     Consequently, 

determine  all  the  values  of  x  and  y  which  give  3^=0      -t^^O, 

ax  dy 

then  for  any  pair  which  give  -r^  ^  —  (  j-j-  I   a  positive  ngUi 

0(ar,  y)  is  a  max.  or  a  min.  according  as  —  and-j-j-  arc  —  or  +. 

We  also  exclude  the  possible  case  in  which  4^\  ^^ ,  and  0^^  vanish 
with  ^'  and^0^ . 
Example.    0(jr,  y)=J:*+y"— jy— So:,  0'=2x— y— 3,     0,=:2y— op, 

^"=2,^,,=2, 0/=-l :  ^V/X0/)',0'=O and*,=0givex=2,y=l. 

Consequently  ^  is  a  minimum  (=:— 3)  when  j:s2,  ysl. 
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We  have  introduced  this  method  here  as  Bubservient  to  the  demonstra- 
tion of  an  important  theorem  in  algebra ;  namely,  that  every  function 
of  z,  whose  difif.  co.  cannot  become  infinite  for  any  finite  value  of  «,  can 

be  made  =0  by  giving  z  a  value  of  the  form  a-\'h^  --l^  where  a  and  h 
are  possible  quantities,  positive,  nothing,  or  negative,  finite  or  in- 
finite. The  assumption  made  with  regard  to  impossible  quantities  is, 
that  the  processes  of  differentiation  may  be  applied  to  functions  con- 
taining them,  and  all  general  conclusions  applied  to  them.    This  being 

premised,  expand  /(j?  +  y  V—l)  and /(j:— y  V— 1)  ^1  Taylor's 
theorem,  which  gives 

/(^+y  V3i)-P+qV3i      p:,.fi,^fn^  t+frx^^^&c: 

/(x-yV=l)=P-Q^nT     Q==yt^,y-////arJ^+fx^-^.&c. 

™.  ^  :,  ^      dP    dQ     dP        dQ  ,.. 

Whence  we  find  that  -t-=-t-.    -r— — ':r \^/» 

dv     dy      dy         dx 

d«P_  rf^Q  _     d^V     cPQ_      <^P  _     <^Q. 
dj?^dxdy^     dy*^      dx*        dxdy"^      dy**  ^ 

whence  P"P;y  —  (F)"  and  Q"  Q^/ -  (Q')"  are  necessarily  negative ;  that 
is,  P  and  Q  are  of  a  class  of  Unctions  which  cannot  have  absolute 
nutxima  or  minima. 

Theorem.  If  P  and  Q  be  real  functions  of  <r  and  y  of  the  form  just 
given,  and  if  f'z  can  never  be  infinite  for  any  finite  value  of  z,  Uien 
P+Q*  cannot  have  any  minimum  value  unless  there  be  simultaneous 
values  of  x  and  y,  which  make  P=0,  Q=0. 

Firstly,  since  fz  can  never  be  infinite,  and  since 

neither  can  P'  or  Q'  become  infinite;  for  such  a  supposition  would 
make 

/(x+y^^)+/'(a?-yV3T)  or/'(J?+y^/^)^/'(:^-yV=T) 

one  or  both  infinite,  which  cannot  be.  Next,  if  P+Q*  be  a  maximum 
or  minimum,  it  must  be  when  x  and  y  are  such  that  (for  their  particular 
values) 

pf+Q^=0      P^+Q^=o (B).    , 

dx         dx  dy         dy 

Now,  if  P  and  Q  be  neither  of  them  =0,  these  equations  will  give 

it)  it)  -(I)  (^)  =°' ''''  '"°'**'  '^^^^^^^  *** "' '°  °°* 

this  of  all  values,  but  only  of  those  in  which  for  x  and  y  hava 
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been  subBtituted  the  particular  values  which  satisfy  (B).     But  equa* 
tious  (A),  true  for  all  values,  show  that  the  last  is  equivalent  to 

dO  dO 

and  also  from  (A),  -r =0»    -r  =0 . 

ax  dy 

If  Q  be  =0  and  P  be  finite,  we  have  —=0,  -r=0,  -^=0,  -^=0, 

ax  ay  ax  ay 

from  (A)  and  (B),  and,  similarly,  if  P=0  and  Q  be  finite. 
Finally,  if  P=0  and  Q=0,  the  equations  are  thereby  satisfied. 
Let  P"+Q*=w;  form  m",  m',  and  w^,,  we  have 

v;=  2^— — +^^+P  — +Q— ^&c 
\dy  dx     dy  dx         dxdy        dxdy) 

Hence  in  all  the  preceding  cases,  except  where  P=:0,  Q=0  (since 
P'=0,  &c.),  the  condition  of  the  minimum  requires  that 

\    d?"*"^  d^y  V  ^""^^  ~^)     \    Ixdy'^^TxdJy) 

should  be  positive  or  nothing,  for  the  values  of  x  and  y  in  question. 
But,  using  P'',  &c.,  for  abbreviation,  this  is 

p  (p"p«-p:')+Q»(Q"a/-Q-"')+pQ  (p"q^+P//Q"-2p;q:)  ; 

the  first  two  terms  of  which  are  necessarily  negative,  and  the  last 
vanishes,  for,  from  (A), 

p'U/+P;/Q''=p/q/+p;q;. 

Therefore  there  cannot  be  a  minimum,  unless  there  be  one  when 
P=0,  Q=0. 

If  we  suppose  P=0,  Q=0,  and  if  P',  &c.,  be  finite,  then 

u%_tt;'=4(P''+Q«)(P/'+Q,')-4{P'P,+Q'Q/=4(P'Q,-P,Q')«; 

and  is  necessarily  finite  and  positive,  being  4(P'"H-Q'*)*. 

Now,  since  P+Q*  is  always  positive,  there  must  be  some  one  value 
which  is  less  than  any  other  whatsoever,  or  a  number  of  equal  values 
which  are  each  less  than  any  other  whatsoever.  And  with  regard  to 
these  equal  values,  they  must  either  be  separated  by  finite  intervals,  in 
which  case  each  is  a  real  minimum,  or  there  must  be  such  a  relation 
possible  between  h  and  Ic  in  <(>(x+^,y+A))Where  <|)(j,  y)=P*4-Q', 
as  will  by  taking  h  and  k  accordingly  give  ^  (^i+A,yi-i-Ar)=con8t^, 
where  x^  and  yi  are  values  which  give  4>  (jf„  yi)=  the  same  constant. 
That  is,  writing  x  and  oix  for  x^\-h  and  yi-f^*  which  is  determined  by 
it,  there  is  some  function  which  gives  0  (x,  ax)  =  const.     In  this  case 

d<^     #       _p^     o^4-/^P—     O^'^a'  -0 
dx     dy       "     dx         dr     \     dy         dy)      "" 


\ 
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But  Aince  the  values  included  under  ^  (x,  ax)  are  less  than  any  others, 
it  follows  that  every  value  of  0(x,  y)  in  which  y=^(tx  has  the  pro- 
perties of  a  minimum  for  every  change  in  x  and  y,  except  only  that  which 
makes  Ay = or  (j? + Ax)  —  ax. 

But  \i4^-\'^,  ^'x  must  change  sign  for  every  form  of  /3x,  except  only 
/3x=aj,  we  must  have  0'+0^/3'j=O  independently  of  |3<r,  or  <;(/= 0, 0/=O 
JTor  these  values ;  and  the  other  conditions  of  a  minimum  must  hold. 
Hence  by  the  same  reasoning  as  before,  P=0,  Q=0,  are  the  necessary 
conditions  •f  this  case  also.  But  a  minimum  or  a  collection  of  consecu- 
tive minima  there  must  be,  which  there  can  only  be'when  P=0,  Q=0; 
consequently  P  and  Q  can  be  made  equal  to  nothing  for  some  possible 

values   of  x  and  y.      Hence    P-fQv  — 1    or  /(«r4-y^— 1)»    and 

P— qV— 1  or  /(x—y^J—l)  can  both  be  made  =0  by  the  same 
possible  values  of  x  and  y. 
From  hence  it  follows  that  every  algebraical  equation  of  the  form 

Ao2"4-A|2*"*-h. .  . .  +A,_i  z+A,.=0,  (n  a  whole  number,) 

has  n  roots,  either  possible,  of  the  form  z=:a,  or  impossible  of  the  form 

z:=za+bs  —  1.  The  common  proof  of  this,  granting  that  every  equa- 
tion has  one  root,  we  presume  to  be  familiar  to  the  student.  Supposing 
fi  fg. . .  .  r,  to  be  the  roots  of  the  preceding,  it  is  then  the  same  as 
Ao(2— r,)  (z— rj). . . .(«— r,).  If  two  of  these  roots  be  equal,  say 
ri=rs»  then  ri  is  also  a  root  of  the  di£f.  co.  of  the  preceding  with 
respect  to  s,  for  that  diflF.  co.  has  either  «— ri  or  z  — r,  in  every  term. 

If  ^j?  be  an  integral  and  rational  Amotion  of  x,  of  the  form  Ao<3f-(- 
Ai  <r"~'^+&c.,  and  if  its  di£f.  co.  ^'x  be  made  a  divisor,  and  the  common 
process  be  followed  for  finding  the  highest  rational  divisor,  we  have  a 
series  equations  of  the  following  form :  remembering  that  the  remainder 
is  always  one  degree  ai  least  lower  than  the  divisor,  so  that  we  must  at 
last  come  to  a  remainder  which  is  not  a  function  of  x,  but  of  Ac,  Ai,  &c., 
only,  if  the  expression  have  no  equal  roots.  Let  the  quotients  be  Q,, 
Qc  &c.,  and  let  the  rth  remainder  be  that  which  is  constant.  We  have 
then  a  set  of  equations  as  follows : 

<{>x=0'a?.Qi+R„    <f>'a?=RiQ,+R.,    Ri=P.Q.+R« 

Now  suppose  the  same  process  to  be  thus  modified ;  let  Vi  be  the 
first  remainder  with  its  sign  changed,  with  which  proceed  to  the  next 
equation,  and  let  Vf  be  the  next  remainder  with  its  sign  changed,  and  so 
on.     That  is,  suppose 

<f>x=0^^.Q,-V„    <{>'j?=V,Q,-V„    V,=V.Q,-V3 

where  Q„  Qj,  &c.,  are  the  same  as  before,  or  differ  only  in  sign.  We 
shall  give  the  result  of  both  processes,  in  the  case  of  a:*— i*— 4i?-|-3=:<{>x, 
3j*-2j?-4=0'x.  Observe  that,  in  the  same  manner  as  in  the  common 
rule  of  algebra,  we  may  multiply  any  dividend  or  divisor  by  any  number 
or  fraction,  without  affecting  the  sign  of  any  subsequent  quotient  or 
remainder,  or  the  conditions  under  which  it  is  nothing.  We  omit  the 
quotients  as  immaterial. 
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Common  Process, 

(X3)        3a;»-3a:«-12x+9 
3x'--2a*—  4x 


-  0?*-  8a:+9j 

(X3)         -3jp*-24j+27 
-3j^+  2a?+  4 


-26x+23)3a:«-2a?-4 
(X26)  '78«*-52jr~   104 

( X  26)  ■  hx-  104 

442^-2104 
442j?-  391 


-2313 

Signs  of  remainders  changed. 

First  remainder  —  26j:+23 
Sign  changed         26j:— 23 

26JC-23)  3a;*-2«-4 

Second  remainder    —  23 1 3 
Sign  changed  2313 

<f>j?=  a"—  a7«— 4jf— 3 
f^=32^-2j?  -4 
V,=26t--23 
V,=r2313 

Vi  and  V„  as  written,  are  not  the  expressions  which  would  satisfy  the 
equations  above,  but  multiples  of  them  :  this  is  of  no  consequence,  as 
our  only  concern  is  with  the  sign. 

Now  the  theorem*  we  are  going  to  prove  is  this ;  that  in  all  cases,  the 
number  of  real  roots,  if  any,  which  lie  between  xrza  and  •r=6  (greater 
than  a)  can  be  determined  as  follows.  Note  the  series  of  signs  which 
a:=:a  gives  to  the  series  ^Xy  <|>'x,  Vi,  V,,  &c.,  and  compare  it  with  the 
series  of  signs  which  ccsrb  gives  to  the  same.  Then  the  number  of 
variations  (from  +  to  —  or  —  to  +)  which  is  found  in  the  last  falls 
short  of  the  number  of  variations  which  is  found  in  the  first  by  the 
number  of  real  roots  which  lie  between  a  and  b.  But  if  no  real  roots 
are  contained  in  those  limits,  the  variations  of  sign  are  the  same  in 
number  in  both  series.  For  instance,  in  the  preceding,  x=2  gives  to 
4>wr,  <(>'x,  Vi,  and  V„  the  signs  — h  +  +  (one  variation),  and  j:=3 
gives   +  +  +  +  (no  variation).     Consequently,  there  is  one  real  root 

*  This  theorem  was  presented  a  few  years  ago  to  the  Institute  of  Paris  by 
M.  Sturm,  and  is  published  in  the  Mem.  de$  SavanM  Etrangert,  It  is  the  complete 
theoretical  solution  of  a  difiBculty  upon  which  energies  of  every  order  have  been  em- 
ployed since  the  time  of  Des  Cartes.  A  translation  has  been  published  by  Mr« 
W.  H.  Spiller.    John  Souter,  St.  Paul's  Churchyard,  1835. 
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between  2  and  3.  If  we  wish  to  know  the  total  number  of  real  roots* 
we  substitute  four,  —a  and  +^9  both  so  great  that  they  shall  render  the 
three  first  of  the  same  signs  as  their  first  terms,  and  that  anything  greater 
than  a  shall  have  the  same  e£fect  (the  possibility  of  which  is  a  common 

theorem  of  algebra).    The  signs  will  then  be  —  4 +  for  0?=— a 

and  +  +  +  +  for  j7=+o.     There  are  then  three  real  roots. 

This  theorem  is  demonstrated  by  showing  that  if  we  suppose  x  to 
increase  from  —  a>  to  +00,  through  all  magnitude  negative  and  posi- 
tive, the  series  of  signs  of  ^x,  ^'j:,  Vj,  &c.»  will  always  lose  a  variation 
when  .r  passes  through  a,  a  root  of  0jr,  and  will  never  either  lose  or  gain 
a  variation  ia  any  other  case.  We  suppose  there  to  be  no  equal  roots  of 
^x,  80  that  4^  and  <l>'x  cannot  vanish  together.  (If  there  be  equal  roots, 
the  equation  may  be  cleared  of  the  factors  belonging  to  them  by  com- 
mon methods,  and  the  remaining  expression  treated  by  this  method.) 
And  no  two  consecutive  ones  of  the  set  ^x,  ^'.r,  &c.,  can  vanish  together, 
for  then  the  equations  show  that  all  which  succeed  would  vanish,  and 
there  would  be  equal  roots,  since  the  vanishing  of  the  last  remainder 
(which  is  no  function  of  x)  shows  a  common  factor  in  0jr  and  (f'x. 

Firstly,  let  0a=O,  and  letViV,. ,,.  be  all  finite.  Then  however 
near  a  may  be  to  a  root  of  0'«r  or  Vi,  &c.,  a±u  maybe  taken  so  near  to 
a  that  all  shall  remain  finite,  and  with  the  same  sign.  And  (page  132) 
^(a+«)— 0a  has  the  sign  of  0'a,  while  0(a-w)— 0fl  has  that  of 
— 0'a.  And  0a=O;  whence  4^ia+u)  and  0  (a— w)  have  different 
signs ;  that  is,  (the  other  signs  all  remaining  the  same,  since  u  is  taken 
so  small  that  no  root  of  0'jr,  Vj,  &c.,  lies  between  a+u  and  a  — 1/,)  the 
order  of  signs  for  <f>(a  —1/),  &c.,  is  either  — h,  &c.  or  H — ,  &c.,  and 

that  for  0  (a +w)  is  +  +»  &c.  or ,  &c. :  whence  a  variation  is  lost 

when  x^  in  Us  increcue^  passes  through  a  root  of  0x. 

Secondly,  no  change  of  sign  can  take  place  in  any  other  part  of  the 
series  except  only  where  either  0'j?,  or  V„  or  V,,  &c.,  becomes  nothing. 
Let  V*=0  when  jr=A;  then,  as  before  observed,  both  Vjb_i  and  V;fc^.i 
arc  finite.  More  than  this,  they  have  different  signs ;  for  ¥*_,=: 
V»  Qt  — V*4.i,  from  the  hypothesis  of  formation,  in  which  Vifc=0  requires 
Vt.i=:— 'Vfc4.i.  Take  u  so  small  that  no  root  of  either  of  the  last  shall 
lie  between  h+u  and  A— tt;  then  whether  V*  change  from  -|-  to  —  or 
from  —  to  +>  we  see  that  the  part  of  the  series  of  signs  arising  firom 
Vfc.i,  Va,  V*.i   is  changed,  when  x  passes  through  A,   either  from 

-I to  4-  +  — >  or  from   +  -\ to  4 ,  or  from 1-  to 

— h+j  or  from  —  +  +  to  —  -^  +;  in  all  of  which  we  see  a  variation 
and  a  permanence,  so  that  no  variation  is  then  lost.  Consequently  the 
number  of  variations  in  the  series  of  signs  is  neither  increased  nor 
diminished  by  any  of  the  changes  of  sign  of  0'j7,  Vi,  &c.,  but  all  the 
effect  produced  is,  to  remove  a  variation  from  one  part  of  the  series  to 
another.  Hence  the  theorem  follows  immediately ;  for  if  0a  give  n  more 
Tariations  than  0  (a  4- 6),  there  must  have  been  71  epochs  between  x=a 
and  ;r=:a+6,  at  which  0a; =0.  The  number  of  impossible  roots  is 
determined  by  finding  the  number  of  possible  roots,  and  subtracting  that 
number  from  the  dimension  of  the  highest  power  in  0jr. 

The  following  instances  are  from  the  Memoir  cited  (remember  that 
Vf,  &C.9  here  given  are  multiples  of  their  values  in  the  system  of  equa* 
tions) : 

0j:=jc»-2x-5,    0'x=3j:«— 2,    Vi=:4:r+15,    V,=— 643. 
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There  is  one  real  and  positive  root. 

h^^^+22x  - 102  I     ^^^  *^V?i*''  '^*^>,  *^^  P«"^^^ 

V.=854;-2751,    V,=44lJ  both  between  3  and  4. 

The  method  of  approximation  to  the  roots  of  equations  called  after 
Newton  is  based  upon  the  theorem  0(a+A)=r0fl+0'(a+6A). A.  If 
we  have  found  m,  which  is  nearly  a  root  of  an  equation,  and  if  the  real 
root  be  a,  let  m=ra+A,  and  we  have  0(m)=0'  («»— (1  -fl)  h),h.  If 
h  be  small,  we  have  07n=:0'm.A  nearly ;  in  which  it  must  be  observed 
that  (//m  must  be  considerable  when  compared  with  <fm ;  for  if  not, 
^m-T-fli'm^  or  k  will  not  be  small. 

We  shall  now  proceed  to  the  theory  of  series,  and  to  the  consideration 
of  the  conditions  under  which  we  may  speak  of  an  infinite  series  as 
the  subject  of  algebraical  operations.  The  subject  of  their  arithmetical 
consideration  has  been  discussed  in  the  Elementary  Illustrations^  (p&ges 
8 — 10),  in  which  will  be  found  the  development  of  the  following  asser- 
tions. 

Definition.  The  series  ai+ai+a»+&c.  ad,  inf.  is  said  to  be  con- 
vergent  (and  by  an  arithmetical  series  we  mean  only  a  convergent 
series)  when  there  is  a  limit  L  to  which  we  continually  approach  by  the 
addition  of  terms  of  the  series ;  and  this  limit  is  called  the  sum  of  the 
series. 

Theorrm.  The  preceding  series  must  be  convergent  if  0^1-^0^ 
approaches  to  a  limit  less  than  unity,  when  n  is  increas^  without  limit : 
may  be  either  convergent  or  divergent  (that  is,  one  series  may  be  con* 
vergent  and  another  divergent)  when  unity  is  the  limit  of  the  pre* 
ceding ;  but  must  be  divergent  if  that  limit  be  greater  than  unity. 

Theorem.     The  series  ao+ai.r+a,x*+&c ,  if  a^+i-J-flr,  have 

any  finite  limit  A  when  n  is  increased  without  Umit,  must  be  conver- 
gent for  all  values  of  x  lying  between  —(l-f-A)  and  +(l-hA);  may 
be  either  convergent  or  divergent  (in  one  series  or  another)  when  x 
has  either  of  these  values ;  and  must  be  divergent  if  x  be  numerically 
greater  than  (1-f-A).  And  if  a«^i-r-a«  diminish  without  limit,  the  series 
must  be  convergent  for  every  value  of  jp,  however  great,  while  if 
o^i-f-a,  increase  without  limit  the  series  cannot  be  convergent  for  any 
value  of  a:,  however  small. 

In  convergent  series,  we  include  those  which  begin  divergently,  but 
afterwards  become  convergent.  Such,  for  instance*  as  the  development 
of  €*.  Here  the  direction  to  form  the  (n+  l)th  term  from  the  nth  is : 
multiply  the  nth  term  by  «r,  and  divide  it  by  n.  If  jr=:1000  the  terms 
continually  increase  until  7t=1000,  and  the  1001st  term  is  the  same 
as  the  1000th  :  but  the  term  after  the  millionth  is  only  the  thou- 
sandth part  of  the  millionth  term,  or  at  that  part  of  the  series  the 
convergency  is  rapid.  And  since  we  are  not  now  speaking  of  methods  of 
summing  series  in  practice,  but  only  of  the  way  in  which  we  can  satisfy 
ourselves  as  to  the  fact  of  there  being  or  not  being  a  finite  limit,  great  or 
small,  we  do  not  weaken  our  reasoning  by  the  supposition  of  a  million 
of  million  of  terms  being  divergent.  For  a  million  of  million  of  finite 
quantities  is  a  finite  quantity ;  and  if  all  the  remaining  terms  have  a 
limit  to  their  sum,  so  has  the  whole  series. 

When  the  terms  of  a  series  are  alternately  positive  and  negative  there 
is  certain  convergency  if  they  diminish  without  limit.    For  any  even 
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number  of  terms  of  a  b+C"^e+  ..» .  must  be  less  tban  double  the 
number  of  terms  of  a— 6+6— c+c-  «+•..•»  wbich  is  either  a— 6  or 
a— c,  or  a— e,  &€.,  that  is,  less  than  a.  Consequently,  in  the  series 
Oi— a«+flr»  — a^+  •. . ,  the  remnant*  a»^fi  —  0*.+  .  •  •  is  less  than  a^^i ; 
that  is,  diminishes  without  limit.  But  in  the  case  where  a.,  a»^i,  &c. 
approach  a  finite  limit,  and  diminish,  we  cannot,  by  pure  arithmetic, 
assign  a  finite  limit.  For  instance,  in  3— 2]^+24-— 2^+ &c.,  the  limit 
of  the  individual  terms  is  2,  and  counting  from  the  first  term  we  see  that 
no  subtraction  is  ever  compensated  by  the  next  addition ;  consequently, 
if  there  be  a  limit,  it  must  not  exceed  3.  But  counting  from  the  second 
term  we  see  that  no  addition  is  ever  compensated  by  the  next  sub- 
traction; so  that,  if  there  be  a  limit,  it  must  be  greater  than  3—2J^. 
Then  between  ^  and  3  lies  the  limit,  if  there  be  any,  which  is  all  we 
can  now  say.  We  cannot  show  by  the  preceding  process  that  the 
remnants  diminish  without  limit. 

By  considering  a  series  algebraically,  we  mean  that  we  do  not  inquire 
for  any  arithmetical  limit  of  the  sum  of  the  terms,  but  only  treat  the 
series  as  the  result  of  applying  rules  of  algebra  to  algebraical  expres- 
sions, or  formulae.  And  though  the  algebraical  consideration  includes 
the  arithmetical,  yet  the  converse  does  not  applv.  All  arithmetic  is 
algebra,  but  all  algebra  is  not  arithmetic.  For  instance,  suppose  an 
algebraical  problem  gave  as  a  result  jr=l-faj?,  an  equation  which  has 
its  arithmetical  cases,  and  its  cases  which  are  not  arithmetical,  the 
latter  when  a  is  >1.  We  proceed  to  solve  this  by  the  method  of  sttc^ 
ccsfive  tuhatitution^  the  principle  of  which  is  to  suppose  the  required 
whole  made  up  of  parts,  and  to  endeavour  to  find  these  parts  suc- 
cessively by  any  steps  which  given  relations  point  out.  This  notion 
of  the  whole  made  up  of  parts  is  at  first  purely  arithmetical ;  and 
we  proceed  accordingly.  If  our  process  be  such  as  if  its  own  nature 
cannot  have  an  end,  we  cannot  thereby  completely  attain  x.  And  one 
of  these  two  things  will  take  place :  either  our  method  will  give  us  con- 
tinually smaller  and  smaller  parts,  whose  sum  converges  towards  a  limit 
which  we  can  ascertain,  and  in  this  case  we  have  arithmetically  found 
the  unknown  quantity ;  or  we  shall  at  last  come  upon  a  part  (a  supposed 
part)  which  more  than  completes  the  whole  required,  in  which  case  the 
next  process  is  not  arithmetical.  Our  first  notion  would  be  that  the 
next  part  should  tium  out  to  be  negative,  a  result  we  should  immediately 
comprehend.  But  it  may  happen  that  we  choose  a  process  which  gives 
us  continually  greater  and  greater  parts  without  end ;  are  we  then  to 
conclude  that  the  quantity  sought  is  infinite?  We  shall  immediately 
show  that,  sometimes  at  least,  it  indicates  that  the  quantity  sought  is 
negative^  and  that  we  have  proceeded  to  determine  \t  a>8  if  it  were 
positive. 

Let  j;=l  +  ar,  and,  presuming  x  positive,  it  must  be  >1 ;  for  it  is 
l  +  or.  Takel  as  the  first  part;  then  l+axl  is  still  too  small;  for 
Since  X  is  1  +ax,  then  1  -ha  X  less  than  x  is  less  than  x.  For  a  similar 
reason  l  +  a(l  +  a)  is  too  small,  or  l+a+a*.  So,  therefore,  is 
l+a(l+a+a«)  or  l+a+a«+a»;  that  is  to  say,  l  +  a+a*+ .. . .  is 

the 

our 

certain  number  of  its    leading 

— e-tA*«  •  •  •&€.  is  the  remnant  after  c.  ; 
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always  too  amally  however  far  we  may  go.  Now  if  a= J  this  is  intelligi- 
ble; 1,  H,  1-tf  Ij-,  l-f^,  &c.  &c.,  are  all  too  small.  The  reason  is  evident; 
the  answer  is  a? =2  (2=  1+^2),  and  our  method  is  of  a  character  which 
cannot  terminate.  But  if  a =2,  then  proceeding  as  before,  1,  1+2, 
1+2+4,  1+2+4+8,  &c.  &c.,  are  all  too  small,  or  x  is  infinite.  This 
result  is  wrong;  the  fact  is,  that  «=  — 1,  (— l  =  l+2x— 1),  and  the 
fundamental  supposition  <r>l  is  incorrect.     When,  therefore,  we  write 

— il=rl+2+4+8+16+&c  ad  injinitumy 

the  student  must  not  think  we  intend  to  assert  any  arithmetical  equality, 
or  other  arithmetical  resemblance  or  analogy  of  any  sort  or  kind  what- 
soever, between  —1  and  1  +  2+&C.  Every  attempt  to  establish  any 
idea  of  such  connexion  must  end  in  utter  confusion.  But  we  mean  this  : 
we  assert  that  1  + 2+4+8+ &c.  is  the  result  of  an  attempt  to  procure 
an  arithmetical  result,  upon  an  arithmetical  process,  to  represent  a  quan- 
tity which  is  not  arithmetical ;  and  =:  means,  as  in  every  other  similar 
case,  that  the  two  sides  of  the  equation  are  thus  connected :  the  first 
side  is  the  quantity  which  was  attempted  to  be  found  by  the  process 
ending  in  the  second  side.  And  this  result  being  obtained  in  strict 
conformity  with  algebraical  rules,  the  first  side  and  the  second  will  be 
found  to  have  every  property  in  common,  if  we  consider  the  infinite 
series  as  an  infinite  series,  dropping  every  notion  of  its  numerical 
character,  and  considering  it  as  a  whole.  It  has  no  connexion,  for 
instance,  with  1+2+4+8,  though  the  latter  expression  contains  some 
of  its  terms ;  nor  are  we  to  be  considered  as  making  any  approximation 
to  its  value  by  stopping  anywhere ;  such  idea  being  reserved  entirely 
for  arithmetical  series.  And  in  a  similar  manner,  we  consider  the 
equation 

=l+a+a*+a'+&c.  ad  irtf,,  arising  from  x=:l'\-ax. 

We  shall  now  apply  the  ideas  here  laid  down  to  methods,  by  which  we 
shall  in  various  instances  return  to  the  finite  algebraical  expression  from 
which  divergent  series  are  produced.  And,  firstly,  we  shall  apply  the 
8  eries  just  obtained.     Let 

u=flo+fl|  J?+aaj;*+aaaf»+a4j?*+. .  . ., 

where  at,  ^t,  &c.  are  not  functions  of  x.  Multiply  both  sides  by 
(1 — x),  which  gives 

tt(l— a?)=ffo+Aaoa?+Aaia:*+Aajj;^+ .... 
Let  U|=u  (1— J?)— a© ;  multiply  by  1— x,  which  gives 

W|(l-«j?)=a?(Aflfo+A*flo^+A'OiJ?*+A*flria;^+. .. .); 
let  w,=i/i(l— J?)— Aa^j.a?;  multiply  by  (1— J?),  which  gives 
w,  (1— a:)=j;*  (A'oo+A'flo  J?  + A'fl,  a^+ )  ; 

let  t/8=t/a  (1— J?)— A*ao** ;  and  so  on.  We  have  then  a  set  of  series, 
the  first  of  which,  v,  is  the  one  in  question,  and  UyyVt,  u^y  &c,  are  con- 
nected wilh  u  (or  t/o)  by  the  general  equation 


t*»+i=**»(l'-^)-^"«a^>  or  ««=T"^^^^" 


1— 'J?      1  — J? 

We  now  invert  the  process,  and  apply  successive  substitution  to  the  last 
equation  to  determine  u.    We  have,  then,  making  1-^(1— -j?)=X, 
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v=flr.X4-ViX=r£i.X+(A/jr«.j:X+w,X)X 
=a^X+Atf«.a:X"+tt,X«=:a«X+A«»j?X"+A«fl,.a;»X'+i/,X* 
=a.X+Atf«J?X*+A'flo«"X»+ +A"a,x-X-+'+i/^iX"+S 

or  a»+a|X+at •»'+.  •  •  =i (  tfp+Aa, -r — +AV«t; — r-+. . .  ). .  .(A) 

1— j?\  1— J?  (^""•^)  / 

If  Of,  ai,  &c.  be  such  that  all  the  differences  vanish  after  the  nth,  that 
is,  if  a»  be  a  rational  and  integral  function  of  v  of  the  nth  degree,  vre 
then  see  from  the  method  of  formation  that  t/.^|=0,  and  u  is  expressed 
hy  a  finite  number  of  terms.     Wethus  obtain 

l+J.+3y+....  =  ^(l+ji^)=^. 

.•+».+3-^+....=jlj(.+Jf;+^.)=jiii. 
If  we  change  the  sign  of  «r,  we  have 
ii.-a.  x+o.x'- ....  =  ^  (^a.-Aa.  j^+A'tf.^y^- .,.)..  .(B). 

Let  us  now  take  u^a^+aiX+a*—  +a^—^+  •  • .  • 

Multiply  both  sides  by  f"'=l  —  j?-f  -- — ;r^+  •  •  •  •> 

which  gives  tt€"'=:a,+ Airoa:+ A*a  — +  AX;r"Q+  •  •  •  • 
<io+aiar+o,— +  ..•.=€*   f  flo+AfloOr  +  A'fl*— +....  j  ... 


(C), 


3?                      (                            a«              \ 
Ot— tti a: +a*-rt" —  ••••=*"'(  ^—^^+^'^0-^— ••••   1 (D). 

By  integrating  the  expressions  A  and  C^with  respect  to  or,  we  obtain, 
provided  we  may  suppose  the  right-hand  side  to  vanish  when  j?=0, 
(sec  p.  157,  note,) 

X*         x"  C   dx  C     xdx 

We  have  thus  obtained  a  large  number  of  cases  in  which  equivalent 
series  may  be  found,  and  which  become  finite  expressions  if  all  the 
differences  of  Oq,  at,  &c.  vanish  from  and  after  any  given  difference. 
To  these  we  may  add  all  the  cases  which  can  be  expressed  by  the  deve- 
lopment of /(a+x)  by  Taylor's  theorem.    We  shall  now  consider 

which  is  the  evident  result  of  successive  substitution  applied  to  the 
equation  i/=0j:+A-7-,  which  gives  (p.  195) 


f.       1    i  /'  -1 
tt=C«* r«*  I  «  ^4^dx, 
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Let  U«  be  the  value  of  the  series  when  j*=  a, 

-t::      1    -^  r«  > 

V,  being  the  value  of  <j>a— <(>'aA+ .... 

Though  all  these  reductions  may  occasionally  be  useful,  yet  our  prin  - 
cipal  object  in  making  them  is  to  show  that  there  is  an  abundance  of 
series,  including  every  variety  of  form,  which  are  by  the  common  pro- 
cesses of  algebra,  or  otherwise,  reducible  either  to  convergent  series  or 
finite  expressions,  or  definite  integrals  ;  or,  at  least,  can  be  shown  to  be 
precisely  what  would  arise  from  the  process  of  successive  substitution 
applied  to  an  equation.  Wherever  there  is  anything  like  successive 
operation  following  a  known  law  in  the  coefficients  Oo,  a,,  &c.,  then 
^0+^1  ''^  +  ^^*  ^^^  ^^  materially  altered  in  form. 

With  regard  to  series,  all  whose  terms  are  positive,  we  can  only  make 
arithmetical  use  of  them  when  they  are  convergent ;  and  the  limits  of 
the  value  of  x  within  which  they  are  so  must  be  determined  as  in  p.  222. 
But  when  the  terms  of  a  series  are  alternately  positive  and  negative, 
it  has  this  remarkable  property  ;  that  if  it  converge  for  any  number  of 
terms,  and  afterwards  diverge,  the  convergent  part  makes  a  perpetual 
approximation  to  the  arithmetical  value  of  the  original  function.  For 
example,  let  us  take  the  series 

n^       ^       X*  I        - 

log  (1+x)=:j7-— +  y—--+&c.  ad.  inf., 

of  which  the  individual  terms  sooner  or  later  increase  without  limit  when 
:r  is  anything  greater  than  1.  Let  us  suppose  47=1*3,  in  which  case 
the  series  becomes 

1-3-  -845+  -7323. . . .  — 'IHO +  •  7426— (increasing  terms.) 

Now  so  long  as  the  terms  are  convergent,  the  error  committed  by  taking 
convergent  terms  only  will  not  be  so  great  as  the  first  term  thrown  away  ; 
for  instance,  1  "3 — '845+  *7323  will  be  too  great,  but  not  too  great  by 
•  7140.  The  sum  of  the  first  is  1  •  1873 ;  and  the  logarithm  of  1  + 1 "  3 
or  2-3  is  -8329,  and  1*1873  exceeds  •  8329  by  less  than  '7140. 

The  general  proof  of  the  proposition  is  as  follows.  Assuming 
a©  — a,  j;+a,  J*— &c.  to  have  a  definite  algebraical  equivalent,  fx,  we 
know  that  ^  (O)=flro>  <{>'(0)=  —  ai,  &c. ;  for  by  p.  75,  the  only  series  of 
whole  powers  of  x  which  can  be  algebraically  identical  with  4>x  is 
<|)(0) -f  <(>'(0)  j:+  . . . .     And  since  a^^  Oi,  &c.  are  all  finite,  we  have 

<{>^=<|>(0)+<|>'(0)  x^.  .>+0'(O)^--^^  +  <{>'^'(g.r)     f^\^.    0<1. 

2.3...n  2.3...n+l 

Now  since  0*+*«'  begins  (when  j?r=0)  with  a  contrary  sign  from 
4>"^'j?,  as  long  as  it  preserves  that  sign,  ^*^^x  must  be  in  a  state  of 
decrease  if  ^■+*J7  be  positive,  or  of  increase  if  negative,  when  considered 
algebraically ;  that  is,  in  a  state  of  numerical  decrease  in  both  cases. 
Consequently,  if  x  lie  within  the  limits  in  which  ^"^'(x)  retains  its 
first  sign,  0"+*(djr)  must  be  numerically  less  than  ^•*"*(0),  and 
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^"^'(^x)  TT^ — — TT  numerically  less  than  f^'  (0)  ^^ — — —, 

or  ±a^,cif^': 

that  is,  at  any  point  whatsoever  of  such  a  leries  the  arithmetical  yalue 
of  the  remnant  is  numerically  less  than  that  of  its  first  term.  The 
student  must  always  rememher  that  the  ahove  can  only  be  applied  to 
cases  in  which  no  diff.  co.  of  <|>j?  up  to  ^""^^xl^ecomes  infinite  between  0 
and  X,  and  where  ^"+*j?  preserves  one  sign  within  the  same  limits.  This 
will  be  the  case  in  most  of  the  necessary  applications.  And  the  theorem 
is  not  untrue  in  the  divergent  part  of  the  series,  but  only  useless,  since 
the  convergent  part  alone  gives  a  surer  approximation.  It  is  also  true 
when  the  series  is  altogether  divergent.  Nor  need  the  terms  be  alter- 
nately -|-  and  — .  If  the  series  have  only  one  negative  term,  the  theorem 
is  true,  within  the  proper  limits,  if  we'  stop  immediately  before  that 
term. 

Theorbm.  Whenever  the  series  Oo+fli  J?+fli<2^+&c.  is  the  deve- 
lopment of  a  continuous  function,  the  value  of  that  function,  when 
.p=sO,  is  Ooj  even  when  the  series  never  becomes  convergent  for  any  value 
of  X,  however  small.  For  if,  a^  and  Ot  being  positive,  we  suppose  x  to 
be  negative,  then  the  diff.  co.  being  all  finite  for  x=0,  the  value  of 
the  invelopment*  wiU  lie  between  Oo  and  £ro+ai  x,  if  a?  be  taken  of 
sufficient  numerical  smallness.  And  its  limit,  when  x  diminishes  with- 
out limit,  is  therefore  Uq,  And  whatever  may  be  the  signs  of  fli,  &c., 
the  theorem  may  be  proved  by  taking  x  such  that  two  consecutive 
terms  may  have  different  signs. 

The  theory  of  series  is  both  difficult  and  incomplete;  but  the 
difficulty  is  not  of  the  kind  which  a  student  perceives,  and  the  deficiency 
is  also  unseen,  because,  in  fact,  the  imperfect  theory  which  is  first  pre- 
sented to  him  is  more  than  sufficient  for  all  the  series  of  which  he  has 
any  experience.  He  grows,  therefore,  in  the  conviction,  that  whatever 
series  may  be  proposed,  or  may  occur,  the  theory  may  always  be  made 
satisfactory.  Now  it  is  my  present  object  to  prevent  the  growth  of  such 
a  conviction,  by  showing  the  difficulties  of  the  subject. 

A  complete  theory  of  series  would  be  contained  in  the  answer  to  the 
following  question :  Given  a  series 

Ao+Ai-hAt+Ag+A^+Aj-h&c.  ad  infifutum^ 

in  which  the  terms  are  connected  together  by  known  laws,  so  that  any 
one  of  them,  A^,  can  be  assigned,  required  the  finite  algebraical  expres- 
sion which  may  in  all  cases  be  substituted  for  the  series,  and  from  which 
the  series  may  be  obtained  by  development.  But  if  there  be  no  such 
expression,  or  if  different  expressions  be  necessary  for  difierent  sets  of 
values  of  any  variables  contained  in  Ai,  At^  &c.,  required  a  criterion  of 
determination  of  these  several  cases. 

The  preceding  question  is  one  of  almost  as  great  a  width  as  the  follow- 
ing: **  Required  a  mode  of  solving  all  algebraical  problems  whatsoever.'* 
This  is  the  first  point  on^hich  most  students  will  find  they  have  a  wrong 
notion.     Instead  of  being  an  isolated  branch  of  algebra,  the  theory  of 

*  The  invena  term  to  developmeut :  thus is  the  invelopment  of 

Q2 
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series  is  an  infinite  subject,  in  which,  as  in  geometry,  every  question 
answered  will  point  out  questions  to  ask. 

We  shall  first  consider  such  series  as  arise  from  successive  substitution. 
Jjet  fix,  yj,  px^  be  functions  of  x,  and  let  fi  (jix)  be  abbreviated  into 
fi^Xi  fi>  {p  (pr))  into  ftp'*,  and  so  on. 

Let  ^x  be  a  function  of  j*,  which  is  ascertained  by  the  following 
equation, 

<})JF=  ax  4-  yJ^ .  ^a* ; 

or  <f> J  is  that  function  of  x,  which  is  such  that  a  similar  function  of  ax  is 
reconverted  into  the  simple  function  of  x,  by  multiplying  by  vXy  and  add- 
ing [/.x.     We  have  then  the  following  series  of  equations  : 

(pa*x = tut^x  +  ya^x .  <})a"jr,     ^a^x^^iui^x  +  va^X .  0a^J?,  &C. ; 
which  give  by  substitution 

= jUrjC  -f  vx ,  jUrttjr + vx .  vax .  /ia*x + vJ? .  vol? .  va'x .  ^a'x,  &c. : 

so  that  the  function  0x  is  composed  of,  1.  the  infinite  series 

|U,x + vx .  jxox + vx .  yax ,  ju,a*x  +  vx .  vox .  va"x ,  jita'x  +  &c. 

2.  the  limit  of  the  set  of  products  vx.^ax,  vx.yax.^a^x,  &c.  &c.,  which 
we  may  denote  by 

yx.yax.'/a*x ya*x.^a*x. 

Let  the  limit  of  the  series  ax,  a*x,  a'x,  &c.,  or  a*x,  be  denoted  by  L ; 
and  let  yjrx  be  any  function  which  satisfies  Y^x=:yx  fax.  Then  by  a 
similar  process  of  successive  substitution,  we  shall  find  Y^x=:yx.yax.  Y^a'x 
=  vx .  yax .  ya^x .  Y^a'x=  vx .  yax .  ya^x  ....  ya'^x,  fh,  or  the  limit  above 
mentioned  is 

^ .  0L ;  so  that  we  have 

0L 
fx  —  Y't  'pr^it'X + yx . /uiax  +  yx .  yax  ./ta'x + &c., 

where  L  is  as  yet  wholly  undetermined. 

Now  it  is  not  uncommon,  in  the  theory  of  series,  when  such  a  case 
occurs  as  /^x+yx.yL(ax+  &c.,  to  observe  that  it  satisfies  the  condition 
0x=|UrX  +  yx0ax,  and  having  ascertained  what  appears  to  be  the  solu- 
tion of  this  equation,  to  equate  such  solution  at  once  to  the  given  series. 
For  instance,  suppose 

«^j:=x— j^^+x  (x*— xO  +  x»  (x'-x")+x7(j*— x^)  +  &c., 

which  appears  at  once  to  be  equal  to  x ;  being  x— jr'+a'— x'+x'— &c. 
But  it  also  satisfies  the  equation  0x=x— i«+x0(x^),  and  ^=x+x~* 
is  a  solution  of  this  equation  as  well  as  0x=x.  Though,  therefore,  the 
series  satisfies  the  condition  ^x=:ju.x+yx0ar,  yet  when  this  equation 
has  more  than  one  solution,  nothing  but  attention  to  the  preceding  pro- 
cess can  preserve  us  from  error. 

With  respect  to  the  equation  0x=jxx+yx0ar,  it  can  be  shown  that 
its  most  complete  solution  is  as  follows.   Let  'csx  be  one  solution,  and  let 


FUBTHSB  AFPLICATION  TO  AL6SBRA.  22d 

XX  be  one  solntion  of  the  equation  Y^«r=  vx  fax^  and  let  wx-\'xa} .  ^x  be  the 
most  complete  solution.    Then  we  have 

XETX + xj? .  gj:=: jw,a? + vx  {max  +  xor .  far)  ; 

but  by  hypothesis  tsxr^iux  +  vx.vraXy  and  xj?=ya:.xar,  therefore 
^r=0x,  or  with  the  particular  solutions  above  mentioned,  nothing  more 
is  necessary  than  to  find  the  most  general  function  which  remains  un- 
changed when  X  is  changed  into  ax.  In  the  same  manner  it  may  be 
shown  that  xjp.fx  is  the  most  general  solution  of  ^x^=iyx.^ax.  We 
have  then 

fpx^uErx-^-ycx.^x  <f>a*x^iffa*x-{-ica*x.^x 

Y^x""      KX'^x     *  ^a"j?~      Ka'x.^x        ' 

fx  being  the  function  which  is  absolutely  unchanged  by  changing 
X  into  ax.     If  n  be  increased  without  limit,  we  have  then 

^L     tsrL+xL.fx  ,  ibjj  mh 

Y^L         xL  0x  ^       ^    V^  ^^ 

so  that'the  equivalent  obtained  for  the  series  is  the  same,  whatever 
solution  of  the  equation  was  taken. 

We  have  thus  obtained  the  absolute  aritkmetical  sum  of  the  infinite 
series ;  for  the  process  was  equivalent  to  finding  the  sum  of  n  terms,  and 
then  increasing  n  without  limit.  Whenever  the  series  is  divergent,  the 
term  xXetvL-T-xL  will  become  infinite.  Thus  if  we  apply  the  process 
to  x+ax+a*x+&c.,  which  is  obtained  from  ^x=x+0(ax),  where 
^=:x,  vx=l,  ax=flx,  a"x=:a"x,  we  shall  find  as  the  sum  of  the  series 
x(l — a*)-f-(l— a)  which  is  finite  only  when  a<l,  and  infinite  in  all 
other  cases. 

The  preceding  is  literally  nothing  but  a  modification  of  the  method  of 
taking  n  terms  of  the  series,  and  then  increasing  n  without  limit ;  but 
It  will  lead  us  to  the  following  conclusion ;  namely,  that  the  algebraical 
expression  for  a  convergent  series  may  be  discontinuous,  or  not  always 
the  same  function  of  x.  This  we  shall  show  if  we  prove  that  L  may 
have  different  values  for  different  values  of  x ;  or  that  a"x,  when  n  is 
increased  without  limit,  is  not  always  the  same  for  all  values  of  x.  For 
instance,  let  cix=j;^,  thena'xnrx",  a'x=:x^,  &c.,  as  to  which  it  is  obvious 
that  they  increase  without  limit  if  x  >1,  remain  always  the  same  if 
x=l,  and  diminish  without  limit  if  x<l. 

As  it  is  here  my  object  to  prevent  the  formation  of  an  opinion,  and  not 
to  establish  any  general  method,  one  example  of  every  difficulty  will  be 
sufficient.     Let  us  now  consider  the  following'series : 


«*— X*    a"— jr»     flW— x'*  "^ 


Looking  at  this  series,  we  should  suppose  it  to  be  one  which  we 
might  safely  use  as  a  common  algebraical  quantity,  for  it  is  always  con- 
vergent, except  only  in  the  single  case  of  x=a,  when  every  term 
evidently  becomes  infinite.  To  prove  this,  form  the  ratio  of  each  term 
to  the  preceding  (p.  222),  and  yve  have 

a«x«  a*x*'  fl»x^ 

- Slc     * 

a*+x*'         rf»+a^         d^+x'^ 
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which  must  diminish  without  limit ;  for  every  term  may  be  written  in 
either  of  the  following  forms : 

and  either  j?-f-a  or  a-r^  is  less  than  unity  (with  the  exception  above 
cited) ;  so  that  one  or  the  other  form  explicitly  shows  the  diminution 
without  limit,  when  p  increases  without  limit.  Now  observing  the 
terms  of  the  series,  we  may  readily  see  that  it  is  derived  by  successive 
substitution  from 

of  which  a  particular  solution  will  be  found  to  be  ^=:I-^(a*— a!*). 
Applying  the  result  of  the  preceding  pages,  we  have  Y^j?:=  1,  a  particular 
solution  of  yjj^Y' C"^"^^)  >  fw?=a:'-f"(a*— Jf*);  yx=l;  and 

-A       ^     *L  1  1 

^       ^   yL    a«-a:*     a«-L« 

Now  00?= — ,  a'x=: —  (  —  ]  = — ,  a'jF=--,  &c. ;  so  that  L  must  be 
a  a  \a  J      a*  <v 

the  limit  of  j^-y-a**"*,  when  p  increases  without  limit.     According  as  x 

is  less  than,  equal  to,  or  greater  than,  a,  this  limit  is  0,  a,  or  oc ;  so 

that 

11  J* 

when  a:<a,  the  series  isI-= ; — r,  or  -77-- — r.  ; 

a"— or'     a*         a*(a*— x*) 

when  a?=a, -1 r— oc,    or  infinite ; 

^^^^''x^ ^^b-*''  '"■-^.-     •- 

The  terms  of  an  infinite  series  must  be  connected  by  some  law,  other- 
wise the  series  is  not  given  and  distinguishable  from  others.  A  finite 
number  of  terms  may  be  written  down,  and  each  is  then  given ;  but  an 
infinite  number  of  terms  cannot  be  written  down,  and  can  only  be  said 
to  be  given  when  a  law  is  pointed  out,  by  which,  when  r  is  assigned,  the 
rth  term  can  be  found. 

Let  us  now  consider  the  ordinary  algebraical  development,  namely,  a 
series  which  proceeds  by  whole  powers  of  a  variable  quantity.  Let  Uie 
(r+  l)th  term  of  such  a  series  be  F  (a;+rO  a' ;  so  that  the  series  is 

Fof+F  (j?+0.«+F  (a?+20  a'+F  (07+30 o'+  . . . . ; 

which  is  derived  by  successive  substitution  from  0x=:Fo;+a0(a?+/), 
We  have  now  tins  question  to  consider : — 1.  Can  the  equation 

0x=F«+a^(a?+O 

always  be  solved  by  a  continuous  function  ztrx,  when  F  is  a  continuous 
function  ? 

This  question  will,  as  we  shall  see,  bring  us  to  the  following :  Can 
a  continuous  curve  be  drawn  through  an  infinite  number  of  points  sepa- 
rated by  finite  intervals?  We  know  that  through  any  finite  number  of 
points,  however  greats  an  infinite  number  of  continuoua  curves  can  be 
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drawn :  it  it  quite  certain,  for  instance  (as  will  appear  in  a  subEcquent 
chapter),  that  if  we  had  ten  million  of  given  points,  nothing  but  opera- 
tions of  impracticable  length  would  lie  between  us  and  mt  power  of 
obtaining  as  many  continuous  curves  as  we  please,  each  passing  through 
all  the  given  points.  As  an  instance,  suppose  the  equation  of  a  curve  is 
required  which,  when  j?=a,  gives  y  equal  to  either  A,  A',  or  A" ;  which, 
when  x:=:6,  gives  y  either  B  or  B',  and  when  x=c  gives  y=C.  Let 
Xy  be  any  function  of  y  which  does  not  become  infinite  when  x  is  a,  b, 
or  c^  and  find  y  from  the  f<^lowing  equation : 

(y-A)  (y-A')  (y— A")  {x^b)  (a?-c)+(y-B)(y-BO  (j;-.a)(*-c) 

+(y-C)  («-a)  (x-6)+xy  (x-a)  (jr-6)  (a:-c)=0. 
Here,  when  x=:a,  the  equation  becomes 

(y-A)  (y-A')  (y-A")  (a-i)  a-.c)=0, 

which  has  three  roots,  y=A,  y=A',  and  y=A",  and  so  on. 

Seeing,  then,  that  through  any  number  of  points,  however  great,  we 
may  draw  a  continuous  curve,  it  mav  appear  that  we  can  do  the  same 
through  an  absolutely  unlimited  numoer  of  points.  On  this  postulate* 
the  following  considerations  rest :  let  it  be  granted,  that  whatever  is  true 
of  any  finite  number  of  points,  however  great,  is  true  of  an  infinite 
number  of  points. 

We  now  return  to  the  equation  0j:=:Fa:+a^  (ii?+0«  Observe,  that 
we  do  not  want  a  solution  of  this  equation  for  all  values  of  J7,  but  only 
for  x=ky  x:=ik+lf  x=^+2/,  &c.,  ad.  inf.y  where  k  is  some  value 
assigned  to  x.  Multiply  the  equation  by  o^',  and  let  a'^'^  be  called 
X'.    Then  we  have 

T  * 

XJP=a'^F«+x(*+0»  or  x*'^'~X('^+0=«'  Yx:=ifx. 

Draw  the  curve  whose  equation  is  y=:a'^'Fj?,  and  on  the  line  of 
abacisstt  cut  off  A,  A-f-/,  k  +  2ly  &c. 


Let  A,  B,  C,  Ac,  be  the  points  of  the  curve  y=c^^  Ft,  whose 
abacisaiB  are  k^  i  +  /,  &c.,  and  let  MP  betaken  for  v^.  Take  Na==AP; 
then  Na=MP-MA=:x*-y*=X(*+0-  Similarly,  take  Q^=Ba, 
Rc=C6,  Sd=Dc,  Tfi=xE(i,  &c. ;  we  thus  obtain  an  infinite  number  of 
points,  and  the  curve  drawn  through  them,  if  it  be  y=X''»  satisfies  the 
equation  x*— /*=X  (x+0» 

«  Several  other  methods  which  I  have  tried  of  obtaiuing  the  same  conclusions 
end  in  the  necetwity  of  the  >ame  postulate. 
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Assuming  then  the  existence  of  mx^  a  continuous  function  which 

satisfies  0jrs=Fx+a^(jr+O»  ^^  find  '^x=a~  to  be  a  particular  solu- 
tion of  fxzzzaf^x+l):  whence  the  arithmetical  sum  of  the  given 
series  is  • 

,Jim(x^nO  ..     ' 


IffX- 


a     < 


in  which  n  is  to  be  made  infinite :  it  being  always  remembered  that  mx 
is  a  function  of  a  as  well  as  of  x.  If  we  assume  x+nlzrzz,  the  pre- 
ceding becomes 

m  X 

wj?— a'^Xlimitof  (a'wz)     {2=00}; 

and  the  limit  in  question  may  be  nothing,  infinite^  or  a  function  of 
«r,  which,  for  anything  yet  appearing  to  the  contrary,  may  be  continuous 
or  discontinuous.  And  upon  this  limit  depends  the  convei^ncy  or 
divergency,  continuity  or  discontinuity,  of  the  series.  It  is  my  object 
now  to  show  that  discontinuity  caunot  take  place  without  the  series 
becoming  divergent  at  the  epoch  of  discontinuity.  Let  us  suppose  the 
series  to  be  convergent  for  every  value  of  0,  from  a^a'  to  ai^a'\  both 
inclusive. 

The  continuity  of  law  of  a  function  is  not  to  be  presumed  from  the 
simple  continuity  of  its  values  (page  45.)  To  return  to  the  geometrical 
illustration :  two  different  curves  may  join  in  such  a  way  that  the  value 
of  y  increases  continuously  in  passing  from  one  to  the  other  through  the 
point  of  junction.     If  they  have  a  common  tangent  at  the  junction, 

--r-  may  also  vary  continuously  in  value ;  if  they  have  there  a  common 

radius  of  curvature  -7^  may  do  the  same.  And  two  curves  may  be  dis- 
tinct, though  the  value  of  y  and  of  any  finite  number  of  diff.  co.  increase 
or  decrease  continuously  in  passing  through  the  point  of  junction.  But 
if  all  the  diff.  co.  increase  or  decrease  continuously,  then  the  second 
curve  is  only  the  continuation  of  the  first. 

Now  if  xiTX  satisfy  0T=Fir+ff0(x+Oj  i^  follows  that  m'x  satisfies 
flj^xszF^X'\-ag>'(j+l),  and  so  on ;  and  whether  we  differentiate  the  result 

tsrx— a  ^X Lim.(a^arz)=Fx  +  F (jp+0.a+  .... 

n  times,  or  whether  we  treat  the  equation  0^'"^x=F^"^x+tf^^"'\TH-O  by 
the  method  of  this  chapter  (and  by  pages  172 — 175)  we  find  the 
following : 

a7^-\r— a"^-  ^  fx  Lim.(a^or2)=:P"5j?+F^-Hjr+0.a+ .  • .  • » 

so  that  the  convergency,  &c.,  of  every  differentiated  eeries  depends  upon 
the  same  function  as  that  of  the  original  series ;  namely,  Lim.  (o'^'nrz). 
If,  then,  the  first  be  convergent  from  o=«'  to  a=:a",  so  are  all  the  rest. 
Name  any  number  of  them,  m,  which  may  be  as  great  as  you  please.  We 
have  then  m+ 1  convergent  series.  Let  <  be  a  number  of  terms  so  great 
that  for  no  value  of  a  between  a'  and  a''  can  t  terms  of  any  one  of  the 
m  +  i  scries  differ  from  its  arithmetical  sum  by  so  much  as  6,  where  0  it 
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8  definite  quantity^  as  small  as  you  please.  This  is  evidendy  possible, 
though  to  bring  some  series  a  little  within  the  limit  it  may  be  necessary 
to  take  i  so  great  that  others  shall  be  rery  much  within  it.  Let  the 
sums  of  the  t  terms  of  the  several  series  be  represented  by  Z,  Z',  2/\  &c. 
It  is  clear  that  2,  J,\  &c.f  are  a  set  of  continuous  algebraical  functions, 
finite,  rational,  and  integral  with  respect  to  a.  And  the  values  of  mx — 
(the  limit  in  question),  and  of  its  m  diff.  co.,  do  not  differ  by  so  much 
as  0  from  those  of  2,  X',  &c.,  for  any  value  of  a  between  a'  and  of'*  But 
if  there  were  any  discontinuity  of  vuue  Jn  any  one  of  these  expressions, 
this  could  not  be  the  case ;  for  the  discontinuity  must  take  place  at  some 
definite  point,  and  be  of  seme  definite  amount.    If  possible,  let  a  be  the 


abscissa  of  a  curve,  and  letm^'^x — &c.  be  discontinuous  in  value 
between  a^=^a^  and  a^a".  Let  AB  be  the  arc  of  the  curve  y=Z^*\ 
contained  between  those  abscissae,  and  let  PQ,  KS,  represent  the  dis- 
continuity of  value  of  y=sxff^^^x^&c.  Take  6  less  than  the  half  of  the 
discontinuity  QR ;  and  let  the  dotted  curves  be  those  whose  ordinates 
are  always  greater  by  0,  and  less  by  9,  than  those  of  AB.  Then  PQ, 
RS,  by  what  has  been  shown,  lie  entirely  within  the  dotted  curves, 
which  is  impossible,  since  QR  is  greater  than  29,  The  supposition, 
therefore,  of  discontinuity  of  value  in  any  one  of  the  diflf.  co.  of 

— *  • 

-nrj:— a  .' Lim.(a "torz) 

is  inadmissible  as  long  as  the  series  which  it  represents  remains  con- 
vergent ;  whence  we  have  the  following 

Theorem.  If  A,  B,  C,  &c.  be  coefficients  independent  of  a  and 
following  any  law,  the  series  A+Ba+Ca'+&c.  ad,  inf.  can  never 
change  the  function  of  a  which  it  represents,  in  passing  from  one 
Talue  of  a  to  another,  without  becoming  divergent  in  the  interval  between 
those  values  of  a. 

Hence  we  have  no  further  occasion  to  consider  the  possible  discon- 
tinuity of  such  a  series ;  fer  if  it  become  divergent  for  any  one  value  of 
a,  it  is  divergent  for  every  greater  value;  and  the  discontinuity,  if  any, 
takes  place  in  a  function,  of  which  all  the  values  are  infinite.  But  m 
periodic  series  (see  nest  Chapter)  we  shall  have  occasion  to  use  this  test. 

We  now  see  a  reason  for  the  appearance  of  discontinuity  in  series  of 
other  forms,  which  does  not  exist  in  those  we  have  just  considered. 
Looking  back  to  the  general  expression 

wjr-xxLim.f — ;-  j=/utj?+yjr.ji^ajr+KX.yaj:.fAa*x+&c.  ad,  in/.^^ 
we  have  seen  that  a'jp  may  have  different  limits  for  different  values  of 


1234  DIFFERENTIAL  AND  INTEGRAL  CAL€ULt7S. 

«.  But  in  the  case  before  us,*  ajf=:j:4-/,  ot*j?r=«+2/,. .  ,osfxs=j?+ttl, 
and  oc  is  the  only  limit.  In  the  example  of  page  230,  the  discontinuity 
arose  from  (x^ay  being  0  or  oc,  according  as  Jtis  <a  or  >a.  I  have 
now  carried  this  subject  far  enough  for  the  purposes  of  this  work ;  but  the 
same  conclusions  might  be  extended  further.  It  is  always  tnie  that  a 
series  cannot  change  its  equivalent  function  without  passing  through 
divergency,  or  some  other  singularity  of  form. 

I  now  come  to  the  question  of  convergency  or  divergency,  considered 
-apart  from  the  connexion  between  a  series  and  its  algebraical  equi 
valent. 

Thsorkm.  If  Pi+Pa+  •  •  •  •  and  Qi+Qt+  ....  be  series,  of  which 
the  terms  continually  approximate  to  a  finite  ratio,  so  that  by  making  n 
sufficiently  great,  Pn-r-Q*  may  be  made  as  near  as  we  please  to  the  finite 
quantity  c ;  I  say  that  these  series  are  either  both  convergent  or  both 
divergent. 

Begin  from  the  terms  P,  and  Q„,  and  let  P,-r-Q»=<'.;  then  P,+P,+| 

+  . . . .  =c,Q„+c^i  Qn+iH- And  since  it  may  be  so  great  that 

Cnf  <^ii-i-i9  &c.,  shall  be  as  near  to  c  as  we  please,  they  may  all  be  con- 
tained within  c±dy  where  0  is  as  small  as  we  please.     Certainly,  then, 

c,Q.+c,+iQn+i+ lies    between   (c+^)(Qn+ 0,^.1+ )   and 

(c-^)(Q,-J-Qm-i+  ••.•);  or  P,+ ....  lies  between  (c  +  0)(Q,+  . . . ) 
and  (c — ^)(Q«-h. . ..).  If>  then,  either  of  the  two,  P,+  .«..  and 
Q.+  . . .  .)  increase  or  diminish  without  limit,  or  approach  a  finite  hmit, 
so  does  the  other;  which  was  to  be  proved. 

Let  two  series,  in  which  the  limit  of  P«-7-Q«  has  a  finite  ratio,  be 
called  comparable  ;  those  in  which  the  same  limit  is  nothing  or  infinite, 
incomparable* 

THEoaEM.  If  071  be  a  function  of  n  which  increases  without  limit 
with  71,  then  0n-4-w*  may  have  a  finite  limit,  but  only  for  one  value  of 
e;  every  higher  value  giving  diminution  without  limit,  and  every  lower 
value  increase  without  limit. 

The  first  part  of  the  theorem  is  well  known;  the  second  is  thus 
proved.  Let  i^n-^-n'  have  a  finite  limit  L ;  then  if  /  be  positive, 
0/i-^n*+'"  is  (071-7-71*)  X  TT^i  and  its  limit  is  L  x  0  or  0 ;  but  (^n-r-n'"^) 
=  (0w-4-7t*)  X  t/,  and  its  limit  is  Lx  oc  ,  or  infinite. 

The  value  of  e  is  easily  found;  for  since  n*-^<f>n  takes  the  form 
oc  -7-QO ,  when  Ttrr  x ,  we  know  that  its  hmit  is  the  same  as  'that  of 
e7i*"'-7-0'7?,  so  that  the  limit  of  710^71-7-^071  is  unity,  or  e  is  the  limit  of 
7i(P^n'~-(/)n,  If  this  be  infinite,  then  n''~~i>n  has  the  limit  0  for  every 
finite  value  of  e ;  but  if  ii  be  nothing,  then  n'-i'(t>n  increases  without 
hmit  for  all  finite  values  of  e.  The  properties  of  the  limit  of  ti'-t^ti, 
when  71=  X,  may  be  readily  deduced  from  those  of  0x-7-(jt— a)*  in 
Chapter  X. 

Definition.  If  P.-rQuliave  the  limit  c,  let  Pi+ ...  be  called  higher 
than  Qi  + .  . . . ,  when  c  is  greater  than  unity,  and  lower  when  c  is  less 
than  unity.  But  when  the  ratio  increases  without  limit,  let  the  first  be 
called  incomparably  higher  than  the  second ;  and  when  it  decreases  with- 
out limit,  incomparably  lower.  If,  then,  a  series  be  divergent,  all  com- 
parable series  are  divergent,  and  all  incomparably  higher  series  ;  but  if  a 
series  be  convergent,  so  are  all  which  are  comparable,  and  also  those 
which  are  incomparably  lower.     And  any  divergent  series  ia  incom- 

*  Also  9X=ia,  use:szTjtf  jtss^tr'^K 


m-' 
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parably  higher  than  any  and  every  convergent  series*    AU  this  readily 
followB  from  the  last  theorem  hut  one. 

Theorem.     The  series  1  +  -;^+—  +  ...  .  is  convergent  when  c  is 

7      3 

(no  matter  how  little)  greater  than  unity ;  and  divergent  when  e  is 

equal  to  or  less  than  unity. 

Firstly,  let  e  he  less  than  1 ;  then  the  sum  of  n  terms  of  the  series 
being  greater  than  n  times  the  least  of  them,  is  greater  than 
It  X  n"*  or  than  n^'\  But  this  increases  without  limit  with  n ;  con^ 
sequently,  the  sum  of  n  terms  of  the  series  increases  without  limit,  or 
the  series  is  divergent. 

Secondly,  let  e  be  equal    to    unity;    the  series  then  consists  of 

l+-^+(-^  +  ^)+('~+y+y  +  ^^  terms  ending  with 

sixteen  terms  ending  with  --  ]+^* ;  which  is  evidently  greater 

than  l+2"+2X— +4x-g +8Xjg  +  l6x— +&C.     But  this  last  is 

the  divergent  series  ^+-^  +  •«•  +-^  '^'2"^~2  "^ '  which,  being  ex- 
ceeded by  the  series  in  question,  the  latter  is  therefore  divergent. 

Thirdly,  let  e  be  greater  than  unity ;  make  parcels  as  before,  and  the 
series  is 

l+y+(-§?+;j?)+(4  terms  beginning  ^^+{s  do.  do.  ^V&c, 

which  is  less  than 

and  still  more  less  than 

12      4      8 

or  1  +~-+2^+4n+grn  +  &c»  or  1  +  2-  +  t?  +  tj»  +  &c.,  where 

v={  —  j'    In  this  case,  therefore,  the  series  is  convergent. 

Theorem.  If  ^ti  be  a  function  of  n  which  increases  without  limit 
with  n,  the  series 


0(1)     0(2) '0(3)  •  ■<f>(n)"     (n+1) 

may  be  convergent.  To  ascertain  whether  it  is  so  or  not,  find  «,  so  that 
n'-T-^n  is  finite  when  n  is  infinite.  If,  then,  e  be  greater  than  unity, 
the  series  is  convergent;  if  unity,  or  less  than  unity,  divergent.  But 
if  n'-f-0n  be  infinite  for  all  values  of  «,  the  scries  must  be  divergent;  if 
nothing  for  all  values  of  e,  convergent. 

To  find  e,  ascertain  the  limit  of  n0'/i-f-0a,  when  n  increases  without 
limit :  but  n'-^fn  increases  without  limit  when  v^'n^^n  diminishes 
without  limit ;  and  dmunishes  without  limit  when  n4i''n'^(^n  increases 
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without  liiDit.  So  that  the  complete  test  of  convergency  or  divergency 
may  be  stated  as  follows : — the  series  whose  terms  are  reciprocals  of 
07t  is  convergent  when  the  limit  of  n0'n-T-0n  is  greater  than  unity 
(in6nityincluded),  and  divergent  when  the  same  limit  is  unity,  or  less 
than  unity  (nothing,  negative  quantity,  and  — x  being  included.) 
The  proof  of  the  preceding  is  obvious.     If  n'-r-0n  have  a  finite  limit, 

the  two  series  2  — -  and  2  t-  are  comparable,  and  are  therefore  con- 

w*  0H  *" 

vergent  or  divergent  together;  that  is,  convergent  when  e>l,  divergent 

when  erz  or  <  1.     But  if  the  limit  of  ?t'-7-0n  be  always  infinite,  or  that 

of  T-T — r>  t^en,  taking  c<l,  the  given  series  is  incomparably  above  a 

divergent  series,  and  is  therefore  divergent ;  and  in  this  case  the  limit 
of  n<f>'n-7-0^  is  nothing.     But  if  the  limit  of  7t'-f-0n  be  always  nothing, 

or  that  of -7 — I — 79  the  A  taking  e>l9  the  given  series  is  incomparably 

below  a  convergent  series,  and  is  therefore  convergent;  and  in  this  case 
the  limit  of  n0^-7-0n  is  infinite. 

If  Y^i,  the  term  of  the  series,  be  used  instead  of  0n,  its  reciprocal,  we 
have 

1         <h'n  \f/'n 

971        0n  yf/n 

-L                1                1 
Example  I.     (j:-l)  +  (jr«  — l)  +  (j:>  -l)  +  (jr4-l)  + 

Here  Y^=j?"  — 1,  and  — n  ■^— =     ^1 

fn     7i(.r"--l) 

The  limit  of  the  denominator  is  log  or,  whence  that  of  the  fraction  is  I, 
and  the  series  is  divergent. 

yu'n 
ExAMPLB  II.  l+j?+j*+j'+..,  .fn:=ijf^\  -n^-— =  — nlogj:. 

If  X  be  <1,  the  limit  is  +«  ,  and  the  series  is  convergent;  if  j:s=1  or 
be  >1,  the  limit  is  0  or  — x ,  and  in  both  cases  the  series  is  divergent. 
A  negative  limit  denotes  that  sort  of  divergency  which  is  shown  in  the 
series  1+2*+ 3*+ . . . . ,  where  e  is  positive. 

it*      jc*  2.3         71 

Example  III.  x+----i h.... 


2    -2.3' ^  ^       ' 

It  will  hereafter  be  shown,  that  when  n  increases  without  limit, 
1  •  2.3 71  and  1.3.5 (2/t—  I)  approach  without  limit  to 

N2itn    «€"",  and  2    «  7i"r",  from  which  the  application  of  the  rules 
shows  the  series  to  be  always  convergent. 

Example  IV.  F(j+/).a+F(x+20a«+. .  .  .Y^s=F(r+7i/)a" 

But    logF(a.+  7i/+0=logF(x+,,0  +  |^g±^^^        (0<1); 
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whence  the  limit  of  gn.+«o'  is  that*  of  ^  Ji         '      -    K  this  be 

F(x  +  7ll) 

finite,  the  series  is  convergent  when  the  limit  of  aF  (j?+(?t+l)04* 
F  (^X'\'nl}  is  less  than  unity,  and  divergent  when  it  is  greater.  But 
when  that  limit  is  unity,  the  convergency  or  divergency  of  the  aeries 
depends,  agreeably  to  the  rule,  on  the  limit  of 


-7U0g1a. =r-p ; jr f  . 


F(X  +  7|/) 

1  1 

Example  V.  y  (i^g^)*'''^  (log3)*"^' ' '  i»  ^^^^J^  ^vergent  when 
a  is  unity,  or  less,  whatever  may  be  the  value  of  b. 

The  expression  —  7i  -^— ,  the  limit  of  which  is  greater  than  imity 

whenever  SY^n  is  convergent,  may  be  written  as  — nxdiff.  co.logY^n. 
The  limit  of  this,  when  n  increases  without  limit,  is  not  altered  by 
writing  6"  for  n ;  in  which  case 

Vn  d    , 

— » •^—  becomes  —  —  (log  V6")» 
yffn  dn      ^^   ^ 

The  result  may  be  stated  as  follows.  To  ascertain  whether  the  series 
£Y^  is  convergent  or  divergent,  take  the  function  Y^/i,  or  any  more 
simple  one  the  ratio  of  which  to  fn  neither  increases  nor  diminishes 
without  limit  when  n  is  increased  without  limit,  and  find  the  most 
convenient  of  the  following  expressions : 

n    dfn       n      djfn)'^  ^  dlogY^/i       d  ^  v  1    d(nfn) 

If,  then,  tlie  limit  of  the  result  be  greater  than  unity,  the  series  is  con- 
vergent; if  unity  or  less  than  unity,  divergent.  But  first  examine 
y  (n+l)-»-Y'n,  since  this  test  can  only  be  necessary  when  the  limit 
of  this  is  unity. 

As  to  series  of  the  form  P,— Pj+P."-. . . .  we  have  seen  that 
they  are  necessarily  convergent  when  the  terms  diminish  without  limit. 
Consequently,  the  series  is  convergent,  all  whose  terms  are  positive, 
provided  they  can  be  represented  by  Pj— P„  Pa — P^,  P, — Pe»&c.,  where 
Pi>P,>Pa,  &c.  But  this  last  is  not  altered  by  adding  the  same 
quantity  to  both  of  every  pair ;  that  is  to  say,  the  series 

P.+A-CP.+A)  +  (P.+  B)-(P,+B)  +  (P,+C)--(P,+C)  +  . ... 
seems  convergent  whenever  Pp  Pi,  &c,  diminish  without  limit.     Thus  a 

*  The  reasoniag  here  given  is  correct  only  on  the  supposition  that 

appioach  the  same  limit  when  n  is  increased  without  limit* 

For  accounts  of  the  tests  of  convergency  up  to  the  proposal  of  the  present  one,  see 
Pnifiesaor  Peacock's  Report  to  the  British  Mtoeiation,  in  pai^e  267,  &c.  of  the  second 
volume  of  their  Reports ;  or  Grunert's  Supplement  to  KlugePt  fVirterffHche^  vol.  i. 
pai^  416.  I  have  another  proof  of  the  correctness  of  the  test,  founded  on  entirely 
di&rent  principles,  which  will  appear  either  in  the  sequel  of  this  work,  or  elsewhere. 
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series  of  alternately  positive  and  negative  terms  may  apparently  be  con- 
vergent, even  when  the  terms  increase  without  limit;  and  if  A^B=:C 
&c.,  we  have  then  a  series^  of  which  the  nth  term  (independent  of 
sign)  is  P,+ A ;  and  because  P«  diminishes  without  limit,  this  has  the 
limit  A.  And  we  might  certainly  suppose  that  the  preceding  series  can 
mean  nothing  but  Pi— Pj+Pg — ....  in  a  different  form.  Is  it 
possible  that  there  can  be  an  error  in  the  following  reasoning  ? 

If  Pi  — Pg+Ps—  . . . .  be  a  series,  which  may  by  summing  its  terms 
be  brought  as  near  to  M  as  we  please,  then  certainly  the  sum  of 
Pi — Pg,  Pg — P^,  P5  —  P«,  &c.  can  be  brought  as  near  to  M  as  we  please. 
But  P,-P,  is  the  same  as  P,+A-(P.  +  A),  and  P.— P,  as  Pg+A  — 
(Pa  +  A),  and  so  on.  ItfoUows,  then,that  Pi+A— (P,+A)  +  (P,+A) 
—  &c.  can  be  brought  as  near  to  M  as  we  'please ;  or  that  if  such  a 
series  as  the  last  should  occur  as  the  answer  to  a  problem,  we  may  con- 
clude that  M  is  the  answer  required. 

I  say  we  have  no  right  to  draw  any  such  conclusion;  and  the 
reason  of  this  is  contained  in  a  principle  which  cannot  be  too 
often  remembered  by  the  student  of  this  subject.  Whenever  a  deduc- 
tion is  made  from  purely  arithmetical  principles,  by  means  of  purely 
arithmetical  premises,  it  must  not  be  extended,  without  proof,  to  cases 
in  which  the  premises,  or  any  of  them,  cease  to  be  the  objects  of  arith- 
metic. In  the  preceding  series,  Pi  —  Pg+Pg —  •  •  •  •  approaches  without 
limit  to  a  fixed  arithmetical  quantity,  and  an  accession  to  the  number 
of  terms  taken  always  brings  us  nearer  to  a  certain  limit.  The  same  is 
true  of  (Pi — Pt)+  (Ps — PJH-  •  •  •  •!  each  term  of  which  is  compounded 
of  two  of  the  terms  of  the  preceding  series.  The  same  is  also  true  of 
the  series  whose  several  terms  are 

_first,  Pi-f  A— (Pg+A),         second,  Pa+A-(P4+A),        &c.; 

which  is,  term  for  term,  identical  with  the  preceding.     But  the  same  is 

not  true  of  the  series,  whose  terms  are  first  Pi  + A,  second  Pg+ A,  third 

Pg-f-A,  &c.,  alternately  positive  and  negative.     For  since  P„  Pg,  &c. 

diminish  without  limit,  the  series  may,  by  proceeding  to  a  sufficiently 

distant  term,  be  represented  as  nearly  as  we  please,  from  and  after  that 

term,  by  A — A+A— A+  . . . .,  which  has  no  arithmetical  signification. 

Ill  2 

Thus,  if  we  take  1 — 5"+"T" — o"+&c.,  which  has  the  limit  -,  and  add 

3       5       9 

one  to  each  of  its  terms,  we  find  2 — —H f- . . . . 

2      4       8 

Let  the  terms  of  the  first  series  be  collected,  and  we  find  the  set  of 

1.    ,      1     3     5     11    21    „ 
results  1,  ir*  -r»  "S"*  7^1  ^»  &c.,  alternately  greater  and  less  than 

^      4      o     lo    32 

2 

~,  but  perpetually  approximating  to  it.     Treat  the  second  series  in  the 

o 

1      7     5    27  21 
same  way,  and  we  find  2,  —-,  —-,  — ,  ~^  — ,  &c. ;  of  which  the  even 

^      4      o     Id    «5^ 

2  5 

terms  only  approximate  to  -—,  while  the  odd  terms  approximate  to  — . 

o  3 

If,  then,  we  were  asked  which  is  the  arithmetical  limit  of  the  preceding 

2  5 

series,  we  should  have  no  mode  of  deciding  between  -7-  and  •--. 

o  3 
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In  the  preceding  theory  is  contained  all  that  the^'student  needs,  to 
enable  him  to  apply  the  theory  of  series  to  questions  of  geometry  and 
physics ;  and  I  shall  now  recapitulate  the  principal  results,  desiring 
the  reader's  attention  to  the  summary,  as  distinctly  marking  the  point 
at  which  we  have  arrived. 

1.  An  infinite  series,  even  when  arithmetically  convergent,  may  he 
the  arithmetical  development  of  different  functions,  of  one  for  one 
value  of  X,  or  set  of  values,  and  of  another  for  another.  Or,  the  con- 
iinuity  of  any  series  must  be  proved,  and  not  assumed^  (page  230.) 

2.  If  the  series  be  of  the  form  a+6j?+cj:*+  . . . .,  or  developed  in 
whole  powers  of  x,  it  must  represent  one  function  of  j?,  and  one  only, 
throughout  the  whole  range  of  values  of  x^  for  which  it  is  convergent, 
(page  233.) 

3.  When  a  series  is  given,  and  nothing  is  known  of  its  invelopment, 
it  cannot  yet  be  used  in  any  case  in  which  it  is  divergent.  But  when 
the  series  is  produced  from  a  given  function,  the  necessity  of  absolutely 
considering  a  divergent  series  may  be  avoided,  aa  in  page  226,  by  using 
the  theorem  of  Lagrange  on  the  limits  of  Taylor's  series. 

I  shall,  in  a  future  chapter,  consider  this  subject  further,  and  shall 
conclude  the  present  one  by  giving  some  theorems  which  may  be  con- 
sidered as  instruments  of  operation  merely,  not  giving  any  proof  to  their 
results,  except  in  cases  to  which  all  the  preceding  reasonings  will  apply. 

Theorem.     Let  4^x^a + aj  a: + o,  ar*  + . . . .  arf  inf 

yf/x^^^ab-^ai  biX+Ug  6t  J?'+  . .  •  .od.  inf 

Then  Y'r=**Jf+^*-*''^«^+^**-f <^ -^+^'^-0'"j?.--+ . . ., 

where  -^&,  A*&,  are  the  successive  diilerences  of  6,  obtained  from  6, 
6„  6„  &c 

N.  B.  We  have  already  had  cases  of  this  theorem  in  page  225. 
From  page  19  we  have 

bi=b+£J),    6,=  6+2A6+A*6,     ft3=6-l-3Ai+3A«6+A«6,    &c. 

Substitute  these  in  the  second  series,  which  then  becomes 

b  (o+fli  j:+ffa**+  •••  .)  +  ^(^i+2a»i-f3a»J?'+  •. . .)  x 

+  A*b  (ffa+3asa;+6a4«"+  . . . )  j:*+ A*  b  (a,-|-4a4a?4-10fl5J^+.. . .)  J?* 

+ 

Now         0x=:a  +  ^ij'+a4j^  +flr»a:^  -^a^x*  +cti^     +.... 
'^  0'jf=:       Oi    +2aiJ? +3a,*'+4a^a:'+  5a,j^+,... 


2  ' 


a,    +4a^ct*+10a,jc*+ •.    .,&c.; 


2.3 

and  the  results  of  this  set,  substituted  in  the  preceding  development, 
will  obviously  give  the  theorem  in  question. 

Example  L     :r^  =l+x+a«+a*+t*+ . . .  .(page  225.) 

1  —X 
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Let  fiB  =6+6ia?+6,«*+6a  3^+6*3:*+.... 

Then  Tf.x  =_+^^_^,+^^-^+._-+  .    . . 

J*      «»     ^ 
ExAMPLB  II  *    log  (1  +.t)=jr—  — +— — -7-+ .... 

6«j!*     6,JC*     6«J:*  , 
A^x     1    A«6.a;»  .  1    A»6.j^ 


(6=0)  Y^x      =  j^-2  (r+i)i'^3  (1  +xr     •  • 

«               »»T      f       .           71—1,     ,.     «— 1  n  — 2*.    ., 
ExAMPLK  IIL    6+n6iX+n— —  6,j?"+n— —baX*+.,. 

=6(l+j)"+«A6  (l+jy-*x+n^^  A*6(l+x)"-«x«+ .... 

jc*         a!^  x^ 

Example  IV.    ^+^1^+^8-2 +*»2~3'*"**2n["''"  * ' 

=f|6+A6.x+A«6|^+A»6^+...}. 
Example  V.        64^ — ^7n%'^^5 


2.3      *2.3.4.5 
cos 


xJa^.o:— A«6^+...|+8ina:r6-A'6|-+,.,J 


x*    _       J". 


and  ^— ^.ir+^^ 


2  •'*2.3.4     *" 


=C08a:|6 — A'6  — +  . .  .^— sinxf  A6.a? — A*6  5-^+.  ••  )  " 

where  the  differences  must  be  taken  from  the  complete  series  6,  &i,  b^  b^ 
64,  &c.  We  shall  see  more  of  this  when  we  come  to  tre^t  of  interpola- 
tion. 

This  theorem  enables  us  to  give  a  finite  expression  for  ^IfX,  whenever 
4>x  can  be  expressed  in  a  finite  form,  and  6.  is  a  rational  and  integral 
function  of  n,  (page  83,)  in  which  case  A**&  b  nothing,  for  all  values 
of  m  which  exceed  the  degree  of  6.. 

The  theorem  itself  will  afford  an  instance  of  the  truth  of  results 
obtained  by  separating  the  symbols  of  operation  and  of  quantity,  as  in 
page  164. 

The  symbol  for  6.  is  (1  +  A)"6,  and  the  whole  train  of  operations 
performed  on  6,  to  produce  ab+aib^x+aJffX*'^' ....  is 

{a+a»(l+A)j:+fir,(l+A)«x*+....}6,  or  0{x(l+A)}.6, 

*  Let  the  student  apply  this  example  to  the  case  o(  Ab^l,  M^\,  A%tsl,&c.,  and 
explain  the  result. 
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or  |6^+A6.0'j?.a?+A«60"j?~+  .. .}. 

I  now  apply  the  preceding  theorem  to  the  transformation  of 

and  bi  sin  0,  x+b^  sin  2^.  x*+ 6,  sin  30. 0^+ .  •  •  • 

The  first  series,  writing  z  for  c*^^  (as  in  Chapter  VII.)  may  be  thus 
written: 

OFj  by  the  use  of  the  theorem. 


i+ 


\\     b  bh.zx  111     6        z_ 

2  11— rj?"*"(l— »)•■*■  •"J'^2j_  «^"'"/_^\ 

and  the  two,  collected,  give  a  series  of  terms,  each  having  the  form 

2         1(1  — zx)*^*      /  f.^      I 

But  1— «jt=l— j?cos6— jjsinO.V^, 

X  ■   /— 

1 =1 — jJCOsO+xsinO.v— 1. 

Assume  1 — ^r  cos  9^  r  cos  0,    ^  sin  ^:=r  sin  0, 

which  Rives        r-:=:  1— 2ar  cos  d+a:*,    tan  0=- ; 

°  1 — jroos^ 

and  (A)  becomes  (since  1 — jr;r=rco8  0+rsin0.V— 1,  &c.) 

1a    ,f          (cos  we+ V— 1  sin  me)  iT 
-trb\ '==. ==. — J 

2  [(cosm+10 — V—l  sinm+l^)r*+ 

(cosmO— V — 1  sin  wff)  aj"  I 

.  (cosm+l0+V— Isinm+l  0)  r"^/. 

-.  cos  Us  +  V — 1  sin  u,  ,         ^  .    /— r  .    ^     .  \ 

But        — i- — == — ^=co8  (Mr+y)±v— 1  sin (jx+y); 
cosy^v— Isiny 

whence  the  preceding  is 

-^— ^  {cos(inO+m+l  0)+v— lBin(do,  do.) 

+C08  (do.  do.)— V^  sin  (do.  do.)  }, 

R 


/ 


J 
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A*6.  cos  (m^f  w+ 1  <{>) .  j:^ 
or  — : ^— 


(1— 2x008^+0^)    « 

Hence,  making  m  successively  0,  1,  2,  &c.|  and  adding  the  results,  wt 
have  the  following  Theorem  : 

If  r=(l— 2arcoB^+a*)«,  and  0=tan-f :; -J 

\l*~*P0oa9/ 

then  6+6,  cos0.a?+6,coB2^.a!'+6iCos3da:«+ 


=6coi|0—  +A6cos  (^+2^)  ~+A»6cos(2e+8*)--3 
+ ^'6  cos  (3e+4#)  -^+ .... 

V 

For  h)8tance,  let  6=6i=68r3.  ,..s5l ;  whence  46=0,  A'i=0*4o. ; 
we  haye  then  cos^-r-r,  or  (1— j?  cos  0)-f-r*,  for  the  sum  of  the  series;  or 

=:l+cos0.a?+co8  2^.a^+cos3d.j;^+. . .; 


1— 2j?coBe+a:* 

which  may  he  verified  hy  page  125. 

The  transformed  expression  may  he  discontinuous,  for  ^,  or  tan*"^ 
{j?sinO-7-(l — o^cobO)}  has  an  infinite  numher  of  values,  one  of  which 
may  apply  for  one  value  of  0,  and  another  for  another.  We  have  shown 
that  no  discontinuity  can  he  produced  hy  a  change  in  the  value  of « 
(page  233.) 

As  long  as  our  conclusion  preserves  its  present  form,  we  are  warned  of 
the  circumstances  which  may  produce  discontinuity  hy  the  explicit 
appearance  of  the  amhiguous  symhol  tan~\  But  if  we  take  a  case  in 
which  the  amhiguous  symhol  disappears,  we  may  he  led  to  a  fieJae 
result,  if  we  do  not  take  care  to  retain  all  the  amhiguity  of  the  original 
form.  Suppose,  for  instance,  d?=l ;  then  sin  0-r(l — cos^)  is  cot  \  O^ 
or  tan(iir— i©);  and  0  is  therdbre  tan~*tan(iir — J^);  that  is, 
any  one  of  the  angles  which  has  the  same  tangent  as  \it —  \9,  All  these 
angles  are  included  in  the  formula  mtf+i^ — j^  0,  where  m  is  any 
whole  numher  positive  or  negative  \  whence  we  have,  hy  suhstitution  in 
the  expression  for  the  transformed  series,  (since  rs=  +2  sin  j^  0,  when 
ir=l). 

&+6|C08d+6a cos  2d+(i cos  3d+ . .  •• 

^6  cos  (mir+ J  (ir—^))     A6coB(2m7r+ir) 
""         +2  sin  \  e        "^        Tsin'p 


A*6cos(3m+l^+H^+^)) 
■*■  ±8sin"id  ■*■ 


in  which  A'6  is  multiplied  hycos(t+l  m+Jir+i— 1  j^6).  Now  it 
will  he  found  on  investigation,  that  these  cosines,  hegioning  from  the 
first,  are 
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T  rin  ( — J  0),     —  I,     +  sin  id,     +  cos  0,     ^  sm  f  0,    —cob  20,  &c. ; 

the  upper  sign  being  used  when  m  is  even,  and  the  lower  when  m  is  odd. 
We  have  then  an  ambiguity  of  sign  in  both  numerators  and  denomi- 
natora  of  the  alternate  terms :  but  returning  to  the  original  equations  of 
condition  (which  become  1  —  cos  Oz=r  cos  ^,  sin  6=r  sin  0,  in  the  case  of 
j;=l)  we  see  that  if  r  be  positive,  sin  6  and  sin  0  have  like  signs,  and 
cos  ^  18  positive ;  that  is,  0  Hes  between  0  and  ^  ir,  if  6  lies  between  0 
and  V,  and  4>  li^  between  0  and  —  ^  tt,  if  0  lies  between  if  and  2'nr.  All 
these  eonditions  are  satbfied  by  making  m=0,  or  any  even  number,  and 
the  final  result  is  as  follows : 

,    ,        ^  6  M  A«6 sin i e    A*ft.  cose     A*6sinf0 


2     48in'ie'    Bsin'i©       16sin*i^    32sin*ie 


•  • 


An  e^y  verification  presepts  itself  when  0=:ir;  the  preceding  then 
becomes 

.     .    ^.  6     Ai    A«6    A'6    A*6 


2      4  •    8       16  ■  32 

which  is  a  case  of  (B)  in  page  225. 
An  analysis  of  precisely  the  same  kind,  it  being  remembered  that 

2  V — 1.  sin  in0=«'"—«"*,  shows  that  we  may  substitute  sines  for  cosines 
in  the  series  obtained ;  or  that  (r  and  0  being  as  before) 

1  X 

biB\JiO,x+btBia26,3i^+, . .  •=s68in0  — (-A& sin (0+20)  —• 

T  f" 


+A*6  sin  (20+30)^+.... 


If  &=s&i= . , , ,  2=1,  as  before,  we  have  sin  ^H-^  or  ar  sin  0-f*»*  ^  t^c 
sum  of  the  series ;  or 

=:sm0.j:+sm20«*+Bin30j?'+ j 


1— 2j?co8  0+j:* 

and,  in  the  case  of  jrs=l,  we  may  find 

,.«,.««.  ^        ,  ^    A«&cosi0 

6|8in0+6,sm2a+ . . .  .sy  cot  Jfl — ^^^^ 

A»&  sin  0       A'6  cos  f  0 


16 sin* i^'    32sin»i0 


the  terms  of  which,  after  the  first  pair,  are  positive  and  negative  in 
alternate  pairs.  An  instance  of  Terification,  though  not  so  simple  as 
the  former  one,  may  be  found  in  the  case  of  d=iir.    This  gives 

b      /A«6    ^'b_^^*b\  .  /A«6    6?b  ,  A»6\ 

ft.-^+^- . . . .  =Y-(^-j— J- +-Q- j+(^3g -^ + 3^;-- •  •  •  J 

wldch  we  leave  to  the  student  to  verify  by  means  of  the  separation  of  the 
symbols  of  operation  and  quantity/  He  might,  however,  be  perplexed 
l^  the  reduction,  if  I  did  not  call  his  attention  to  the  equation 

(--t)( 

Thsorbm.    If  0«=:^t+ai47+ai^+cib^+ « • » t 


A*\  A* 


R2 


•  •  •  • 
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Then    -'j^(«J^)+0(  —  )[=ffo+«iCOs6.j?4-aaC0820,«'+.  ,•• 

{0  («^)— 0(— )[=       ^i  sin  d.a7+<»*  Bin  20  .a^+ 

where  2=g^^~^     The  student  can  eaaily  prove  this  for  himselfi  and 
also  the  following  :* 

1      f  V     ./    ^IM       ._   /    .        0"j?.flin2e^0'"jc.sin3a. 

Let  ^xsrlogtC,  and  let  the  upper  signs  be  used :  we  have  then 


ilog(a?+«)+^log(^j?+-J=logj:+^ 


O_^cos  2g    cos3Q 


••••■••9 


(a*+2a;co8e+l)i    cosO    cos 26  ,  cos 39    cos 40  , 
or  log. =_____4-^^-^-^+ 

1  x-\-z      Bind    sin  29     sin  30     sin 40 

and  -— log-^pp^=— -.-^^+— ^-— -+..^ 

_.  ^     a?+6*'^     j?+cos0+V^sin0     co80+^/~i  6in0 ^vi^i 

liut C7=^^ / ^ p= e^         > 

a?+ff"*^~*    a?+cos0— V  — lBin0    cos0— v — 1  sin0 

/      ftin  fl     \ 

in  which  or+cos  0irr  cos  0,  sin  0=r  sin  0,  or  0=tan'"*  (  — ; ;; )  and 

\d:+cos0/ 

(page  126)  log5**^"*=20v  — l+2nirv— 1,  n  being  any  whole  num- 
ber, positive  or  negative.    This  gives 


,  /    sm  0   \  .           sin  0    SI 
tan"M ;,  ]+7iT= 

\J?  +  CO8  0/  X  ! 


sin  20     sin  30 


+-:7-r- 


•  *  • 


2aj»  ^   3x» 
If  ar=  —  1,  then  0  is  tan~*  (—cot  i^  0),  or  tan~*  tan  (ir — J  0) ;  so  that 

1  ^  .         .                .    ^     sin  20     sin  30 
or— J0+m*+n'n'= — sm0 • . .  •> 

m  being  =?  +  any  whole  number.     This  simply  amounts  to 

i0+m7i'=8in0H — - — I — h. . . . 

The  meaning  of  the  undetermined  quantity  m  may  easily  be  sho^^. 
The  second  side  of  the  equation  isp?riodic,  giving  the  same  values  for  0, 
0+2x,  0+4ir,  &c.  It  also  vanishes  with  0,  and  becomes  1  -^+4—  •  •  •  t 
or  i?r,  when  0=j7r,  and  changes  sign  with  0;  and  it  becomes  0  again 
when0  =  ?r.  This  requires  that  m  should  =0,  where  0  lies  between 
—  TT  and  +  IT ;  but  that  in  all  other  cases  m  should  have  such  a  value 
as  will  make  d-^-mit  lie  between  —  ir  and  +ir. 

I  now  proceed  to  some  developments  and  examples,  part  worked  at 

*  These  theoieiiii  an  due,  I  believe,  to  M.  Poiisoti. 
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length)  part  merely  sketched  out,  and  part  proposed  for  exercise  with 
their  answers.  In  considering  these,  the  student  should  read  again 
^ffefully  those  parts  of  the  preceding  chapters  which  are  cited. 


4.  Diflf.  CO.  of  ^.  is  ^,  {mQF— nPQ'}. 


Chapter  XIII. 
MISCELLANEOUS  EXAMPLES*  AND  DEVELOPMENTS. 

1.  Required  the  successive  diff.  co.  of  Pe*,  P  being  a  function  of  x. 
Jm.  The  first  is  g^CP+P'),  the  second  fi'(P+2F+P'0.  tl^e  third 
ftP  +  SP'+SP^+F"),  and  so  on:  the  nth  is  g'(P+nF  +  7i,P''+ 
7?,F+. . . .  +P^*^),  where  1,  w,  Wg*  Wg,  Ac  are  the  coefficients  of  the 

several  terms  m  (1+a?)",  or  1,  ti,  n-      -,  n         .  — -—  &c. 

2.  Find  the  diff,  co.  of  PQ  the  product  of  two  functions  of  x,  Ans, 
The  nth  diff.  co.  is  PQ<"^+nP'Q("-»^+w,P"Q^"-'^+ +  P^"^ 

3.  Diff.  CO.  of  P-Q"  is  F"->Q-»  {mQF+nPQ'}. 

5.  Diff.  CO.  of  6^Q  is  £''{Q'+QF}. 

It  will  be  worth  while  to  retain  the  three  preceding  results  in 
memory. 

^  6.  (Page  63.)  What  is  the  diff.  equation  of  y—x  0  {ex)  ?    This 
gives 

S=*  <")+"*' <")=i+i*'{*-(i)KT) 

where /x  means  j+j?0'0~*j,  and  0"*x  is  that  function  which  gives 

1.y=x^  gives  |=l.(l  +  logf) 

8.  Eliminate  the  functions  from  2=0(y+aj)+Y^  (y— or)  oy 
means  of  partial  diff.  co. 

^=fl^'  (y  +-ar)-aYr'  (y— or),   — =a«0"  (y+flKp)+o«  y/'Cy  -  cu?) 
^=  0'(y+flJ?)+  Y^'Cy-oo?),   — =    <^"(y+fljc)+    v^'(y-flj?); 
therefore  -r— =a*-T--. 

^  M^ny  theorems  of  primary  importance  are  deductions  of  bo  immediate  a 
clMTBcter  from  the  principles  before  laid  down,  that  they  are  here  introduced,  con- 
traxy  to  the  usual  practice,  as  examples.  They  are  so  far  developed  that  no  student 
who  has  found  himself  able  to  follow  the  preceding  portion  of  the  work,  will  find 
any  gieat  difficulty  in  completing  what  13  left  undone* 
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9.  Elimiaate  the  functional  fcymbol  from  T"— 0(  j~) 

dy^^*\dx)*dxdy'    dxly^'^ydxj'ds*' 

d^u    d^u     /  tiV  Y     _ 
therefore  ^  .  ^.-  (^^^J  =0. 

10.  (Page  65  and  Chapter  V.)  What  relation  exists  between  the 
two  difF.  CO.  of  ti,  when  u  is  that  function  of  x  and  y  which  ib  obtained 
by  eliminating  a  between 

,         du 
0=  iT+^'o.y+ya,  or  t-=0 

du^       du    da^       ^^— .jl    i  ^'^  ^^-^^kn^ 
dx"       da  *  diT^  '    dy^         da  dy"^     * 

du^,  /du\ 
dy^     \dxj' 

11.  Eliminate  the  functions  from  2=:^  (y+ax)  .f  (y— or). 

12.  2=(a?+y)"  0(0^ -y*)  gives  y 'r-+af-j-=zaz. 

(tx       ay 

d^z 

13.  «=^+YTr  gives  5^y=0. 

,  -  .     ..      •         ^'       \  dz  dz 

=f<A  ^"^    •         rf*ar  _/  1  \  1    dg  rfa; 

cb  dy~"  \      log  z/  z   rfar  dy 

15.  Required  the  expansion  of  tan  jr  in  powers  of  x»  by  Maclaurin'i 
theorem. 

Let  w=rtana?;  then -;-=l+t**,    -ri=2u-r-=2tt+Jhif 

dx  djr         dx 

ax*  dx* 

j^a:16+  136tt«+  240tt*+  120u« 

dH* 

^=21211+  1232tt"+  1680tt«+  720t^ 

5^=272 +3968«»+ ....    — =1936«+ ....  g=:^»86+ . .  . 

.  ,  a»  .  2j»  ,  \*lxi    62;t» 
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t 
16*  Required  the  ezpanlion  ^^-grZi* 

ThiB  expansion  (which  is  of  great  importance)  may  be  facilitated  by 
the  following  process  ^— 

X 

Let  i^^-^^^  5  then  ^x — ^  ( — 3?)=  —  a;  consequently  ^x  can  have 

no  odd  power  of  x  except  the  first :  for  every  odd  power  which  appears 
in  the  expansion  of  0j?  must  appear  in  ^— ^(— .r) ;  and  every  even 
power  in  0* + ^  ( — j?).     Let  w = 0a? ;  then 

Make  cr=:0,  and  let  the  values  of  the  function  and  its  diff.  co.  then 
become  U,  U',  U'',  4c,  The  preceding  equations  then  become  U=U, 
U=1,U+2U'=0,  U+3U'+3U"=0,  U+4U'+6U"+4U"'=0,&c. 
Or,  generally, 

U +nU'+n^  U"+ n  ^  Uf-«+nU^-»=0 (A), 

the  labour  of  using  which  is  diminished  by  our  having  proved  separately 
that  U"'=0,  U"=:0,  U""=0,  &c.     Let  7t=2m+l,  which  gives 

3  3  4  5 

-mU"-U'        ^ 


2m+l 


This  series  exhibits  the  dependence  of  the  terms  on  one  another^  ailter 
IT"";  but  the  series  (A)  is  more  easily  usecf.    It  gives 

U+2U'=0,  or  U'=:-^;  U+3U'+3U''=0,  or  U"=|; 

2  O 

U+4U'+6U"+4U'"=i:0,  or  \5">=Q ;  U+5U'+10U"+5U''=0, 

U+^U'+2lU"+35tJ"4-1U''=0;  or  U''=^; 

U+9U'+36U''+126U"+84U"+9U'»=0;  or  U'^'ss-i-j 

oil 

tJ+llV+S5tJ"+330U»^+462U^'+165U''"+llU'=0i  or  U"=^; 

66 

"  -    2730'  ^  -6'  "  — Ho  •  ^    ""TgT'  *''• 

t 

Hence,  if  [n]  denote  1.2.3 ti,  we  have 

X        ,llaj«       1**.1j«       1^. 

=  1  --a?+-  -zr—r;:  7rrr+T:r  F;rr— ;;;;  7^+ 


f— 1  2     '62      30  [4]     42  [6]     30  [8] 

The  values  of  U^  U',  &c.  are  called  the  numbers  of  Bernoulli  i 


948  DIFFRRRNTIAL  AND  INTEGRAL  CALCULUS. 

and  though  they  do  not  follow  a  visibly  regular  law,  yet  the  con- 
nexion between  them  is  simple.  We  shall  in.  future  call  them  Bot 
Bi,  By,  Bs,  &c. :  thus 

11  1 

Bo=l,  Bi=— -,  ^•^g'  ^t=0,  B^s— — ,  &c. 

11.  Required  the  deyelopment  of-^—-  by  Bernoulli's  numbers. 


=Ba+B|a:+B,  — +  &c-(Bp+Bi,ajp+&c.) 


«-+l""f— 1     1*^-1    ^•^*'»'^^*'«  2 


a*      ._.     ar» 


•  •  •  • 


pl-j=-B.-3B.  f  -  (2*-l)  B.^3-(2--l)  B.  ^^^ 

^2     2  2'*"2[4J      2  [6]  "*■•••• 
18*  Required  the  development  of  tan  x  by  Bernoulli's  numbers. 

=5i,  (.+»,+6B.24n«<^-., B.^£^  + .. . .) 

tanx«-2*(2*-l)B,^+2«{2«-.l)B.^-...., 

in  which  the  law  of  the  terms  is  sufficiently  obvious.    Reduced,  this 
becomes 

tan  j?=:«-i H 1 1 1- .... 

3  ^15^315  ^2835^ 

19.  Required  the  development  of  cot  j;  by  Bernoulli's  numbers. 
cota?r=/Il  ( 1+ %: — ^ 

I     X     a*      2x^       x^         2a* 


X    3    45    945     4725     93555 


.  ■ .  • 


«                                                2 
20.  Required  the  development  of zj=tt. 
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nth  difp.  CO.  US'  =     t  fu+7m'+w-^ «"+..•.  ) 

nth  diff  CO,  ur'^T  +6-  ^„-7iti'+n!^  t/'-, . .  .^  {:;;;  ^  ^Jf^} 


as  10(16.)  U+n-^U"+n— — ..— — U*^+.,,.=0, 

which  is  true  for  even  values  of  n,  and  there  can  be  no  odd  powers  off 
in  this  development. 

U=l;  U+U"=:0,orU''=-l;  U+6U"+U*'=:0,  or  U»'=5; 
U^^-ei,  U'*"=rl385,  U*=— 50521,  and  80  on; 
2      _        x«     5j*    eiJ*     1385j/*    50521x'' 

€*fr-"~      2  "^'M"' [6]  "^   [8]         [10]   "*"•••• 

21.  From  the  last  it  readily  follows  that 

,      a*     5j*    61j:«     1385a?'    50521j?"*  , 
aec.:=l+-+^+^+-^-+-fj^+.... 

•  2x 

22.  Required  the  development  ofp — ii=i'- 

[Why  do  we  not  attempt  to  develope  l-rCs*— ^^)  by  Maclaurm's 
theorem?] 

i'CM+ttO+e-Ctt— tt')=2        U=l. 

* 

....««       n— 1  __-,  .     n — 1 71—2  n — 3_,,,  .  ^      , .  , 

After  which  U+n~^  U"+7i— —  U*'+ . . . .  =  O,  which 

is  derived  from  odd  values  of  7i,  and  gives  the  even  diff.  co.    No  others 
can  enter,  for  reason  in  (20.) 

•     U-k3U"=0,  orU^rr-^;   U  +  10U"+5U^'=:0,  or  U*'=!:^ 

3  15 

XT'*—       ^^  TTrlU— 3®^ 

"  ^^21  ^    -15 

2x  1  .T«     _7£*      31  g'      381  x' 

f-5-^       3  2'^15[4]"^21[6]      45  [8]""'*" 

23.  Frou)  the  last  it  follows  that 

1     1x^3*     31  X*     381  a'   , 
coseca;=-+--+-^+2Yfg-3+-55-^+.... 

• 

(24.)  What  is  the  best  formula  for  approximating  to  an  arc  of  a 
circle  by  means  of  its  chord  and  the  chord  of  its  half,  and  what  is  the 
error,  nearly ;  the  arc  being  supposed  not  very  great  ? 

Let  0  be  the  angle  (in  theoretical  units)  subtended  by  the  arc  S,  find 
a  the  radius  (unknown) :  let  C  be  the  chord  of  the  arc,  and  C  that  of 

ito  half.    Then  S=a^,  C=2aBin  -e,  C'=2asin-ra 

2  4 
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Letj^C+^C  be  the  fonnuk  required;  then 

=2«{(|+|)«-(|+^)|+(^+|fe)  ^-. . . .  }• 
p.glp,a_  1  8 


8C'- 


-=K^"'iSo)°*"^y- 


Ans.  The  third  part  of  the  excess  of  eight  times  the  chord  of  the 
half  over  the  chord  of  the  whole  is  nearly  the  arc :  the  result  is  too 
small  by  a  proportion  of  the  whole,  which  varies  nearly  as  the  fourth 
power  of  the  arc,  and  is  about  1-1680^  for  an  arc  subtending  an 
angle  of  5li^- 

25.  If  €''  be  the  chord  of  the  quarter  of  the  arc,  then 

45  -^  \1  +  20643840r 

86.  In^(«+A)E^dr+0'(«-(-0A)»A  required  an  approjsimate  value 
of  e  (p.  73.) 

Assume  e  =A+BA+CA«+  . . .  • 

Ad  IS 

Then      <|>(x+A)=^+^jp.A+<^"j?.0A«+^'''a?.— -+,.,• 


/c  0"*+ AB^"«+A*^"*)a«. 


«4A« 


C0^'x+AB*'''ar+^^'^a?^^ 

^^2+24^*+       48(*"x)-        '^+-*^ 
If  A  be  small,  and  ij/'x  considerable  when  compared  with  A^'  0=- 
nearly :  or 

tfi  (:r+A)=0J?+0'f  «+2 )•*  nearly.    (Sec  p.  74.) 

274  Required  x  in  terms  of  sin  x  (s=:8in  x)y 

vl— sm'o? 
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Integrate;    ,=,+-_+_  _+^-^ _+.... (A.) 

No  constant  is  necesiary,  since  s  and  x  vanish  together.  But  this 
conclusion  cannot  be  universally  true,  for  the  first  side  may  increase 
without  limit,  while  the  second  is  periodic,  going  through  the  same 
cycle  of  values  from  a?s2ir  to  x^4ift  &c.,  as  are  obtained  between 
ir=0  and  •r=:27i'.  Some  error  then  must  exist  in  the  preceding  process. 
On  looking  through  the  process  of  page  100,  it  will  be  seen  that  the 
definition  of  an  integral  cannot  be  made  intelligible  if  the  function 
integrated  become  infinite  between  the  limits  of  integration.  This  is  the 
case  in  the  present  instance,  if  we  suppose  the  result  to  be  true  from 

«r=:0  to  d;=:ir;  since,  when  a?=Jir,  (!—*•)"*  is  infinite.     Between 
xss — j^flT  and  ir=:4-j^ir,  the  preceding  is  unobjectionablei  there  being 

no  value  of  x  between  these  limits  which  makes  (1— 4*)~^  infinite. 

There  is  another  objection  to  the  preceding  result,  as  soon  as  x 
becomes  greater  than  ^if.  When  x  increases,  after  becoming  s=j^^9 
then  s  (and  consequently  the  second  side  of  the  equation)  begins  to 
diminish;  or  an  mcreasing  quantity  is  always  equal  to  one  which 
diminishes,  which  is  absurd.    The  reason  of  this  is  that 

d,nnx  C(Mx»dx 


(l-^«)  ^df,  or -7-; r-r-^»  or 


should  have  been  taken  negatively  when  cos  x  becomes  negative.  Con« 
sequently,  after  x=:^it,  we  have 

1  <■     1.3  ** 

the  constant  ie  being  introduced  because  orsir  when  «=0. 

Denoting  the  series  (A)  by  A,  our  final  result  is  that  when  x  lies 
between  —  j^irand  +i'if,  x=A;  but  that  when  x  lies  between  i^it 
and  fir,  «s=7r-TA;  when  between  i^if  and  J-iti  «:=2v+A9  &c. ; 
which  may  be  all  included  in  the  following : 

When  jr  lies  between  fyi--j*  and  fn+^V,  a?  =  »Mr+  (-1)*A, 
26t  If  •v^jk^  or  «=!,  we  conclude  that 

We  proceed  to  ascertain  whether  this  series  is  convergent  or  difergent 
29.  Granting,  as  will  afterwards  be  proved,  that 

1.2.3..,.rt-f.VaSrn"+*r^ 

has  the  limit  unity  when  n  is  increased  without  limit;  required  aa 
expiession  which  may  be  made  as  nearly  equal  aa  we  please  to 
1.3.5«,  •  •2n-'ly  on  the  same  supposition. 
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Let  1.2.3...  .n=V2irn*^  r^.4>n,  so  that  <()ftha8  the  limit  unity 
>vhen  n  increases  without  limit.    Then 

1.2.3. .2n=l,3.5..(2n—l).2.4.6..2n=rl.3.5.. (2/1-1). 1.2.3. ,n.2"| 

2".^n'^*5-".<f>n  0» 

and  2*"*^n"r'"  is  the  expression  required, 

30.  The  series  at  the  end  of  (28.)  has  for  its  (;i+l)th  term 

1.3.5....(2n-l)        1  2"+i7i"6-"<^27i^(^       I 

or 


2.4. 6.... 2n      '2n+l'      2"  V2i.,4«+»  g-,^;j  2n+r 

l_    l^    02n        1 

which  (since  02n  and  <fm  have  the  limit  unity)  has  always  a  finite 

ratio  to  n  *•     Consequently,  the  series  is  of  the  same  character  as 

Zn  ',  and  is  convergent,  (Page  235.)  But  it  may  he  shown  in  a 
similar  manner  that  the  original  series  is  divergent  when  «>1,  in  which 
case  X  is  impossible.  Here,  as  in  many  other  cases,  a  series  becomes 
divergent  at  the  moment  when  its  algebraical  expression  becomes  im-» 
possible. 

31 .  When  X  lies  between  nv  and  (w-f  1)  x 

(.     ^^  r       t\mf  .     1    COs'a:       1.3C0S*«  \ 

«  +  YJT-(-l)"{c03T  +  --^+_^-+....J. 

Prove  this,  both  from  the  preceding,  and  also  independently. 

32.  Required  x  in  terms  of  tan  a; .  (tan  j?=0» 

,        cf.tan  a?      , , 

e    f    f 

a:=rf-y+-5-y+ 

the  constant  being  nothing,  since  x  and  t  vanish  together.  This  is  true 
from  a;=— —  IT  to  «=-—»,  or  from  ^=— a  to  <=  +  «  ,  though  the 

series  is  convergent  only  when  x  lies  between  — —  x  and  -j — «•,  the 
former  exclusive,  the  latter  inclusive.  Grcuerally,  when  x  lies  between 
V    — 2)^^^^  v'*'*'t)*'  ^='*«'+tana: — —  tan*  j?-f- • . . . 

33.  The  following  series  may  be  so  easily  deduced  from  some  of  those 
which  precede,  that  they  are  left  to  the  student  ; 

1       .  ,  I    x"       I    X*        2     a^         I      j»  2      .r^* 

°  ^        8    2      45  4      945  6      4725  8      93555  10      *•' 
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log  COB  *=:  —  -- -~- 

^  2       3    4 


2    1' 


17 


62    0? 


10 


15  6      315  8      2835  10 


•  t  •   4 


A'  COB  a:=  —4  co8  (a? + 26)  sin* 
A*  cos  j=     8  bId  (j? + 36)  sin"  (; 
A*  cos  j:  =  16  COB  (x + 46)  ain*  $ 


Bin  2ii7 
Verify  these  by  log — ~ — =logsin  x+logcosj. 

I  now  give  some  examples  of  finite  differences.  (Chapter  IV.) 
84.  A«nx=2coB(,+i.Ar).Biui-Ax; 

Acos  j?= — sinf  «+— Aj?  j.sin  —  ^\ 

35.  Let  Ax=26 
A*  sin  j:=:  —  4  sin  (a?+ 2^) .  sin*  6 
A* sin  j?=  -  8  cos  (j+36)  sin'  0 
A*8inx=  16  sin  Ct+ 46). sin* 6 

36.  Let  n  be  any  whole  number ; 

A*"  Binar=  2*"  sin  (3?+4n6)sui*"6 
A" '■*  sin  j:=  2*"+*  cos  (j+4w+16)  8in*"+' 6 
A*"+*  sin  J=  -  2'"+«  sin  (a?+4M+26)  Bin*'+«  6 
A*"+-  sin  j:=:  -  2'"+»  cos  (a? + 4/1+36)  8in^+"  6 
A*"  cosj?=  2*"  cos(x+4n6)sin^6 
A*^»  cos  x=:  -2**+»  sin  (:r+ 4/1+16)  sin*»+»6 
A'"+«  cos  *=  -2*"+*  cos  (a? +4n+26)  sin*-+»  6 
A*"+«  cos  x=     2^+*  sin  (jr+4?i+36)  sin*»+'  6' 

87.  Required  the  successive  differences  of  the  first  terra  of  the  series, 

0",     1",     2",     3*,     4", (ma  positive  wh.  no.) 

m=l  A. 0=1  A«.0=:0  A».0=0  A*. 0=0  A\0  =0  &c. 
«i=2  A.0'=l  A«.0*=  2  A».0«=  0  A*.0«=  0  A*.0*=:0  i&c. 
fii=r3  A.O'^rl  A«.0»=  6  A«.0»=  6  A*.0'=  0  A*.0«=0  &c. 
f»=4     A.0*  =  1     A«.0*=14     A".0*=36     A*.0*=24     A^0*=0  &c. 

38.  The  following  table  contains  the  differences  for  the  first  ten 
powers,  and  the  same  divided  by  2,  2 . 3,  &c. 


« 

10 
9 
8 
7 
6 
5 
4 
3 
S 
1 

A 
A» 

A« 

1023 

510 

354 

126 

68 

30 

14 

6 

...8 

46 

A* 

A" 

A* 

A* 

A« 

A^^ 

V 

A» 

^10 

m 

1 
3 

8 

4 
5 
6 
7 
8 
9 
10 

m 

r 

55980 

18150 

5796 

1806 

540 

150 

86 

..  ..6 

36 

750 

818530 

186480 

40-i34 

8400 

1560 

240 

....24. 

28 

463 

6880 

5103000 

834120 

126000 

16800 

1800 

....120 

21 

366 

2646 

32827 

164.35440 

1905120 

191520 

15130 

720 

15 

140 

1050 

6951 

43535 

39635300 

2328480 

141120 

...5040 

10 

65 

350 

1701 

7770 

84105 

30240000 

1451520 

...40320 

6 

25 

90 

30) 

966 

3025 

9330 

16339600 

^..362880 
3 

7 

15 

31 

63 

127 

855 

511 

..3638800 

A" 

Ar 

A« 

A* 

A* 

A» 

A* 

A 
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The  upper  half  of  this  table,  including  the  dotted  lines  and  all  above 
them,  gives  the  differences  as  marked  at  the  top,  of  the  powers  as  marked 
on  the  left.  The  lower  half  shows  those  same  differences  (read  as  in 
the  bottom  line,  the  powers  being  on  the  right)  divided  by  2,  2.3, 
2.3.4,  &c.  Thus  A*0»=  126000,  and  A».0«4-2.S.4.5=  1060. 
Tlic  following  will  not  be  found  in  the  table:  A«.0«-7-2,  A«.0*-r-2.3, 
A* 0*4-2.8.4,  &c, ;  bat  (page  83)  each  of  them  must  be  unity;  for 
X*  being  a  rational  and  integral  function  of  the  nth  dimension,  we 
must  have  A*. of =2. 8.. .  .n,  for  all  values  of  x.  And  for  the  same 
reason  A".0"r=0  when  n  is  greater  than  tn. 

39.  (PageW.)  flr=0*+cr,A.0"'+«^^A«.0"+ 

X  TZX 

j^ssj?-t-  j(x— 1) 

af=:j?+3jj  (a?— ])+  a;(.r— l)(j?-2) 

i»*=a?+7jp(a?-l)  +  6a?(^-l)(j:-.2)+^(a:-.l)(a:-2)(x-3). 

40.  We  leave  the  following  notation,  much  used  by  the  German 
mathematicians,*  to  be  explained  by  the  student : 

a?=:x»'-      a?(j?+a)=j;^'-       a?(j?+o)(a:+2fl)  =  a:"»*     &c. 

ar=x''-*    ^(a:-l)=i;^'-*     a?(j?-l)(j?-2)=a:'i-'    &c. 

1.2.3=1««*     1.2.8.4=P«'     1.2.3....n=l«" 

1.3.5.7.9=:1»»«     1  •4.7.10.13. 16=1«'" 


a?*^"s=a:(ar+w)  (a:+?n)..  ..(m  factors)..  •.{a?+m— In) 
ar*'«=j?x(a*+n)"-*'»     l"+-'»=l-'»X(ni+l)-'». 

41.  (Page  84.)  0«+l"*+2-+. .  ..+(jf-1)"*  is  Zj", 
5;j7-=x.O-+«  ^  A-O^+iC  ^^  A«0-+ .. . . 

2j?=i^(a?-l),    2T«=i«(j?-l)  +  i*(j;-l)(a:-2) 
2jj'=2^(^-l)+«(^-l)(^-2)+iT(:c-l)(^-2)(^-3) 

^  o  4  5 

^  4  o 

42.  Calling  such  expressions  as  x  (a?+fl)  (j?+2a),  a?" ' ",  &c.  factorials, 
t  is  required  to  deduce  x\  a^y  &c.  to  factorials,  without  the  use  of  any 

general  theorem. 

1,  Let  x^  x—l^  a:— 2,  &c.  be  the  factors;  then 

a*=x(x—l)+x  :  J!'=j?*(j?-l)+jj« 

*  The  only  English  work  of  which  we  know,  in  which  the  student  can  find  in- 
stances of  the  use  of  this  notation  (which  has  not  found  favour  anywhere  hut  ia 
Germany)  is  Nicholson's  <' Essays  on  the  Combinatorial  Analysisi"  London^  1818. 
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=j(x-2)  (x-l)+2j(j:-l)+j?«=a:+3vF(a:— 1)+j:(x— I)  ix-2) 

+ 3jr(j-2){x-l)  +  2a:(j?-2)(a?-l) + 4x(a?-l) + J?+ 
3j(j-l)  +  ar(j:-l)(x-2)==x+7x(x-l)+6x(jc-l)(j:-2)+«(jp.l)(a?-2)(a>3). 

2.  Let  X,  j7+a,  <r+2a,  &c.  be  the  factors,  then 

i«=j:(x+a)-'flj,  a;"=j?^(j?+a)-ar"=ar(.r+2a)(jf+a) 
— 2aj?(j:+a) — ajp(a;+a)+a*j[' 
=jr(j:+a)(j?+2a)  —3axCx+a)+a^x 

i*=:c"'-10aj?*'-4-25a«a:'"--15a»«*«'+fl^x. 
If  a  be  negative,  all  the  terms  will  become  positive. 

43.  Required  the  law  of  the  table  for  A"0",  (page  253.) 

A\0"=n"'--«  (n-l)-+n  ^  (11-^-2)--  . . .  •      tn.l-TO* 

A-M"'-»=:n"-*-(n-l)(n-l)-»-'  +  («-l)^^(a-2r-*-..±r-'. 

But  the  first  series  is  n  times  the  secondi  and  by  the  nature  of  differ- 
ences A""M"-*  is  A"~'.0"'"'4-A".0""';  so  that  we  have  the  following 
simple  law 

A'.O-snCA-'O—'+A'O*-') 

for  the  upper  part  of  the  table ;  and  for  the  lower 

A'.O*   ^     A'-^.O*-*  AVO""* 

2.3... .71^  2.3....n^  "*■  '^^2.3. ..Tn* 

This  we  may  verify  from  the  tables  as  follows : 

240=4(36  +  24)         1800  =  5(120+240)         126=2(62  +  1) 
350=4.65+90  301=3.90+31  63=8.31+1 

44.  To  form  the  differences,  and  the  divided  differences,  of  0". 
Taking  those  of  0*®  from  the  table,  we  have 

A  .0"=       1  AVO"=     1022  A«0'°=     55980 

A*. 0'*=  1022  AVO'^s  55980  A*0"=  818520 

1023  57002  874500 

2  3  4 


A«.0"=2046  A«.0»  =  171006  A*0"     8498000 

and  so  on  up  to 

2^10  oio_  3628800 

A"  0»*=  0 


3628800 
11 


A'^0"p:  399 16800 

Jjet  the  divided  differences  be  signified  by  attaching  aceetits  instead 
of  numbers  to  the  letter  A.  Thus  A^'O"  means  A*0"-4-2.3,  A'^O*  is 
A*0"+.9.3,4,  &c.     Then 
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A'0»*=       1  A"0"»=     511  A^'O^'^     9330 

2A'' 0^^=1022  3A'"0»*=: 27990  4A'^  0"=:136420 


A"0"=1023  A'"0"=28501  A*^  0"=:145750 

and  80  on  up  to 

A«  0'«=:1 

11A«»0"=0 


A«»0"  =  1 


45.  To  find  the  law  of  the  series  for  af'y  expressed  in  factorials  of 
Xy  X — ff,  a:  — 2fl,  &c.  In  (39.)  substitute  jr-f-o  for  x,  and  multiply  both 
sides  by  a*, 

«^==a"-'af+A''0"a*-«a:»'-'»+A'''O*.a«-»j;*»--+A»^O*a'^x*»'^+   .. . 
=«^-+A^"-"0".ajr-"— +A^— •^0"'a«jf'-"'— + 

46.  Let  the  terms  of  a  series  be,  a(a  +  6)  (a+26).  • .  .(a+i'6) 

the  first,  (a  + 6)  (a+ 2&). .  .•(a+ (•»+ 1)^)  the  second, and 

(a+(7i— 1)6)  (a+w5). . .  .(a+(a:+7i— 1)  6)  the  wth;  required  the 
differences  of  any  term,  and  the  sum  of  any  number  of  terms  of  the 
series. 

Aa(a+6)=(a+6)  (a+26)-a(a+6)=26  (<i+6) 

Aa(a+6)(a-f26)=36(a+6)(a+26). 

Ao  (a+6)  (a+26)  (a +36)  =46(0 +6)  (a+26)  (a+36) 

Aa(a-6)  (a-26)  (a-36)=:46a  (a-6)  (a-26). 

Thus,  denoting  by  [a,  a+j?6]  the  product  of  a,  a+6,  a+269«.., 
a  +  j6,  we  have,  on  the  supposition  that  successive  terms  are  made  by 
changing  a  into  a +6, 

A  [a,  a+a:61=:(j?+l)  6  [0+6,  a+x6] 

-./^No.  of\  ^  /'Comm.  DiffA  ^^  /'Prod.  of  all  the  factors' 
Vfactors/     \  of  factors.  /     \    except  the  lowest. 

A  [o+y6,  o+j:6]=(a?— y+l)6[a  +  (y  +  l)  6,  a+a;6] 

A*  [o+y6,  a+ j?6]=(j?-y+ 1)  (jr-y)  6"  [a+ (y +2)  6,  a+a:6] 

A"[a+y6,a+x6]  =  (a?-y+l)(a?-y)(x^y-.I)6-[a+(y+3)6,a+a?6] 

47.  What  is  the  sum  of  the  series 

[a,  a+y6]  +  [a+6,  o+(y+l)6]+ ... .  +[<x+a:6,  a+(y+Jt)6]. 

This  (page  82)  is  the  function  whose  difference,  when  x  is  chani^ed 
into  x+ 1,  is  [rt  +  (a;  + 1)  6,  a  +  (y +a?+ 1)  6],  and  whether  x be  changed 
into  jr+ 1  or  (x  into  a +6  the  result  is  the  same  in  any  single  term.  It 
is  also  denoted  by  2[a+(j-f  1)6,  fl+(y+a?+l)6].    Now 

(y+2)6ta+(a:+l)6,a+(y+a'+l)6]=A[a+ar6,  o+(y+x+l)6], 
or    2[a+(,+  l)6,a+(y+.+l)6]=C+f^±i^^^ 
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but  by  the  hypothesis,  2  [a,  a+y6]=0,  since  there  are  uo  terms  pre- 
oediog  [a,  a-^-yb} :  whence  making  a:=  —  1,  we  have 

0  =,cJ^=^^±^ ; 

w  dut  the  final  result  is  as  follows : 

(«,«4**]+...+[a+x6,«+(y+*)6]=l2±f^lgi|^±l>il  . 

[a-6,  a+yb] 

(y+2)6     • 

48.  Th6  following  instances  should  be  completely  solyed  by  the 
preceding  process,  as  well  as  by  its  resulting  formula. 

2.8. 4+8.4.5+4.5. 6s 7-^ =s204 

4.1 

2.8+S.4+4.5+5.6=s 5-r =68 

1.2.S+2.8.4+ . . .  +x.(,+i)(x+2)=i<i±iHi+SM!)_.«il:2J 

4  4 

x(«+l) 
1  +2+3+  ....  +0:=:    ^  ^  ^ 

«a^«         «    ,«     ->s,«      .N,«      ^x     2a?(2j+2)(2j+4)(2jr+6)(2r+8) 
2,4.6.8+,.+2r.(2j+2)(2j?+4)(2x+6)=::— ^^ To  ^ 

49.  Required  l'"+2"+. hoT,  or  Z(x+1)*. 

But  2.  l'=0.  C=0,  and  2  («+l)'=fi^±l^^£±l^ 

o 

Again,  (39.)  (a?+ 1)-=  A  0-  (a?  +  1)  +-^  (*+  l)jr 

2(*+ir=:-|-(x+l)a:+^{*+l)*(*-l) 

+  |^(*+lM*-l)(*-2)+.- 

Compare  this  with  (41.) 

50.  Required  the  successive  differences  of  l-r[a>  a+a;6].    As  an 
instance,  take 

1^ 1 

a  (a+6)  (a+26)*     (a+6)  (a+26)  (a  +  36)' 
1  1  1 


a(a+6)  (a+26)     (a+i>)  (a+26)  (a+86)    o  (a+6)  (a+26) 

8 
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36 

""     a  (a+6)  f«+26)  (a+86)' 

Similarly,  if  i/|,  t^,  Vti  &c.  be  in  aritbmetical  progressioiiy  h  being  the 
common  difference, 

111  tlx-11,+1 


^^  v  1  1        1       .^ 

;  wbenee  £ = r, y-C 


Uii/,...,  11.4.1'  it|ti«. .  •  .U.+I        n6 't/j  tfa...  .u, 

2 i =. \ L-+C. 

UiVa....t/«        (n — 1)  6  U|i£g.  ••  .Ur.i 
51.    Eequired   0:4+3X6+ ''-+x(x+l)(x.f 2) 
1  -c-i  ^  111 


(:c+l)(«+2)(x+3)  2(j?+l)(j?+2)     2  2,3     2(j?+1)(x+2) 

for  C  must  be  8ucb  that  2  vanishes  when  x=l, 

52.    Required    j-J_+j^j^g^+...  .«d  «/. 

The  sum  of  x  terms  of  the  preceding  is 
^ 1 111  1 


(j?+l)U+2)C«+3)(x+4)'       3  1.2.3     3  (cr+l)(x+2)(j?+3)* 
which,  when  x  is  infinite,  becomes  - 


3  1.2.3 

Verification. 


iJL.^r_i 1    V/    1  1    V 

8  1.2.3"  V3. 1.2.3     8.2.3.V^VS.2.3.4     3.8.4.5/'^ 

1  .1 


1.2.3.4  2.3.4.5 

53.  —  ^^ —  +  — +  '■  +  . .  .  .  to  *  terms  is 

1.3.5.7^3.5.7.9^5.7.9.11^ 

1  111  1 


(2r+l)(2ar-f3)(2jr+5)(2x+7)""6  1.3.5    6(2jc+l)(2a?+3)(2jp+5) 
and  the  sum  ad  infinitum  is  -  ,  _  ,. 

54.  Required  rf"+{a+^)'"+.  •• +(a-f-*^r,  or  2(a+(j:+l)i)* 

In  (39.)  write r for  jt,  which  gives  (44.)  making  rsAr, 

o  0 

(ifc+a+J)"-AO-(Ar+«+l)+A"(r(*+a?+l)(ifc+if) 

+A'"0"'(A:+a?+l)(iH-«)(A+a:-l)+ 

the  sum  of  which,  made  to  vanish  when  «=  *1,  is 
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_l.A(r()t-l)A— i-.A''0-(A-2)(Ar-l).ifc-.... 


3 
Restore a4-6  for  k^  and  mttltiply  by  6",  which  givea  for  2(a+(^+l)^)" 

+4-A"0"i"^»(a+6j?-6)(a+ij:)(a+6«+6)+. .. . 

2  3 

ThuB  for  1-+3-+  . ., .  +(2p-l)",  (a=l,  6=2,  a:=p— 1),  we  get 

1  ACT 2— « (2p^.^+i)+4- A"0-.2--»(2p- 3.2p- 1.2;?+ 1)  + . .  • 

2  3 

_2.A0-2-«X(-lXl)-4"^"^'"'^"'x(-^^-"^^^)"-'- 
2  (^ 

65.  From  the  preceding  l«+3»+.  *  ..+(2p-l)*  is^-i^g i, 

(4p»— IV-l 
and  l*+3«+  ....+(2;7-l)»=J^^— Q , 

which  may  be  thus  more  simply  deduced : 

(2p+l)«=(2p+l)2p+2p+l=(2p-l)(2;?+l)  +  2(2/?+l) 

This  must  yanish  when  p=0,  that  is  Cs=0.    Agaid, 
(2p+l)»=(2p+l)«.2p+(2/>+l)*=(2l»-l)C2p+l).2jP+2.2p(2p+l) 

+(ap-l)(,ip+\)+2  (2p+  l)=(2p-8)(2p-l)(8|>+l) 

+3(2i»— l)(2p+l)+2.(2p-l)(2p+l) 

+2(2p+l)+(2p-l)(2p+l)  +  2(2p+l) 

:=(Bp-3)(2p-lX2p+l)+6(2p-l)(2p+l)+4(2p+l), 

the  sum  of  which,  made  to  vanish  when  p—0,  is 

(2p-6)(2p-3)(2p-l)(ap+l)  ,  6(2p-8)(gp-'l)(2p+l) 

472  "*■  8.2 

.4(2p-l)(2p+l)      1 
^  2.2  8 

Both  of  these  expressions  give  the  same  results  as  before, 

56.  Required  expressions  for  A^"^0-+'  (that  is  for  A"0"+'-7-2.3.    -n) 
in  terms  of  n.    We  have  (43.) 

Let  A^">  0"^  be  ^  (n,  j?) ;  we  have  the 

82 
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^(n—l,^)=:ij^  («,]»- 1), 

where  A  refers  to  n.    This  gives  A^  (n,p)  =(/i-l- 1)  <^  (n+  l,p— 1). 
Now  psO  gives  A^*'0%  which  (page  84)  is  c=  1,  whence 

A^(«,l)=s(n+l)Xl,   or  *(«,  l)=in(;i+l)  +  C. 

But  A.O^'^  is  slways  si,  whence  all  these  expressions  become  unity 
when  nsl.    Hence  Cs=0. 

A^(n,2)=(n+l)0(n+l,l)=g(n+l)«(n+2) 
^/-ox    n(n+l)(n-h2)  .  (/i-l)n(n+l)(n>f 8) 

(n+iyin+2Xn+3)     7i(n+l)*(n+2)(n+8) 
^^^  ''""  2.3  2.4 

^^  •   '^       2.3.4    ^  3.4         ^        2.4.6 

57.  From  the  last  it  appears  that  ^  («,p),  or  A^"^  0""*"',  when  divided 
by  the  product  of  all  numbers  from  n  to  n-i-py  both  inclusive,  consists  of 
p  terms  of  the  following  form : 

=^-— =-=;A,+A,(n-l)+A,(n-l)(n-.2)  +  .... 

+A^i[n-l,n-p+l]. 

Required  the  law  of  the  coefficients  A«,  Ai,  &c. 
These  may  be  easily  expressed  by  means  of  the  following  p  quantities, 

2^(0  Qp  (or  1),  A^  0*^,  &c up  to  A^^  O***,     Assume  7i  in  succession 

to  be  1,  2y  3. .  •  .p ;  we  have  then 

^WQi+r         ^(»)o»+»  A®0*+'        A^'^O'"** 

' •  * •  •*•- [4. 4 + ,.] ~ ^is^S+f}^^ [2, 2  +p] "  [i.l +pr 

giving  a  law  in  which  the  coefficients  of  the  binomial  tbeoiem  will  be 
always  found.    We  have  then  (Jt;  not  >p) 

n    I    11*  ^^0*+''      ,  A<*-"0*-'+»  ,  ,ft-lA(*-«0*-«+». 

[1,  *-l]  A...rr j^^^^- * -^j^-^-^ +*_-j^_^_^+ . . . 

68,  Apply  the  preceding  to  express  A^"^0""*"*, 

jjj-^-^==A,+Ai(n-l)+A,(7i-l)(n~2)+A.(n-l)(n-2)(7i-8) 
.  1  ,  31  1  25 


2.8.4.5        '    2.8.4.5.6      1.2.8.4.5*^1.2.3.4.5.6 


\ 


MISCELLANEOUS  EXAMPLES  AND  DEVELOPMENTS.         261 

•■"8.4.5;6.7        2.8.4.5.6  ^  J  .2.3.4*5  [2,  7] 

«  «4  1701  ^       801         ,.         81  1 


4.5.6.7.8        8.4.5.6.7        2.8.4.5.6      1.2.8.4.5 

630  ^  105 

;;  or  A,=, 


2.8.4.5.6.7.8'  •    2.8.4.5.6.7.8 

^»Oo-+*=I^±i3  |886+1400  (n-l)  +  840  j*"J^^ 

59.  In  the  preceding,  it  U  found,  that  if 

U,=Ao+ Ain+A,n  (n— 1)+ ....  +A,i-i  [n.n— p+2], 

ifc— 1 
then  [1, *]  .A|=U*-AU*.i+*  -g- U»-t-.  v. . , 

provided  kKp.    This  also  it  an  obvioua  oonaequence  of  page  79,  which 
gives 

U.=U,+AU,.n+^%(n^l)+ 

the  fint  and  third  eeriea  (Ar<jp)  contain  the  same  number  of  terms,  and 
are  identical :  we  have  then 

A*U                 1 
^*^5""5 h  ~5"q ;  {U*-*U*.i+....  } 

60.  To  expand  («*— 1)"  in  powers  of  <,  n  being  a  whole  number. 

In  r'-ntf-^^+n  ^  €<-•>-.....  ±n«'Tl 

the  coefficient  of  f*-T-(l  .2 m)  is 

n-*-n(n-l)-+n^^(n-2r-...    .  tnl-TO*. 

But  the  last  series  is  A^.O"*;    and  this  is  =0  whenever  n>m : 
whence 

Sf.o  . . . n         J. o...  .91  +  1  :6.o....n+2 

61.  Required  V,  =y*J n  — — . . . . (p  terms) .... drti 

/Jc/n=l    /indn=-    /j n ^- <in= -— , 
These  arc  easily  found  by  multiplication  and  integration :  thus 

which,  taken  from  ;i=0  to  n=  1,  is 
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Ki-'+O-^'"'-"'^'"^- 


But  at  every  step  the  difficulty  of  tlie  reductions  increases,  and  the 
following  method  is  given  to  show  the  manner  in  which  the  process  Qf 
finding  a  large  number  of  successive  results  may  be  shortened. 

/(I  +xy  dn=(l +«)''4-log  (1  +*) 

f\ (1  +*)•  dn^^.^^  -  log(l+x) "" log{l+j?) 

n— 1    ..     71— In— 2  _. 


•    •     •! 


.•./j(l+x)-rfn=l+V»jr+V,«»+VaX»+ 
or  V^  is  the  coefficient  of  x"  in  the  development  of  d?-rlog  (1  +ar),  or  of 


l-J-(l-Jx+iz'-ixH....) 


•=5l+V,«+V,a»+V.j?'+ 


•  •  • 


Clear  this  equation  of  the  fraction,  and    make  (1  +V|X  + ) 

1—-  X  +  •  •  •  •  ]  identical  with  1,  which  gives 


( 


V'-¥  ^-+1  ^--T  ^'+1-="  ^'=  -  ^0 

v.4v,+i-v.-i-v.+i-v.-l=o  v.=     ^ 

v.-iv.+4-v,-iv.+iv.-i.v.+l=o        v.=  -,  ««* 


2'3*4»'5'6*'7  •        60480 

and  so  on. 

62.  Required  A"0x,  in  terms  of  diff.  co.  of  ^,  the  series  from 
which  the  differences  are  derived  being  0x,  0  (x+A)i  0  (x+2A),  &c. 

It  may  be  shown,  as  in  page  166,  that  A"^  can  really  be  expanded 

in  a  series  of  the  form  a<}>^"^x.A*+ai0^"''"*^x.A^""*''^+ where  a^^i, 

&c.  are  independent  of  the  function  chosen.  It  therefore  only  r^nauM 
to  assume  Uie  function  by  which  they  may  be  most  readily  found. 
Assume 

A-*r=a0^*>x.  A-+a.*^-+'>x.  A'+'+Oi^^'^'^^c  .*•*•+... . 

Let  4«p=f,  then  A4>x=e^-f=  (€*-!)  f;  A«0x=(e*-l)(r+*— r) 


1 


f 
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=:(€* — 1)*^;    and  bo  on:    whence  A'*0*=(e*— lye*.    And  ^^"^x 
r20("+')jPj =  f* :  whence 

(£*-l)"=a/i"+fli/t"+*+ajA"+«+ 

or  (60), 

A»  0*+*  A"  O*** 

A0x=0'«  .A  -f  0"  J?  -^  +0'"a:  ** 


2  "9.3 


•  •  %• 


7A* 

1QA8 

AVx=0"jr . A*  +0'  X.  2A»  +  0''j?  — -  +  . 


•  • 


6 


•  • 


«  3B.0.4 

63.  Required  the  inyersion  of  the  preceding  process,  or  the  ezpan« 
sion  of  0^"^«.in  terms  of  A^j:,  A^^j^,  &c. 

As  in  page  166,  it  may  be  shown  that  a  series  may  be  assumed  of  the 
following  form,  in  which  a,  Oi ,  &c.  are  independent  of  the  function 
chosen : 

A\0<">a:=flA"0r+a|  A"+'fB+a,  A"+*^a;+ .... 
Let  ^se*,  and  we  have,  as  in  the  last, 

A-=a(«*— ir+oi  («*-l)-+»+a,(€*- !)•+»+ . .  • , 
Let  «*— l=aj,  or  A=log(l  +  2)  ;  whence 

{log(l+«)}-=a«-+a|5:*+"+a,«"^+...., 
whence  a,  a^  &c.  are  the  coefficients  of  the  expansion  of  the  Tith  power 

of  log  (I +r),  or  of  the  nth  power  of  «— q  2'+ . . .  • 

64.  Required  the  expansion  of  (l  +  6j?+cx*+ca*+/»*+  . . .  )* 

du         dP 
Let  ti=P*,  then  P— =nu  — ;  or  if  u=l+Bjr+Cj:*+Ei*+.... 

dx  dx 

we  have 

(l  +  6a?+cx"+... .  )(B  +  2Cj+..  ..)=»(1  +  B*+C«»+.,..> 

(6+2CX+....)- 

Develope  the  mutiplications;  and  equate  the  coefficients  of  corresponding 
powers  of  x^  which  gives 

B=n6 

2C+B62=2/ic+n6B;  C=nc+n^^i«. 
Proceeding  in  the  same  manner,  and  making 


264  DIFFS&ENTUL  AND  INTEGRAL  CALCULUS 

n— 1               n — 1  n— 2 
n  —-—=71,     n  —j: 5— = r^s,  &c.  Ac,  we  have 

C=nc+n,.6' 

E=nc+n,.26c+n,.6^ 

F =n/4-w,  (26c+c*)  H-nj.Syc+n^  6* 

G=nf+n,(26/+2c(?)+n,(36«e+36c«)+n,.46»c+n,6» 

H=nA+n,(26g+2cf+e«)+n,  (36'/+ 66ce+c«)+n,  (46"ff+66«cO 

Though  this  it  a  good  exercise  in  the  method  of  indetenninate 
coefficients,  yet  the  preceding  coefficients  (as  far  as  H^r*)  will  be  found 
more  easily  by  actual  development  of 

l+n(6x+«.  ..)+ih{bx+.,.  .)•+. ..  • 
65.    Required    A+ljr+i«»+ Y  or  Ti^Si^^Y. 


B=-n 
2 


*-2*  ^=8'  '=?  -^=5'  ^=6'  ^=7 


^      1     ^1  3n+5 

P^l      ,1      .1     _n(n+2)(n+3) 

^      1      .13         1          I          15nH150w«+485n«+502n 
^=  5  ^+36'**+4^''+16^^= 5760 ~ 


6  ^+30^'+48^'+6''^+32 


,,     1  87  59  7  5  1 

^^=r+240^+135^-+24"^+48"'+64'^- 

Changing  the  sign  of  x,  we  have 

(l££(^Y=i_Br+Cx.-Ex.+Fx«- 

Verify  the  results  of  (61.)  by  making  n=— -1. 
66.  From  (63.)  and  (65.), 

^2^3  4^5 


11  ^  1^7 

^                                      12  6  180 

Q                  7  15  QQ 

^                        2^4  8  ^  15 
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17  7  9fi7 

O  2  240 

67.  Required  f^^y^dx^  in  terms  of  y^,  y#5  yu. . . . 

fTyMdx=fly,dx+f?y^dx+.   ..+/?., ),y.(/jr 

y»HH*=y«+vAyM+i?  —  A»y*#+  • . . ., 
the  differences  being  taken  from  the  series  y^^  ycH-o**  •  •  •     ^7  C^^-) 

Applying  this  result  to  the  several  intervals  into  which  nO  is  divided 
aboYe}  we  have 

/Iy-^=(yo+2^y«--i2^*^«+24^'y»'"7^^'y''*'--'-)^ 

/ry.dr=(y.+5Ay.~A«y,+lAV,-^^AV»  +  --..)^ 

The  addition  of  which  gives 

SA  y^= A  yo+  Ay,+ +  A  yc«.i)#=y.#— yo 

2A*y,,- A'yj+ A«y,+ . .  • .  +  A«y(»_i),=Ay^— Ay^  &c. 

/f  ys^j'=^-y-:^+2  ^y-"*"y«)"i2  (^y-'-'^yo) +24  (^•yi--A'yo)-.. 

68.  As  an  example  of  the  preceding,  let  y,— it, 

2y^=O+04-20+  . . . .  +  («— 1)  ^=5  n  (n— 1)  0 

y..— yo=«0^O=ne;  Ay^=r^,  Ayo=0,  A'yw«=0,  &c. 

/-y.cir=ln(n-l)^«+infl«+0=^n«d% 

which  may  easily  be  verified. 

69.  Required  Sy,  in  terms  of  y,  and  its  differential  coefficients. 
From  (67.)»  making  nO=J  and  0=1,  it  is  obvious  that  if  the  values 

ofAy^,  &c.  be  substituted  from   (62.),  a  series  will  be  obtained  which 
may  be  reduced  to  the  following  form  : 

2y.=/;y,ciF+P  (y.-yo)+Pi  (y'.-y'a)+P.  (y",-y"o)+  •  •  •  - 

where  y.rsdiff.  co.  y,  and  y\  is  its  value  when  x=0,  &c.     And  P„  Pj, 
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&c.  are  independent  of  the  value  of  x  and  the  form  of  y^    We  must 
therefore  choose  a  function  by  which  they  may  be  determined. 

Let  y,=g",  then  2«~=l+«*+ ....  +«*'"*^='7rZi 

/;fi«(ir=^^,  y.-y.^tr-h  y'n-y',-a(r-l^ 

Substitute,  multiply  by  a,  and  divide  by  6"— 1,  which  gives 

— ^=:l+Po+Pla•+Pta•+P8«*+P4«*+Pftfl«  +  ...• 
<' — 1 

1         1  a»  la*  I    (fi 

(16.):=l-5a+--  ^30  [4]  "^42  [6]~- " - 

Hence 

"^42  2.3 6      30  2.3 8  "^66  2:3....  10 

This  is  the  series  alluded  to  in  page  165,  and  it  might  be  obtained 
from  A-»t/=(6^*-l)-»«. 

f2j+lV— 1      1  2 

2  (2x+l)«=i-:y ((2j?+1)»-1)+5». 

The  following  are  examples  on  the  subject  of  Chapter  V. 

71.  z=0(;r,y),  ^=0(z,a:),  or  2  is  the  same  function  of  x  and 
y,  which  y  is  of  z  and  x :  required  all  the  diff.  co.  of  this  system. 
There  are  three  variables,  and  two  equations ;  consequently  there  is  oue 
independent  variable. 

First,  let  the  independent  variable  he  x;  let  ^  and  ^i  denote  the 
function  of  a?  and  y,  and  of  z  and  <r. 

dz  ^d^      d^  dy  dy  ^d^  dz      d(f>x 

dx      dx      dy  dt  dx  ^  dz  dx      dx 

dy     rd^  d^  ^^^jL.f  i_^»  ^ 
dx      \dz  dx      dx )  '  \       dz    dy) 

dz  Jd^  rf0   .  ^V  ^1     ^«  ^> 
dx     \dx  dy^ dx)  '  ^       dz  dy) 

Secondly,  let  the  independent  variable  be  y. 

dz  __(!/)  dx      d0  rf0i  dz      djh  dx 

dy      da:  dy      dy  dz  dy      dx  dy 
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dy      \       dz  dyj'\dz  dx'^  dx) 

dy      ydx'^dx  dyj'  \dz  dx'^dx/ 
Thirdly,  let  the  independent  variable  be  z. 

dx  dz      dy  dz^         dz  ^  dz       Hx  Ix 
dz      \^  dx  dyj'^dx'^dy  dx  J 
(U     \dx  '^dx  dz)*  \dx  "^  dy  dx  / 


72. 

-=«*+y,  y=«"+j?. 

1. 

^'=2x+^ 
(ijf         ^dx 

dr    ^dx^ 

dz     2x+ 1 

dy_4xz+l 

dx"  1— 2a 

dx"  1—22 ' 

2. 

dz     ^   dx     , 
-=2a:--  +  l 
dy         <fy 

,      .    dz   ^  dx 
l=22-r   +-J- 

d«      2jr+l 

dx      l-2« 

dy^  l+4jrz 

dy'"l+4jr«' 

3. 

dz      d2 

dz              dz 

dx     1— 2z 

dy  ^__  1  +  4  jr« 

d«'"2jp+l 

d«~2*+l  • 

This  example  is  given  at  length  to  illustrate  the  fact,  that  ^hen 
there  is  only  one  independent  variable,  whatever  the  system  of  equa- 
tions may  be,  the  algebraical  character  of  the  diff.  co.  pointed  out  in 
page  54  remains :  Ihns  in  the  present  instance 

dz     dr^         dz     dy^        dy     ^JP^, 
dx     dz"        dy     dz"        dx     dy" 

79.  ^(jSiVi  0=0,  which  requires  that  z  should  be  a  certiMn  func- 
tion of  X  and  y,  implied  in  the  preceding  equation :  required  the  first 
and  second  diff.  co.  of  ;s  with  respect  to  x  and  y. 

When  there  are  (as  in  this  case)  two  independent  variables,  and  two 
only,  the  notation  ef  Lagrange  is  sometimes  convenient :  or 

^     dz       ^dz     ,f^d?x      ,^  d^z         _jd^z 

\qX  when  a  function  has  several  variables,  as  ^  (x^  y,  z)  the  partial  diff. 
CO.  are  expressed  by  Lagrange  thus,  0^(0?),  ^'(y),  and  ^(^),  which  ia 
objectionable.    The  notation  ua^  by  Arbogast  is  ^  follows : 
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Dyfor|.D.yforg.DVforg.&c. 
When  there  arc  several  yanables,  this  may  be  modified*  as  follows : 
D,0farf.DW0for5^.D:for^.&c. 

Leaving  the  student  to  employ  either  of  these  notations  as  an  exercise, 

I  will  suppose 

d0=MAc+Nrfy+Pc/«=:O. 

dz        U  dz        'S 

Page  96        ^=-^      ^-^-p 

cLr*    dx   P      \      dx  dx  J 

-  p  \di  ~p  'iir^  Kd^  p  iz  ;j **^ 

"^Vdxdzdz  dx     \dz)   Jx«  \dx)  dzV  "^V.  rf«/ 
dc  dy~  dy  P  ~"  cb  P 

""  \dz\drdyd2^ dydxdz)     dxdydz*     \dz ) dx dyf^^dz J 
^__d,  N 
dy«"~     dy  P 

"^  t    dy  dis  dz  dy     \dz  J  dy^      \dy)  da-J  '^\dzj ' 
74.  Show  from  the  preceding  that 

fd<f>\id^z   d'z      (  d?z  y\^^/'d(t>\\^/'d<t>W„/dif>\ 
\Tz)\d?'  dy^  "[d^yj  h\Tx)  +^ \d^J  +^ Kd^J 

*  The  system  alluded  to  in  page  198  (note)  consists  in  writing  d^jf  for  *7  >  &c. 

ox 

The  confusion  thereby  introduced  as  to  the  fundamental  meaning  of  the  symbol  d 

is  reason  enough  against  this  system:  had  the  capital  letter  D  been  substituted,  as 

by  Arbogast,  it  would  have  had  some  claims  to  be  used  coordinately  Vith  the  old 

system.    I  should  recommend  the  student  always  to  use  the  common  system  in 

expressing  resiilts  and  reasoning  on  principles ;  employing  the  one  now  explained 

to  shorten  mere  processes,  when  the  common  notation  becomes  of  troublesomt 

length. 
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ay  ax  dz  dx  dx  dy 

dy*'  dz*     \dy  dz)  .  dzdx' dxdy  ^ dy  dz'  5«* 

dz*    dj^     \dzdx)  dxdy'dydz     dzdx' dy* 

cb«'  dy*     \dxdy)  '^dydz* dzdx     dxdy    dx^ 

75.  Show  thatR  =  pl%Q^%ivcBP^+Q^-i.R^=0. 

dx        dy°  dx       dy        dz 

76.  Given  ^  (p,  g,  r)=0|  where  each  of  the  three,  p^  g,  and  r,  i8 
a  function  of  all  the  three,  Xy  y,  and  z ;  required  ~  and  ~. 

^dz      /d<li  dp      d^  dq      d<^  dr\      / d<^  dp      di^  dq      dfp  dr\ 
dx  ^\dp  dx      dqdx      dr  dx)     \dp  dz     dq  dz     dr  dz/ 

in  which  x  may  be  changed  into  y  throughout. 
The  following  are  eiamples  of  methods  Bubservient  to  integration. 

77.  What  is  the  value  of  the  diff.  co.  of  (x  — o)"'.0x,  when  J7=:a; 
0j  and  its  diff.  co.  being  then  finite,  and  m  being  a  whole  number. 
D*  standing  fur  the  A:th  diff.  co.,  we  have 

D*  {  (a?— a^.^arlrr^JcD*  (j?— flr)"+A:0'a?.D*-*  (Jt-a)-+ .... 

When  j=a,  D'Cx  — a)"is  =0,  whether  v  be  >m  or  <m,  and  only 
has  a  finite  value  when  v=7n,  in  which  case  D".(j?— a)"*  is  [m]  or 
1.2.3....fn.  Consequently,  when  k  is  <m,  the  preceding  always 
vanishes;  but  when  k  is  m+t?,  v  being  a  whole  number,  we  have 
(when  a?=a} 

The  preceding  result  may  be  thus  confirmed :  by  Taylor's  theorem, 
and  multiplication  by  A% 

tr^  (a+/O=0a.  A-+0'a  ^"'+"+0"a  — -+ .... 

Bat  by  Maclaurin's  theorem,  A«,  Ai^  &c.  being  values  of  h^'ffiCa+h) 
and  its  diff.  co.  when  A=0, 

A"*^ («+ A)=A«+ A| A+At-^+ ....  +A^  rrri+  •  •  •  •> 
whence        A«+,=  [m + r]  x  T-y = [t?  + 1 ,  t? + m] .  0^'^a. 
for  h  write  «— a,  and  we  have  (j?-a)"^;  and  A=0  when  ar=:a. 
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78.  For  (x  — a)»0j:,  A«=0,  A|  =  0,  A,=rO,  A.=  1.2.3<^a, 
A4=2.3.4.^'a,  A,=3.4.6^"a,  A,=4.5.60'"a,  &c. 

79.  Required  the  values  of  the  succeBsive  diff.  co.  (<v:sa)  of 

Y^j?is{Ao+A|(a?— a)+A^(jf-a)*+  .•  .•+A«,(a?— «)"•+.  •..  }0*. 

Apply  the  preceding  rule  to  the  several  terms  of  the  form  A^  (•»—  a)"  ^, 
and  we  have 

Y^a  ssAo^a 

y'a  sAo^a+lAif^ 

V^'a=Ao^"a+2Ai0'  a+1.2A,0a 

y'a^A«^"o+3A,0"a+2;3A,^a  +  1.2.SA8<^ 

y^a=:Ao<^"a+4Ai0'''a+3.4A,c//'a+2.3.4At0'a  +  1.2.3.4A^^a, 

and  80  on,  the  law  being  very  obvious. 

80.  Having  "^fX  and  fr,  two  rational  and  integral  functions  in  which 
yjfx  is  of  a  lower  dimension  than  {x — a)"*  ^^  it  is  required  to  expand 
Y^f -«-(j; — ai^'^x  into  a  set  of  m+1  fractions  of  the  form 

V^J       _     Aq         Ai ,  A^i    .A 

This  equation,  cleared  of  fractions,  is 

Y'r={Ao+ A»  (*-a)+ . . . .  +  A...I  (jp-a)-'}  ^+/»-  (*—«)"; 

and  every  diflf.  co.  of  the  last  term/r  («  -a)",  which  is  under  the  mth 
order,  vanishes  when  ff=:a.  Differentiate  m— 1  times  following,  and 
make  j=:a  in  the  results,  and  we  have  thus  m  equations  for  the  deter- 
mination of  Ao....A«,-i,  precisely  of  the  form  obtained  in  the  last 
example;  namely, 

Y^a=Ao^  ^K^^ 

V^o= Ao  0'a+ Ai  ^  or  AiSsY^fl  — ^  0'a»  &c. 

One  differentiation  more  gives 

Y^">a={A«0^-^a+mAi0^"-*^fl+ ....  }+2.3. . .  .w/«, 

whence  /a  is  finite  or  nothing.  Consequently  /x  is  an  integral  and 
rational  function  of  <r ;  for  it  is  the  difference  of  two  such  functions 
divided  by  {x — a)"*,  which  cannot  be  finite  or  nothing  unless  the  numera- 
tor be  divisible  by  the  denominator.  And  fx  may  be  found  by  the  opera- 
tion just  indicated. 

81.  It  is  required  to  perform  the  preceding  process  upon  the  fraction 
(a*+l)^(a?-l)\(jf«+l)-     Here 

Yrxrrj^'+l,    0j:=a:*+l,     a=l,    m=4, 

a^+l Aq  A|  a,  a,         fx 

(x-.l)*(a^+l)  "(«-l)*  "^(jp-l)'  "^(ap-l)«     «-l  "*"«*+! 
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2=A«.2  Ao=l 

3=:Ao.2+A,.2  Aj=i 

6=Ao  2+Ai.4+A>.4  A^=i 

6r=  A|.6+A,.12+A,.12  As=-t 

4 

3P*+I  _  1  1  1  1  1 

(x-iy (*•+!)  "^(j:-!)*     2  («— 1)"  ■*'2  (*-l)* 

4a?-l  ■'"4  ^+1  ' 
82.  To  perform  the  same  process  on 

(ji— 6j:^)^(x-2)»(j?-1)'^(x-3)(x-5). 

The  labour  of  such  a  process,  which  is  considerable  when  there  are 
many  factors  in  the  denominator*  may  be  lessened  by  previous  reduction, 
•8  follows : 

.     J*— gjt' P  A         B 

(a:— 2)«(cr-l)«(x— 3)(x— 5)  ""(«-2)'(x-l)*  '^ x-Z  "^jr-d' 

Multiply  both  sides  by  a;  ^5,  and  then  make  a;=:5,  which  gives 

125X-1     ^         ^         125 
^^-^— =B,  orB=-— . 

81 
Muldply  both  sides  by  x— 3,  and  make  a:=3,  which  gives  A=— , 

P(x-8)(ar-5)=  j^.6^+(x-2)V-l)'{^J(x-8)«^  (J?-5)|, 

and  the  first  two  diff.  co.  of  the  latter  term  vanish  when  «=2. 

.  ]P_ Ac       .      A>       ,    A,  /j     . 

Assume  (,.2)»(T-.l)*'=(*--2)>  "^(x-S)*  "*"«-2  "^(^r-l)*' 

then  since  we  need  only  two  diff.  co.  to  determine  A*,  Ap  and  At,  we 
may  use  qi^--^  instead  of  the  second  side.  To  determine  A«,'&c.,  we 
shall  have  to  differentiate  P  twice,  and  make  x=2;  we  have  then, 
neglecting  the  terms  which  must  vanish, 

P  (j?— 3)(a;-5)=j?*-6a:»+ .... 

P'(x-8)(«—6)  +  P(2jr-8)=s4ji'-18a*+»... 

F'(a:-8)(j>-5)+2P(2x— 8)+P.2=12a?*-86x+.... 

Or  making  «r=2, 

8P=-32,        8P'-4P=  -40,        or  F=— ^, 

onno 

«F'-8P'+«Pr=  -24,         P"=  -—■' 


I 
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Hence,  to  determine  A^,  &c  ,  we  have  Y^ojsbP,  ^jr=:(a?— !)•, 

32 
09.) ^=Ap 

-=Ao.2+A,  Ai= 


9       ^ •  '  9 

^^^^.=A..2+A.4+2A.  A.=  ^.^^ 


27       ^ ' •  ^         27 

32        1         66       1        880    1     ,     /a? 


(^-2)»(r-l)«""      8  (a?-2)*     9  (*— 2)«     27  x— 2^(«-l/ "^ 

Again,  assume  ^—^^^—^^  =  (^1?  +(--")  +0^=2?- 

When  d?=  I,  the  latter  tenn  of  P  and  of  its  first  diff.  co.  vanish ;  and 
proceeding,  as  hefore,  we  have  (when  1^=0)' Y^x=:P,  0x=(j?— 2)*, 

P.  8=— 5 

P'.S-P.Grr-U  ^--^ 

32 

(79.)  -.i.:=B,(-l)  Bo=ri- 

-^-Bo.3  +  B,(.I)       B.=  §* 
P  __5        1  131     1  f,x 


(a?— 2)"(x-l)«     8(a?-l)«  '   32  or— 1   •  (r— 2)' 

But  since  (/)  and  (/i)  are  identical,  the  form  makes  it  obvious*  that 
the  indeterminate  functional  part  of  each  is  the  determined  part  of  the 
other :  putting  these  determined  parts  together,  with  the  two  fractions 
which  were  separated  at  the  commencement  of  the  process,  ii*e  have, 
as  a  final  result, 

ar*— 6a;' 82       1  56       i 

(x-2)«(a:-l)«(x-3)(j?— 5)^      3  (x-2)"       9  (x— 2)* 

380     1         5       1         ^131     1         81      1         125     1 


27  x—2      8  (x-l)*       32  ar— 1  ^  8  a:-^3      864a?-5' 

83.  Given  ^=(j:— a)(a: — fc)(a:— c).. ..,  where  no  two  of  a,  ft, 
.  • . .  are  equal,  required  fx-r^x  in  the  following  form, 


-fx  ,     A     ,     B      ,     C    ^ 

<px  X — a     X — u     X — c 

^x  being  the  integral  part,  if  fx  be  of  higher  dimension  than  ^. 

If  0jr  be  also  given  in  its  expanded  form,  j;«-f-p<^~'+  •  •  •  •«  common 
division  will  ascertain  ctj?  better  than  any  other  method ;  but  if*^jr  be 
no  otherwise  known  than  as  the  product  of  x — a,  x — 6,  &c.,  the  process 

*  That  isi  when  r^x  is  in  the  firgt  instance  of  a  lower  dimension  than  the  deno- 
minator. Were  it  otherwise, /r-+.(j?—l)'  and/|ir  (jr— 2)*  would  each  contain  the 
integral  portion,  bexidet  the  fractional  portion  of  the  other.  This  integral  portioD, 
if  any,  may  be  found  as  in  the  next  example. 


MISCELLANEOUS  EXAMPLES  AND  DEVELOPMENTS. 


873 


of  insolation*  will  be  more  convenient.  If  Y'jr=M.T"+M|X"'"'+ 
M9«*"*+  . .  • . ,  division  by  x — k  will  give  Mj?"~'+  (M^+M|)  x^'^H- 
(Mifc^+Miit+M,)  af  "•+  . . . .,  which  gives  the  following  rule  for  suc- 
cestive  division  by  x — a,  x — 6,  &c. 


M 

Ml 

M. 


M 

Ma  +Mi=N| 
N,a+Mg=N, 


M 

P,5+N,=P. 


M 

Mc+P,=Q^ 
Q,c+P,=Q. 


Go  on  in  this  way  until  the  divisors  are  eschausted,  taking  only  so 
many  terms  in  each  column  as  there  are  coefficients  in  the  quotient  to 
be  determined. 

Thus,  to  find  the  integral  portion  of  of — a^ — x  divided  successively 
by  X — 1,  X — 2,  and  j?— 3,  we  have 

Am.  «•+  6x«+25x  +  89 :  the  first  column 
contains  the  given  coefficients ;  the  second,t  those 
after  division  byj?— 1;  the  third  after  division 
by  J? ^'2  ;  and  die  fourth  after  division  by  2  —  3. 
The  blanks  show  where  work  is  needless. 


1 

1 

1 

1 

0 

1 

3 

6 

0 

1 

7 

25 

-1 

0 

14 

89 

0 

-1 

0 

For  the  fractional  portion,  multiply  both  sides  by  x— a,  and  then 
make  xssa,  which  gives 

^=(a-6)(!!.c)....'  similarly,  B=^^^^^J^^^^^^^ 


C= 


yyc 


(c— fl)(c-6)., .. 


9  &c* 


84.  Required  the  decomposition  of  (a?  —  4^:*  +  Sje*  -  2x*')  divided 
by  the  product  of  x— 1,  x— 3,  a:+5,  «4-7, 


1 

3 

-5 

-7 

1 

I 

1 

1 

I 

-4 

-3 

0 

—  o 

-12 

3 

0 

0 

25 

109 

-2 

-2 

-2 

-127 

-890 

0 

0 

0 

0 

V'O) 


1 


Vr(3) 


(l-8)(l-f5)(l  +  7)      48*  (3-l)(3  +  5)(3  +  7) 


81 
80 


*  Se«  the  />wi|f  Cffcfttptedia^  article  Involution. 

f  It  ie  en  edventage  of  this  piocew,  that  the  tue  of  the  diviiiors  in  a  different 
order  will  vexre  for  verification. 

T 
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»(-5)  _    75S25  y(-7) 674681, 

(-5-l)(-5«3)(-5+7)'"       48    *(-7-l){-7-3)(-7+5)~     80     ' 

whence  the  final  result*  is 

afl'— 4j*+ar»-2j*  ^     ,^  ,     ,^^        ^^^      1       1 

=a:»-.12i!»+  109j?-890+— 


(j-.l)(a?-3)(x+5)(«+7)  •  USdT-l 

81   1    75625  1    674681  1 

+ 


.    80X-3         48     ir+5  80      x+7^ 

85*  Such  ap  example  as  that  in  (82.)  may  be  reduced  to  a  succes- 
sion of  such  operations  as  the  preceding,  in  the  following  manner. f 
First, 

J*— 6jc« -i4.^_i ??  JL  4-?l_L. 

(j?— l)(a?-2)(j-3)(j-5)""       8a:— 1       3  x— 2      4  x-3 

125     1 
24  x-5* 

Divide  both  sides  by  (j^—l)  (*7— 2)%  and  take  the  resulting  fractions 
separately. 

First  ^  =-^ L 

(*— l)(j-2)      x-2      *— 1 

1  1  1  111 


(j?— l)(x-2)«      (x-2)«      (*— l)(x-2)  "'(«-.2)«     or— 2      «— 1* 
Sfconcf/y. 

1  1  11 


(JT— l)«(j;-2)«      (j?-2)'(j:— 1)      (*— 2)(x— 1)      (x— 1)« 

1              1.1            1.1  1 

+ r-— ^+ 7  + 


(j:-2)«      a?-2      or— 1      a:— 2      ar-l      (a:— 1)^ 

*  The  calculations  of  ^  (3),  ^l'  (— 5),  r^  (— 7)  should  be  pcrfonned  by  involution : 
and  the  lafttt  plan  is  to  put  down  every  step  of  the  work.  Thus,  for  ^  (^7),  the 
eomplete  calculation  is  as  follows : 

1 

X-7 

-7-4=-ll 
X-  7 


77+3=80 
X-7 


-560-2^-562 
-7 


+3934 
-7 

—27538 
-7 

+19'2~766 
-7 


>;,(- 7)  =-1349362 

f  This  example,  though  prolix,  is  introduced  as  a  sueeebsion  of  simple  ezampleB 
of  the  preceding  case. 
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5  i  _5 ]__      5     1  5        1  5     1 

8(jp—l)«(«-2)«'~8  (4?— 2)«'*"'4x-2  "^8  (x-^l)«  ■^4x— 1*       - 

1  111 


(i-  l)(jj-2)«      (j?— 2)»      (a?— 2)*  ^ (a:— l)(j?- 2) 

82  1       32       1  82       1  32     1        82     1  ; 

'S  (j— l)(:r— 2)'»~""s"(x— 2)"'*'  3  (a?-2)*~  3  a:— 2"^  3  a;-l 

1  111 


(j-.l)(x— 2)«(j— 3)     (a:-2)«CT-3)     (j:— 2)(jf— 3)^(x— l)Cr— 3) 

1 _Jl 1_ 1 _IJL 1     1 

(j— 2)(j-3)  ""a?— 3      or— 2  (j?-l)(jr— 8)  "^2«— 3     2j?— 1 

1_ 1  1^ 1  J 1_ 

(*-2)»(a?-3)""     (jf-2)«'*'(x— 2)(a?»-.3);^     (x— 2)«'^a'-3     «— 2 

1  1,1111 

+ 


(jc— l)(jr-.2)«(«— 3)  (Of— 2)«      2j?— 3      2i:-l 

81 1 81        1  81  _1 81     1 

4  (z— 1)(j:—  )'(jp— 3)^  4  (x— ?)•  "^  8  a:— 3       8  jr— 1 

Fifthly. 

I  1  11 


(a?-.l)(x-  2)*(x— 5)""(j:— 2)*(j?-5)     (x— 2)(j?-5)^(a;-l)(j— 5) 

1_ _1  J 1  J_ I 1  J^     1     1 

(if-2)(x— 5)^3x— 5  ^3a?-2        (x— 1)(j?-5)"^4j:-5"4  x  — 1 

1 1        1  I 1 

(x-2)«(x— 5)^     3  (x-2)«  ■*'3  (Of— 2)(x-5) 

1        1  1     1       ,  1     1*" 

+7^ 


3(j?-2)*      9x— 2   '  9x— 5 
1        1    ^   ,2_1_       1      1         1     1 


(j-l)(x-2)*(x-5)         3(x-2)*     9x-2  '  36j— 5      4x-l 

125 1 _125       1  125     1    '' 

24  (x-l)(x-2)V-5)  ^  72  (*— 2)«      108  x- 2 

125     1       .  125     13 


f 


864  X- 5  ^864  x-r 

For  a  moment  let  P^  Pt9  Pb*  and  Pi  stand  for  x— 1,  x— 2,  &c.^  and 
collect  the  five  results,  which  gives  for  the  original  fraction 

pi_P4.P4.V    S4.*P«+*P-^2„    82         32         82 

^Llp.4:8ip_81p  ,125         125p_125         125 

4  ^^^  8  ^^^    T  *^'"*"  72     » ~  108  *^*    864    »^  96  '^^ 

T2 
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8  ^     9  *^»      27  *^*+8*^'+  82  ^'^  8  ^*     864 ^'' 

the  same  as  before. 

86.  It  is  required  to  decompose  Y^jr-7-(i;*—l),  Y^jr  being  a  function 
of  a  lower  than  the  nth  degree. 

Let  a  be  a  primitive  rfth  root  of  unity,  (page  130,)  then  all  the  roots 
are  1,  a,  o^. .  •  .a""*,  and  by  the  preceding  method  (with  page  130) 

yx    _Vrl      1        afa    1        g*f g«      1  «*->«*"'       1 

jf— 1       n  JT'-l       n    a?  — a       ?i      j?  — a*     **"  n        jr —o^"* 

Let  Y'^=Co+C|ar4-.  •.  .-fC^.iX""*,  and  let  cos/i+V— 1  sin/i  and 

cos  ft— V  —  1  sin  ft  be  two  of  the  Tith  roots  of  unity,  /i  being  a  multiple  of 
2ir-f-n :  call  these  roots  r  and  r'.  The  two  factors  belonging  to  these 
roots  are  then 

rxfiT      I        r'yffr'     1     _  1  (rYrr+r^V^)  J— rV (y^r-h Y^Q  _ 
n  *  x—r       n    x— /      n  o,^— (r+r')  ar+r/ 

2(CoCos/i+>.  .4-C,,^i  cos  7i/A)jr^(Co+Ci  008/1+. .  .4-C«-iCos(n— l)/i) 
71  «*— 2cos/i.jr4-l 

87.  Required  (2+Jt*)-f-(j:'-l).{27r-f-6  is  in  degrees  60°}, 

Co=2,C,=  l,  cos 60°= cos 5. 60°=  i   cos2.60°=cos4.60°  =  -i 

Z  2 

2+^      111111  11 


j^-1      2x-l      2a:+l      2a*— .r+l      2a^+a?  +  r 

88.  Every  thing  being  as  before,  except  that  the  denominator  is 

If 
d^+ 1,  /I  must  be  one  of  the  odd  multiples  of  -,  and  we  have 

lit 

yffX    _     ay^a     1_      /?V^/3      1  vyfy     1 

j:^+1""        w    «  — a         71    x  —  fi     '"'        7*    J— v' 

where  cr,  /3. .  •  .i/  are  the  n  tith  roots  of  —  1.  These  7tth  roots  are  odd 
powers  of  any  one  of  the  primitive  roots :  for  instance,  if 

a=cos — h  V  —  l  sin  -, 
n  n 

the  other  roots  of  —1  are  a»,  a'. , .  .a**"*. 

89.  Every  corresponding  pair  of  roots  of  the  form  cos /i+ v—l  sin/i 
give  in  the  decomposition  a  fraction  of  the  same  form  as  the  last  in 
(86),  with  its  sign  changed :  thus  (ft  denoting  v-s-n) 

a?*   _     2  008(771+1)  fjL.x  —  cosnifi     2cos(3m+3)fi.x-co8  3/Wfi 
TT«""*     «       X*— 2cosfi.x+l        "^71       .1*— 2cos3ft.jr4.1        ^*'' 

the  number  of  such  fractions  being  half  of  n,  whe'n  n  is  even,  and  of 
71—1  when  71  is  odd :  but  in  the  latter  case  there  is  the  additional  frac- 
tion (  — l)'"'*'*-rn  (vC+1)  arising  from  the  real  root  —1. 
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90  -^  _  V3.J?>>-1         _2_        V3..r+1 

The  following  are  esercises  in  the  methods  of  integration.* 

Jdx       ^1    Cd^a+hx)^  1  .'1 

92.  To  integrate  a:"*(a4-6x)"<Lr,   in   all  eases  which  present  an 
obvious  method. 
First,  let  n  be  a  positive  whole  number,  as  in  a^  (^a-^-hxYdx^ 

fx*(a-\'bxydxz=:f(a'^x*+Sa*bx*+Sab^ji*+b^aF)dx 

o»j«     €*bJt^     3a5«x'     &•*• 
5     ^    2     ^     1       ^8 

5  9  U 

r  ^r         M .      3o"a:"      Sax*    .  3x« 
/x*(a-x)Mx=-^ —  +— 

/r-(l+J^)»4j=-^  -^  +3loga?+J7. 

Secondly,  let  m  be  a  positive  whole  number,  as  in  j!^(a+bxY*dx: 
assume  a + bxzzzy ;  then 

(a+6x)-»(fcr=(^?^\.jr*.^  =^(y_«).y-  dy 

/«»(a+6j;)-»dx=^  ^1 -3ay+3aMogy +^J 

_(a+6«>    3a(g+6T).        o»       .  3a»._,_ , ,;, 

^.      ; 2  14  A     2  i 

/j:"vx— a{/x=-a"(ar— a)«+-a(j-^a)«  +  -(j:— «)• 
•^  3  5  7 

_  /-—  /2r^  _?«£•  _8a^  _l??!^ 
""  VT         35        105       105/ 

Thirdly,  when  both  m  and  n  are  negative  whole  numbers,  as  in 
af"'(a-f  ia')"*dJ.     Assume  j=:l-^y,  which  gives 

a:''ia+bsy9dxT=:y'(---^L^'^  ' 

\oy\'bJ  y»  (ay+6)* 

which  falls  under  the  second  case,  since  j?  and  9,  and  therefore  j9+9— 29 
are  positive  whole  numbers. 

*  Throughout  these  examples,  m^rvly  (he  primitive  funciion  (page  100)  is  found, 
without  any  reference  lo  the  limits  of  the  integration. 


ar« 
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dx ____^J Jl^       /a+bx\ 

x(a+bxy'^  aia-^bx)      a*^^\~x    / 

93.  To  investigate  methods  of  reduction  for  the  following  formula : 

far  (aa* + bx*)*  da,  or  /»"+•'  (a + 6*»-"')*  ijr, 

the  form  of  which  is  J*x^  (a'\-bj:fy  dx. 

Here  r  and  s  may  be  suppoBed  whole  numbers ;  or  if  not,  assume 
j:=:y*,  k  being  such  that  rk  and  sk  are  whole  numbers.    Thus  for 

«"*  (a+bx*)^  dXf  let  jpsz*",  which  gives 

x-Ka^  6j*)*  dr= 12«»  (a+6*0*  <^» 
a  form  in  which  r  and  ^  are  whole  numbers. 

Let  6  be  the  fraetion  v-t-S>  assume  a+bjifs=tv\  and  we  have 

^oj^"'         sb  \     b   / 

which  is  integrable  by  common  expansion,  if  (r+  1)-7-a  be  a  positive 
whole  number;  and  this  whatever  r  and  s  and  ^  may  be. 

Again,  of  (a+bfys^jt^'*"'  (ax~'+by  dx,  which  by  a  similar  process 
may  be  shown  to  be  integrable  whenever  (r+*<+l)-f-(— 5)  is  a 
positive  whole  number ;  that  is  when 

r+l 
— —  —  f  is  a  positive  whole  number. 

The  following  functions,  therefore,  are  immediately  integrable,  whatever 
s  and  t  may  be,  provided  ft  be  a  positive  whole  number : 

3^^(a+bx'ydx  and  x''^'^^'' {u+bjT)' dx. 

94.  Any  function  V^a?cir-f-0j?,  in  which  fx  and  (px  are  rational  and 
integral,  can  be  integrated  in  a  finite  form. 

1.  If  Y^x  be  of  higher  dimension  than  0jr,  divide  the  first  by  the 
second,  and  let  Q  be  the  rational  and  integral  quotient,  and  R  the 
remainder  of  the  same  kind,  which  is  of  a  lower  dimension  than  ^. 
Then  ^ 

and  the  difficulty  is  reduced  to  that  of  integrating  the  last  term,  in 
which  the  numerator  is  lower  in  degree  than  the  denominator. 

2.  Let  fx  be  of  a  lower  degree  than  fr,  and  let  the  roote  of  0*=:O 

be  a,  6,  c,  &c. :  whence0jc=rA  (j— fl)(j:— 6)(j?— c) ,  where  A'is 

the  coefficient  of  its  highest  power  of  x.  We  have  then  various  cases 
according  as  the  roots  are  all  unequal,  or  there  are  one  or  more  sets 
of  equal  roots.  After  the  decomposition  i6  made,  as  in  (82.)  and 
(85.),  the  difficulty  of  integration  is  overcome,  since  each  of  the  decom- 
posed fractions  ean  be  readily  integrated.  Thus,  let  it  be  required  to 
tind  J  Pdxy  where  P=:(*«+a?+  l)^(a..^i)»(ar-2), 

c»»+j:+1  3  6  7 


(j:-1)*(x-2)         (*-.1)*  ""or-l  "^x-Ji 


\ 
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/ 


**+*+^      d*=-?^-61og(«-l)+71og(oc. 


95. 


(j?— l)«(j?-2)  x-l 

Aa?+B  Aa-4-B,     ,         ,   .  AA+B 


JA<r+i5  Aa-4-U,      ,  ^    .A^+15-      , 

(x— a)(x— 6)       a — b      °  b — a 

96.  It  is»  generally  speaking,  most  convenient  to  integrate  simple 
rational  functiona  by  tranaformationB  which  a  little  practice  will  auggeat. 
The  following  ia  an  example,  the  fundamental  integrala  in  Chapter  YI* 
being  assumed : 

/(A^+B)  djp  _  pA(j+a)<te       p(B-Aa)cir 

A  ,     , — : — «  .  ,,^  .  B~  Aa        ,  x-^-a 

Ajp+B  A-     ,  .     -  ,  ,  ^ 

2=—  log  (JT — 2  co8/u(r..r-f-l) 


J^ 


2cosfi.«r+l       2 


B+AcoBu^      ,  a? — cosu 
4 : '  tan"*' ^ 


sm  jUr  Bin  fi 

r^dx 
97.  Required  I  Tl^C'^^^*)     From  (88.)  and  (89.)  it  appears  that 

cos/lV — 1  sin^  being  a  pair  of  roota  of  «*-f  IssO,  the  integral  will 
consist  of  a  number  of  terms  of  the  form 


2  pcos  (m+ 1 )  ^ .  J?— cos  mt 
nj        x*— 2cos<.j:4-1  * 


cos(m+l)<,     ^  ,    ^       ,         ,. 

or  ^  ^   log(j'— 2coaf.jg+l) 

n 

2(cos«i<— cos(m+l)<.cos/f         ,  j? — cos< 

+-J ^ ^ ^tan-'      .    ,    ;  or 

n  am  f  sin  e 


—cosf)    I 


1    f  J?*~COB  ^1 

—  <^cos (m+1) e.k»(j*— 2oos «. j?+l)-2Bin  (wi+l)  ^tan~'      .    ^    >; 
n  I  Bin  r    J 

together  with  a  term  (  —  1  )""''* log  (x+l)-4-n,  when  n  ia  an   odd 
number.    The  angles  denoted  by  t  are  the  odd  multiples  of  ^-r-n* 
stopping  at  (/t—  I)  times  orn — 2  times,  according  as  n  is  even  or  odd. 
The  Sallowing  are  examples  of  integration  by  parts  (page  107.) 

98.  Assume  y  (log  t)' a:*  dr=Vp,,,  log37=L, 
From  this  suppose  it  required  to  int^ateyL*a:^(iT=V4,7. 


V^.=L'-rT-7TTV..r 


1  Lx»     1  IfcC*     *• 

»»'■*"    8  8*     "^8« 


^ 


1^ 
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V     ,-^*J'     ^J-'*-''     4.3LV     4.3.2L3*     4.3.2j» 
^•'^    8  8«  8»  8*  8»      '       ' 

N.  B.  When  the  relation  is  found  by  which  an  integral  depends 
upon  a  lower  one,  it  is  always  more  convenient  and  safe  to  work  up 
from  the  luw^est  to  the  given  integral  than  the  contrary  way. 

/dx  ' 

,     -^-;,  n  being  a  whole  number. 

_  x^dx  (a*+a:*)(ir  a*  dx 

But  — 


(a«+^)"+^      (a*+i*)"^'       (o«+j?»)'^'* 

Let  l-^(a■+*•)  =  P. 

tP"       2n—  1 

"+»*     "+»    2na^       2na* 
which,  being  true  for  all  values  of  ii,  gives 

P-'^  2/1-8 

"     (2»-2)a«  ■^(2n-2)a«    """*' 

This  expression  holds  good  when  n=2,  and  becomes  infinite  whea 

1  X 

w=l ;  but  evidently  Vi=-  tan"*  -, 

P*        1  .  X 

V.=^.+^.tan-^- 
2a*     2a«  a 

V*x       8P*  8  .X 

V.=—  4-  +— — ■  tan-*  - 

^r     PJ?.     5P"a?    .'S.aPT  5.8  ,0: 

*     6a«^  4.6a*      2.4. 6a«  ^2. 4. 6a''  a* 

Jx^'dx 
(a  +ar) 
obtained : 

,    ^-"-'^     (a^^7?r  12 («-!)•  (a«+i^)-*J 

1  x*"*  m— 1 

^"^"""■2(1^^  I^*+i«)~*  ■'"2(fi^r)^'""*'"*' 

By  this  formula,  the  present  case  may  be  made  to  depend  upon  the 
last,  or  upon  the  more  simple  case  of  yj:(a*+jr*)"'"(/x,  which  is 
immediately  integrable,  or  else  upon  ya:"([a*Hrx")"'dr,  which,  when 
x>l,  is  integrable,  after  reduction  by  common  division.  Thus,  the 
first  integral  in  each  of  the  following  Unes  is  found  by  ascending  from 
the  last,  through  the  intermediate  ones,  by  means  of  the  preceding 
formula,  (P=  1  -*-  (a" + 3f)\ 
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/r'P^djr,  fi*Vdx,  fs^V^dx,  fxVdx 
fx^V'dx,  /a?"P»dT,  fx'^F'dx,  fx'^Pdx 
y>  PrfT,   faf^F^dx,    /j*P*£ir,    fx^F'dXi   fF'dx. 

101 .  The  following  fonnulee  of  reduction  involve  a  large  number  of 
gcneial  caaes. 

Let  P=:Aaf +Bx*,     V^,,=/r^  P"  dx. 

Multiply  the  equation  P'rsCAjf+Bj;*)?*-'  by  x",  and  integrate, 
which  gives 

Integrate  V^„  by  parts,  which  gives 
m-hl       J  m+1 

Eliminate  BV„^4.,.i  from  (L)  and  (2.)f  which  gives  I 

which  is  a  formula  of  reduction  when  n  is  positive.    By  it,  for  instance, 

we  reduce  the  integration  of  x^'S^dx  to  that  of  a^^'^dxj  and  the 

latter  to  that  of  j?"+*'  Pl  dr. 

To  tarn  this  into  a  formula  of  reduction  when  n  is  n^ative,  proceed 
thus: 

oT^^V^        m+H-n6 

(6  —  a)  n  A     (6 —a)  n  A 
For  »i  write  m— a,  and  for  n  write  —  («—!)» which  gives 

(6-a)(7i-l)A  "^    (6-a)(7i-l)A      ^-— <-»> ^*•^• 

By  this  we  can  make  the  integral  of  x*  P"'  dx  depend  upon  that  of 

ir*^P"»djp,  this  one  again  upon  j?*"*^P"'(ix,  and  the  latter  upon 

^^-••p-iiir. 

To  make  a  formula  of  reduction  for  the  diminution  of  m,  n  remain- 
ing the  same,  eliminate  V^,,  from  (1.)  and  (2.))  which  gives 

a^'P-=(m+l+«a)AV«+....»+(m+l+n6)BV^...i (5.); 

for  n  write  n4-l>  and  for  m  write  m— ct,  which  gives 

^-■n  pi+i         iCT— g+l-Kn  +  1)  6 
tm+ 1 +na)  A         (/»+ 1  +7ta)  A 


V«H^,-.l—        /._     v^A    ^/J.       «\«A    '^"«.«' 


V     — ._Z__iL_      y^— ^T 1  -r  \.^*  -r  A^  «^  p^y 


which  may  be  made  a  formula  of  reduction  when  m  is  positive  by  taking 
a  as  the  greater  exponent,  and  vice  versa, 

102.  The  preceding  results  can  be  stated  as  follows : 

P=Aaf+Bx*,    V«,.=/x"Pc/af. 
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(m+l+w6)V^.+n(a~6)AV«,^,.i  =  ^+>P* (A.) 

(m+l+na)V«..+n(6-o)BV^+».^.  =  ^^»P- (B.) 

(m+l+na)  AV«.,+(m-a+6+w6+l)BV«.^.»=a^-.-+*P*+\  . .  .(C.) 
(m+l+n6)BV^.+  (TO-6+a+wa+l)  AV«.»+^,=:a:""**^P"+'. ..  ,(D.) 

103.*  Let  P=A+Bj,  or  a=0,  6=1 ;  and  for  n  write  — ». 

;(in-7H- 1)  V^  .,+ nAV^^^o=*" '' P^" 

(A-f  B:r)-^'  ""tiA  (A+Bo:)"  nA      J  (A+Bj)" 

((m+ 1)  V^_.-nBV^,..c,+o=*^^*  P"" 

IJ  (A+Ba?)"+'^     nB  (A+Bj;)"       nB  J  (A+Bj)' 
[(m+ 1)  AV^..+(m~n+2)  BV^...=T»+»  p-c-o 

j^'rfg 1 ^' (m+l)A     r   ardx 

(A+Bj:)""(m~n+2)B*(A+Bj)-*"(7n-n  +  2)Bj  (A+B^r 
[(m-n+1)  BV^.,+mAV«_,...=  ^- ?-<-') 

(J  (A+Bj?)-**(m-n+l)B'(A  +  B«)-»     (m-n+1) BJ  (A+Bx)- 

The  two  last  formulae  are  really  the  same.     For  negative  values 
of  m,  we  have,  writing  — m  for  m  in  the  third. 


J: 


dx  1 


«Wm9 


jT  (A + B j)""^     (m  - 1)  A  •  x-^  (A + Bo;)-' 

(m~l)A    Jx-»(A+Bj)-' 

104.  LetP=A+Bj:+Caj*;  required  a  reduction  for/jrP"dr=V 
V«..= AV«.».,  +  BV„+,...j  + CV„^.,.._.,(from  P"=P-»(a  +  bx+cx»))  ; 

and,  by  parts,  V„,.=:~l  "  J  ^1  """^^  ^"'  (B+2Cj) 

_  ^P»      ^nB^  2nC  ^, 

"^   m+1    "^7/1+1    '"^'•***     m+1    "^-'' 

.Eliminate  Vm^„.i>  and  we  have 

x^+'P"  2/iA  wB 

"•"     2n+m+l  "^^n+w+l  ^-•-»+  2/i+m+l  '^"+*'"-** 

Again,  eliminate  V^  „  which  gives 

(m+1)  AV«,  ..,+(m+/i+l)  BV«+|.  ,.i+(m+2n+l)  CV^^,.  ,..= j?-+T" ; 

write  171—2  for  m,  and  n+l   for  n,  and  we  have,  as  a  formula  of 
reduction  when  m  is  positive, 

_     ^"-'PM-*  (m+n)B     y  (m-l)A 

"••     (m+2n+l)C      (m+2n+l)C    -^'''     (m+2ii+l)C    •^•' 

*  The  result*  of  this  and  the  foUowiag  articles  shouM  be  separately  deduced  by 
the  student.  ' 
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In  the  last  formula  but  one,  write  —  m  form,  and  n+l  for  n,  and 
we  have  as  a  formula  of  reduction,  when  m  is  negative, 

„ P^^  (fii->n-2)B 

-"^"^     (m^l)Ax^-'        (m— 1)A     ^-^"^»>'" 

(m— 2n— 8)C^ 


(m-l)A 

105.  Let  V„,„=y*Bin*0coB"drfd;  required  a  formula  of  reduction. 
Since  multiplication  by  sin*  6+ cob' ^  does  not  affect  the  expression  to 
be  integrated,  we  have 

^-igM4-i      n— 1 
dV- ,=coi— »Osin"e  cf  Bin  ^;   V- .= ■-- -—  /  s"^»c-*dc : 

writing  c  and  b  for  cosO  and  sin 9.     This  gives  (dc^^-^9) 
^■-igw+i      71—1  c*~*s"''^*      n— 1 

^— ="Srn~  ■^^Tfl^-**— ~  m+1    +m+"i(V".-»~"^-«^ 

'•mi*—    ,  "T*        ,        '«,!•-«• 

The  last  but  one  is  a  complete  formula  of  reduction  when  m  is 
negative  and  n  positive :  and  the  last  is  another  as  to  n.  By  proceed- 
ing in  the  same  manner  with  dV^^rrc's*"""*  d  (— c)  we  find 


71-1-1  n+l 


v..=  -"— V+^v..,^ 


^m-l^ii+l         «l— 1 

^^  m+rt       m+n    ^ 

the  first  of  which  is  complete  when  n  is  negative  and  m  positive ;  and 
the  second  reduces  m  when  positive.  Combining  the  two  results,  we 
obtain 

"•""■"jM-n    "^'m+n  I      m+n— 2'*"m+»-2    "-•'"-^J 

(n— l)c»-'s"'-'  (yyi-l)(n-l)     ^^ 


wi+n        (m+n)(m+/i-2)      (w+n)(m+n— 2) 


-     c*^'  s*^'  .    (m--l)c"-U""'  (m— l)(w--l) 

^       m+n    ''"(m+70(^+n-.2) '^(m+/i)(in  +  7i-2)    — •••"^ 

which  are  complete  formulae  of  reduction  when  m  and  /t  are  both 
positive.  But  when  m  and  n  are  both  negative,  write  — m+2  and 
— n+2  for  m  and  n,  which  gives 

_(m  +  n  ~  2)  c"<-^>8-f*"*>    c-^'"»>  8-^^-^> 
""•'■^^        (m— l)(n-l)  m-1 

(m  +  n— 2)(m+n— 4) 


^ 
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(m+n— 2)  c-<-»> 8-^"-»>     c-^-*>  b-<— » 


(m— l)(n— 1)  •        w— I   . 

106.  We  now  write  the  preceding,  and  particular  cases  of  them,  in 
the  usual  form :  the  student  should  deduce  all  the  latter  separately. 

•^  (m+n)(m+n— 2) 

(m-i.n)(m  +  n-2)*^ 

/do   _m-l-^(m  +  n— 2)c«       (m4-n-2)(rw+n-4)  r    dO 
s-  c*  ^(m-lXn-Os^-'c"-'  "^      (m— l)(n— 1)     J  s'-V"" 


-•dfl 


-•da 


/8"rfe_    s"*-*        m-1  rs""*  i 
c"    ^(n-l)c"-'      w-lj    tf"* 

JedJd  _  c"-' n~l    rc"-'d< 

lr~  ^      (m- 1)  s"-*  " wi—  I  J    s"-* 

/tan-ecW=*^!^-./  tan«-dcte. 

107.  When  m orn  is  =0,  proceed  as  follows: 

J  c-  "^J        c-         ""J    c-    "^ J  c--*' 

/id  _         6  w-2  rrffl 

c".  ""  (n- 1)  c-»  "*'n- 1 J  c"-« 

Tda  c  m-2   TdO 

Similarly,         J  _=-^_^^—  +_^  J  _. 

From  c"  dO=  c""'  rfs  and  s"  (/a=s""'  i  (  -  c)  it  is  found  that 
/c*dd=:c-»s4-/(n-l)s»c"-*da=c-'B+(n-l)/(l-c0c-V6, 

or  f^de^—^^^fc^-^de. 

Similarly,  /s"  itf  =  -? — ^  +^2Zi/.— irf^, 

108.  In  c"  s*  do  let  tan  0=t :  from  thence  deduce 

fetrdO:=i  \— — \  {it=:m+n+2}. 
*^  (1+f)^ 

Call  the  last  Tm,;^,  and  deduce 

•  This  factor  ii  aUo  (w+»— 2)  »*-(«—!). 
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28S 


T..*= 


m— Ar-f"l      m— A+1 


«.*+t 


*-2 


A:-2 


109.  An  integral  is  thus  made  to  depend  upon  the  integration  of  a 
more  simple  form,  that  again  upon  one  still  more  simple,  and  so  on, 
until  we  come  at  last  to  an  integral  which  cannot  be  simplified  by  con- 
tinuing the  process  of  reduction. 

This  may  be  called  the  ultimate  integral,  and  may  be  found,  some- 
times directly,  sometimes  by  a  further  reduction  in  a  different  form. 
The  following  table  exhibits  a  large  number  of  integrals,  such  as  are  dis- 
cussed in  the  preceding  articles,  with  an  exhibition  of  their  ultimate 
forms.  To  save  room,  denominators  are  written  as  ratios  with  the 
symbol  (:),  a  plan  which  the  student  should  not  adopt  in  copying  them. 
The  first  column  contains  the  function  to  be  integrated,  the  second  the 
ultimate  form,  with  its  imtegral ;  or  else  a  transformation  of  the  integral, 
which  reduces  it  to  a  preceding  form.  An  ultimate  form  enclosed  in 
{  }  means  that  it  has  been  already  given  in  the  preceding  part  of  the 
table. 


a^dx :  a+hx 
jTdx  :  (a+fta)" 

dx  ;  oTia+hxy 


dx 
dx 


Jdx  :  a-\rhx  rs  log  (a+6x)  :  h 
fdx  :  ia+bxy  =  -1  :  (n— 1)  6(a+fta?) 
J?=l  i  y  gives  — y"'+""*(fy  :  ib+ay)* 
fdx  :  a+bx^  =  tanj*  {xjb  i  jja)  :  V(^*) 


•-i 


(a-6*»)»  fdx  :  a— 6a«  = 


log 


€lx  :  (ijc'-a)' 

oTdx  :  a+bj^ 
jTdx  :  ia+ba^y 
dx  :  ar(a+bj^y 

dx:  (a+bx+CT^Y 


jja^-x^b 
tja—x^b 


\ 
f 


x^dxla+bx-Ycx 


.} 


2^{ab) 

{fdx:a+bx*},fxdx:a'\-bx'=^\o^ia+bji*):2b 
{oTdx  :  a+6*"}.  page  281,  formula  (4.) 
xrrl  :  y  gives  -y"+»"-«<iy  :  (b+a/y 

2cX'\-h--J{b^-Aac) 


log 


^(j,t^iac)    ^  2cx'\-b+  V(*«-4ac) 


2c 
b 


j^dx :  (tf + bx+€j^y 
fdx :  a±bjr 


fxdx  :  a+6x+ci*=— Iog(a+6x  +  ca:*) 

^    fdx  :  a  +  bx+cx* 
2c'' 

{dx  :  (a+6x+cj')'} 

jrnl  :  y  gives  — y"'*'*'^cty  :  (c-h6y+fly')' 

x^ll  (a:6).y  gives -/v/-c?x:  l±x* 
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1      1 


1 


^ 1      2T^ 

1 


1      _  1      2^-^2,3?        I     2— V^i^r 

■T'T 


ar6tp  :  ^(a+bx)        fdx :  <y(a+6j?)=2V(«+6j?) :  6, 

'«=l :  y  gives  -fT'^dy  :  V(«y"+6y) 


rfr  :  jr^(a+6jr) 


±1 
djc :  (a+6x»)  « 

ln4- 

a^dx :  (a+6««)  « 


[ 
I 


/'(rfr  :  XtJ(a+bx)=:-j-  log  "^^^ r-^ 


a+frd?=;r  gives  an  integrable  form,  (page  277) 

fdx  :  ^ia+bx')z=:\og{x^b+^(a+ba*)}-T-iJb 
fdx  :  V(fif— **")=8in~'  ixnjb  :  ^a)  :  ^6 

fdx  :  (^a-^-bJi^y^x  :  a»J(ji-\'bc^) 
fxdx  :  ^ia+ba^):=^(a+bjf)  :  6 
do:  :  a?"V(^+^^)       *^1  •  y  giv^  '^tT^dy  :  ijib^a^) 

Jdx :  jV(«±*'»0  =  jf^  ^og  ^ ^* 

y^j? :  a?^(6j;^— «)=:co8""*  (^a  :  JT/^fc)  :  tja 


sTj^ia-^-bsF)  dx 
ij(a+bx*)  dx :  a?** 


tR+l 


cfx 


fr**):i 


jp=:l :  y  gives  —j/^^*^^dy  :  (6+ay*)  « i 
j?=l  :y  gives  -y""V(*+«yO 

ar-'di  :  sjiax+bx^)    fdx :  J(ax+bji^)  =2  log  { v^(a+6x)  +^(bx)}  :  V* 

yVfo? :  .^(aj?— 6«')=vers"*(26j?  :  a)  :  ^6,* 
dx  :  xrjj(ax+bji^)      j?=l  :  y  gives  — y^'^y  :  ^iay+b) 


arj{ax+bj!^)dx 


Mas+b^  dr=lH^£±f!^Z(?f±*£l) 


86  J. 


flf  J 


^{ax-Vbx^ydx :  J?"     jrcsl  :  y  gives  — y""*V(oy +^)  ^y 
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«**(a+6j?+cj«)     «  dr.    lAta+bx+cj^:=zX    a+6x— cj?"=X' 

fdx  :  JX  =:i^log(2cx+6+2V(cX)), 

/aj?  :  VX'=:-r-  8m  *  -ttt- — r — r- 


8c      3c 

c/j?  _J_       2a+6j?~2V(aX) 


•r^X    /^a  X 


dx  1.1     6«r-— 2a 

=-r-  sm"' 


dx  2(2cr+6) 


nn**0  cos**0  de         fwa  Odd  =  -  cob  d,  ^008  OrfOcssin  0 

2  « 

I  -:— -=logtan-        I  — ;;=^ogtan( -+rt  ) 
J  Bin  d       ^       2     J  cos  e       °       \4     2/ 

— — =  -cot  0  — r^=tan  0. 

110.  The  following  mlBcellaneous  forms  will  occasionally  be  foimd 
useful: 

/V  sin-»  X.  iz  =  sia-»  X/VJ^  '"'Jva^xt 
/  V  COS-  X.  (ir  SCOS-'  X/ Vdx  +  J^^ly 

/Vtan-X.<ix=tan-X/Vdx--J2^^^^ 

/.  ,,    ,  .XT  /"^r^  C^'dxfVdx 

fVcar'X.dj!=icot''Xfydx  +  J  — f;^^^ 

/Vf^cfa:  =  t'^fYdX'^fCX'e^.dxfWdx) 

/VlogX.dj?=logX/Vdr-J  j^ 


X'=  — 
dx 
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n+l  n+l^       ^^^ 

= -0"  cos  a+we^' sin  e-n  (n- l)/d^«  sin  e  dd 
/6". cose  c/O  =0"  sin  e-n/©"-*  sin  dd6f 

=a"  sind+ne— » cos  O-n  (n  -  l)/e— *  cos  a  rfa. 

111.  The  number  of  forms  which  can  be  completely  integrated  is 
comparatively  small ;  and  the  various  methods  by  which  functions  are 
transformed  into  others  more  easily  integrable  may  be  classified  under 
very  few  heads. 

(a,)  Integration  by  parts. 

(6.)  Rationalization  of  numerators. 

(c)  Combination  with  other  integrals. 

(rf.)  Substitution  of  a  function  of  another  variable  for  the  in- 
dependent variable  of  integration. 

(c.)  Resolution  of  the  function  into  an  infinite  series. 
.    We  shall  now  take  some  examples,  particularly  of  the  three  last. 

112.  f^^+l?dT  =  f-^"^  dx=r  f    ^"^      +  f    ^^^ 


J  i/ia+bx-i-cx^     J  , 


hxdx 


•/; 


V  {a-Yhx-k-cx^ 
cj^dx 


The  second  sides  are  in  both  cases  more  easily  integrated  than  the  first. 

lis     f_-J?i(fL =1  f      ^^+^       f,_l_  C ?^' 

J  iJia+bx-^cj^)     2cJ  Jia+bx-^cx^)^    2c  J  VCa+fe^+Tii) 

_  J_  CdCa+bx+cx^  ^b^    r dx^ 

the  first  tarm  of  which  is  directly  integrable,  and  the  second  can  be 
integrated  (page  116) 


C        ^^         _1    rx{2cx-{'b)dx       b_   r 
J  ^(a-^bx+cx")      2c  J  ^(a+bx+cx')      2c  J  ^ 


xdx 


'+bx-\-cj^) 

(a+6a?+c^'=X)  =1  f:^  -1    ff^ 

:2c  J  VX       2cJvX 


=:lvx4/vx.c^.^AJ'<^- 


Vx 
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4X^0^'^^    'ij  sJX     cj  VX    J  VX       20  J  VX 
J  VX  ^c*"*^        c  J  VX      2c  l2c  J  VX      2c  J  VXJ 

J  VX  ""Uc     4c»j^^'*"V8c«     2c  y  J  VX' 

114.  Required  V=:  f — P- — . 

If  cosOrrxy  this  becomes y*(—-dj: :  (fl+6-r)^(l— x'),  which  can  be 
iDt^rated  in   the    same  way  as  dv  :  vij{a  4-  60  +  cv*)   by  making 

The  following  process,  however,  wUl  illustrate  more  clearly  the 
advantage  of  substitution. 

^    6  +  gco8e_  (a'~y)Bin*fl       _     (a'>-6')sineda 

tf + 6  cos  e""^'  "         (a+6  cos  e)«  *  ""  (a+6  cos  ey 

r        dd 1^_      _j  j 6+acos^l 

J  a  +  6cos^   ""VC^*— ^*)  ^^^     U  +  6cos0i 

r      da        _         1  J  6  4-  g  cos  0 + V(^*— g*)  8'n  <?  I 

J  a+ 6  cos  a  ^  V(^*— «*)   ^^  I  a + ^  cos  0  ) 

(a=r6)       I = -- =-  tan  -. 

Ja+acosa     2a  J        6     a        2 

116.  yctr^Oi^jr)  depends  upon  ye* ^dr 
fdxit>(f)      J^d* 

/'^*(""*) /.^^)    *'• 

1 17.  Any  function  containing  irrational  functions  of  a+&^  only  may 
be  rmtionalized  by  simple  substitution :  thus 


I  J-  becomes  I  -^ — r-  if  x^\ 


a— «• 


Jdx  ^  6  Ci/'dv  .-  ,  ,  . 
—  ^  becomes  ^  I  if  a+wsir, 
(a+6jr)«-.(a+6j)^                  •^ '^ , 

0 
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118.  As  examples  of  integration  in  series,  we  have  already  2*7,  31, 
32,  33.  The  following  will  be  readily  ascertained  by  integration  by 
parts: 

Let  /Pdp=sP|,  /Pidi?=P„  /P,ij?=P„  &c.;  -~=Q',  Ac. 

/PQ(ir=QP»-/Q'Pt^^=QP|-Q'P.+/Q"P.d* 

=QPi-Q'P.+Q"P,- ....  ±(y*-^>  P.+/Q^">  P«dr. 

John  Bernoulli's  theorem  (page  168)  is  a  particular  case  of  this, 
obtained  by  making  P=:l.  If  Q  be  a  rational  and  integral  function, 
the  preceding  series  terminates. 

/f  Qdr=ff-{Q-Q'+Q''-...};  /5-Qdx=r-{.Q-Q'-Q*-..  .} 
y*cosa?.Q<ij?=     Qsin  j?+Q'co8r— Q"sin  x— Q'"cobx+.  . . . 
/sinj?.Qdbp3s— Qcos«+Q'8in'+Q''co8a;-Q'''sin 


119.  The  following  method,  which  is  a  generalization  of  integration 
by  parts,  has  been  successfully  applied  to  the  formation  of  approximat- 
ing series,  in  a  particular  case,  by  Laplace. 

Let    /Q(ix=Pi,    /PiQida?=P„    /P,Q,(lr=P,    &c., 

Q»  Qi9  Qi9  &c.  being  any  functions  which  may  be  found  convenient. 
The  order  of  processes,  in  passing  from  one  to  the  next,  is  muUiplicci' 
Hon  before  integration.    Again,  let 

the  order  of  processes  being  division  after  d^erenliation.    Then 
/yrfx=  J^ . Qrf*= V.  P.-/ P.  ^'  Ar=  V.  P.- f^  ^' •  P.  Q.  d^ 

= V,  P,  -  V,  p.  +  V,  p.- f^'  •  p.  dx 

=V,P.-V.P,  +V,P.-. . ..  ± V.P.  ^p  r^'.p.dx. 

If  Q>  Qi<  &c.  be  properly  chosen,  a  conveigeot  series  maybe  frequently 
obtained. 

Pi=y,    P«=y,   Pt=y»   &c. 

.-        dx   -.         dx  d  f  dx\    ,,         dx  d  {    dx  d  f   dx\[    . 

dx  r   ,  (       du     d  /   du\      d  \     d  f   du\\         \ 

which  is  the  case  given  by  Laplace.  We  shall  have  occasion  to  use  it  in 
treating  on  definite  integrals.  Let  the  student  obtain  this  particular 
case  in  a  more  simple  manner* 
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120.  The  common  formuke  of  trigonometry  frequently  expedite  the 
performance  of  integration  :  thus 

8  Bin^  0=:cos  46  -4  cob  20+3  gives 

8  Am*ed0=— 2 sm 26+36. 

«/  4 

121.  Required     /cob  (a6+6)  cob  ia'e-\-V)  dO 


cob  (a^+6)  COB  (a'6+ 60  =-C08(a+a'6+6+6')+oC0B(a-a'6+6-J0 

2  2 


/cos  (afl+i)  cos  (a'e+6')  c»=5i2i^±^^±^ 
•'  "^  2(a+a0 


8in(g— a'e  +  &— 60 
■*"  2(a-a') 

If  in  this  we  write  6— ~  *  for  6,  we  have 

2 


n  .  .  .  C08fa+a'6+6+6') 

/sin  (a6+6)  cob  (a'0+6')  (f6=  "         2(^^a^) 


COB  (g-- 0^6+6— 60 
2(a-a0 

and  if  we  also  write  6'— --tt  for  6',  we  have 

4u 


r  '    /  fl_,AN   •    /^^  .  m^n        8in(a+a'6+6+60 
y  Bin  (a6+6)  Bm  (fl/6+60cl6=: 2(a+af) 

Bin(a-a^6+6— 60 
"^  2(a-a0 

The  preceding  forma  become  false  when  a=  +0^,  but  in  such  a  case 
we  have  either  (a-^af)  6+6+y  or  (a— a06+6— V  conatant,  and  the 
integration  introduces  the  angle  itself. 

122.  In  all  that  precedes,  no  constant  has  been  added  after  integra- 
tion, which  procesB  is  always  to  be  remembered  in  application.  If  two 
difierent  methods  give  different  results,  it  follows  that  the  two  integrals 
obtained  only  differ  by  a  constant.    Thus 

r    dx      _  r(      d  (1— J)\  _    1 

\    ^      r    dx            f    di?            1           X 
Let     J?=-,  then  I  7- tl——     7 tt;  = T  =^^i • 

1  X 

Both  results  are  correct:  and — =1. 

1 — X      1— X 

123.  By  the  meaning  of  a  definite  integral  (pages  99  and  100)  it 
follows  that  if 

fVdxrs^x^fVfdj!,  then/*Vd*=:^-<^a+/tWdi'. 

124.  I-iCt       V.r=:/8in-6d6=/sin"-'0r/f-coB<?); 

U2 
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by  (107.)  V.= + V^. 

n  n 

Let  this  integration  be  made  from  0=0  to  ^^i*9  which  gives 

+  "Lll  f*%in-.0d^=!Lzi  f*%in-eda:  or  K.=!^K^, 

«     J    0  «     J    0  « 

t^here  K«  stands  for  the  integral  taken  between  the  limits.    Write 
n+2  for  n,  which  gives 

^-^iTTi  ^^^mTi  l^iT+s  ^-^J  =77+1 77+3  VmI  ^^V 


71+2  714-4  714-6  71+2/3 

n+1  71+3  71+5 71+2/3-1 


or  jv,—     ,  ^      ,  ^  ^^  ^ ,  «/5 — ;*i^ii+o9 


where  /3  may  be  any  whole  number,  however  great.  Make  n  succes- 
sively =.0  and  =1,  which  gives 

_     2.4.6. ...2/3  _3.5.7....  (2)3+1) 

^^•"-1.3. 5.. ..(2/3^1)-^     ^*-      2.4.6... .2/3      ^'' 

KqV      2. 4. 6.... 2/3  Y     1  K,^ 

Kj'^Vi-s.s....  2)8— iy2^+rKv+/ 

But  K,=  I      d0=: J  ir  and  Ki=  I      sin  6  d0=r  — cos  i  «*  —  (—  cos  0) 

J    Q  Jo 

=  1,  whence  i'B'-+l  or  ^t  is  the  first  side  of  the  preceding. 

125.  If,  between  the  limits  a  and  b^fx  always  lies  between  0j?  and 
yf/Xf  then  ffxAx  must  lie  between  J^xdx  and  f'^xdi^  the  limits 
being  a  and  6  in  all. 

Proceeding  as  in  page  98.  to  construct  the  sums  of  which  the 
integrals  are  limits,  it  will  readily  appear  that  each  iejm  of  the  series 
whose  limit  is  J'fx  dx  must  lie  between  corresponding  terms  of  those 
whose  limits  wtj4^xdx  and  y*yjr  dx :  whence  the  whole  in^the  first 
case  must  lie  between  the  whole  in  the  second  and  third  cases. 

Hence  it  follows  that  in  the  last  instance  K^^-i  must  lie  between 
K^  and  K^+i :  since  Bin*^+' 6  always  lies  between  sin^d  and  siu'^+*0. 
And  since 

K,^+t  =  g-jT^ ^w  ^^®"  ^+»  ^^^*  between  K^,  and  g^-pg^* 

or  r~^  lies  between  1  and  r^•^T^  ^bence 

^v+i  2p+l 

r  1  ie^ [      ^'^'^"-'g/3     V _1_  ^(2. 4.6... .2)6+21' _!_ 
'  2    '^  11.3,5.  ...(2/3— l)f  2/8+1  ^11.3.5. .  ..2)8+1)  3/8+2' 

in  which  the  value  of  /8  may  be  what  we  please,  nor  need  it  be  the  same 
in  both.  If^  then,  we  write  /8— 1  instead  of  yS  in  the  second  formula, 
we  find 
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1         f    2.4.6.  ...2/3    y     1  C    2. 4.6. ...2)6    i«     1 

2''-^n.3.5.  ...2/3— iJ   2/3+1      11.3.5.  ...2/5-1/  2^8—1'     * 

This  remarkable  result,  which  was  first  given  by  Wallis,  should  be 
verified  by  the  student  in  a  few  instances.  Thus  J  ie  being  1  •  510196, 
we  find 

f2^,6^YJ=i.486      (H4«:-«Y  ^  =  1.911. 
VI. 3. 5.1/  9  \1.3.5.ly  7 

Since  the  two  expressions  for  ^  v  can  be  made  as  near  as  we  please 
by  making  fi  sufficiently  great,  and  since  l-f-2iS  lies  between  l-7-(2is+ 1) 
and  1-^(2/3—1),  we  find  that,  as  fi  increases,  the  following  equations 
approach  without  limit  to  truth  : 

/   2.4.6.  ...2/3   Y         1.2.3....^     ^J-n^^ 
'^'^^Vl.3.5.  ...2/3-iy*     1.3. 5....  2/3-1^^'^^    ' 

126.  It  is  obvious  that  1.2.3.. ..«  divided  by  jr*  must  diminish 
without  limit  when  x  increases  without  limit,  being  only  a  fraction  of 
1  -f-jr.     Let  1.2.3....  xrzaffT^  and  {x  being  very  great)  we  have 

1.2.3  ...a?  (1>2.3 x)\2'  _a^(fxy.2' 

1.3.5....2a:— 1  ""      1.2.3 2j?      ""  (2r)«'/(2r) 

1.2.3 X  /— „  .      V         (f^y        /(2*) 

But    — — =  V-rx  2—;  whence  ^—  =-,^J^    ^\ ; 

1.3.5....2,r-l  27rx      ^(2ir.2jr) 

whence  /j-t-V(2xj?)  satisfies  the  equation  (xj:)'=x  (2.r).  The  most 
general  solution  of  this  equation  is  s*^',  where  ^x  has  the  property  of 
not  changing  its  value  when  x  is  changed  into  2.r;  or  £(2ir)  =  (jr. 
But  we  may  show,  as  follows,  that  in  this  case  ix  must  be  a  constant. 
Since,  when  x  is  great, 

1.2.3.  . .  »x:=x',fj(2'!rx).6'^  very  nearly,  we  have 
1.2.3....*+l=(x  +  l)'+V2^(*+l)-«^'^'^^^""^ 

{where  P=(*+ 1)  5  ix+l)^x^x} ;  or  l=(l+^)'-  \/(^-)  *'*• 

The  last  equation  must  approach  without  limit  to  truth  when  x  is 
increased  without  limit  But  the  limit  of  (1  +  1  :  x)'  is  f,  that  of 
^{(x+l):<v}i8l:  80  that  the  limit  of  the  expression  is  « 

gl+lhnit  of  ((»+I){(r+l>-*f»)  -.  ] 

or  the  limit  of  (:r+ 1)  {  (x+l)^xix  is  —1.  But  ^x  cannot  diminish 
nor  increase  without  limit,  nor  can  {(jp+1)— fx;  for  {x={(2t)=3 
£(4t),  Ac.,  and  5(^+1)— £«=£(2x+2)  —  £(2x),  &c.  Unless, 
therefore,  {(x+l)=£r,  we  see  that  3c(i(,x+l)—ix)+l(x+l)  will 
increase  without  limit,  positively  or  negatively.  But  if  0(x+l)  =  fr, 
then  C(x+2)s:^(jr4-l)»  &c.,  and  ^x  is  the  same  for  all  whole  values 
of  J?.  The  limiting  equation  in  question  is  satisfied  by  ^(x+l)=:— I, 
and  we  then  have 
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1.2.3....  x=J(27rx)  jT  I—,  or  VC2«-) .  •s''*'*  r^,  nearly. 

127.  Required  an  approximation  to  the  coefficient  of  o^  in  (l+j;)% 
"k  and  n  being  both  large  numbers,  but  "k  yery  much  less  than  n :  that 
is,  required 

n{ji — 1). .. .(//— A  +  1)  1.2.3....n 

or 


which  is  nearly 


1 .2.  ...  A  (1.2.3. . . .  jfe)(l  .2.3. . . .  n—k) ' 

V(27r).7i"+*r- 


or 


1  ^n /nV/   ^   Y"* 


128.  The  subject  of  definite  integration  will  be  treated  in  a  future 
chapter ;  we  shall  now  five  an  instance  of  the  manner  in  which  it  may 
happen  that  an  integral  may  be  found  in  a  finite  form  between  two 
specified  limits,  which  cannot  be  generally  found  in  the  same  way. 
Required  y  5— «*  c£x  from  t=0  to  a;=x. 

It  is  easily  proved,  either  by  expansion,  or  as  in  page  175,  that 
(1  +  A  :  ?0"*  continually  approaches  to  6^  when  n  is  increased  without 
hmit.  If,  then,  we  can  findy(l— j:*  :  to)"  dx  from  a:=0  to  a:=^7i,  we 
afterwards  find  fs-^dx  from  j?=0  to  orsx,  by  increasing  n  without 
limit. 

Assume  a?=V*.cos6,  or  (1—cr*:  n)"rfjF=(8iu*0)X— V^«®i°^^^) 

PTl~Ycfx=-^n  r^viTf^^'edQ-Jn  p'sin'-^'edO 

,       2n      2/1—2        4   2   fi'  .    .  ,.        Jn     f    2.4. 6... 2«    1 
^271+12/1-1         53J0  2/1+1    11.3.5.. .2n-lJ 

The  greater  n  is  made,  the  more  nearly  does  the  factor  in  brackets 
approach  to  V(*«)»  ^^  ^^^  whole  to  ^ir.n :  (2n+ 1),  the  limit  of  which 
is  J  ^ir.     Hence  fl  f — **  dx:=i  j^  ^ar. 

129.  From  the  definition  of  an  integral,  an  approximation  of  any 
degree  of  nearness  may  be  made  toji<t>xdx,  by  the  summation  of 
terms  of  the  form  <t>x  dx^  where  £kx  remains  the  same  throughout,  and 
:r  is  intermediate  between  a  and  b.  We  may  express  this  by  saying 
that  the  integral  is  the  sum  of  an  infinite  number  of  infinitely  small 
elements,  each  of  the  form  ^x  dr.  Again,  the  result  shows  that  jt<^x  dx 
is  of  the  form  0i  6 — 0i  a,  where  0i  x  has  <t>x  for  its  diff.  co.  Prom 
each  of  these  considerations,  let  the  student  deduce  the  following 
theorems : 

I.  /j+^^dr=/i0j(ir+/j+*i^j7<te;    /i 0x drn: -/; 0x dr. 

II,  If  0r  be  a  function  which  is  unchanged  when  x  becomes  — *, 
then 

/i  4>x  rfx=2/;  ^xdxif\^  <i>x  dx=ft^  ^x  cf J, 
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III.  If  iyx  be  a  functioQ  which  chauges  sign  only,  and  not  value, 
when  s  becomea  — j?,  then 

130.  Let  a  function  which  does  not  change,  when  x  becomes  —  x,  be 
called  an  even  function,  (it  can  be  expanded  only  in  even  powej^  of  t,) 
and  one  which  changes  sign  only,  and  not  value,  an  odd  function ;  then 
^x+0( — x)  is  evidently  even,  and  ^  (j?)— ^  ( — x)  is  odd.  And  every 
function  is  either  even  or  odd,  or  the  sum  of  an  even  and  odd  function, 
as  appears  from 

*^= 2 + 2 • 

Also,  if  ^  be  even  and  fx  odd, 

/i;  (ji^x+fx)  dr=/l:^J:cir=/i:(0j?-yj)  dx. 

131.  The  product  of  two  functions  of  the  same  name  is  even,  and  of 
diflferent  names  odd. 

The  diff.  co.  of  an  even  function  is  odd,  and  vice  versA, 
Every  even  function  fx  is  of  the  form  ^j:+0( — x)y  and  0*  is 
^^+  any  odd  function :  and  every  odd  function  ^  is  of  the  form 
0j? — 0  ( — J?),  where  0r=:  J/r  +  any  even  function. 

f^vJ^\dx  is  necessarily  either  an  odd  function  of  a,  or  =0,  what- 
ever ^  may  be. 

132.  If  Ar  be  even  and  possible,  0  (W— 1)  is  possible,  and  if  ^x  be 

odd,   0(j?V — 1)   is  impossible,  and  of  the  form  v — 1  x   a  possible 
function.     This  is  easily  proved,  when  it  is  remembered  that  every 

function  of  iji-^l)  and  x  is  reducible  to  the  form  F*-f-/xv — 1,  where 
Yx  and  fx  are  possible* 

133.  Show  that/i:  €-^diz=i,Jx^  and  that/l;sin«*da?=0. 

cos  2x  dx 


134.Slu.wthatJ_^-^^^=J_^ 


(1  +  j*)(cos  X — sin  x)' 


185.  To  reduce  fi<l>xdx  to  the  form /U 0a? dir. 

Take  a  function  of  «,  which  becomes'  +a  or  +^,  according  as  x  is 
-M^or  -(-c,  iHiy  of  the  form  A+Bor:  then  A— Bcssa,  A+Bc=6,  and 
we  have 

135.  Show  that  /'i0xda;=-^   I   »(  ^^""  ^  +-^x]dx 

a=(fr— a)yi0(a+ft— a^)  Ac>     ^ib—dyf^i^ib—b—ar^)  r^  dx. 
I  now  proceed  to  examples  on  some  of  the  subjects  in  Chapter  VIII. 

136.  Required  a  discussion  of  the  function  (a+6j:)"r^.  Its  diff.  co. 
is  r^(a+6jr)"~*{nfc— a— 6j?},  the  sign  of  which  is  to  be  considered. 
First,  let  n  be  an  even  positive  or  negative  whole  number,  then  the  sign 
of  the  preceding  depends  upon  that  of  (a+6j?)  {n6— a — 6*},  or  on 
that  of 
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-K-+5)H"-0  ^ 


which  is  always  negative,  except  when  x  lies  between  — a:b  and 
n — a\b.  There'  is  then  a  minimum  when  x  is  the  less  of  the  pre- 
ceding, and  a  maximum  when  x  is  the  greater :  and  the  function  never 
increases  with  x  except  when  x  lies  between — a:b  and  n — a:b. 
Thus,  if  the  function  be  (l+j::7i)*r^,  we  have  fl=l,  6=l:n,  and 
there  is  a  minimum  when  a:= — n,  and  a  maximum  when  x=iO,  if  n 
be  positive:  or  a  minimum  when  x^^O,  and  a  maximum  when  x^^ — 71, 
if  n  be  negative.  But  if  n=r  0,  then  (l+a?:n)"=l  for  all  values 
ofa?.  . 

If  n  be  a  positive  or  negative  odd  number,  the  sign  of  the  difF.  co. 
depends  upon  that  of  nb—a—bx^  or  of  — 6{«  — (n— «:6)},  which 
changes  from  the  sign  of  6  to  that  of  — b  when  x  increases  through 
71 — a:b.  There  is,  therefore,  a  maximum  or  minimum  at  this  point 
according  as  6  is  positive  or  negative. 

A  rational  numerical  fraction,  reduced  to  its  lowest  terms,  has  one  of 
the  following  forms : 

- — —-,    — - — ,    - — — ,     (m  and  n  bemg  wh.  no.) 
2fn+V       2m  *    2m+l      ^  o  ^ 

The  first  case  presents  results  resembling  that  of  an  even  whole  number ; 
the  third,  of  an  odd  whole  number;  and  the  second  is  altogether 
different  from  either,  since  it  gives  two  real  values  to  the  function  for 
every  positive  value  of  a+bx^  and  none  for  negative  values  of  the  same. 

1 37.  Required  the  discussion  of  y = (a + bx)*  r^,  when  n  is  a  fraction 
which  in  its  'lowest  terms  has  an  even  denominator.  Its  diff.  co.  has 
the  sign  of  (a+bxY'^inb — a — 6a:),  the  first  factor  of  which,  like  its 
primitive,  is  impossible  when  a+bx  is  negative,  and  has  the  sign  of  y 
when  a+6x>  is  positive.  Consequently,  the  sign  of  the  diff.  co.  depends 
on  that  of  y  inb  —  a  —  bx)  or  of  — by  {x — (n— a:6)}.  If,  then, 
xszn—aib  gives  a  +  bx  negative,  that  is,  if  bn  be  native,  there 
is  no  change  of  sign  in  the  diff.  co.  throughout  the  whole  range  of  the 
possible  values  of  y ;  and  the  diff.  co.  has  die  sign  of  — b  for  all  positive 
values  of  y,  and  of  4*  6  for  all  negative  values.  If  bn  be  =0,  the 
increase  or  decrease  of  the  function  (whether  it  be  that  6=0  or  tissO) 
depends  solely  on  that  of  r^.  But  if  6n  be  positive,  then  the  diff.  co. 
changes  from  the  sign  of  by  to  that  of — by  when  x  increases  through 
n—a:  b;  that  is,  if  b  be  positive  there  is  a  maximum  for  the  positive 
values  of  y,  and  a  minimum  for  the  negative,  at  that  value  of  x,  and 
vice  versd, 

138.  Required  the  discussion  of  the  function  cos  .r -fa  sin  .t.  This 
function  being  evidently  periodic,  it  will  be  sufficient  to  consider  one 
complete  cycle,  namely,  from  J7=0  to  a:=2'7r.  The  diff.  co.  is 
— sinx+acoso;,  which  becomes  =0  when  tanj:=:a,  to  which  there 
are  two  solutions,  one  less  and  one  greater  than  v.  Let  k  be  the  less, 
then  the  diff.  co.  is  — sin  x-\-  tan  k  cos  j*,  or  sin  {k — x)  :  cos  jc,  while  the 
original  function  is  cos  (ic—j)  :  cos  k.  If,  then,  KK^^it^  or  if  a  be  posi- 
tive, the  diff.  CO.  is  positive  from  j?=:0  to  x:sjc,  negative  from  x=zk  to 
a?=7r+ic,  and  positive  from  «r=ir4-«:toa?=2ur;  or  there  is  a  maximum 
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when  <r=ic  and  a  minimum  when  x^zif-^-K,  The  maximum  is  1 :  cosjc 
or  V(  1  +  ^*)  >  the  minimum  is  — V(  !+«*)•  But  if  jc>  J  t,  or  if  a  be 
negative,  the  words  positive  or  negative,  and  maximum  and  minimum 
must  be  inverted  in  the  preceding. 

And  the  function  itself  is  {a  being  +  )  positive  from  x=  0  to  a:=i:+ Jir, 
negative  from  a:=i:4-J*  to  j:=:ic-ff 'W,  and  positive  again  from 
j:=«:+f  IT  to  or =2^.  But  (a  being  — )  the  function  is  positive  from 
x=0  to  j?=i:~Jw,  negative  from  jr=:jc — J  x  to  d:=:»:+ J  tt,  and  posi- 
tive from  .r=ic+Jir  to  x=:2ir.  Both  of  these  may  be  thus  stated  in 
one:  cosjp+asinx  has  the  sign  of  a  only  when  j?  lies  between  i: — ^t 
and  IC+  i  IT. 

139.  Required  the  variations  of  sign  in  a  formula  of  the  form 

cos  (ax+  h)  cos  (0^0?+ 6')  cos  (a"x + 6") . .  • . 

Every  cosine  changes  its  sign  only  when  its  angle  passes  through  an  odd 
number  of  right  angles ;  so  that  we  must  examine  the  several  equations 

ar+fr=:i(2n+l)ir,  a'tr+6'=:i(2n+l)  x,  a"j?+6"=i(2n+l)ir,  &c., 

ascertaining  every  value  of  x  between  0  and  2ir  which  can  be  given  by  a 
whole  value  of  t? ,  positive  or  negative.  Arrange  all  these  values  of  j?  in 
order  of  magnitude:  then  the  sign  at  the  outset  being  that  of  cos  ^. 

cos 6^ .cos  b^' there  is  a  change  of  sign  whenever  x  attains  one  of 

these  values ;  but  if  two  of  the  values  of  j?  coincide,  there  is  no  change  of 
sign,  if  three  coincide,  there  is  a  change  of  sign,  &c.  For  if  a  number 
of  factors  change  sign  at  once,  there  is  or  is  not  a  change  of  sign  accord- 
ing as  that  number  is  odd  or  even. 

But  if  there  should  be  a  sine  among  the  preceding  factors,  as 
Bin(A:j:+/),  either  write  this  cos  (kx+l — Jr),  or  examine  the  equa- 
tion kx+l^=mr. 

140.  Required  the  variations  of  sign  in 

y=cos  (3a;  +  30*0  cos  (2jf+230°)  cos  (18°  -4x)  sin  (a:+ 15^). 

1.  As  to  3a:+30°.  The  limits  of  the  value  (within  the  cycle  from 
ir=0  to  jp=360°)  are  30**  and  12.90^+30°,  within  which  are  contained 
90**,  3.90**,  5.90^  1.90%  9.90%  11.90o,  to  which  the  values  of  a:  are 
20',  80%  140%  200%  260%  320°. 

2.  As  to  2ap+230%  or  2a?+2.9()°+50°.  The  limits  are  2.90  +  50° 
and  10.90°+ 50,  between  which  are  3.90%  5.90%  7.90%  and  9.90% 
and  the  values  of  x  are  20°,  110%  200%  290°. 

3.  As  to  18^— 2ar.  The  limits  are  18°  and  —(8.90°— 18°),  between 
which  lie— 90°,— 3.90%  —5.90%  —7.90°,  and  the  values  of  j?  are  54% 
144%  234%  and  324^ 

4.  As  to  «+ 1 5°.  The  limits  are  1 5°  and  4 .  90 + 1 5%  between  which 
lie  2.90°  and  4.90%  to  which  the  values  of  x  are  165°  and  845° 

AnrangiDg  these  in  order,  and  bracketing  those  which  occur  twice,  we 
have 

(20%  20°)  54%  80%  110%  140%  144%  165% 

(200^*,  200°)  234%  260°,  290%  320%  324%  345°. 

Now  when  x=0,  y=: cos  30**. cos 230°. cos  18°. sin  15%  which  is  nega- 
tive :  consequently  from  x^^O  to  ar=54°  (neglecting  20°)  y  is  negative, 
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from  a? =54°  to  arsrSO^,  y  is  positive,  and  so  on;  finally  from  x=345^ 
to  j=:360°  y  is  negative,  as  in  the  following  table : 


Lim.  of  X. 

0      54° 

54°     80° 

80°  110° 


y 


Lim.  of  or. 

110°  140^ 
140°  144° 
144°  165° 


+ 


Lira,  of  X, 
165°  234° 
234°  260° 
260°  290° 


Lim.  of  X, 
290°  320° 
320°  324° 
324°  345° 
345°  360° 


y 

+ 


141.  Every  expression  of  the  form  Acos  (a6  +  a)+A'co8(fl'd-f «/) 
+  • . . .  must  have  at  least  two  values  of  0,  which  make  it  vanish,  if 
a,  a\  ci' ,,. ,  be  none  of  them  evanescent.  For  if  not,  the  preceding 
expression  can  never  change  sign,  and  in  that  case  its  integral  ( A :  a) 
8in(aO+a)+. . . .  always  increases  or  always  diminishes.  But  the 
latter  expression  has  at  least  one  maximum  and  one  minimum,  since  it 
has  a  value  for  every  value  of  6,  and  that  value  must  lie  between  certain 
limits.  Consequently,  its  diff.  co.  has  at  least  two  values  of  Q  at  which 
it  changes  sign,  and  at  which  it  must  become  nothing,  since  it  cannot 
be  infinite. 

142.  Required  the  discussion  of  sin^^r.cos^  x,  the  diff.  co.  of  which  is 
sin' or  •  cos"  a?  (4  cos*  J? — 3  sin"j?),  the  sign  of  which  depends  upon 
sin  X  (4— tan'  j:),  or  sin  x  (tan"  49^  & — tan*  x).  Here  is  then  a  minimum 
when  ir=0,  a  maximum  when  a::=:49°  6',  a  minimum  when  jr=130°  54', 
a  maximum  when  j:=180°,  a  minimum  when  j=229°6',  a  maximum 
when  a:=:310°  54',  and  a  minimum  when  x=360°.  When  a:=0,  the 
function  =0;  whence  it  increases  till  j?=49°6',  when  it  becomes 
•09161,  from  which  it  decreases  till  j;=130°54',  when  it  becomes 
—  '09161.  It  thence  increases  till  j;=:180°i  when  it  becomes  0  again, 
after  which  it  diminishes  till  j?=:229°  6',  when  it  is  again  —  •  0916 1 .  It 
then  increases  until  j7=310°54',  when  it  is  '09161,  and  thence 
diminishes  till  x=:360°,  when  it  again  vanishes. 

143.  Required  the  discussion  of  {x — 1)"(3— a?)',  the  difi:  co.  of 
which  is  (ar— ly  (3— J?)*  (30 — 14jr),  the  sign  of  which  depends  on 
that  of 

(^-l)(^-!!!)(J?-3), 

when  <r<l,  the  function  is  decreasing  as  x  increases,  when  x  lies 
between  1  and  f }  it  is  increasing ;  when  x  lies  between  H  &Q<I  3  it  is 
decreasing,  and  when  x  is  greater  than  3  it  increases.  There  is  then  a 
minimum  when  j?=  1,  a  maximum  when  «=  (f ,  a  minimum  again  when 
j?=rd,  and  the  progress  of  the  function  from  a;  =  — cc  to^=  +  cc  may 
be  described  as  follows.  When  x  is  infinite  and  negative  the  function 
is  infinitely  great,  from  thence  it  diminishes  till  a:  =1,  when  it  is  =30 ; 
from  thence  it  increases  till  Jr=?},  when  it  becomes  2'*.y:1**;  from 
thence  it  diminishes  till  ir=:3,  when  it  is  ;=:0:  and  ever  afterwardait 
increases. 

The  questions  of  maxima  and  minima  which  present  themselves  are, 
with  some  exceptions,  only  of  interest  in  particular  problems :  I  give  a 
few  of  the  most  remarkable. 


144.  The  base  of  a  triangle  is  a,  and  the  sum  of  its  sides  b ;  required 
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tfie  greatest  triangle  which  can  be  drawn  under  these  conditions.    If  a?  be 
eoe  of  the  sides  and  S  the  area,  we  haye 


^=^(»'--^> 


and  the  sign  of  the  diff.  co.  of  this  is  that  of  6 — 2x ;  which,  x  increasing, 
changes  sign  from  -|-  to  —  when  a?=i6.  There  is,  therefore,  (page 
133)  a  maximum  when  the  triangle  is  isosceles,  and  the  greatest  area  is 

145.  A  four-sided  figure  has  a  for  the  base,  and  b  for  each  of  the 
other  sides :  what  is  the  greatest  area  which  it  can  have  ?  Let  6  and  <f) 
be  opposite  angles,  the  former  being  at  the  base:  then  the  area  is 
^ab  nin  0+^^*  sii^  <f> ;  which  is  not,  however,  a  function  of  two  indepen- 
dent variables,  since  a«+6*— 2aAcos0=26*— 26*cos^.  The  latter 
equation  gives 

a8m^.-r-=6sin^,  and  -7-=:*6    acosO-r- +ocos0  , 
d<p  ^  d(^     ^     \  d^  / 

S  being  the  area :  whence  we  find 

—  =  i  W  CO80  -^  +CO80  )=i6« ^r-^. 

d<p  \         Bm6  /  am  6 

Now  it  is  easy  to  see  that  9  and  <f>  increase  together,  as  long  as  the 
fiffure  is  convex :  whence,  Q  being  <»,  there  is  a  chanee  from  +  to  — 
when  d+4>=rx,  or  the  figure  must  be  capable  of  inscription  in  a  circle. 
Consequently  the  two  angles  opposite  the  base  must  be  equal.  Pre- 
cisely the  same  reasoning  will  show  that  any  four-sided  figure  of  given 
sides  is  the  greatest  possible  when  it  can  be  inscribed  in  a  circle. 

146.  Of  all  figures  contained  under  the  same  length  of  boundary,  and 
having  a  given  number  of  sides,  the  equilateral  and  equiangular  figure 
must  be  the  greatest.  Suppose  the  greatest  figure  constructed :  if,  then, 
any  two  consecutive  sides  be  unequal,  let  the  diagonal  which  is  their 
base  remain  fixed,  and  on  that  diagonal  construct  an  isosceles  triangle 
having  the  sum  of  its  sides  equal  to  the  sum  of  the  sides  of  the  triangle. 
Then,  all  the  rest  of  the  figure  remaining,  the  isosceles  triangle  added  to 
it  will  make  a  figure  of  the  given  perimeter,  'and  greater  than  the 
greatest,  which  is  absurd.  Next  let  any  consecutive  angles  be  unequal. 
Take  the  diagonal  on  which  the  three  sides  containing  them  stand,  and 
let  the  three  sides  move  on  that  diagonal  until  the  angles  are  equal. 
Then  the  four-sided  figure  which  has  that  diagonal  for  its  base  is  made 
greater  than  it  was,  and  the  rest  remaining  the^same  as  before,  a  figure 
of  the  given  perimeter  is  found  which  is  greater  than  the  greatest.  This 
Is'absurd,  and  putting  the  two  results  together,  the  conclusion  is,  that  a 
r^;ular  polygon  is  the  greatest  of  all  figures  having  a  given  number  of 
sides  and  a  given  length  of  boundary  or  perimeter. 

From  this  it  follows  that  a  polygon  of  given  number  of  sides  and  given 
area  is  least  in  boundary  when  it  is  regular.  Let  P  be  the  length  of 
boundary,  say  of  a  regular  pentagon,  whose  area  is  A ;  and  if  possible, 
let  the  same  area  be  contained  under  a  less  boundary  Q  in  a  certain 
irregiilar  pentagon.  Form  the  latter  boundary  into  a  regular  pentagon : 
then  the  area  of  the  last  is  increased,  or  is  greater  than  A.     But  since 


„  „  .Kt^BAl  ailCUUB.  \ 

380  O/PTBHawrMt-*"""'*®  \ 

Qi.Icw.bM  p.  the  ^nd  »*uhr  VfJ^^^^^  A™  fe 
fir,t ;  b«t  it  hM  id«>  a  ifroter  .«*  *t"<=^  "  »'»»^-  Htw.  fe  p^ 
poailion  readilj  ioDoirs.  ,  i^  n  _„4  -^       , 

™fthe  bountWy  of  .  «K«I.r/»Ij«w  be  P.  i«id«.numWrfw4«„, 

the  radius  of  the  circum scribed  circle  is  2^"J""''~,  wi  ll* stea ot 

P'  »  P'/JT  »\       „ 

ihc  polygon  is  T^-^'a"  — '  "'  4;l'^~**"T/  ***  ^"^  ^'<'» 

continually  iacreaMB  a»  t-^h  diminiihea,  since  the  diit,  m,  ot  i-^-isn  i 
j(  (ainx.coBJt— ij-i-siti**,  which  is  alwajrs  negative,  lincewnj. was 
—J  ia  i  (ein  ar— 2x),  Hence,  incrcMing  the  number  ot  iide»  wih- 
out  limit,  wc  find  that  the  circle  it  the  greatest  of  all  figures  under 
the  same  bouDdary. 

14?.  What  is  the  greatest  rectangle  which  can  he  insnilied  in  an 
ellipse,  whose  scTDidiameters  are  a  and  6  P  A  rectangle  cnu  only  he 
inscribed  in  an  ellipse  when  its  sides  are  parallel  to  the  seoudiameters ; 
and  if  iT  and  y  be  (he  coordinates  of  one  of  its  vertices,  the  area  of  the 
rectangle  is  4:rjr  or  4(6-r-a)xa:^(o'— i*).  Consequently,  j^Ca'-*') 
ia  to  be  a  maximum,  and  al»o  o'j? — x*.  But  2a'  x — 4j*  changes  sign 
from  +  to  —  {x  increasing)  when  x=i[J2.a  and  y=\'J^.h.  The 
area  required  is  2ab ;  and  the  greatest  rectangle  in  an  ellipse  is  lintilar 
to  the  circumscribing  rectangle,  and  of  half  its  size. 

148.  Find  the  shortest  line  which  can  be  drawn  through  a  given 
point,  and  terminate  at  two  given  straight  linca. 


Let  P  be  the  point,  and  OA  and  OB  the  given  straight  lioes  ;  let 
OU-a,  MPsft,  YOX=y,  OXY=*,  then 


/6COS0 


(H 


which  is  negative  when  0  is  ^mall,  and  continues  negative  until 
\  (sin(v+4')l'_      g    cos(v+^) 

1  I      ein^      \~      b'      COB  4.     ' 

\  the  least  root  of  which  equation  (0  being  unknown)  determines  the 

\  position  required.    This  might  be  reduced  to  an  equation  of  the  third 

\ 


MISCELLANEOUS  EXAMPLES  AND  DEVELOPMENTS.        301 

degree^  in  powers  of  tan  f ;  but  if  y  be  a  right  angle,  we  find  tan'0=&-7-a, 

and  the  shortest  distance  required  is  (i^+o*)*. 

Corollary.  The  equation  of  the  curve  which  is  such  that  the 
shortest  line  drawn  through  any  point  of  it  to  the  axes  is  a  given  length 

/,  is  x*+yi^^. 

149.  Of  all  'eircular  arcs  of  'given  length,  a,  to  find  that  which  with 
its  chord  incloses  the  greatest  space.  If  r  be  the  radius,  the  angle  at 
the  centre  is  a-f-r,  and  the  area  of  the  segment  is 

or      r^    .     a       ,        ,._,        .a  ,     a    ^  a         a 

-7-  — :r  *in — ,  whose  diff.  co.  is  -- — r  sin  —  +-:r-cos — , 
2       2         r  *  2  r        2         r  * 

which  is  positive  when  l:r  is  small,  and  becomes  nothing,  afterwards 
changing  aign,  when  a-f-rrzTr,  or  when  a  is  a  semicircle.  This  will  be 
seen  more  clearly  by  writing  the  preceding  diff.  co.  in  the  form 

a  cos'x  f  1 J,  where  j?=a-T-2r. 

Now  X — tan  x  changes  from  +  to  —  when  x  decreases,  passing  through 
]^  r,  which  happens  when  r  increases,  passing  through  a-f-^* 

Most  applications  to  geometry,  of  the  preceding  kind,  offer  little 
difficulty  except  in  the  determination  and  choice  of  the  equations  which 
must  be  found  previously  to  the  entrance  of  the  differential  process* 
We  shall  see  some  further  examples  in  treating  the  theory  of  curves. 
In  the  mean  while  it  may  be  observed,  that  when  it  is  convenient  to 
ascertain  the  maximum  or  minimum  value  of  <l>x  by  means  of  that  of 
i4>x)\  it  is  necessary  to  pay  attention  to  the  sign  of  </>x.  If  (q&«r)*  be  a 
maximum,  and  <f>x  be  then  negative,  ^  is  a  minimum ;  since  (page 
182)  the  criterion  is  deduced  on  the  supposition  that  the  magnitude  of 
quantities  is  interpreted  with  reference  to  their  signs.  Thus  it  is  possi- 
Ue,  that  by  finding  the  maximum  or  minimum  of  (0jr)'  we  might  infer 
that  <f>x  is  the  one,  when  in  fact  it  is  the  other.  When  the  diff.  co.  of 
(^)*,or  20x.^«,  changes  from  +  to  — ,  then  <|>'a?  changes  from  +  to 
—  if  0j?  be  positive,  but  from  —  to  -1-  if  </>x  be  negative.  But  if  </>x 
itself  change  sign,  passing  through  0,  then  (^x)'  is  a  minimum,*  though 
fx  is  not. 

I  now  take  one  or  two  instances  in  which  there  are  more  variableii 
than  one.  (Page  216.) 

150.  Required  a  point  within  a  triangle  whose  sides  are  a,  6,  and  c, 


*  Show  thai  in  such  a  cane  ^  and  ^  •4i^»  can  never  change  sign  together>heii 
« iaueaeeii  except  from  "^  to +• 
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the  sum  of  the  distances  from  which  to  the  vertices  is  a  minimum.  Let 
the  distances  be  p,  9,  and  r,  as  marked  in  the  figure;  and  let  the 
coordinates  of  the  required  point,  measured  from  A,  be  as  and  y.  Then 
we  have  {u  being  p+^+r) 

r'ss  (6  cos  A  —  j^y^-  (6  sin  A — y)". 

Let  the  angle  made  by  p  and  y  be  0«  let  that  of  q  produced  and  y  be 
V^,  and  that  of  r  and  y  be  x«     We  have  then 

dp       X       ,  dp  ^    dq  ,     ^     dq 

-r  = — =sm0,  ~-=cos0,  ~  =  — smV^,  -r=— cos^^, 

dx      p  dy  dx  dy  ^ 

dr  .         dr 

—=  —Bin  Y,  -r-=rcos  Y. 

dx  ^  dy  ^ 

— =0  gives  sin  <f) — sin  Y^— sin  x=0>    or  sin  0— sin  Y^ssin  x- 

du 

-7^=0  . . .  COS0  — cobY^+cosx=0,    or  C0S9— cosY^= — cosx- 

Add  the  squares  of  the  last  equations  in  each  line,  and  we  have 
cos(Yf — ^)=i,  or  the  supplement  of  the  angle  of  p  and  q  is  60®, 
whence  the  angle  of  p  and  q  is  120**.  Similarly,  it  may  be  proved  that 
the  angles  of  p  and  r,  and  of  q  and  r,  are  each  120**. 

This  is  a  case  in  which  it  would  be  a  long  process  to  apply  the  criterion 
of  distinction  between  a  maximum  and  a  minimum ;  but^it  is  sufficiently 
evident  that  a  minimum  does  exist  and  no  maximum.  Let  the  student 
now  prove  that  the  point  at  which  p*+9*+^  is  &  minimum  is  the  point 
of  intersection  of  lines  drawn  from  the  vertices  to  the  bisections  of  the 
opposite  sides,  or  the  centre  of  gravity  of  the  triangle. 

151.  What  is  the  'greatest  space  which  can  be  inclosed  in  a  quadri- 
lateral figure,  three  of  whose  sides  are  a,  6,  and  c,  in  order  of  contiguity. 
Let  0  be  the  angle  of  b  and  c,  and  0  that  of  a,  and  the  diagonal  inter-* 
secting  a  and  b :  then  the  area  is 

M= J  6c  sin  e+i^a^  (6'+c*— 26c  cos  6)  .sin  0, 

which  is  certainly  a  maximum  with  respect  to  0  when  0  is  a  right  angle. 
It  would  require  the  solution  of  an  equation  of  the  third  degree  to  deter- 
mine 6 ;  but  similar  reasoning  with  respect  to  y,  the  angle  of  c  and  the 
diagonal  intersecting  a  and  6,  will  show  that  y  nmst  be  a  right  angle. 
Consequently  the  four-sided  figure  must  be  inscribed  in  a  circle,  of 
which  the  side  not  given  is  the  diameter. 

It  may,  however,  very  easily  be  shown  that  1.  when  all  the  sides  of  a 
figure  are  given,  the  greatest  figure  is  that  which  can  be  inscribed  in  a 
circle ;  2.  that  when  all  the  sides  but  one  are  given,  the  greatest  figure 
is  that  inscribed  in  a  circle  of  which  the  unknown  side  is  the  diameter. 
Let  a,  6,  c,  &c.  be  the  sides,  and  let  (a  6  c  d)^  for  instance,  mean  the 
diagonal  which  separates  a,  6,  c,  d  from  the  rest  of  the  figure.  Then 
the  figure  abc  (abc)  can  be  inscribed  in  a  circle ;  for  if  not  a,  6,  c  could 
move  on  (a6c),  all  the  rest  of  the  figure  remaining,  so  that  cibc  {abc') 
should  increase.  Similarly,  bed  (bed)  can  be  inscribed  in  some  circle. 
Now  there  is  but  one  cu-cle  which  can  contain  the  triangle  6c  (6c)^ 
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which  18  common  to  both  the  preceding  quadrilaterals:  so  that 
the  same  circle  mu&t  contain  abc  (a6c)  and  bed  (bcd)^  or  abed  (^abed)  is 
inscribed  in  a  circle.  Similarly,  abcde  (abcde)  must  be  inscribed  in  a 
circle,  and  so  on.  So  much  for  the  figure  of  which  all  the  sides  are 
given :  now  if  one  side  d?  be  at  our  pleasure,  let  p  and  q  be  the  con- 
tiguous sides  (given)  ;  then  whatever  x  may  be,  the  greatest  figure  can 
be  inscribed  in  a  circle.  Now  in  the  triangle  xp  (ajp)  the  angle  of  (px) 
and  p  must  be  a  right  angle ;  for  if  not,  the  rest  of  the  figure  remaining 
the  same  xp^xp)  could  be  increased  by  altering  x,  so  that  the  angle 
mentioned  should  become  a  right  angle.  Consequently  jr  is  a  diameter 
of  the  circle. 

It  is  the  condition  of  a  polygon's  inscription  in  a  circle  that  its  suc- 
cessive angles  should  be  capable  of  being  represented  as  follows. 
Suppose  the  figure  to  be  of  seven  sides,  and  let  tf ,  /3,  y,  d,  ff,  ^,  ?;,  be  any 
seven  angles  whose  'sum  is  two  right  angles.  Then  all  seven-sided 
figures  which  can  be  inscribed  in  a  circle  are  contained  among  those 
which  have  for  their  angles 

a+/3+y+«+e,    /3-fy+5+€+4:,    y^^+s+i+ri,    ^+€+i:+n^a 

e+(+v+cc+P,    i+v+oc+fi+yy    i?+a+/J+y+8. 

When  the  figure  has  an  even  number  of  sides,  the  preceding  shows  that 
the  sum  of  the  first,  third,  fifth,  &c.  angles  must  be  equal  to  the  sum 
of  the  second,  fourth,  sixth,  &c. 

Examples  on  the  remaining  subjects  of  Chapter  YIII.  will  be  found 
in  the  two  following  chapters.    I  now  proceed  to  Chapter  IX. 

152.  Any  one  function  of  x  may  be  considered  as  a  function  of  any 
other  function  of  x :  thus,  if  y s=^j?,  z^yjiX^  the  elimination  of  x  gives  a 
relation  between  y  and  «,  which  may  be  reduced  to  the  form  y^xz. 

Let  y  and  z  be  two  functions  of  x  which  vanish  together,  and  such 
that  z  :  y  can  be  expanded  in  the  form  A+Ai2+Ata^4-  •  •  •  • :  then  P 
being  any  other  function  of  x^  which  may  be  transformed  into  a  function 
of  either  y  or  a;,  it  follows  that  when  z:=0 

rf"P      <f~*     (dp  /  z  \*1 

j-i  ^j-^r  ]  T"-  (  — )  (•     (Called  Burmann's  Theorem.) 

In  order  to  prove  this,  it  is  necessary  first  to  prove  the  following : 
Let  2  :  y=:t;  then,  when  4r=:0, 

Since  /=?A+Ai2+ A««*+  • . .  •  we  know  that  <•"'  must  take  the  form 
B+B|Z+  ....  and  y'  iT  is  «'  <""%  or  B«'+Bi«'+'+  - . . .  •  which  diffe- 
rentiated with  respect  to  2,  n  times  following,  n  being  >r,  the  only  term 
independent  of  ar  is  that  obtained  from  B»_r  ^^  which  gives  n  (n  —  1 ) . . . 
2.1  B,«,,  when  n=  or  >r,  and  0  when  7i<r.  But  B^,^  is  the  coeffi- 
cient of  ar*"'  in  the  development  of  <*",  or  the  value  of  the  (n — r)th 
difil  eo.  of  r^  divided  by  1 . 2 . 3  •  • .  (n — r),  when  jt =0,  Consequently 
(when  z^O) 


i 
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<f  (y^r)      </"(;g"r-^)_w(n~l) 1    rf^.r"" 

djs-      ^       dz'       ""l.2....(n— r)*     dar" 

=  n(n— 1).  .>.(n— r+I)     .  '  -, 

Again,  y  — r-=wy'^"  *  —srw^'f^^*  —  = 2'—; — 

^        ^    dz        ^         dz  dz     91— r        dz 

=  -^  «'  (B»+2B^+3B,««+ )  =— ^  (Bi*'+2B,jr'+'+ ) ; 

n — r  n— r 

which  with  all  iu  diff.  co.  up  to  the  rth  ezclusiYe,  vanishes  with  z.  If 
then  n  be  greater  than  r,  the  (/i — l)th  diff.  co.  of  the  preceding  is 
reduced,  when  z=0,  to  (n  :  n — r)  x  (/t— 1) ...  .2. 1  X  (n — r)  B,_r»  or  to 
n  (n  —  1) . . .  2 . 1  B.^,  which  has  been  found  above.  Consequently 
(when  z=0) 

and  the  same  is  =0,  when  n=  or  <r. 

By  Maclaurin's  theorem  P=Po+P'o.y+P"o(y*  '.2)+ where 

Pq,  P'o  are  the  values  of  P,  considered  as  a  function  of  y,  and  its  diif. 
CO.  with  respect  to  y,  when  y=:0,  which  gives  also  2  =  0.  Multiply  by 
f,  and  differentiate  n  times  following  with  respect  to  2,  which  gives 

vhich,  when  s=0,  is  the  same  as 

all  the  following  terms  disappearing,  by  the  preceding  theorem.  Again, 
multiplying  P  by  ct.T  :  dz^  and  differentiating  n — 1  times  with  respect 
to  2,  we  have 


d*^'  \    dz)      * d*"-'  dg  ^    •ds-'  V    <^«  J 

-»--R»-^+ ' 

vhich,  when  z=0,  is  the  same  as 

which  has  one  term  less  than  the  preceding,  since  D*  (y  T)  does  not 
vanish  until  r^n^  while  D*'^  (y'  DO  vanishes  when  r  is  eqiud  to  n. 
We  then  evidently  have  (when  z=0) 

±  (vn-^  fp  *"Vp<-)  or  i^l  /"^  r  V^       ■ 
5?(PO-5^(^P^J-P}\  or  ^p^^_.rj_— , 

which  is  the  theorem  above  stated. 

For  instance,  let  z^su^—l^  yzTj;—!,  which  both  vanish  when  «ssl, 
and  vanish  in  the  ratio  of  2  to  L    Let  P=:x^9  we  have  then  j 
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when  ^=1,  and  y=0,  and  2=:0,  the  first  becomes  2a  (2a — 1),  and  the 
second  4a(a— l)+2a,  which  are  evidently  equal. 

153.  Required  the  expansion  of  yx  in  powers  of  <ps.  Let  a  be  one 
of  the  roots  of  ^r,  and  let  y=0x,  z^x — a.  Consequently,  y  and  s: 
vanish  together,  and  in  the  ratio  (page  173)  of  (p'a  to  1,  which  is  finite* 
unless  there  be  two  or  more  roots  equal  to  a,  or  unless  ^'a  is  infinite  : 
exclude  these  cases.     Again,  since  z=x—at  we  have 

dx  "^  dz'  dx"^  dz*     dj^  ^dz  dz'  dx'^  dz*^ 

the  bracketed  diff.  co.  standing  for  the  values  when  ^=0,  or]  when 
j=a.    But 

/drfx\      fdr'  fdfx  7^  -NX 

in  which  x  is  a+z:  which  is  not  altered  by  writing  x  for  ;:  in  the 
symbols  of  differentiation.     We  hare  then 

/f'x  (x-a)\  .        d  /^j?  (x - ay\  (<Ar)* 


2  being  made  =:a  in  the  coefficients  of  0jr,  (^x)',  &c.  Observe,  that 
these  coefl&cients  are  results  independent  of  x,  though  written  so  as  to 
show  how  they  are  obtained  from  x. 

154,  Show  that  the  preceding  becomes  Taylor's  theorem  when 
^x=:x — a,  and  also  that  Lagrange*s  theorem  may  be  deduced  from 
Burmann's,  by  making  ;s=x— a,  y=(.T  — a)  :  0x. 

155.  Required  the  development  of  Y^''x  in  powers  of  x,  (/r^x  being 
the  inverse  function  of  ^,  or  <f>  (0~'x)=x.  Write  0~'x  for  x  in  the 
preceding,  and  we  have 

.^  I       .    .  /V^J?  i^-a)\       d  /yff'x .  (x  -  ay\  x» 
d*  /V^'x(x-fl)'\   x» 

'*'5J«^""70^~;2:3+'--- 


s 
3+.... 

X 
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For  example,  let  ^ss(«--a)  r^»  then  to  fin4  ^'^'dria  the  sa&e  as  find- 
ing y  in  the  equation  j?=  (y — a)  £^ :  and  the  theorem  g^vea 

^    ^^      ^        2^         2.3^         2.3.4^ 
156.  If  0?  and  it>x  vanish  together,  we  have 

^"'''^♦iy  '^'SV^j  •  Y  +5? V^y  278+'  •  •'* 

making  j?=0  in  the  coefficients.  Let  ^a;=(ur+&J7*+ca*+er*-H.  ••  •) 
so  that  the  determination  of  ^"'j?  is  equivalent  to  finding  x  in  terms  of  « 
from  v=aj?4-6jr*+». ..,  as  in  page  157.  We  have  tiben  (x-T-0Jfy= 
(a-4-6j74- . . .  •  )^,  which  can  he  expanded  in  positive  powers  of  j?,  unless 
a  he  £=0  (an  excluded  case.)  The  value  of  the  (n— l)th  diff.  co.  of 
(a+bx+  • . .  .)"*>  when  tr:=0,  evidently  results  fiv>m  the  tenn  which 
contains  x*"*,  (say  A,«iJ^'),  and  is  (»— l)(n  —  2)  .,  ..1  A^^i. 
Dividing  this  by  1.2.S....n,  and  multiplying  by  jf ,  we  have  A«.| 
af-2-nfor  the  general  term  of  0"'j?.  Now  in  (64.)  we  have  found  the 
development  of  the  powers  of  a-4-6jr4-  •  •  •  •  when  azl,  whence  if  in 
that  development  we  write  — n  for  n,  6 :  a,  cia^  &c.  for  6,  Cy  &c.» 
and  multiply  the  whole  by  a~*,  we  shall  have  the  development  of 
(a+ 6j?+  . . . .  )"".  Let  P,^,  denote  the  coefficient  of  aT  in  the  devdop- 
ment  of  (a+ix+ . . .  .)""•  «^d  ^©  fa*^  (^0 

P^»  =  l:a;  P,.,  =  -26:a»;  P^,=-^+^* 

p     ___4c    206c     206*     «     _      5/     15  (26g4.c»)     lOSft'c    706* 

*^^*"~    ^+"5"""^'  ^**""?"^        St  ;?"  +  "^ 

p     _      6g      21  (26/+2c<?)      56(8fe'g4-86c«)      126  (46'c)      252  6' 

p     _      7A      28(26g+2c/-fe«)      84(36y-f  66ce-hc») 

210(46'e+6  6»c*)      462(5  6^c)      924  6« 
a"  a"         "*■    a" 

Bttt  0-**«Po,i*+^Pi..x»+~P...  *»+ JP^4  '•+5P4.*  **+...•; 

whence  we  have  the  following  result :  if 

Then        j?=:— 6-^+  (26«^ac)  ^-  (56"— 5a6c+aV)— 


+  (146*— 21a6««+3«'26e+c'-a"/) -!!^ 


-  (426»— 84a6"c+28a«6«c+6c«— 7a"6/-l-cc+a*^)-^ 


X1326?- 330fl6*e+ 30a«  46»«  H-66*c«—12a»  36^-1- 66ce+ c* 
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—  &c.  +  &c.  —  &c. 

Hhb  agrees  with  page  158,  aa  far  as  the  latter  goes. 

157.  Retaming  to  Burmann's  theorem,  let  ysfx,  x^x^^  ^  *^^  X^ 
h&ving  a  oommon  root  a,  and  vanishing  in  a  finite  ratio.  It  is  required 
to  expand  fx  in  powers  of  <px.  Transform  s^x^^  ^^^  x=x~*'>  ^^^^^^ 
"f x  and  ^;r  made  functions  of  z  are  '^x"^^  ^^^  ^~*^*     -^'^^ 


f 


f 


158.  We  proceed  to  some  exercises  on  the  separation  of  the  symbols 
of  operation  and  quantity,  (page  163.) 

If  a4aijr+aa.T*+ ..  ..=^9  by  0A.6'we  mean  to  represent  ab+ 
Ox  A^+Ot  A'6+  • . . . ,  where  A6,  A'6,  &c.  are  differences  formed  from  6» 
6),  6t,  &c.    Thus  A'6  means  6^— 86t+36i— 6,  (page  77.) 

(a+x)(a— jr)=a^— x*:  required  the  exhibition  of  the  meaning  and 
proof  of  the  theorem  (a+A)(a— A)  6=o«6— A«6.  By  (a— A)  6  we 
mean  that  the  operation  performed  on  h  is  the  subtraction  of  its  differ- 
ence from  its  ath  multiple;  which  gives  ah — A6  or  a6— 6|+6.  On 
this  the  operation  a+ A  is  to  be  performed,  which  gives 

a(a6-fc,+*)+(a&,— 6,+6i)— (a6-6|+6),  or  a«6— (6,— 26|+6), 

which  is  a«6- A«^,  or  (a*— A*)  b. 

159.  /^•(JT  represents  a  finite  number  of  operations ;  being 

a+«iAO"+a,A«0»+....+a.A"0"+a.+iA»+»0"+...., 
in  which  (38.)  all  the  terms  afler  a*  A"  0*  vanish. 

160.  HerteheVs  Theorem.*  Let  it  be  required  to  develope  /(O  in 
powers  of  «.  This  might  be  done  by  Maclaurin*s  theorem,  or  by  making 
^jTslogx  and  a^l,  in  (153.)  But  it  is  the  object  of  the  present 
theorem  to  exhibit  the  coefficients  in  terms  of  the  difierences  of  the 
powers  of  nothing,  operated  on  in  a  manner  depending  on  the  form  of 
the  function  /.    By  Taylor's  theorem 

ff^fl+fl  («--i)+/'l  ^£=il*+/"'l.  ^^^^V 


•  •  •  • 


/AO        AO*  \     f'l/A*0*         A*0*  \ 

(60.)      =:/l+/'l(J,+  ^,«+..)+y(-j^^+^3^+..) 

*•  ^  M  I  ,   _  ^  »*  *t"  _   _.  _    -  »xr  +  ...»  I "T"  •  • .  • , 
2.3V1.2.8         1.2.8.4  / 

from  which,  if  we  pick  out  the  coefficient  of  x",  we  find 

*  Given  by  Sir  John  Htrscbel  in  his  Examples  </  ^^<  Caicuhu  of  Difirencet, 

X2 
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Carry  on  the  series  in  brackets  ad  inJinUum^  and  no  difference  is  made, 
since  A""*^  0*:^0  in  all  cases.  In  this  case  the  operations  performed  on 
O'are 

|/1+/I .  A+/'l  ^+  •  •  •  •  }  ^"»  abbreviated  into /(I  +  A).0",  whence 

/€'=r/I+/(l+A)0.4?+/(l  +  A)0^■|V/(l+A)0^^+ 

This  theorem  may  be  used  either  to  discover  unknown  scries  by  means  of 
the  differences  of  nothing,  or  to  establish  relations  between  those  differ- 
ences by  means  of  known  sei'ies. 

161.  The  following  method  of  demonstration*  exhibits  the  preceding 
theorem  in  a  very  striking  point  of  view.  The  several  terms  j*,  x\ 
of ....,  considered  as  particular  cases  of  x*,  may  be  represented  by 
x\  (1+A)  j/*,  (1-f  A)* jj«,  &c.     Hence  Maclaurin's  theorem  becomes 

4)a:=^O.x'+0'O.(H-A)i;o+5^"O.(l  +  A)«iJ^+.... 

= J0O-|-0'O.(l+A)+i^"O (1+A)«+  . . . .}  a*, 

which  may  be  abbreviated  into  4>  (1  +  A).a?®. 

Now  a;'=:o'+  logx.a+-(logT)'.a'+  ...,  on  which,  if  the  operation 
^  (1  + A)  be  performed,  a  being  then  made  =0,  we  have 

^jr=0(l+A).O»+0(l+A)OMog:r+0(l  +  A).O«.^^— +•..., 

in  which,  if  we  write  £*  for  x,  we  have  the  theorem  of  the  last  article. 

162.  Showthat    ^,|/'x(^^J}=/(l+A).0-wIienx=l. 

163.  Required  the  expression  of  Bernoulli's  numbers  in  terms  of  the 
differences  of  nothing.  By  definition,  B.,  the  7ith  such  number,  is  the 
coefficient  of  j:"-r-[//]  in  the  development  of  x  :  (s' — 1)  ;  and  (17.)  the 
coefficient  of  a;•-^[n]  in  that  of  1  :  (£*+ 1)  is  -B,+,  (2"'^*—l)  :  («+ 1). 
But,  ^'  being  I :  (£*  +  1),  tlie  same  coefficient  is  /( 1  4-  A)  0"  or 
{1  :  (2  +  A)}0',  whence  we  have 

_       n+1         1  n+1    /O"     AO"    A«0"  A*(y\ 

since  A""*"*  0%  A"+'  0*,  &c.  are  all  equal  to  nothing.  It  is  necessary  to 
retain  0":  2,  for  though  it  vanishes  when  n  is  >0,  yet  when  n=0, 
0^=1,  which  makes  the  preceding  series  perfectly  general.  And  since 
B.4.i=0,  whenever  n+1  is  an  odd  number  greater  than  1,  or  when- 
ever n  is  an  even  immber,  we  must  have 

A0«"     A»0«-     A'O*-  A^O*"    ^     ,       ^, 

To  verify  this,  when  2/t=6,  we  have 

*  Given  by  Sir  W.  Hamilton  in  the  Tran%,  Roy,  frith  Acad. 
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1  62     540     1560      1800      720_ 

2  4         6  16    "^   32         64^ 
For  the  value  of  B«  (nsr7)  we  have 

5_i      1    .126      1806     8400      16800     15120     5040) 1_  * 

255  I      4  "^   8    *"  16    "^  32    "^    64  128  ""  256  >  ^     30' 

164.  Show  from  x  :  (6*— 1),  or  log  6' :  (€*—  1),  that 

„      ^    AO"      A*0»  ,  A"0"      " 

r     •    ,  n  1^14      36^24  I 

For  iMtance         3*=  — x  +—  — r-  +  —= 


2  •  3       4       5         30 

165.  Required  the  development  of  cos  (as*).  Here  yx==coBax, 
/(1-f  A}=co6  (a4-a^)=C0B  a  .cos  aA — sin  ^  .sin  aA,  or 

/(l+A)=ca.a(l-^+^-....) 

C08(a6')=co8a  +(coBa.O— aBina)a?  ^ 

J* 
+ (cob  a .  0*— a'— a  sin  a) — +  . . . .         .j 

This  may  he  readily  verified  hy  Maclaurin's  theorem ;  hut  the  deve- 
lopment is  easier  hy  this  method,  with  the  tahle  in  (38.))  than  hy  the 
direct  use  of  that  theorem. 

166.  If /«'=^,  it  may  he  shown  that  {log(l+A)}-0"=0  in  aU 
cases,  except  when  n^=:'a^  in  which  case  it  is  =1 .2.3. .  •  .a.  Also,  if 
yx=a*,  it  follows  that  (1+A)*0"=a"  for  all  values  of  a,  which  was 
known  hefore  in  the  case  of  whole  and  positive  values.    Thus 

( 1  +  A)-»  0-=  0"—  A0"+  A*  0*— ....  ±  A"  0"= (— 1  )• 

(1 + A)^ 0-=:0»-2A0"+ SA« O"— . . . .  ± (n+ 1)  A" 0'=(— 2)-. 

167.  The  preceding  result  is  even  true  when  the  exponent  is  incom- 
mensurahle  or  iropossihle.  Thus,  the  second  of  each  of  the  following 
pairs  verifies  the  first. 

(1+A)^'0«=:0«+V7.A0'+V'?^^^A«0« 

I 

f    ■ 

( I + Ay+^^o«=o«+(i + V=T)  Ao«+  (1 + V=T)  ~  A 
(i+V^)«=i+/ri+/^- 1. 

168.  The  following  propositions  may  he  easily  proved  hy  con- 
sidering the  functions  of  c%  in  which  the  operations  set  down  will  he 
coefficients. 
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{(logl+Ay./AlO-soCa— l)....(a-n+l){/A}.0« 
{/.(l  +  A)-}.0'=ii*{/(l+A)}0' 
{/(l+A)+/(l+Ar»}0«-»=0         {/(l+A)-/(l  +  A)-*}0^=:0. 

Thus,  in  the  iecond  instance,  the  first  side  is  the  ooefficieat  of  x*  :  [a] 
in  the  eipvision  of  /s^,  which  is  n'  X  the  same  coeffident  in  that 
of/f. 

169.  To  express  a  function  of  differencep  as  a  function  of  diff.  co. 
Let  u  be  a  function  of  j?»  and  let  kss^x,  ii|=:f  C^+A)*  «i=:0  (x+2A)9 
&c.y  from  which  let  difierences  be  taken,  namely  Au=:ui — u,  A^= 
tit— 2i^i+v,  &<^«    Let /A.u  be  the  function  in  question,  that  is, /A 

being  a+a|A4*ai^*+ » /A.u  means  att+aiAu+atA*u4-.. .  • 

Then,  Au  being  (g"'— 1)  u  (page  165)  we  have 

/A.«=/(€*">-l).u=|/0+/A.O,*D+/A.O»^+..-.}i*. 

Hence  flu+o,Att+a,A'M+. . .  .=:/D.w+/A.O  —  A 

/A.O-ii«u       /A.O'd-ii 


/D=ff,    /A.O=a,AO,    /A.O*=a;AO'+a,A«0*,     &c. 

170.  To  determine  au«+^it«,+i+^t<«+t+ .  •  •  •  in  terms  of  differences 
and  diff.  co.  of  n,.  Here  the  total  operation  performed  on  t/«  is 
o+a,(l+A)+a,(l+A)«+....,or/(l+A),  or/«^.     Hence 

f'l 
at/,+  aitt,+i  + . . .  •  =/l . tt+Z'l .  Au,+^  A'  tt,+ . .  • . 

=/l.u+/(l  +  A),0-+ ^ _+____+ 

171.  Let  Y'*  =  <l>*  +  0(«  +  l).«  +  ^(*4"  «).«•+ :  then 

Yrx={l+a(l+A)+....}0j?=l  :(1— a— aA)0x 

1      A 
Let  A=a  :  (1— a),  then  yj:=:-  ; — rr^' 

a  1 — A  A 


•*"A*«{jA^}„,,,„{_A_l„.»4^{_A_-)...*_: 

AAO'+A'A'O* 
( 1—  a)  V^j:=0x+  AAO  .  <j)'x  + ^ <|)'^jp 

AAO'  +  A'A'OHA'A'O"     ,„ 


"'x 


g+... 


2.3 


«^"'x+ 


172.  The  coefficients  in  fx  are  these  in  the  expansion  of  1  :  (1  — oc*), 
and  if  a=  I  the  expression  fails  to  give  a  series  in  a  finite  form.     To 

find   the    sum   of   the  terminating  series    0x+0(<r+l).a+ 

+0  (x+y — 1)  a*""\  we  have  evidently  yffx—f  (j+y)  .fl^,  and 

(l-o){Y'X-Y'(x+y).a»'}=(0x-.o»0y)+AAO(0'x— o'^Cx+y)) 

AAO*+A*AO« 


+ b —  (f'y-«'*"(*+y))+ 


1 


2 


•  •  ■ 
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But  if  a=s — 1^  or  A= — -,  the  ezpression  in  (17.)  gives 

2  2.3.4  0     8.8.4.5.6    +•••'• 

the  counterpart  of  (69.)  :  verify  it  from  what  precedes. 

173.  If  X  he  a  great  number,  show  from  the  last  that 

jr+ 1  *  x+3*  ar+5 x+2y+ 1  ""V  jp+2y+2*  "^  ^' 

1*74.  If  the  value  of  y^x  in  (171.)  be  reduced  to  a  simple  function  of 
a  and  «,  it  will  become 

1  a 

^+0  (J?+1)  a+0  (Jf +  2)  «•+...  =^ ^•'+71 Ti^'* 

1— a  (1— 'fl^ 

"•■(l -ay "2"  "^  <!--«)*      a.S**"  (I— «)»  2.3T4 

a-f26«'-f66a'+26g*-ho^     0"j 
■*■  (1— »)•  2.3.4.5'*' 

175.  In  the  result  of  (69.)  we  may  observe  that  the  series  contains  a 
.    part  which  does  not  depend  on  j?y  but  onlv  on  the  specific  value  07=0, 

and  which  is  in  fact  an  arbitrary  constant  of  an  infinite  number  of  terms, 
depending  on  the  beginning  of  the  series.     Calling  it  C,  we  have 

6  2       30  2.3.4 

where  the  constant  of  the  integral  is  also  contained  in  C.  We  shall 
now  show  how  to  use  this  series,  which  is  most  available  in  cases  where 
the  diff.  00.  of  y«  diminish  rapidly.  It  Ihust  be  remembered  that  2y« 
ends  with  y^|. 

176.  Required  1+—  +— + ....  +(7iriy.=^-^- 
^l_p./.df_ll       n     1     ,«(n-M)(n+2)_l 

Add  1 :  x^  to  both  sides,  and  we  have 

,.  4.1-r  ^  .1  «         n{n+l)(n+2) 


23f,=C+/y-^^-k+z^i'-^ 


7 » • •  •  •> 


aT""^    (n-^l)jr-»^2*"      12:f"+»^        720jf^ 
except  only  when  n=:l,  in  which  case  the  two  first  terms  are  C+logx. 


312  DIFFBRBNTIAL  AND  INTEGRAL  GALCULU8. 

To  determine  C  we  must  calculate  one  value  of  both  sides  of  the 
equation  in  some  particular  case :  thus,  if  n:=  I,  and  if  we  take  the  case 
of  xr=  10,  we  shall  6nd  by  calculation  2*9289683  for  the  first  side;  and 
therefore 

2-9289683=C+logl0+;^— -i-  +\^JL^^- 

**         20      1200      1200000 

which  gives  C= -5772157  OoglO  being  2*3025651) 
l+S+----+l=-5772157+logjr+l--l.+     ^ 


V   •  •   • 


•  •  • 


2  •«  °       2x      12x«  •  120x* 

Thus  we  see  that  the  series  of  reciprocals  of  whole  numbers,  when  x  is 
considerable,  increases  with  the  (Naperian)  logarithm  of  the  hut  number, 
nearly. 

177.  liCt  the  series  be  log  l+log  2+  • . .  •  +log(x— l)=:21ogj:. 
21ogx=C+/log^dr—logx+—-3i -+...• 

logl+ • .  .+loga?=C+(loga:.T—a?)+-log ar+jg^ --ggg ^pl- .. . . 

In  this  case  we  have  already  shown  (126.)  that  the  preceding  approaches 
to  log  (-/(2irjr).jf  c  ')  or  logV(2ir)+-loga:+xlogjr-jr:  consequently 
C=logJ2T,  and 

178.  Show  that  aiAr/^— a,A%.+asA^,—  •  •  •  • 

and  also  that   fl^^+ai0'a:. A+a,0"a?  — +a,0'"d:5— +  • .  •• 

179.  To  expand  A"y.  by  means  of  differences  which  can  be  obtained 
without  using  y,+„  y^»  &c. 

A-y,=A-(l  +  A)'.y,==(l+A)'{^^(l-j|^)}V, 

r  A  n+l      A*  1 

=A«(l+A)-"{l+»^^4„_^-^-j^.+  ....}y. 

= A"  y._,+nA"+«y.^,  +n  ^  A"+*y..*^'+ .... 
ISO.  In  (61.)  it »  shown  that 

j-^=i +v.,+ v.^+v...+ . . .  .{v.4  V.= -1.  &c.}. 

For  X  write  x  :  (I— or),  whence  the  first  side  becomes 

or r :  whence 


(1— a?)log(l-.jr)'  "  1^:f 
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=  1 -x+Vi or+V,  (a!'+a:»+ . .. .  )  + Va  (a;*4-2j:*4-3x'+ . . . .) 
+ V4(a:*+3aH»+6a;«+ • .  .•  )+V<,(j'+4j*+ 10j'+,  . . .) 

+  (V,+3V,+8V,+V.)a*+  (V,+4V,+  6V4+4V.+V,)  0;-+  . . .  • ; 
whence  V,+V,=:— V„    V,+2V^+V,=:V„    &c- 

V.+,+nV,+,+7»^  V.+ . . . .  +7iV,+V,=(-. !)•  V,. 

181.  In  (67.), -yj*y,dr  was  expanded  in  a  series,  the  variable 
part  of  which  was  (yM=y«  y(»-i)#=y,-ii  &c. . .  • .) 

which  (179.)  is  2y.+V,y,+V«(Ay,.i+A«y,..+A»y..s+ . . ..) 

+V,(A*y^+2A»y,.,+3A*y^+ ....) 
+V,  (A»y,.,+8A*y,.a  6A«y^4- .  • . .) 

+ 

=2y,+ V»  y,+V.  Ay,.,  +  (V.+V.)  A*  y^.+(V,+2V3+V,)  A* y..,+ . . . 
=Zy,+V,y,+V.Ay^j-V,A«y^+V,A»y^-V,A«y^,+  ..^. 
Joining  to  this  the  constant  part,  the  same  as  in  (69.))  we  have 

l/Ty.  ^=2  y-+ Vi  (y^-yo)  +V.  (Ay^-Ayo)  -  Vs  (A«y,^+A«y„) 

+V,(A'y^^-A'y,)-V,(A*y„^.,+A*yo)+.... 

If  the  limits  of  the  integral  be  a  and  a+nd^  we  have,  by  similar 
reasoning, 

g/:^"*y.^=y-+y.+»+  •  •  •  •  +y«+(i.-m+ v.  (y«+iie-y-)+ .  • . . 

The  use  of  this  theorem  in  approximating  to  the  values  of  definite 
integrals,  is  called  the  method  of  quadraiures^  from  its  most  obvious 
application  being  the  determination  of  the  area  of  a  curve  in  square 
units,  which  is  the  arithmetical  problem  answering  to  the  quadrature  of 
a  curve*  or  the  determination  of  a  square  which  is  equal  to  its  area.  The 
two  first  terms,  V|  being  j^,  make  upiy«+y«+«+*  •  •  •  +iy«+ii«}  &nd  the 
theorem  may  be  thus  exhibited : 

/:+^  y.  dx=:  (i  y.+y.+.+y«+»+ ....  +y.+c.-i)«+ i  y-+««)  ^ 

0  B  IQ  0 


30  8636 

(A*ya4,^^+A*  y.)— sn^  (A»y.+,,.M-A*ya)— 


160  ^     ^-^^''-«'  •  -  ^'^     60480 


182.  As  an  example  of  the  preceding,  in  a  case  which  can  easily  be 
verified,  we  propose  to  find  y  log  xdx  from  jj-sU  to  a:=20.  We  have 
then  a:=ll»  710=9,  let  n=9,  6^1.  Taking  a  table  of  hyperbolic 
logarithms,  we  find  the  following  l<^arithms  and  differences : 
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No. 

n 

Log. 

A+. 

A«-. 

A«+. 

A*-. 

A»+. 

2-39789527 

0-08701138 

0-00696867 

0-00103393 

0-00021429 

0-00005540 

12 

2*48490665 

0-08004271 

0-00593474  0-00081964 

0-00015889 

0-00003859 

13 

2-56494936 

0-07410797 

0*00511510 

0-00066075 

0*00012030 

0*00002755 

14 

2-63905733 

0-06899287 

0-00445435 

0*00054045 

0-00009275 

0-00002005 

15 

2-708a5020 

0-06453852  0*00391390 

0*00044770 

0-00007270 

0*00001497 

16 

2-77258872 

0- 06062462  0-00346620 

0-00037500 

0*00005773 

17 

2-83321334 

0-05715842 

0-00309120 

0*00031727 

18 

2-89037176 

0-05406722 

0-00277393 

19 

2-94443898 

0*05129329 

20 

2-99573227 

Jlog  11  +log  12+ +log  19+ilog  20 

-  {0  •05129329--0*^8'r01138}-i-12 

-  {  -  •  OOa'JiagS—  •  00696867  }-7-24 
- 19  {•00081721 --•00103393}-r720 

-  3  {- •00005773—  00021429  }4-160 
—863  { -00001497  -  -00005540} -5-60480 


=5  24-53439011 
=  +  -00297651 
=  -f  -00040594 
=  +  -00001891 
=  +  -00000510 
=  +   -00000058 


24-53779715 

Nowy*log«r(irsa?log«— d?,andy*Slogxdrs:201og20— lllogll— 9 
= 20  K  2  -  995739274  - 1 1 X  2  •  397895273  -  9=24  •  58779748 ; 

or  the  preceding  approximation  is  true  to  six  places  of  decimals. 

183.  The  smaller  the  value  of  6  in  the  preceding  example,  nO  being 
given,  the  more  nearly  iy«+y«+»+  •  •  •  •  +iy«+ii»  approximates  to  the 
▼alue  of  the  integral.  If,  for  instance,  we  were  to  divKle  d  into  ten  parts, 
andif0=lO\,  then 

iy.+y.+A  +....+  (y«+io;i.  or  y^)  +y.+ia+ ....  +iy.+i««jt 

is  much  more  near  to  the  required  integral.    The  following  questions 
will  illustrate  this,  and  at  the  same  time  introduce  a  useful  theorem. 

184.  Required  the  development  of  t<=:«:  {(l+<v)"— 1}  in  powers  of 
s.    Here 

tt(l +«)•=«+«;  V(l+«)"+»«(l-hJc)""'«I+«\ 

tt^*^  (l+*)"+A7iu<*-'><i+x)*-'+ . . .  +[n, «-Ar+l]tt(Uar)-*=t/*>. 
Let  x=zOf  and  let  U,  U',  &c.  be  the  values  of  t/,  u',  &c. ;  then 


U'+nU=rI  +  U' 
2«U'+n(7i-l)U=0 

3nU"+3ft(n-l)U'+n(n— 1)(«-.2)U=0 


J* 

U'=- 


n-1 


in 
„_(n-l)0»+l) 


U"=s 


6n 


4«U'»+«n(n- l)U''+4[n,n-2]U'+[»Hn-8]U=0  U"'=  .<*~^X«+1) 
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MO^^'+lOnin    1)  U'"+ .. .  .+[»i,n-4]  U=0 

U''=  (n-l)(n+l)(19~7i«) 

30n 

6nir+15n  (n-1) U''+ . . . . +[n,n— 5]  UssO 

4n 
7iiU^+21n (n- 1)  U'+ . . . .  +  [«,n-6]  U=0 

^^_(n-l)(n+l)(868— 145n«+2n^) 
-      "^  84n 

Applying  Maclaurin's  theorem,  we  have 


J?  1     n— 


1     ,  n«— 1  ,      »•-!  _.    (»*-l)(19— n«)     * 


(1  +  jf)"— 1      n       2/1  2.6n         2.3.4«  2.3.4.d0n 

(n«-l)C9— n«)         (wP- 1)(863— 14571'+  2n*) 
2.3.4.6.4»       "^  2.3.4.5.6.84n  

Veriiy  this  series  (I.)  by  making  n=:2,  when  it  ought  to  become  the 
devtlopmeot  of  1 :  (2+ar)  ;  (2.)  by  multiplying  by  n,  and  diminishing 
It  withont  limit,  when  it  ought  to  coincide  with  the  development  (61.)  of 
jr:log(l+«r);  (3.)  by  writing  9:n  for  n,  multiplying  by  n,  and  in- 
creasing n  without  limit,  when  it  ought  to  become  the  development  (16.) 
ofa::(€'— 1). 

185.  Let  ifoi  yi* » •  *y,  be  the  terms  of  a  series,  being  the  several 
nduea  of  a  function  of  jr,  corresponding  to  xs^O^  xs:S^  :r=20,  &t, 
Between  each  of  these  terms  let  n  —  1  terms  be  interposed  following  the 
same  law,  so  that,  in  fact,  if  the  function  were  0x,  and  if  four  terms 
were  interposed,  the  tenns  ^(a)  and  0(aH-d)  widi  their  interposed 
terns  would  be 

*(«),  0(«+i«),  0(a+f  a),  0(a+|e),  <l>ia+^e)y  i^ia+0). 

Required  the  total  sum  of  y«,  jd  •  • . .  y«.i,  together  with  all  the  inter- 
posed terms,  including  those  interposed  between  y»_i  and  y^  by  means 
of  ^y«,  the  simple  sum  of  3^0+3^1+  ••••  +y«  i>  and  differences  taken 
frotn  the  original  series,  as  if  the  terms  had  never  been  interposed. 

The  following  process  contains  the  most  difficult  instance  which  has 
yet  occurred  of  the  separation  of  the  symbols  of  operation  and  quantity. 
1  shall,  therefore,  follow  it  by  another*  demonstration,  independent  of 
that  principle,  and  the  student  who  can  comprehend  the  first  will  see 
that  it  is  an  abridgement  of  the  second. 

The  function  y^  is  (l+A)'.^*,  and  this  whether  x  is  whole  or 
fractional.     Hence  the  sum  of  all  the  terms,  primitive  and  interposed,  is 

{1K1+A)-+.  .-h(l+A)+(l+A)*^«+.  ,+(l+A)«+. .  .-Kl+A)'^}'yo 

(1  +  A)'— 1                     A           (1+A>'-1 
or  —J —  y^  or ^ . -^ y.. 

(1+A)«-I  (1  +  A)^-1 

*  Beiog  that  given  by  Mr.  Lubbock,  to  whom  thii  theorem  11  due.  (Comb,  Phii, 
7V«w.  vol.  iu.  p,  3^) 
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Now  the  operation  ( 1  +  A)*-*- 1  performed  on  y,  gives  t/s^yty  and  A"' 
is  the  same  as  2.  Write  1 :  n  instead  of  n  in  the  development  obtained 
in  the  last  article,  and  substitute  the  expanded  operation  instead  of  the 
condensed  one,  which  gives 

60480/1^  CAy.-i^yo;+... 

Here  Xy^  meaning  yo+  •  •  •  •  +y*-it  stands  for  A"*  (y,  -y^ :  this 
transformation  is  obtained  as  follows.  The  meaning  of  A"^  (y«-"yo)  u 
that  function  which  gives  AA""*  (y, — yQ)=y,— ygJ  where  y©  is  not  a 
constant  with  reference  to  the  operation  A,  as  abundantly  appears  in  the 
preceding  process,  in  which  we  have  Ay^  not  =0,  but  =yi— yo*  If» 
then,  A^'^y.  stand  for  the  sum  of  all  terms  up  to  y«.|,  (as  in  page  82,) 
then  A~*{y,— yo),  or  A"*y,— A~*yp,  is  the  preceding  diminished  by 
the  sum  of  all  the  terms  preceding  yo»  that  is,  yo+ .  •  •  •  +y«.i*  The 
truth  is,  that  A~*^  y,  should  stand  for 

yii-i+y^+«.--+yi+yo4-y-i+y-t+...  *ad,  inf.; 

this  being  the  only  series  which  satisfies  AA~'  y,:=zy,.    Or  the  symbol 
2y,  beginning  from  y«,  and  ending  at  y,.i,  is  A~'  (y,-  y«). 

186.  Tlie  second  demonstration  is  as  follows.  Let  l:n=i,  then 
Vvi  Vv^iy  y«+si9*  •  •  .yHK«-i)<  i^ake  up  y„  followed  by  the  terms  interposed 
between  y,  and  y^^.    Using  the  theorem 

yH*.=y»+**^y.+*«-^  A"y-+  •  •  •  • ; 

and  summing  the  results,  we  have  for  the  n  terms  beginniog  with  y^^ 

i*-^+2i -—+.••• 

• 'i    w-li— 11  .,      . 

•  .  .t+n— li -T >  A'y,+  .,, . 

Apply  this  to  every  term,  from  y^  to  y«wi  inclusive,  and  we  have  for  the 
required  sum 

nZy,+  (i+2t+....  +  (n^l)OlAyp+ri*-=^+2t?^^  • 

....  +  n— li JZA*yr+ 

But    ZAy,=Ay«+....+Ay,^i=y,-yo;  SA'y„=Ay,— Ay^  &a, 
and  the  coefficients  are  evidently  those  of  the  powers  of  tr  in 
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l+(l+.)'+(I+.)-'+...+(l+a^)^-".org±^J.or^j^. 

since  m*=l.    Taking  these  coefficients,  and  writing  1 :  n  for  t>  ve  have 
tbe  same  result  as  before. 

.  187.  It  has  here  sufficiently  appeared^  that  instead  of  Zy,  being  made 
an  undetermined  symbol,  by  not  having  a  specified  beginning,  it  would 
have  been  more  agreeable  to  analogy  that  it  should  have  begun  from 
— cc,  or  should  have  signified  y;r-i"+'y»-i+  •  •  •  •  +ya+y-i+ . ...  ad 
infinitum.  In  such  a  case  A  and  £  would  have  been  really  convertible 
operations ;  for  A2y^=  (y*+  •  •  •  • )  ""  (y#-i+  •  •  •  • )  =yx»  and  2Ay,=: 
^y,-i+ Ay,_^+  ...  .  =y,— y,_i+y_i-y.-i  +  •  •  •  •  =y*.^  Tlmt  I  may 
not,  however,  depart  from  established  notation,  I  shall  in  future  use 
A~*y^  as  meaning  the  preceding  series  :  so  that 

2y,=A-»y,-A-»y^,  or  A""'  Q/s-yndf 
where  m  may  be  anything  whatever. 

188.  If  in  yo+y.-f ....  +yi+yi+i+  •  -  •  •  +y.-<  we  multiply  by  t  or 
l:n,  and  increase  n  without  limit,  we  approach  (page  100)  to^Jy^dr. 
Let  this  be  done  with  the  preceding  series,  and  we  shall  obviously 
approach  without  limit  to  the  series  obtained  in  (67.),  as  it  becomes 
whend=l,  nrsjp. 

189.  If  we  add  the  term  y«  to  both  sides,  we^find  for  the  sum  of 
y9>yi«  •  •  .ysy  and  all  the  interposed  terms 

n-1  n*— I 

» (yo+y,+ ....  +y,)  — —  iVs+Vo)  ""72^  (^y*— Ayo)+ •  ..'••• 

190.  In  the  series  obtamed  by  writing  1  :n  for  n  in  (184.)  write 
x:(l  — a:)  for  jt,  and  then  multiply  by  1— x.  This  gives  {Ao=n, 
A|=^(n— 1),  &c.} 

— -J— -(1  - J^)  I  Ao+ A,  j[3^-A,  ^^_^^+ Aa^j^^,- ....  I 

=A<,+  (A»- AJ  x-A,  x*+  (A,- A.)  J5» 

— (A^-2A,+A«)JP*+(A,— 3A4+3As~A,)j?*-.... 

But  the  first  side  may  also  be  obtained  by  changing  the  sign  of  n  and 
of  f,  and  then  changing  the  sign  of  the  whole.  The  first  and  third 
operations  compensate  each  other  in  every  term  but  the  second,  and  we 
have 

=:A«-- J  (w+1)  X  -  Ajo:' — At  «*— A4 a?*—  • . . 

(I— *)~--l 
whence  A,-A,=  — A,,  A4— 2A,+A,=A^ 

A  — 1 

A»+t— AAi+i+Xr— -  A4— . . . .  ±A:A,+A,=  (— 1)%+|.     . 

191.  The  aeries  in  (185.)  requires  terms  following  y„  in  order  to 
construct  the  necessary  differences.  But  it  may  be  reduced  to  another, 
requiring  only  preceding  terms,  by  the  same  process  as  in  (181.)  The 
aeries  in  question  is 
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For  Ay„  tfy„  Ac,  substitute  Ay^,+ A*y^,+ .....  A*y_+2A*y_, 


•.  •  • 


+  •  •  • .  9  &c*,  which  gireB 

— Aiyo+A,^o  — A,A»yo  +... 

=A^2y.+A.y,— A^y,.i+(A,-A0AVi-(A4-2A,+A,)AV.-«+  •  •  • 
— Aiyo+A,Ay<^-  A,         A^^   +  A^  A^^    -... 

= Ap  2y,+  Ai  (y.-yo)-A,  ( Ay,.,-Ay„)  -A,  (A«y,.,+  A»y.) 

-A.(A»y^-.A»yo)-..-. 

Or»  makiDg  the  alteratiofn  as  in  (189.),  we  find  that  the  sum  of  the 

terms  y^  yi,*  • .  .y^,*  with  the  interposed  terms,  is 

w(yo+yi+  ....  +y,)-^^(y,+yo)-^^^(Ay^i-Ayo) 


(A*y...-A»yo)- 


We  shall  now  proceed  to  some  methods  of  obtaining  the  sums  of 
series  connected  with  the  roots  of  unity.  The  nth  roots  of  unity  are  1, 
flf,  a*. . .  •a*'"S  where  a  is 

— V— I  2ir       # —        2'n' 

f  "     >  or  cos  — hv— 1  sin — •  (page  127,  &c) 

91  71 

192.  Let  So"  stand  for  the  sum  of  the  mth  powers  of  these  roots^ 
then  S0^=O  in  all  cases,  except  when  msO,  or  n,  or  a  multiple  of  n, 
in  which  cases  Sa"=:n. 

a   ""  1 

but  the.  numerator  s=0  in  all  cases  for  a"*=(a^)"'=l*'=l.  But  the 
denominator  is  never  =0,  unless  m=0,  or  n,  or  a  multiple  of  n. 
Except  in  these  cases,  then,  Sa"'=0;  and  in  these  cases  every  term  of 
the  series  is  unity,  or  the  series  is  n.  This  theorem  is  equally  true  of 
negative  powers,  since  «"=:1  gives  er""=l. 

193.  Given  the  equivalent  function  of  a+ di  jc + a,  x'  -f  • .  •  • »  required 
that  of  tfU **+««.+•  ^""^ +««+». ******+•  •  •  .(wi<n).  Let^xr=a+ai:r 
+  ....,  and  having  multiplied  both  sides  by  a**",  a^"*,  (or,  /9,  y,  &c^ 
being  the  nth  roots  of  unity,)  or  ft*"'",  &c.  as  may  be  most  convenient, 
vmte  ax  for  x.    Do  the  same  with  j3,  y,  &c. ;  we  have  then 


/J-"  0^=a/3^"+ai  ^"+'  *+ . . .  +fl«/^  jr+a«+i/3"+»  ar+»+ 

&c.  &c.  &e. 

Adding  these  together,  erery  tenn  yanishes  except  those  wluch  contain 
aTy  dr^i  &c.|  and  we  have 
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194.  What  is  1  -^Y^Ti  '^"TsT  "*"  [121  "*" ' "  *    ^®  pTCceding  theorem 
gives  i  {«*+*••+ 2  cos  op}, 

1,  — 1,  V — 1»  and  — V  —  1  being  the  fourth  roots  of  unity. 

195.  Bequired  ♦*=  I+ftT"; Ti  +;;■ .  ,  » rq+ . . • .,  where 

[6,6+a— 1]      L*,6+2a— 1] 

[^&+c]  stands  as  before  for  6(6+1)...  .(6+c).      Multiply  this 
series  by  j*"' :  [6—1],  and  we  have 

[rn]*''^t*^  ■^[a+6-1]  +[2a+6^]"^ ^   '^' 

which,  with  intermediate  terms,  is 


Let  a,  jS,  &c.  be  the  ath  roots  of  unity ;  multiply  the  last  by  o^''^^\ 
P^'^\  &c.,  and  substitute  or,  fix^  &c.  for  x.  The  results  added 
together  give  the  series  required  in  a  finite  form ;  and  this  multiplied  by 
[6—1]^  and  divided  by  j^"',  gives  the  original  series. 

196.  The  nth  roots  of  — I  are  a,  o^,  a*.  •  •  .o^*,  where  L,  «»  a*.  •  •  • 
0^^  are  all  the  2nth  roots  of  +1.  And  we  have  for  the  sum  of  the 
mth  powers  of  these  roots  of  — *1, 

«-+«*•+  • . . .  +ci/*-'>«,  or  cT-sP^' 

a*"— 1 

The  numerator,  being  (0^)**— 1  is  =0  when  m  is  a  whole  number, 
positive  or  negative ;  so  is  the  denominator  when  m  is  0,  or  n,  or  a 
multiple  of  n.  But  when  m  is  an  even  multiple  of  71,  each  term  of  the 
series  is  1,  and  when  an  odd  multiple  of  n,  —  1 :  consequently  the  sum 
(tf  the  mth  powers  of  the  nth  roots  of  — l,i8n,  --n,  or  0;  the  firstwhen 
m  is  an  even  multiple  of  n  (0  included,)  the  second  when  an  odd 
multiple,  the  third  in  any  other  case. 

197.  Given  </>x^a+aiX+€t^Jfi+*.  ..y  required  a^^ — ^m^^^* 
+«M*iX"+*"— .  • .  .(fii<n). 

Let  a,  /3,  y,  &c.  be  the  27ith  roots  of  —1,  multiply  ^j?  separately  by 
\  /B^*"*,  &€.,  and  change  x  into  ax^  (ix^  &c.    The  results  added  toge- 
iber  will  give  (rejecting  terms  which  disappear) 

^  Sa*—  0aftr  =s  a^  J?*— «»+.  *""^" + «*•+••  x"*^^ . . . 

198.  Required  fli*— ©4  JJ^+Oya^—..,.,  ^^®i^g  «+^i*+'"-  ^ 

The  Cttberootsof --larc-l,i+W(-3)s=ii,i-iV("~^)=A 
and  the  required  result  is  one  third  of 
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or       i{^  (««)  +  *  (/Ir)} =:2{^(,^)_^(^,t)}-i^(-x). 

*"""  *~^  "*■  S  ~  ■  •  •  •  "^i  *^'  {co8^  *+V3  sin  ^  x}  -i  «-'. 

199.  From  the  preoeding  it  can  be  shown  that  if  a+^i  <^+  •  •  •  •  can 
be  expressed  in  a  finite  form,  0a;,  then  also  that  series  can  be  expressed 
in  a  finite  form,  which  is  made  by  allowing  the  first  m  terms  to  stand, 
changing  the  sign  of  the  next  m  terms,  and  so  on ;  changing  the  sign  of 
every  alternate  set  of  m  terms.  And  this  can  also  be  done,  if  only 
every  nth  term  of  the  original  series  be  taken,  and  the  result  separated 
into  parcels  of  m  terms  each,  changing  the  signs  of  the  alternate 
sets.  And  the  same  is  true  if  the  terms  of  the  resulting  scries  be 
multiplied  by  b,  6|,  6^  &c.,  6,  being  any  integral  and  rational  function 
of  n.  So  that,  for  instance,  if  a-f-^i  x4- ....  be  expressible  in  finite 
terms,  the  following  has  the  same  property  : 

200.  (Chapter  X.)  l(  <f>x  and  y/x  have  the  same  limit,  or  if  both 
increase  without  limit,  or  both  diminish  without  limit,  then  of  course 
the  final  tendency  of  <px  may  be  found  from  that  of  Y^<r,  or  vice  versa* 
And  in  the  case  of  a  finite  limit,  we  may  say  that  0x :  yfx  has  the  limit 
unity,  but  we  may  not  say  the  same  'if  both  increase  or  both  diminish 
without  limit.  Thus,  if  a?  diminish  without  limit,  a+x  and  a+j:^  have 
the  limit  a,  and  (a+<z*) :  (a+x)  has  the  limit  1 :  but  if  ar=0,  <r  and  a^ 
both  diminish  without  limit,  but  3^ :  x  also  diminisheil  without  limit. 

Thus  the  tendency  of  (t>x\fx^  if  both  functions  vanish  when  x=a, 
can  always  be  discovered  from  that  of  4/x :  Y^'x,  or  4^'x :  y^'x,  &c.,  but  it 
18  only  when  0r :  yfrx  has  a  finite  limit,  as  x  approaches  towards  a, 
that  we  can  say  that  {(j/x :  y^x] :  {^j* :  t^j},  or  (0'jr  'fx)  :  (Y^J?0x)  has 
the  limit  unity. 

201.  To  avoid  circumlocution,  let  us  in  future  use  the  algebraical 
symbols  of  the  limits  of  magnitude,  interpreting  them  in  the  language 
of  limits.  Thus  0(x)  =  x  means  that  the  function  <i>x  increases 
without  limit  when  x  increases  without  limit,  and  iioiJting  else.  Also 
0a=:  x'  means  that  0jc  increases  without  limit  as  x  approaches  to  a  : 
0(O)=x  means  that  0x  increases  without  limit  as  x  diminishes  with- 
out limit.  Sometimes  when  it  is  necessary  to  recall  this  caution  to  the 
student's  mind,  we  shall  write  the  single  word  (limit)  in  parentheses, 
for  that  purpose. 

202.  If  ^=0  and  yra=:0,  then  ^x  and  y^x  may  have  two  distinct 

relations.    If  0a:(Yra)*=x  (limit),  then  still  more  docs  0a :  (Y^a)*"*^* 

=  x,  J^  being  positive;  and  if  0a:  (Y^ay=0  (limit),  then  still  more 

does  4>a:(Yfa)"*=:0,  k  being  positive.     But  0a:(Y'a)''*  is  certainly 

r=0,  and  we  have  the  two  following  cases. 

1.  0a:(Yra)'  (limit)  maybe  =0  for  all  values  of  e,  positive  and 

\^ 

negative.    Thus,  for  all  values  of  e,  f~«:x'  diminishes  i^itbout  limit 

when  X  diminishes  without  limit. 
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2.  There  may  be  a  critical  value  of  e^  such  that  for  every  greater 
value  0a :  (Yfa)*=:  x  ,  and  for  every  less  value  =0.  This  critical  value 
must  be  nothing  or  positive ;  and  when  e  has  it,  the  function  <pa :  (V^a)% 
may  be  finite,  and  may  be  nothing  or  infinite.     Thus  (as  we  shall  see) 

(j=  1)  log  x:(x— 1)'=0,  1,  or  X ,  according  as  e<=  or  >1 
(x=x  )  a:*  :  (O*   =0,  0,  or  x  ,. e<=  or  >0. 

203.  In  the  ordinary  functions  of  algebra,  0r :  (Y^x)'  is  usually 
finite  when  e  has  the  critical  value.  The  other  cases  have  attracted  but 
little  attention ;  and  as  I  have,  in  the  preceding  part  of  the  work,  made 
two  errors  firom  neglect  of  the  distinction)  I  shall  now  proceed  to 
correct  them. 

Since  <f>a  :  (Yra)':=:0  when  e  is  0  or  negative,  it  must,  as  e  increases, 
either  remain  =0,  or  must,  for  some  specific  value  of  e,  become  finite, 
or  for  the  first  time  infinite.  When  the  latter  happens,  the  critical 
value  is  finite;  but  when  the  function  s=0  for  all  values  of  e,  we  may 
•ay  that  the  critical  value  is  infinite.  And,  e  itself  having  the  criticu 
vaJue, 

^a  :  (Y^a)*+^=  x ,    0a :  (f  a)— =0. 

Theorem.  If  0a=O,  \pazzO,  the  critical  value  of  e  in  0a :  (^a)'  is 
iifa'^a  :  tfya'^a.  Let  R=0a: :  (Y^x)',  and  as  we  speak  only  numerically 
of  the  limit  towards  which  it  approaches,  let  0j?  and  "^x  be  positive. 
We  have  then 

diflr.  CO.  log  R=-j c -^ —  =-i—  ^    ,    '  —  c >. 

°        0x       yffx      -kjfx    {Yx(px      J 

First,  let  x  be  increasing  towards  a,  and  therefore  ^x  and  ^x  diminish, 
or  begin  to  diminish  before  x=za.  (In  this  way  all  assertions  about 
increase  and  diminution  are  to  be  understood.)  Consequently  4/x  and 
yfr'x  are  negative,  while  ft/xfx:<t>x'^'x  is  positive,  and  yxi'^x  is 
negative.  Let  k  be  the  limit  of  <(>'a;  "^x :  02?  f'x ;  then  diff.  co.  log  R 
must  at  last  take  the  sign  of  —(A: — e),  or  of  e— i(.  If,  then,  e  be  the 
critical  value;  that  is,  if  the  substitution  of  e+e'for  e  (however  small 
e^y  would  make  R  a  function  increasing  without  limit,  or  di£f.  co. 
log  R  positive,  and  if  e—e^  for  e  would  make  R  a  function  diminishing 
without  limit,  or  diff.  co.  logR  negative;  it  follows  that  c+e' — k  is 
positive,  and  c— c' — k  negative,  for  all  values  of  c'  however  small.  This 
cannot  be  unless  e^k.  But  if  R  diminish  without  limit  for  all  values 
of  e,  then  diflF.  co.  log  R  must  become  negative,  or  c  —  (0'^  fx :  ij/x  0x) 
must  become  negative  for  all  values  of  e.  Consequently,  ^'a  fa :  <p'a  'fa 
(limit)  must  be  greater  than  any  value  of  e,  or  infinite ;  that  is  to  say, 
the  same  expression  which  gives  the  critical  value,  when  there  is  one, 
becomes  infinite  when  no  value  of  e  is  great,  enough  to  fulfil  the  con- 
ditions of  a  critical  value.  Thus,  adopting  the  usual  phraseology,  the 
critical  value  is  infinite. 

Next,  let  X  be  diminishing  towards  a,  so  that  the  diff.  co.  of  a 
^HSHUSi'  function  is  KlJJlu',.  Moreover,  let  ^.r  and  fx  be  positive,  as 
before.  Then  0'x  and  f'x  are  positive,  and  so  is  (p'x  fx  :  0x  f'x. 
Therefore  diif.  co.  logR  takes  the  sign  of  k — e.  If,  then,  e  be  the 
critical  value;  that  is,  if  the  substitution  of  e+e'  for  e  (however  small 
^)  would  make  R  a  function  increasing  without  limit,  or  diff.  co.  log  R 
negative;  and  if  e  — e'  for  &  would  make  R  a  function  diminishing 
without  limit,  or  diff.  co.  logR  positive:  it  follows  that  A— c— c'  is 

Y 
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negative,  and  A — e+c'  positive,  for  all  values  of  e',  however  small.   This 

cannot  loe  unless  e'Sik.    But  if  R  diminish  without  limit  for  a11  the 

values  of  e,  then  diff.  oo.  log  R  must  become  positive  for  all  values  of  e. 

Conseqqently,  ff^ay^a  \  <l>ay^a  must  be  greater  than  any  value  of  e,  or 

infinite ;  and  the  conclusions  are  as  before. 

CoROLLiiRY  1.     If  0£t=  a ,  ^1^0=  a ,  6a  \  Oka)'  is  the  eth  power  of 
1       /  1  \1  . 

^  (  —  )•,  and,  e  being  positive,  both  are  nothing,  finite,  or  infinite, 

together.  But,  by  the  theorem,  since  (^)'**=0,  (ya)"*=:0,  the 
critical  value  of  1  :  e  is 

diff.  CO.  (Y^g)"^ .  (0g)""'        Y^fl.0g 
(Yro)-*.diflF.  CO.  (0a)-»'  °'  ira.if/a 

Hence  the  critical  value  of  a  is  (f/a.fa  :  4>a.yf^a^  precisely  as  before. 
But  since  the  reciprocals  of  ^  and  "fa  took  their  places  in  the  reason- 
ing, (and  this  can  be  shown  independently,)  it  follows  that,  e  being  the 
critical  value,  ^a  :  (Yfa)'+*'=:0,  and  0a  :  (^ay-*'=  cc;  also,  that  when 
0a  :  (Y^a)'  is  always  infinite  (at  which  it  begins,  if  we  begin  with  e 
negative,  or  nothing,)  the  limit  of  0'a  "^a  :  0a  yj/a  is  infinite. 

Corollary  2.  If  0x  be  finite  when  x=a,  and  when  Y^a=:0  or  cc, 
it  is  obvious  that  e=0  is  the  critical  value.  But  as  the  preceding 
demonstration  did  not  apply  to  this  case,  though  it  might  be  adapted  to 
do  so,  consider  the  function  in  a  form  to  which  the  theorem  applies, 
namely, 

^    \T.,,  which  rives  -. — ~  + 1  for  the  critical  value  of  «+ 1 : 
(Yra?y+*'  ^        ^af^a 

but  this  value  is  =1,  as  is  obvious  from  the  function;  whence 
0^aY^a:0aY^a=:O.  And  by  such  an  inversion  as  that  in  the  first 
corollary,  it  follows  that  when  yffx  is  finite,  (p'afa  :<l}af'a;=:cc ,  if  0a 
be  0  or  GO . 

CoEOLLART  8.  If  one  of  the  two  be  =0,  and  the  other  =ao ,  then 
0a:  {(Y^a)"*}"  can  be  treated  by  the  theorem,  and  gives  a  positive 
value  for  — e,  or  a  negative  value  for  c.  And  it  readily  follows  that 
when  e  is  less  than  this  critical  value,  <f><r :  (yrj?)'  has  the  same  limit  as 
Y'jp,  and  the  contrary.  But  if  — e  be  infinite,  or  e  infinite  and  negative, 
0r  :  (fxY  has  always  the  limit  contrary  to  that  of  yj/x;  that  is,  0  or 
X  when  yffx  has  the  limit  x  or  0.  All  these  are,  in  fact,  cases  already 
described. 

304.  All  that  precedes  may  be  collected  into  one  theorem,  as  follows. 
When  yffo  is  finite,  the  character  of  the  Hmit  of  ^ :  (fd)"  (whether  0, 
finite,  or  x)  is  that  of  0a :  in  every  other  case,  e  being  0'a  Y^a :  0a  f'a^ 
the  limit  has  the  character  of  Y^a  when  n  is  less  than  «,  or  of  (Y^a)"^ 
when  n  is  greater  than  e ;  or  has  the  character  of  (Y^a)*^". 

The  preceding  demonstration  has  been  purposely  derived  from  first 
principles,  and  shows  clearly  what  takes  place  when  e  is  infinite.  The 
following,  of  a  much  more  simple  mechanism,  is  perfectly  satisfieurtory 
only  when  e  is  finite.     We  know  that 

log  A  0^  lo«f« 


A—  B»»»B  whence  T^^-rr-  =  {Y'-^}'**^ 


— ■ 
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When  yra  IB  0  or  oc ,  log  ^a=cc ;  if  then  log  <pa :  logf  a  be  finite^  we 
miut  have  log0a=:x,  and  the  value  of  log^arlog'yra  is  that  of 
(^a :  0a)-i-(^a :  fd)^  or  4^ a  yraif'aijia.  Hence  0a :  if  a)"  has  the 
character  of  Cfa)^%  as  aaeerted. 

205.  If  <pa :  (fa)'  be  finite,  then  e  is  the  critical  value,  which  is 
therefore  finite :  but  the  converse  is  not  trae ;  that  is,  <f>a  :  if  a)*  maj 
be  infinite  or  nothing,  the  critical  value  e  being  finite.  Thus,  if 
0<r=:;rlogd?,  fx=x^  we  have  ii/xfx:f'x4>x=il+(logx)''^;  which 
=  1  when  «r  is  infinite :  but  in  that  case  (/>x:fxiB  evidently  infinite. 
This  leads  to  an  extension  of  the  theory  of  ieJgebraical  dimension,  as 
follows. 

If  we  take  two  powers  of  a;,  afy  and  jf^\  and  make  x  infinite,  then, 
however  small  k  may  be,  the  second  is  infinitely  greater^  than  the  first ; 
and  if  a-f  /  lie  betwen  a  and  a+k,  then  af*"^  is  infinitely  greater  than  x% 
and  infinitely  less  than  x'"*"^.  These  three  are  of  different  dimension. 
Let  us  now  make  a  definition  of  dimension,  not  attached  to  the  notion 
of  exponents,  but  to  the  necessary  character  of  difference  of  dimension. 
Of  two  functions  which  simultaneously  increase  without  limit,  let  the 
dimension  be  said  to  be  the  same  if  they  be  always  to  one  another  in  a 
ratio  which  approaches  to  a  finite  limit.  But  if  one  increase  without 
limit  with  respect  to  the  other,  let  the  first  be  said  to  be  of  a  higher 
dimension  than  the  second.  Abbreviate  as  follows :  when  two  func- 
tions are  infinite  they  are  of  the  same  dimension  if  they  have  a  finite 
ratio ;  but  if  one  be  infinitely  greater  than  the  other,  the  first  is  of  a 
higher  dimension. 

The  following  consequences  are  evident.  Two  functions  which  have 
the  same  dimension  with  a  third  have  the  same  dimension  with  one 
another ;  and  if  A  have  a  higher  dimension  than  By  and  B  than  C,  A 
has  a  higher  dimension  than  G. 

Usually  xl*  is  the  dimeiient  function  of  algebra ;  we  must  come  to 
the  consideration  of  transcendental  quantities  before  we  find  a  fiinction 
which  is  not  of  the  same  order  as  j^,  for  some  value  or  other  of  a :  and 
then  between  cf  and  af'*'*  may  be  found  an  infinite  number  of  functions, 
higher  in  dimension  than  the  first,  and  lower  than  the  second,  however 
small  k  may  be.  Find  the  critical  value  of  e  in  (log^)^:  ^9  and  we 
shall  find  e=0.  That  is,  (log  xy  i  of  is  =0  when  x  is  infinite,  for  all 
positive  values  of  c.  Therefore,  b  being  positive,  af  (logx)*  is  of  a 
higher  dimension  than  j:*,  and  of  a  lower  than  x^,  however  small  k 
may  be,  or  however  great  h  maybe.  Similarly,  (loga?)*(loglogx)*is 
of  a  dimension  between  that  of  (log  a?)*  and  (log  a?)^  ,  however  small  k 
maybe.  Denote  bgjr,  log  log  x,  &c.  by  Xj?,  X'x,  &c.,  then,  however 
■mall  k  may  be,  the  function  in  each  line  of  the  second  column  lies 
between  that  of  the  first  and  third  in  dimension. 


af 

af(Xap)* 

af^' 

a^(Xr)* 

of  (\xy  (K^xy 

af'CXx)^' 

ir-(XT)*(X«jy 

X'  ixxy  (\*xy  (x»x)' 

X' ixxy  ix^xy^' 

&c. 

&c. 

&c. 

We  have  then   an   infinite  number  of  interpositions   of  dimensions 

^  We  intend  to  use  this  language  inabbieviation  of  that  of  limits.    See  iNFJifira 
•ad  LtHiT  in  the  Penny  CyclopaBdis. 


Y2 
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between  those  of  sf-  and  of'^^ ;  and  between  each  of  the  dimensions  so 
obtained,  an  infinite  number  may  still  be  interpolated.  Thus«  write  \x 
in  the  form  €>-'',  and  it  will  be  found,  m  being  >0  and  <1,  that 
f  (A.*a:)«  is  of  a  higher  dimension  than  X'j:,  and  of  a  lower  than  X<r. 

If  in  the  first  line  the  signs  of  h  and  k  be  changed,  of  c  and  k  in  the 
second,  &c.,  the  dimension  of  the  second  column  is  still  intermediate 
between  those  of  the  first  and  third.  We  may  agree  to  denote 
•t^CXj:)* (X*jr)'.. ..  by  j:*'*'*-— ,  which  the  comma  will  distinguish 
sufBcicntly  firom  the  notation  of  (40.)  page  254  :  and  we  may  call 
this  the  dimension  [a,  6,  c,....].  Thus,  of  the  two  dimensions 
[a,  6,  c,. . . .]  and  [a',  y,  c',. . . .],  that  one  is  the  higher  which  first 
shows  a  higher  sub-dimension.  Thus,  [1, 1, 1,  3,  2]  is  higher  than 
[1, 1,  1, 2, 10],  but  not  so  high  as  [1, 1, },  14,  20]. 

206.  The  critical  value  of  nin<f>x:  of,  or  the  limit  of  x^x :  0x,  being 

fl,  we  know  that  <f)aD :  a  "+*=sO  and  ^xtx^-^rroD.      Hence   the 

dimension  of  <f>x  lies  between  that  of  af~^  and  x^'^\  however  small  k 

may  be :  but  we  may  not  therefore  say  that  it  has  the  same  dimension 

as  of.     Let  us  now  try  <t)X.ar'  :  (Xx)*;  the  critical  value  of  n  will  be 

found  to  be 

f   <f)fx       1 
.  ft  =:limit  of  Vr<j?-7 o>. 

Let  this  not  be  infinite ;  then  ^r.j?""  lies  between  (Xj?)*^  and  (Xx)*"*"* 
in  dimension,  or  (/)x  has  a  dimension  between  [a,  b — k]  and  [a,  b-\'k]. 
But  if  b  be  infinite,  then  ^  belongs  to  some  new  kind  of  dimension, 
which  falls  between  that  of  of  (Xx)*  and  jf'^\  however  great  6,  or  how- 
ever small  k  maybe.  Such  a  dimension  is  jf  £(^*«)",  m  being  >1, 
and  many  others  might  be  given.  We  shall  here  confine  ourselves  to 
the  cases  in  which  the  several  sub -dimensions  are  finite. 

Let  us  now  find  the  critical  value  of  n  in  4)x»x'^  (Xx)'^ :  (X'x)".     If 
we  call  it  c,  we  find 

c  =s  limit  of  \*x < \x (  j? a  J  — b  |. 

Proceed  in  this  way,  and  we  come  to  the  following  theorem. 

4>'x 
Let  Po=d7  x~>  ^^d  1^^  Po^sOo  when  x  is  infinite. 

fpX 

Pi=Xi:(P,-a^  .   .    .  P,=za, 

P,=X«j?  (Px— ai)  .   .   .  P,=a, 

Then  so  long  as  no  one  of  a^t  a^  a,,  &c.  is  infinite,  the  dimension  of  ^r 
may  be  asserted  to  lie  between  those  of  [a^—k]  and  [flo+^lt  of 
[flo»  Oi— ^]  and  [flo,  «i— *],  of  \a^  o„  a,—*]  and  [a©*  ^w  «•+*]•  &c., 
however  small  k  may  be:  and  if  any  one  of  the  set  ^xxa^^ 
4>x :  af^  (Xx)\  &c.  have  a  finite  value  when  x  is  infinite,  then  0x  has 
absolutely  the  dimension  [a^  or  [oo,  aj,  &c.  But  when  any  one  of  the 
set,  Oo.  Oif  &c.  is  infinite  and  positive^  say  Osi  then  <px  is  of  a  dimension 
higher  than  that  of 

a?^(Xj?)«i  (X«x)-«  (X"j)",  and  lower  than  that  of  a«  (Xx)'^  (X*x)-«+*, 
however  great  m  may  be,  or  however  small  k.    But  if  the  first  of  the 
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Bet,  say  a,,  which  becomes  infinite  is  infinite  and  negative,  then  <t>x  Is 
of  a  dimension  lower  than  that  of 


sf  (Xx)'»  (X>j)-«  (X^J?)—,  and  higher  than  that  of  a?^  (Xa:)-»  (X««y 

however  great  m  may  be,  and  however  small  k.  And  it  is  useless  to 
attempt  to  make  any  terminable  scale  of  dimensions,  since  between  any 
two  different  dimensions  an  infinite  number  of  intermediate  dimensions 
may  be  interposed. 

207.  The  preceding  contains  only  dimensions  of  the  same,  or  a  lower 
order  than  those  of  powers  of  x.  The  same  theorem  holds  if  ?«=: 
ft/x^fx  :  ^Y^z,  provided  Xfx^  X'Y^J?,  &c.  be  substituted  for  Xr,'X'j:,  &c. 
By  this  means  the  dimensions  of  functions  higher  than  any  power  of  x 
may  be  obtained;  but  there  cannot  be  any  method  of  ascending,  or  of 
obtaining  the  exponents  of  lower  dimensions  first. 

208.  We  shall  now  proceed  to  apply  the  preceding  theorem  to  the 
rule  (page  237)  for  the  determination  of  the  convergency  or  divergency 
of  a  senes;  which  is  correct  in  every  point  but  this,  namely,  that  what 
in  the  preceding  articles  would  be  called  a  dimension  greater  than  that 
of  x'~\  and  less  than  that  of  x^'^\  is  there  confounded  with  the  absolute 
dimension  of  jr.    The  rule,  then,  may  be  wrong-  when  xtfi'x :  0irsr  1.] 

Theorem.  If  (px  diminish  without  limit  when  x  increases  without 
limit,  and  do  not  become  infinite  after  j:=a,  then,  of  the  two  expres- 
sions 0  (a) + 0  (a + 1  )+0  (a + 2)  +  •  •  •  •  ad  irifinitum  and  yjj  ^  dr, 
either  both  are  finite,  or  both  are  infinite. 

There  must  be,  by  hypothesis,  some  finite  value  of  x,  from  and  after 
which  ^  continually  decreases  ;  and  this  value  may  be  chosen  for  a. 
Then,  firom  x^=:a  to  x=tf +1,  0a>^>0  (a-\- 1),  whence 

/;+» «a  (ir>/;+'  *afAr>/;+*  *(a+l)(ir ;  or  0a>/:+ V^dx>^(a+1). 

Similarly,  it  may  be  shown  thaXj^lXi^^dx  lies  between  ^(a+1)  and 
0(a+2),  and  thus  that  y*.'*'"  0j?  (f x,  however  great  n  may  be,  lies 
between  0a+0  (a+l)+  .  • .  +0  (a+n-1)  and  0 (« 4-l)+0 (a+2)+ 
....+0(a+n).  But  these  last  differ  by  if>(a)'~<p(^a'\-n):  con- 
sequently the  limit  of  the  integral,  and  the  sum  of  the  series,  do  not 
differ  by  so  much  as  0(a)— 0(cc),  or  0a.  Henct  J'^ ipx dx^  Bnd 
00+0  (a+ 1)  + . . . .  do  not  differ  by  so  much  as  00. 
Hence  it  follows  that  the  series 


0 .  Xa .  X*0 . . . .  X*"*0 .  (X"0)* 
1 


(0  +  l)X(a+l).X*(a+l)....X"-^(0+l){X-(a  +  l)]' 


T  •  •  •  • 


(beginning  at  a  value  of  a  so  great  that  all  the  factors  of  the  first 
term  are  possible)  is  convergent  when  e  is  greater  than]  unity,  and 
divergent  when  e  is  unity  or  less  than  unity.    For 

1  ^         ^        ^  ^      n 

x.\x.  \*x X— *^  (XV/^*^^(X"j)*  dx 

f<t>xdxr=:  c  +  ^"^^    \  or  C+X-+»j:,  if  <f=l ; 
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y."  <l>^  dr=^ ,  _  — ^ — >  or  X*+*  oo  -  X"+*a,  if  6= 1 ;    ^, 

which  is  finite  when  e  is  greater  than  unity,  and  infinite  when  e  ig 
unity  or  less.  Whence,  hy  the  preceding  theorem,  the  condusion 
ohviously  follows. 

In  page  234  it  is  shown  that  when  2(1  i<f>si)  is  convergent,  any 
series  in  w  hich  for  0tr  is  suhstituted  a  function  of  higher  dimension  is 
also  convergent ;  or  that  if  "^x  be  higher  than  ^x,  2  (Y^J?)""*  must  be 
convergent  when  £  (0jr)~^  is  convergent.  Also  that  if  ^j;  be  lower  than 
+a?,  2(Y^*)"*  must  be  divergent  when  2(0j?)~*  is  divergent.  This  is 
merely  the  statement  of  the  theorem,  using  the  words  higher  and  lower 
dimension  in  the  extended  sense ;  that  is,  instead  of  saying  that  "^x :  <f>g 
increases  without  limit  with  or,  we  say  that  '^x  is  of  higher  dimension  than 
<i)Xy  or  higher  than  ^r.  And  by  higher  understand  the  same  or  higher ; 
by  lower,  the  same  or  lower. 

Having  proved,  then,  that  when  <(>Ts=a?.Xi». . . .  X*''*j?.(X"jfy,  the  series 
is  convergent  when  e  is  greater  than  1,  and  divergent  when  e  is  equal  to 
or  less  than  1,  it  follows  that  every  series  'of  the  same  or  a  higher 
dimension  is  convergent  when  the  preceding  is  convergent,  and  every 
series  of  the  same  or  a  lower  dimension  is  diveigent  when  the  preceding 
is  divergent.  From  this  the  following  criterion  of  convergency  or  diver* 
gency  (which  includes  the  preceding  one)  may  be  found,  the  series 
being 

</>(a)^0(a+l)^0(a+2)^"" 

First  examine  VqTszx^'x  :  0x,  when  x  is  infinite.  If,  then,  a^i  the  limit  of 
Po9  be  >1,  the  series  is  convergent;  if  <1,  divergent.  Butifoossl, 
find  cr„  the  limit  of  Pj  or  Xr  (P©  — flo) ;  then  if  a,  >1  the  series  is  con- 
vergent, if  <1,  divergent.  But  if  ai=:l,  find  a,  the  limit  of  P,,  or 
X*J?  (Pi — a,);  then  if  a,>l,  the  series  is  convergent,  if  <1,  divergent. 
But  if  as=:  1  examine  P,,  &c.  &c. 

The  demonstration  is  as  follows.  If  ao>  1,  then  ^,  being  of  a  higher 
dimension  than  d?*^*,  however  small  k  may  be,  can  be  made  of  a  higher 
dimension  than  j:*,  where  e  is  greater  than  1.  But  2r~'  has  in  that  case 
been  shown  to  be  convergent.  Similarly,  if  ao<l,  <f>x,  which  is  of  a 
lower  dimension  than  x**^*,  can  be  shown  to  be  lower  than  af^  where  e-^l. 
But  if  ^0=  1 )  ai^d  if  Ot  should  be  >  1,  (and  this  includes  the  case  in  which 
it  is  infinite,)  0<r  is  of  a  higher  dimension  than  x.  (Xx)*^^,  and  can 
therefore  be  shown  to  be  of  a  higher  dimension  than  x  (Xr)%  where 
c>l.  But  in  this  case  2«"*  (Xjt)"^  has  been  shown  to  be  convergent ; 
and  so  on. 

209.  If  a  function  could  be  shown  for  which  ao»  a^  &c.  ttd  inf.Bxe 
severally  =1,  this  criterion  does  not  determine  whether  the  series  is 
convergent  or  divergent  But  if  in  such  a  case  there  be  convergencv. 
it  must  be  less  than  that  of  Zj?"^'***^,  for  any  value  of  k,  however  small ; 
indeed,  between  the  series  just  named  and  that  in  question,  can  be  inter- 
posed an  infinite  number  of  series  more  convergent  than  the  latter. 

210.  If  we  substitute  ^Xj  the  term  of  the  series,  for  ^x  its  reciprocal, 
we  have  Po=: — x\lt'x :  fx^  the  rest  being  as^before. 
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i.  JL 

Page  286,  Example  L,  (uaing  n  for  a?.)    yn=a?»— 1,  Po=:x»  Xx :  n 

(x* — l)=lf  when  n=oo . 

i  *  1 

P,=Xn  (Pa- l)=:Xn {  J- Xx— n  (a?»  - 1) }  :  71  (a?- - 1), 

the  denominator  ia  Xx  when  n=  oc ,  and  the  numerator,  expanded,  givea 

^     -f^  „       —XI       ^J(Xx)«  Xti      (Xx)»Xn,  1 

X^-{Xx-n(l-x  .)}=*-(^.--^-;^+....}, 

which  =0  when  n=oc :  or  the  aerieB  is  divergent. 

In  page  287,  Example  V.,  for  the  words  "  unity  or  lesa,"  must  be 
read  **  less  than  unity." 

211.  The  aame  error  ia  made  in  pagea  180-182,  the  whole  of  which* 
muat  be  read  with  reference  only  to  those  functions  in  which  ^  is-fiuite, 
when  the  critical  value  of  e  in*  0x  :  (x — a)'  is  =0.  It  is  possible,  how- 
ever, that  such  functions  may  have  the  same  dimension  as  {X (x  — a)}': 
these  functions  cannot  be  expanded  in  positive  powers  of  x— a,  but 
require  both  positive  and  negative  powers.  The  pages  in  question,  there- 
fore, include  all  that  can  be  included  under  Taylor's  theorem :  what 
they  omit  is  the  notice  of  a  particular  class  (little,  if  at  all,  noticed 
hitherto)  of  exceptions.  We  shall  proceed  to  some  considerations  on 
series  containing  both  positive  and  negative  powers  of  x. 

212.  There  is  no  difi&culty  in  exhibiting  any  function  in  a  double 
series,  containing  both  positive  and  negative  powers  of  x.  For  example, 
X  itself.  From  among  the  infinite  number  of  equivalents  for  x,  choose 
one,  fpr  example 

X*  X 

iTx"^r+x' 

The  first  maybe  expanded  into  x—l-f-x"*  — x"' 4- jr"— -.••.,  and  the 
second  into  x — x*-f-x*— &c.  The  sum  of  these  two  series  then  is  an 
equivalent  to  x,  and  an  infinite  number  of  such  equivalents  might  be 
found.  We  are  not  then  to  say  that  two  such  developments  must  be 
identical,  term  for  term,  because  they  are  developed  from  the  same 
function :  for  one  function  may  give  an  infinite  number  of  different 
developments  of  this  kind.  Nor  is  the  divergency  of  one  part  of  the 
series,  which  will  generally  be  found  to  happen,  any  impediment  to  the 
equation  of  the  development  and  the  function  from  which  it  was  derived. 
For  both  developments  may  be  made  by  MaclaUrin^s  theorem  (as  will 
immediately  be  shown)  and  Lagrange's  theorem  on  the  value  of  thd 
limits  may  be  used,  to  represent  Uie  remnant,  from  and  after  any  term, 
in  a  finite  form. 

11  1        izf  J?" 

For  example,  log(l  +  ax)=:ax— -o'x'-h-a'x*—  ....  ±- 


3  "■n(l+^ax)" 

"^V      -^Z     *      2x«'^3x»     ""-nix+d'ar* 

e  and  ff  being  both  <L    The  second  is  obtained  by  writing   1  :x 
instead  of  x  in  the  first.    Consequently,  by  subtraction, 

*  Beginniog  from  page  180,  the  fifth  line  from  the  bottom. 
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■^  n  V(l  +  8a*)"     (*+  ^a)V 


This  series,  carried  ad  infinitum,  is  convergent,  if  ax  and  aixhe  both 
<!.    If,  however,  a  =  I,  it  becomes 

log«(a:-l)  -1  (x.  -i)+ ....  ±1  (j^,  -(^) 

If  this  be  carried  ad  infinilufa^  it  is  the  well  known  development  of 
log  X  in  positive  and  negative  powers  of  :r,  and  is  never  convergent 
That  log  X  cannot  be  developed  in  positive  powers  alone,  nor  in  negative 
powers  alone,  is  sufficiently  evident  if  we  consider  that  it  becomes 
infinite  both  when  x  is.=:0  and  also  when  j?=go  . 

213.  There  is,  however,  a  great  difference  between  double  series  of 
this  kind  made  by  arbitrary  transformations,  and  those  in  which  the 
mixture  of  positive  and  native  powers  arises  from  logarithmic  develop- 
ments. This  difference,  however,  has  not  yet  been  established  by 
demonstration,  though  it  is  found  in  a  very  remarkable  theorem,*  as 
follows.  Let  i/^j?  be  a  function  which  has  a  root  a,  so  that  j\/xz=i  (jx — a)  <t>x. 
Then 

If,  then,  \og^x  can  be  expanded  in  positive  powers  of  x,  and  log 
(fx  :  «r)  in  positive  and  negative  powers  of  <r,  (both  which  can  g^ene- 
rally  be  done,)  and  if  the  identity  of  the  two  sides  of  the  equation  be 
then  assumed,  it  follows  that  —  a~coefif.  of  x"^  on  the  first  side. 

214.  We  shall  conclude  this  chapter  of  developments  by  giving  a 
process  which  will  successively  introduce  the  student  to  a  notion  of  the 
calculus  of  derivations^  the  combinatorial  analyn»y  and  th^  calculus 
of  generating  functions.  We  have  already  seen  successive  derivation, 
and  its  use,  in  the  successive  diff.  co.  of  a  function  and  the  theorems  by 
which  they  are  employed  in  development. 

"  When  possible,  required  the  developmentf  of  ^  (flo+^i*+^»^+  •  •  •) 
in  powers  of  x.  When  it  is  required  to  represent  complicated  results, 
let  00=^9  01=6,  as=c,  &c.,  the  indices  of  the  different  letters  being 

abcefgkklmn 

0       123456789      10 


*  •  •  • 


•   *  a 


*  This  theorem  was  given  by  Mr.  Murphy,  in  the  fonrth  volume  of  the  Cambridge 
Philosophical  TraDsactions,  and,  independently  of  the  defect  of  absolute  proofs  is 
one  of  the  most  general  and  interesting  contributions  which  analysis  has  receired 
for  many  years.  It  is  derived  from  the  assumption,  certainly  not  generally  true, 
that  two  double  series  which  are  developed  from  the  same  function,  are  identical, 
term  for  term.  Yet  almost  every  general  theorem  of  development  can  be  obtained 
from  the  use  of  this  theorem,  and  it  has  not  shown  any  caK%  of  failure.  See  the 
Tolume  just  cited,  and  also  Mr.  Murphy's  treatise  on  Algebraic  Equations  in  the 
Library  of  Un/ut  Knotoltdge  (page  77). 

t  This  investigation  is  a  deduction  of  the  method  of  derivation  from  a  more 
analytical  principle  than  that  of  Arbogast,  though  it  terminates  of  course  in  the 
same  procesK,  or  rather  in  the  decomposition  of  the  process  of  Arbogast  into  its 
most  smiple  elements. 
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I^t        0fao+ff,a?+a,«*+....)=Ao+Ai<r+ A,  «■+.... 
Differentiate  both  sides  with  respect  to  a^ ;  we  have  then 

but  ^'  (tfo+  •  •  •  .)=Ai+2A«  j?+  . . . .,  and  contains  no  negative  power   * 
of  X ;  consequently,  for  all  values  of  m, 

^Ao_-     <^Ai  .     rfA^i 

or  a^^  does  not  appear  before  the  coefficient  A„  appears ;  and  we  have 

But  this  series  is  the  same  thing  whatever  value  of  m  is  employed ; 
namely,  Ai4'2As:r+  ....  Consequently  the  coefficients  of  the  same 
power  of  X  with  different  values  of  m  are  equal,  or 


^Aw+»         ^^m^l-k-n         O'^^—t^n 


,  ObC.  •  •  •  •  x-tV.^  \ 


that  is,  any  A  being  differentiated  with  respect  to  any  a,  gives  the  same 
result  as  an  A  which  is  p  terms  before  or  behind  the  first  mentioned, 
differentiated  with  respect  to  an  a  which  is  as  many  terms  before  or 
behind  the  first  mentioned  a.    Or 

da^       dop^i       dcLp^t  ^+i        <^+« 

First,  Ao=*a»,  and  -— =-r-"=0'ao,  whence  Ai=:  a,  ^'flo+C,  where 

C  is  no  function  of  cti.  But  nothing  higher  than  Oi  can  enter  Ai,  there- 
fore C  is  a  function  of  a^  only.  But,  in  fact,  C=0,  for  as  it  is  in- 
dependent of  ai  Og,  o,,  &c.,  it  is  the  same  as  if  they  were  all  =0,  or  as  in 
the  development  of  0(ao),  in  which  A i==0,  or  0=0.  The  same  con- 
sideration shows  that  in  the  remainder  of  the  investigation  no  in- 
dependent constants  can  enter. . 
Next,  it  is  clear  that  the  form  of  A*,  with  respect  to  a^  is 

where  Pq,  &c.  are  independent  of  a^  and  (/>m<hy  0m-i<>o*  ^^*  ^^  "^^ 
mean  the  simple  diff.  co.,  but  those  coefficients  divided  by  1.2.3. ..  • 
m,  1 .2.3.  • .  .m — 1,  &c. :  ^'a  and  ^la  being  of  course  the  same  things. 
This  follows  obviously  from  the  development  by  Taylor's  theorem, 
which  is 

And  it  is  clear  that  0„  a^  enters  for  the  first  time  in  Am*  with  the  co« 
cfficient  flj"*.  Consequently,  leaving  blanks  (numbered)  for  coefficients 
to  be  discovered,  we  have  the  following  table  of  the  general  form  of 
AjA„  &c. 
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.  A«  =  i>ao 

Ai  =         Oi^Oo 
A,  =  (  1  )^iao+       ^J^iOo 

A,  =  (  3  )<^|flo+(  5  )0*ao+(  6  )0b«o+fl^04ao      . 
&c.  &c.  &c. 

The  blanks  are  filled  up  by  an  easy  processy  which  may  be  called 
derivation.  This  is  somewhat  difi^ent  from  the  derivation  of  Arbogast, 
which  will  appear  hereafter.  It  follows  immediately  from  the  equations 
(A)  that  each  blank  must  be  so  filled  up  as,  on  being  differentiated  with 
respect  to  any  letter,  to  yield  the  same  as  the  next  higher  coefficient  in 
the  same  column  differentiated  with  respect  to  the  next  preceding  letter. 
To  fulfil  this  condition,  the  process  is  very  simple ;  as  follows.  Suppose 
be+ce-^b/Sik  up  one  of  the  blanks,  what  is  to  fill  the  one  under  it? 
From  be  by  6-diff  *^.  (or  differentiation  with  respect  ta  6)  comes  e,  but 
this  must  come  by  c-diff".  from  the  next  therefore  ce  is  in  the  next, 
and  bf  also,  since  6  comes  from  e-diff "  in  the  present  term,  and  should 
come  from  /-diff"  in  the  next.  Again,  ce  would  give  ee  by  the  same 
rule,  but  this  must  be  divided  by  2,  for  (^difP"  of  the  present  term  gives 
e,  and  e-diff °  of  ee  would  give  2e.  Also  c/*  is  a  term  from  ce.  Again, 
from  6/*  first  would  come  cf,  but  this  term  has  already  occurred,  and  ifcf 
came  twice,  c-diff"  of  the  next  would  give  results  from  both,  and  would 
give  2fy  whereas  6-diff"  of  the  present  one  gives  only /from  the  term  hf. 
Obviously,  whatever  conditions  a  new  term  is  required  to  fulfil,  they  are 
fulfilled  if  that  term  has  already  occurred,  and  would  be  repeated  twice 
over  if  the  term  were  allowed  to  enter  twice.  Finally,  6^  must  enter  in 
the  new  coefficient.  Consequently,  the  derivative  of  be+ce+bf  is 
cc+6/-f  J^€*+c/+6g".     And  Uie  rules  of  derivation  are  as  follows. 

1.  Differentiate  as  if  all  the  letters  were  functions  of  a  common 
variable,  and  instead  of  the  diff.  co.  of  each  letter  write  the  next.     (Thus 

if  ^  be  the  common  variable,  —  e  gives  ce^b—  gives  6f,  &c.) 

2.  Whenever,  by  the  preceding  process,  a  newly  entering  letter 
increases  the  exponent  of  one  which  is  already  in  the  term,  divide  the 
term  as  it  stands  after  derivation  by  the  exponent  as  increased. 

3.  When  a  term  newly  obtained  has  been  obtained  before  in  the  same 
derivation,  throw  it  away. 

The  successive  derivations  may  be  denoted  by  D,  D*,  in  this  particular 
problem. 

We  give  as  an '  example  some  derivations  from  b*,  A  term  in 
brackets  means  that  it  is  either  altered  or  thrown  away  :  if  altered,  the 
alteration  is  written  immediately  after.  When  altered,  and  then  thrown 
away,  both  are  in  brackets. 

D.6*=46»c       D".6*=[126«c.c]  66«c'+46«e=66V+46"c 

D».  6*=  [I26c.c«]  46c»+  126«cc+  [126«cc]+46»/ 

=46c*+126Vc+46'/ 
I>.6*=:[4c.c"]c*+126c*e+[246c.cc,  126c«e]+[I26V.c]  6iV+126V 

+  [126«c/]+46»^ 

=c*+ 12ftc«c+66V+ 126«c/+46V- 
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This  being  done,  and  the  results  tabulated  to  a  sufficient  extent,  we 
have 

and  the  total  xesult  may  be  represented  by 

the  symbol  2  extending  to  every  whole  value  of  m,  (0  included,)  and 
simultaneously  to  every  value  of  p  which  does  not  exceed  m :  4>r  mean- 
ing the  diff.  CO.  (f>^^a  divided  by  2.d«  •  •  .p. 

215.  The  following  is  the  table  requisite  for  the  formation  of  A«,  up 
to  A,o  inclusive : 


D6=c 
D*6=c 

D*6=g 
D»6=A 
D*6=ft 

]>6=n 


D  6*==  26c 
D«6«=26c  +c» 
D»6*=26/+2c^ 
D*b*=:2bg+2cf4-e' 
jyb*s=2bh  +  2cg+2ef 
D«ft*=  2bk  +  2ch  +  2eg  +f* 
D^6«=  26/  +  2ck  +  2eh + 2fg 
D V = 26m+2c/  +  2ek  +2fh+f^ 


D6«=5 
D*6»= 
D'6»= 
D*6»= 
D»6»= 
D«6"= 
D'6»= 


d6^c 

36"e+36c* 

36"/  +  66cc+c* 

36*^+66c/+36e«  +3c"c 

Sb*h  +6bcg+6brf  +3c"/+3cc' 

36*A:+66cA+66cg  +3c*gr+36/"  +&cef  +c» 

36"/  +66cA:+66cA  +8c»*+66/%r  +6cc^  +3c/«+3c«/ 


D6*: 
D«6*: 

D*6*: 

D«6*: 


:46»c 
:46»e 

:46y 

:46«f 

:46«A 
^46"* 

D6»e 
I>»6»= 
D»6»= 
D*6»= 
D»6»= 


+66V 

+  126*c«+46c» 

+  126V+  66"<i* +126c«c+c^ 

+  126*cg+126V+126cy  +  126ce*  +4c»c  [+6c»«« 

+  126VA+126«cg  +  X26c»g+  66*/*  +246ce/+4cV'+46c 


:56*c 

:56*c+106V 

:56*/H- 206^*6+ 106V 

:56*^+206"c/+106»cH306Ve+  56c* 

:56*A+206'cg+206»e/+306«cy+306"c^+206c»e+c» 
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D  l^-U'c 
D*6«=66»c+ 156V 
D'6«=  66*/+  306*cc + 206^c» 
I>6«=66*g^+306V/+  156V+606Ve+  156«c* 


D«65^=76«c+2l6»c" 
D»67= 76y+  426»cc + 356  V 


D6«=86'c 
DV=86^c+286V 


D6»=96»c. 

216.  Prove  from  the  preceding,  that 

(^^^^=^+(^,a:+(0i+<^.)a^+(f+2^.+0,)j;^    . 

+  (0i  +  30,  +  30a+04)  J^+  . . . ., 

where  0,  is  the  value  of  the  divided  nth  diff.  co.  of  ^x^  when  jpssl. 
Also  verify  the  developments  in  (61.)>  (64.),  (15(5.) 

217.  If  we  form  the  successive  derivatives  of  0a,  we  shall  find 
D0a=0'a.6  =r0ta.6 

=0»a  D*6+^ja.D6*+0ia,6'; 

from  which  we  should  suppose  that 

D"<^a=D"^»6.0ia+D*-*6*,0,a+  • . .  .+6".^«a (D) 

The  proof  can  he  easily  completed,  as  follows.  Let  the  preceding  be 
true,  then  D^.a,  or  D0^^a  :  2.3.  • .  .p  is  0*+*^a.6  :  2.  3. . .  .p,  or 
^j^fiO  X  (p  + 1 )  6.     Consequently,  subject  to  rejection  of  repetitions, 

D-+*0a = D'-6 .  ^,a + (26D— '6 + D"-'6*)M  +  (36D*-»6« +D— «6«)*aa+ 

+  (m6D6"- »+  D6*)  0„a  +  6"'+> .  0«+ia 

Now  since  any  repetition  of  terms,  however  often  it  may  occur,  is 
followed  by  an  immediate  rejection  of  the  repeated  terms,  and  since  in 
otlier  respects  the  formulae  of  difterentiation  will  apply,  we  have  (as  in 
Ex.  2,  p.  245) 

D«  6*+»,  or  D-  (6*.6)=6D'"  6*+mD6 .D-'  6*+ . . . . 
all  the  terms  therefore  of  60"  6*  are  found  in  D*  fc*"*"*,  and  therefore  in 

*  This  term  is  rejected,  the  two  being  the  lanie. 


MISCELLANEOUS  EXAMPLES  AND  DEVELOPMENTS.        333 

the  formula  above  written  for  D^+'^a,  the  first  term  of  each  coefficient 
ia  brackets  may  be  rejected,  as  being  no  more  than  a  repetition  of  terms 
contained  in  the  second  coefficient.     We  have  then 

or  the  theorem  (D)  is  true  for  the  m  +  lth  derivation,  if  true  for  the 
mth.     Being  true  for  the  first,  as  shown^  it  is  therefore  true  for  all. 

218.  We  have  then 

4>  (a+bx-\-cj^+ ....  )=<})a+D0a.  j?+D«4>a.a:«+D'<(>a.a:'+ .... 

which  shows  that  this  method  of  derivation  is  a  generalization,  one 
particular  case  of  which  is  divided  differentiation,  as  follows.  Let  a  be 
a  function  of  t^  and  let 

1  da        _1  db  1  dc  1  de 

^""1  de  ''•"2-  de   ^^3  de  -^^4  de^""-'- 

if,  then,  azsi-^t^  we  have 

dr  dxi 
Consequently,  D"9a=-3^:  1.2.3. ..  .w, 

_.       Id^      _^.       Id.D^a      ^,       \d.\f<f>a   , 
or      04>a^j^,     ^4>a=^2-dt'     ^*«=3  "ST' *'• 

219.  The  preceding  affords  a  ready  mode  of  finding  any  diff.  co. 
which  may  be  wanted  of  4)a  with  respect  to  t.  Suppose,  for  example, 
we  would  express  the  fifth  diff.  co.     We  first  take  out  D'.^a,  which  is 

I>6.<fr'a+D-*.^+Dv|^+D6*  2X4+*'  O^' 

This,  multiplied  by  2.3.4. 5,  gives  the  diff.  co.  when  the  substitutions 
are  properly  made  in  the  derivatives  of  the  powers  of  6 :  take  out  the 
preceding  derivatives  from  the  table,  after  the  multiplication  just 
alluded  to,  and  we  have  (writing  the  index  of  each  letter) 

120flr4^'a+60(26,/,+2c,<»,)^"a+20  (36;c,+86icl)f "a+5 .  4fc?Cg^»'a+6?^'a. 

Denote  the  diff.  co.  of  a  with  respect  to  ^  by  a',  cl\  &c.  Then,  for  h 
write  a',  fore  write  a":  2;  for  e,  a'":  2.8;  for/,  a*':  2.3.4;  for  ff, 
a^:  2.8.4.5.  The  moat  commodious  way  of  doing  this  is  under  6,  c,  r, 
/,  and  gj  to  write  indices  !»  2,  3,  4,  and  5,  and  to  let  these  indices  be 
giudes  to  the  divisors  which  are  to  be  introduced.     The  result  is 

a'0'a+(5a'a'^+ lOaV")  0"a  +  (10a  V+ 15aV«)  i^^'a 

+  10aVy^a+aVo> 
which  may  be  verified  by  common  methods. 

220.  The  theorem  in  (217.)  may  be  made  to  give  higher  derivatives 
from  those  already  formed.    Thus 
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[m]         ^      ^^-    [m+1]   ^       ' 

If,  then,  all  the  derivatives  of  6'  up  to  the  mth  be  formed,  those  of  c 
can  be  foand  by  changing  b  into  c,  c  into  «,  Ac;  whence  the  (m+l)th 
derivative  of  h"  can  be  found.  I  think,  however,  that  the  method  in 
(215.)  is  the  more  easy,  though  the  present  one  may  serve  for  verifica- 
tion. Thus,  D*  b\  as  found  in  the  table,  is,  when  arranged  in  powers 
of  6, 

^.46'+(2cgr+2e/)  66«+  (3cy+3ce«)  46+4c^e, 

or  D*c.46''+  DV.66»+  l>c».46+Dc«.l+c».0. 

This  is  the  method  employed  by  Arbogast  himself,  in  whose  work 
D**.6"  stands  for  what  in  the  present  notation  would  be  2.3. .  .m.D"'.&'. 
To  exhibit  the  actual  formation  of  I>  b*  by  this  method,  we  have 


I>6*=' 


D»c.46»  =46"^ 

+DV.66»=66«i^^-2c  =12^-0/ 

l+cMr=66V 
4-Dc».4i  =126c»<! 
+     c*.  1  =c*. 


The  five  resulting  terms  put  together  make  the  value  of  D^  6*  in  the 
table. 

221.  Having  Y^a;=aj?+6a?*4-ca:*+. . ..,  required  an  application  of 
the  preceding  theory  to  the  determination  of  Y^~*a?,  or  to  the  reversion  of 
the  series  ax-^ba^'}' ....  In  (156.)  it  is  shown  that  the  development 
of  Y^~*x  is  Po.i  -r+i  Pm  x*+Scc,f  where  P„,„  means  the  coefficient  of  j^ 
in  the  development  of  (a+6j?+  •  •  •  .)""•  We  want  from  this  P«-i,  •* 
Let  ^a=a~* :  we  have,  then,  for  the  coefficient  of 


The  sign  +  being  used  when  n  is  odd,  and  —  when  it  is  even.  The  deve- 
lopment required  is  then  obtained  by  writing  the  cases  of  the  preceding 
expression  instead  of  those  of  P».i,«  in  the  form  obtained  from  (156.) 
Suppose  it  required  to  verify  the  coefficient  of  tt^  in  the  article  cited. 
We  have  then  to  find  the  value  of  the  preceding  when  n=r7,  and  to 
divide  it  by  7.     This  gives 

— D»6.a-"+4D*6«,a-''-12D'6».a-"+80D*6*.cr" 

— 66D6».a-"+I326*.a-» 

Bring  all  to  the  common  denominator  a*',  and  take  the  derivatives  from 
the  table.  This  gives  for  the  numerator  the  following,  the  order  of  the 
terms  being  inverted. 

1326*— 330a6*c+30a»  (46»c+6iV)— 12i;^  (36«/+66ce+c') 
+4a*  (2i^+ 2c/+c*)— a*A.     [Compare  this  with  page  806.] 
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222.  Required  the  expansion  of  (1 +&«r +£»*+•••  O'^*  The  diff. 
00.  of  a~\  when  a=:l,  are  --1,  2,  —  2*3,  2.3.4,  Ac.,  and  divided,  they 
are,  —1,  +1,  — 1,  &c.  . 

The  materials  for  finding  this  to  the  tenth  power  of  x  are  in  the  table. 
Hence  we  have  a  simple  form  for  the  quotient  of  c^-^b'x+cfji^+  • .  • ., 
divided  by  H-6«+ci'4- . .  •  • ;  namely, 

•{a'  (J'-DftHD'i^)— i'  (&«-D6)+c'6-e'}  a:*+ . .  • . 

223.  The  eombinatorial  ancUystM  mainly  consists  in  the  analysis 
of  complicated  developments  by  means  of  A  priori  consideration  and 
collection  of  the  different  combinations  of  terms  which  can  enter  the 
coefficients.  The  first  theorem  of  the  kind  which  the  student  usually 
meets  with  is  the  well  known  development  of  (l+<3r)",  when  n  is  a 
whole  number,  depending  upon  the  obvious  faci^  that  in  (l+a;)(l  +  <r) 
. . . .  (n  factors)  jf"  must  appear,  once  for  every  manner  in  which  m  xts 
out  of  m  factors  can  be  combined  by  multiplication  with  the  units  of 
the  n—f7i  remaining  factors.  . 

If  we  multiply  together  a+b-^c-^- .. ..,  a'+V+cf-i- ..  ..,»"+&'+ 
</'+•-••»  &c.  (n  factors),  the  product  consists  of  a  number  of  products 
containing  a  term  for  every  commnation  of  n  factors,  one  out  of  each  of  the 
pdynomial  factors.  But  if  we  multiply  together  ao+ai<r+^ii«>^+  •  •  •» 
6,+  bi  x+  6t  x*+  •  •  •  •  (n  factors);  the  coefficient  of  of  will  consist  of  such 
combinations  above  described  only,  as  have  th&sum  of  their  distinctive 
indices  equal  to  m.  Thus,  if  we  want  the  coefficient  of  ^,  there  being 
four  factors,  we  must  ask  in  how  may  ways  5  can  be  composed  of  four 
numbers,  0  included.    Thus  we  have 


0005  gives  a«&oC«e^,  c^b^e^c^  &c, 
0014  gives  Oq  b^  Ci  e^,  Oo  b^  c^  e„  &c. 
0023  gives  a^  bo  c,  €„  OoboC^e^  &c. 


0113  gives  a^6|C, «,,  a^  6|  Cs^i,  &c. 
0122  gives  ao  bi  c.  e^  Oq  Ci  6a  e^,  &c. 
1112  gives  a  I  bi  Cy  e^  a^  6,  ^i  Ct,  &c. 


Collections  of  tables  of  the  different  methods  in  which  numbers  may  be 
constructed  by  additions  of  lower  numbers,  under  various  conditions, 
make  the  fundamental  tables  of  this  method,  just  as  those  of  the  deriva- 
tives of  powers  of  b  are  the  fimdamental  tables  of  reference  in  the 
method  of  Arbogast. 

224.  Required  the  development  of  (Oo+Oi  J? +0,3!^ -f ....)",  n  being 
a  whole  number.  To  find  the  coefficient  of  x^  we  must  find  every  way 
in  which  n  numbers  (0  included)  can  be  put  together  to  make  m.  Let 
OS  suppose  that  the  10th  power  is  the  one  in  question,  and  let  7Z=r4. 

Firstly;  take  10  in  four  different  numbers,  as  1,2,  3,4.  Hence 
a,  a,  0^  a^  ia  a  part  of  the  coefficient  of  d?*^.  But  Oi  may  come  from 
either  of  the  four  factors,  Og  from  either  of  the  remaining  three,  &c.,  so 
that  if  we  write  first  the  number  which  comes  out  of  the  first  factor,  &c., 
wc  have,  in  the  coefficient  of  J?*®,  aia^(t^a^-\-a%ai<ha^-\-ai(ha%a4r^&c.y 
repeated  as  many  times  as  there  can  be  made  different  arrangements  of 
four  quantities.    Henc6  4.3«2«Iaiaia8a«  is  apartof  the  coefficient. 
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Secondly,  take  four  numberB  to  make  10,  which  are  not  all  diflereDt, 
as  2,  2, 3,  3.  The  number  of  ways  in  which  a,,  a«,  a,  a,  can  be  written 
is  not  80  many  as  before,  for  a,  from  the  first  factor  and  a^  from  the 
second  is  the  same  selection  as  a*  from  the  second  and  a^  from  the  first. 
In  fact,  by  a  well  known  rule  of  common  algebra  the  number  of  different 
arrangements  of  cr„  Og,  a,,  Os  is  (4 . 3  •  2 .  L )-^(L  .2x1.2).  Generalizing 
this  reasoning,  we  find  tlie  following  methpd  of  finding  the  coefficient 
of  the  mth  power  of  a:  in  the  development  of  the  nth  power  of 

^0+^1  *+  •  •  •  •       Le^    kl+k^r+ =  m,  in  which   ^+Ar'+  .... 

=n,  and  find  every  possible  way  in  which  these  equations  can  be 
solved,  A,  k!y  &C.9  /,  I'y  &c.  being  positive  whole  numbers  (0  included). 
Then  the  coefficient  required,  which  call  P^,,  b 

\l.iS.o....ArXI.^*v....nX***.**  / 

225.  Required  the  development  of  ^(a+6j;+c:r'+. . ..).  This, 
by  Taylor's  theorem,  is 

^a+^'a.j?(6+cj?+ftr*+...)+^— j?*(6+ca:+ej;*+*«  ••)'+•  •  •  • ; 

whence  it  is  evident  that,  making  6=00)  c=:an  &c.  in  the  last  problem, 
the  coefficient  of  oT  is 


2.3«..9it'~2  2.3*. ••911 

Tables  may  be  provided  to  facilitate  the  formation  of  these  coefficients, 
but  in  Ar[)ogast's  method  they  are  already  formed.*  Comparing  the 
preceding  expression  with  (214.),  we  see  that 

p^j,,=D-^'6,    P^,.,=D— •6«....P«^.»=D*^y. 


226."  Wejhave,  however,  gained  by  the  preceding  a  method  of  form- 
ing or  of  verifying  any  derivative  of  a  power  of  b  independently  of  the 
rest.  Take  as  an  instance  I>  6^.  We  have,  therefore,  to  examine  every 
way  in  which  four  numbers  (0  included)  can  be  put  tc^ther  to  make  5. 
The  different  ways  are 

0005     0014     0023     0113     0122     1112.  . 

The  letters  which  should  have  the  indices  jO,  1,  2, 3,  4,  5  are  6,  c,  e,/,  g^ 
h.     Observing  what  indices  are  repeated,  we  have  for  the  terms  of  I^b* 

1.2.3.4...   1.2.3.4..       1.2.3.4^.  ^  1.2.3.4  ,     - 

T:2Xi^^'rxi7i^'^^'T:2Xi^^-^'T^      . 

1.2.3.4  ^    ,   1.2.3.4  3 
1.1.1.2  ^'''M. 2. 3.1^''' 
which  computed  and  put  together  give  the  same  as  in  the  table. 

227.  The  most  simple  form  of  the  development  of  (a+^x+cj:* 
+  ....)■  is 

*  As  far  as  I  have  compared  the  methods  of  Arbogast  with  those  of  Hindefiburg, 
this  is  always  the  case.  Th«i  tables  of  reference  of  the  fofmer  method  are  one  step 
more  towards  the  solution  than  those  of  the  latter.  In  other  respects  their  powem 
are  much  the  same^  as  far  as  developments  are  concerned. 
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a"+D<.a?+D«a'.  j:*+D'a".  a^^ 

where,  when  n  is  integer,  the  derivatives  of  a"  may  be  formed  directly 
from  the  table  of  6,  by  substituting  a  for  6,  b  for  c,  c  for  e,  &c. 

From  this  it  may  be  shown,  that  D"  if  may  be  described  as  the 
coefficient  of  j^y'  in  the  development  of  1  :  (I — y0a?),  ^x  standing  for 

228.  The  last  article  has  left  us  in  possession  of  a  result  which 
belongs  to  the  calculus  of  generating  funciiojis^  which  should  be  con- 
sidered as  a  sort  of  inverse  method  to  the  combinatorial  analysis,  though 
neither  was  originally  set  forth  in  connexion  with  the  other,  and  either 
may  have  developments  to  which  the  corresponding  parts  of  the  other 
have  not  yet  been  investigated.  Every  mathematical  method  has  its 
inverse,  as  tnily,  and  for  the  same  reason,  as  it  is  impossible  to  make  a 
road  from  one  town  to  another,  without  at  the  same  time  making  one 
from  the  second  to  the  first.  The  combinatorial  analysis  is  analysis  by 
means  of  combinations ;  the  calculus  of  generating  functions  is  combina- 
tion by  means  of  analysis.  Thus,  having  observed  (and  the  observation 
is  common  to  both  methods)  that  in  (l+x)(l  +  or). ..  .n  factors,  the 
coefficient  of  3?  must  be  the  number  of  combinations  of  7  out  of  7t,  the 
combinatorial  analysis  requires  us  to  find  that  number,  and  thence  to 
infer  the  coefficient  of  x' ;  the  calculus  of  generating  functions  requires 
us  to  expand  (1  +x)*  by  purely  algebraical  considerations,  and  from  the 
coefficient  of  x^  infers  the  number  of  ways  in  which  7  can  be  taken  out 
ofn. 


•  •  •  • 


229.  Let  0<,  expanded  in  powers  of  f,  give  ao+ai^+at<'+ 
Then  4>t  being  given,  and  also  n,  the  coefficient  of  t"  is  implicitly  given, 
and  is  therefore  a  function  of  n.  The  function  0^  is  then  called  the 
generating  function  of  a^  which  is  a  function  of  n.  Thus  m :  (1—0= 
m+«i/+wi<*+ ....  or  m :  (1 — 0  w  ^^^  generating  function  of  the  con- 
stant m:  again  w  :  (1 — f*)=m+wi^+»w(*+ . . . .,  and  is  the  gene- 
rating function  of  a  function  ofn,  which  is  =m  for  every  even  value  of 
n,  and  =0  for  every  odd  value.  This  function  is  m  (1  +  (—1)").  The 
generating  function  of  n  itself  is  t :  (1—0*  ?  '^^  generating  function  of 
<ite:t6«  is  made  by  adding  or  subtracting  the  generating  functions  of  a« 
and  6.. 

If  <t>t  generate  a,,  i^</)t  generates  o,^;  for  'in  <*^<  the  coefficient  of  C 
is  that  of  f"*  in  <f)L    Similarly,*  ir^(t>t  generates  a.+j^. 

If  0e  generate  a„  and  ft  generate  6„  (/>t  x  "^t  generates  ao^.+^i  &,_,+ 
....  +a,6o.  If,  then,  6,=  1,  or  Y^f  =  1 :  (1—0.  we  find  that  0«  :  (1—0 
generates  ao+a,+  ....■!•««  and  t(pt :  1— <  generates  ao+ai+  . . .  +«— i 
or  la,, 

230.  The  last  remark  enables  us  to  pass  to  the  generating  function  in 
an  infinite  number  of  cases.     Let  us,  for  abbreviation,  express  Oq+^Zi^ 

+  a,<»-|-&c.  by  (Oofl, a, ).     Then,  for  instance,  1  +  ^-|-f*  generates 

(1, 1, 1,0,0 ),  consequently  {l'ht+f)t:  (1-0  generates  (0,0  +  1, 

0-1-1  +  1,0+1  +  1  +  1,  0+1  + 1  +  1  +  0....  )>  or  (0,1,2,3,3,3....). 

Again,   1  +  t  generates   (1,  1,  0,  0 ),    (1  +  0  '  (1-0    generates 

•  The  student  should  now  look  ihrough  the  various  developments  which  have 
bees  made,  and  should  describe  each  in  the  language  of  generating  functions. 
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(1,  2,2,2....)  ;^^erefore  (1  +  0  :(1  — 0'  generates  (1,3,  5,  7. .. .), 
and  (1+0  :  (1—0'  generates  (1,  4,  9, 16. . . . ). 

If  (pt  generate  o^,  0^:(1--/*)  generates  fl«+o,,-^+ ••••,  ending 
with  Oo  when  n  is  even,  and  with  a^  when  n  is  odd.  Find  what 
0< :  (1  —  f")  generates. 

231.  If  0t  generate  a„,  whatever  function  of  a^  ftx^t^t  generates, 
it  is  ohvious  that  "^tx  (}l^t,<f>t)  generates  the  same  function  of  the  new 
coefficients.  If,  then,  we  find  that  a  certain  operation  on  a^  is  gene- 
rated hy  yfft.^y  we  know  that  the  same  operation  repeated  on  the 
results,  and  so  on,  until  it  has  heen  repeated  n  times,  will  he  generated 
hy  {fty.(/>t.  This  may  he  exemplified  as  follows.  Let  the  operation 
in  question  he  a^+i — a„  which  call  Aa„  and  let  Aa.4.1 — Ao^,  he  A'a.,  as 
usual.  The  generating  function  of  0,+,— a,  is  (t~* — 1)  .0^,  whence  that 
of  A*a.  is  (r^—  1  )*  <f>t.    But 

of  which  tr*(l}t  generates  0,+^,  kC^^^  (fit  generates  /:a»fjt_i,  and  so  on. 
But  when  two  functions  are  identical  they  must  generate  the  same 
function,  since  no  function  of  t  can  lie  expanded  in  whole  and  positive 
powers  of  t  in  two  different  ways.     Hence 

as  already  known.     Again 

r*=:(i+r»-i)*=i+ii(r»-i)+it^(r»-i)«+... 

Multiply  hy  ^<,  infer  the  equality  of  the  generated  from  that  of  the 
generating  functions,  and  we  have 

^— 1 
a»,+ft=ro,+ArAan+Ar~2— ^* «»+ » 

which  is  also  known.  Let  1  :i=y,  and  assume  y^^z+xyy*  then,  as 
in  p.  170,  y*  =  z*-f  5^2.ife5*""*  x+  • . . .,  or  substituting  values  for  y  and  J, 

^=^+(x^**^")  ^  +^^  «x«)^**-•).  (^)'+ 

Let  2=1,  multiply  by  tftt,  and  let  Pj,  P„  &c.  be  the  values  of  x«  •*«*"'# 
&c.,  when  2=1.  Again,  let  (x*~*)~'^^  (x^O~'0^  &c.  generate 
Xi, «,  X,,  „  &C. ;  then,  inferring  as  before,  we  have 

fl.+,=a.+P^AX|..  h  2"  P.A«X...+^Pa  A-X...+  . . . . 
For  instance,  let  xy^y'*  *^®^ 

j^  {z'^.k2f^'}=i[mr+k'-h  mr+it-tn+ 1]  Az"^"^*— , 
and  (r')"^,^<  generates  a,_«r-    Consequently  («=1) 
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According  to  analogy  A~^  a,  denotes  2a,.  But  the  generating  function 
of  A~*  fl,  should  be  (t"^ — 1)~*^^  and  we  have  already  shown  that  this 
is  the  generating  function  of  2!a„. 

232.  To  show  the  application  of  the  calculus  of  generating  functions 
to  a  question  of  combinations,  we  propose  the  following  question ;  in  how 
many  different  ways*  may  the  number  p  be  made  up  of  lesser  numbers, 
no  one  of  which  falls  short  of  n.  If  we  take  the  quantity  jf + jf^* 
+ . . .  ad  inf. y  and  raise  it  to  the  Arth  power,  it  is  plain  that  of  enters  once 
for  every  way  in  which  p  can  be  made  up  of  k  numbers,  no  one  of  which 
is  less  tlian  n.     If,  then,  we  take 

^-|.x*+'+  •  -  • .  +(a?"+ JJ^'*''+  . . .  .)'  +  ('2^+J5^"*"*+ . . .  .)•+ . .  r  .arf  inf. 

sF  enters  once  for  every  way  in  which  p  can  be  made  up  of  1,  2, 3,  Ac. 

numbers,  no    one    of  which  is   less  than  n.     But  A4-A'+ 

=A :  (1 — A),  consequently  the  number  required  is  the  cod£cient  of  af^ 
in  the  development  of 

J.-4.  j'+i-f X" :  (1— J-)  a;" 

or -—IT r,  or 


the  A"th  term  of  which  is  a!^  (1 — ar)"*,  and  when  developed  contains 
oF  as  long  as  kn  is  less  than  (or  not  greater  than)  p.  The  co- 
eflScient  of  j**  in  the  development  of  j:*"(1— a?)*"*  is  that  of  jf~**  in 
(1— j:)"^,  or 

[fe,ife+p— fa— 1] 

[p-kn'] 

Let  then  p :  n  give  a  quotient  g,  (neglecting  the  remainder,)  and 
the  answer  required  is,  q  terms  of  the  jfollowing  series, 

[1,?>-^1      [2,y-2n+l]      [3,p~3n-h2] 
[p-n\    ^      [p-2;0       "*■      [p-3n]      '^''''^ 

,x  .  (p--3n+l)(p— 3n+2) 
or  l  +  (p-2n+l)'\'^ '-^ ^^^+.»,. 

For  example,  in  how  many  ways  can  11  be  made  out  of  numbers,  no 
one  of  which  is  less  than  2?  Here  p=ll,  n=2,  <7=5,  and  the 
answer  is 

,  .  o  .6.7   ,  4.5.6  .  2.3.4.5 

^+«+-2-+-2X+-2xr>^^^^- 

These  55  ways  are  11;  9+2,  8+3,  7+4,6+5,  each  in  two  ways; 

*  Thiii  counts  difierent  orders  as  different  ways:  thus  3-|-d+4  and  34*4+3  are, 
in  tlus  problem,  difiennt  ways  of  makiiig  10. 

Z2 
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7+2+2,  5+3+3,  3+4+4,  each  in  three  ways;  6+3  +  2,  5  +  4+2, 
eachin6ways;  2+2+3+4 in  12 ways;  2+3+3  +  3and2+2+2+5, 
each  in  4  ways;  2+2+2+2+5,  in  5  ways;  55  in  all. 

233.  It  is  sufficiently  evident  that  two  functions  which  are  the  same 
in  different  forms  must  generate  the  same  function,  it  may  be  also  in 
different  forms.  Thus  (<+4/*+^)  :  (1— <)*  generates  n',  or  the  co- 
efficient of  <*  is  7i'.  If  we  decompose  the  preceding  fraction  into  three, 
the  first  will  be  found  to  generate  [7i,7i+2]  :  2.3,  the  second  4  [«— 1, 
n+ 1]  :  2.3,  and  the  third  [n — 2,7i] :  2.3,  the  sum  of  which  is  n'. 

But  the  converse  is  not  necessarily  true,  unless  it  happen  that  all  the 
different  forms  of  the  generating  function  are  made  to  commence  from 
the  same  power  of  t.     For  though  we  call  ao+ai<+ai<*+....   the 

generating  function  of  c„,  yet  a_,  ^"*+ao+^i  <+fl8  <*+ is  also  the 

generating  function  of  the  same,  with  one  more  term,  and  ait-^aj,*+  . . .  • 
with  one  term  less.  When,  therefore,  the  equality  of  two  generated 
functions  is  asserted,  that  of  the  generating  functions  can  only  be 
inferred  when  they  are  made  to  begin  with  the  same  power  of  L  The 
following  problem  will  illustrate  this. 

Required  the  function  a.,  which  has  the  property  of  being  equal  to 
A«-i+ ffn.f  If  ^t  be  the  generating  function  of  a„  (beginning  with  Oo,) 
t4it  is  that  of  a^i,  and  t'(/>l  that  of  a^t,  whence  i<i>t+('<f)t  is  that  of 
On-i+dm-ii  but  it  begins  with  a^  <+(«!+ a©)  ^+ ...  •     Hence  we  have 

..(1-0  tMj-^     _J^  } 

by  a  process  similar  to  that  in  the  last  article,  the  coefficient  of  T  in  this 
development,  or  the  value  of  a„,  will  be  found  to  be 

_  j[l.«-2l    .[2,n-3]   .[3.n-43   ,  1 

"M  [n-2]     "*■    [n-41    "^   [n-6]    "*"•'••( 


^i[l.«-l]    ,[2.«-23  ) 

"'l  [«-l]     +  [„-3]    +••••/' 


the  number  of  terms  in  the  coefficient  of  Oo  being  ^  or  j^(n — 1), 
according  as  n  is  even  or  odd,  and  the  number  in  that  of  ai  being  ^n  or 
^(n+1).  And  a^  and  Oi  may  be  taken  at  pleasure.  Also,  if  in  the 
preceding  notation  [0]  appears  in  the  denominator,  the  whole  term  is 
unity. 

For  example,  a^  should  be 

(1.2.3     2\  .       (1.2. 3. 4   .  2.3     ,1     ^        ^      ,^ 

which  is  easily  veri6ed,  since  the  terms  are  Oo,  Ci,  aarzai+oij'oar: 
Sa^+ao,  fl^=3ai+2ap,  a^:=:bai+3aQ. 


341 


Chaptrr  XIV. 

APPLICATION  TO  GEOMETRY*  OF  TWO  DIMENSIONS. 

The  applications  of  the  Differential  and  Integral  Calculus  to  geometry 
are  twofold  in  character.  Those  of  the  first  kind  are  such  as  simply 
require  the  algehraical  treatment  of  a  geometrical  question^  and  make 
use  of  the  Differential  Calculus  in  aid  of  the  algebraical  treatment. 
Thus  a  question  of  geometry  might  give  <t>  (^+^)  as  the  answer,  and  ^a 
being  already  known,  and  h  small,  it  may  be  convenient  to  calculate  an 
approximate  result  by  applying  our  rules,  (not  so  much  to  the  geometry 
of  the  question  as  to  the  algebra  which  it  is  found  convenient  to  employ 
in  the  solution.)  and  by  using  </>a+4/a.h.  All  the  geometrical  questions 
of  maxima  and  minima  in  pages  296 — 303  fall  under  this  head :  and  in 
this  sense  all  the  applications  of  our  science  hitherto  made  to  algebra 
are  also  applications  to  every  science  in  which  algebra  can  be  made 
useful.  The  second,  and  more  direct  application  of  the  science  of 
geometry,  consists  in  the  formation  of  a  body  of  general  rules,  by  which 
the  differential  relations  of  space  are  treated ;  and  in  which,  though  the 
application  is  made  through  algebra,  it  is  not  the  formation  of  isolated 
results,  but  of  general  precepts,  which  is  the  main  object  of  the  appli- 
cation. In  this  point  of  view  we  have  to  consider  successively  geometry 
of  two  and  of  three  dimensions. 

I  suppose  the  student  to  be  familiar  with  the  method  of  coordinates, 
the  distinction  of  positive  and  negative  coordinates,  the  equations  of  the 
straight  line  and  of  the  conic  sections.  But  as  the  general  relations  of 
sign  are  imperfectly  treated  in  elementary  works,  and  as  the  perception 
of  the  universality  of  the  results  and  precepts  to  which  we  shall  come 
depends  upon  a  thorough  acquaintance  with  this  part  of  the  subject,  I 
propose  to  begin  this  chapter  by  supplying  the  necessary  considerations. 


The  directions  OX  and  OX'  are  the  positive  and  negative  directions  of 
the  abscissa ;  OY  and  OY'  of  the  ordinate.  The  positive  direction  of 
revolution  round  OP  is  from  OX  to  OX  again,  through  OY,  OX',  Oy', 
as  marked  by  the  arrows  in  the  left  hand  diagram.  Take  any  point  r : 
the  line  OP  has  no  sign  in  itself,  but  according  as  one  or  the  other  sign 

*  It  18  not  my  intention  in  this  chapter  to  dwell  on  any  matter  which  belong^  to 
the  simple  application  of  algebra  to  f^oometry,  and  which  can  be  foimd  in  the 
tieati»e  on  that  siil  ject.  This  treatise  will  be  referred  to  by  the  initial  letters  A.  G. ; 
thus,  (A.  6.  100)  means  the  ICOth  article. 
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is  given  to  OP,  all  lines  passing  through  P  divide  into  two  directions 
with  different  signs.  And  the  rule  for  assigning  the  signs  is  this :  if  P 
were  to  move  along  a  line  drawn  through  OP,  in  one  direction  of  motion 
OP  would  revolve  positively,  and  in  the  other  negatively ;  when  OP  is 
positive t  the  positive  direction  is  that  in  which  OP  revolves  posUively 
when  P  moves  in  that  direction ;  when  PO  is  negative  the  positive 
direction  is  that  in  which  OP  revolves  negatively  when  P  moves  in  that 
direction.  Or,  the  positive  direction  on  any  Ime  is  that  in  which  OP 
and  the  direction  of  revolution  have  the  same  names;  the  negative 
direction,  that  in  which  they  have  different  names.  The  preceding 
diagrams  contain  various  instances,  all  on  the  supposition  that  OP  is 
positive. 

If  a  line  move  parallel  to  itself,  its  directions  retain  their  signs  until  it 
crosses  the  origin  0,  when,  if  OP  retain  the  same  sign,  the  signs  of  the 
directions  change.  But  if  OP  change  sign  when  the  lines  travel 
through  the  origin,  the  directions  do  not  change  sign.  At  the  moment 
when  the  change  of  sign  takes  place,  there  is,  as  before,  no  sign  except 
an  arbitrarv  one. 

The  angle  made  by  a  line  with  an  axis  is  in  all  cases  to  be  found  by 
drawing  through  the  origin  a  parallel  to  its  positive  direction,  and 
measuring  the  angle  made  by  that  parallel  with  the  axis  in  the  positive 
direction  of  revolution.     Thus,  if  OP  be  positive,  the  angle*  made  by  the 

line  drawn  through  P  is  XOM,  greater  than  two 
right  angles ;  but  if  OP  be  negative  it  is  XON. 

The  angle  made  by  two  lines  may  be  con* 
sidered  as  positive  or  negative,  according  as  one  or 
the  other  is  mentioned  first.  Thus,  if  OA  and  OB 
make  angles  a  and  /3  with  the  positive  side  of  the 
axis  of  X,  then  a — /3  should  be  called  the  angle 
made  by  OA  with  OB,  and  /3— a  the  angle  made 
by  OB  with  OA.  It  is,  however,  possible  to 
make  the  distinction  between  the  angle  of  OB  with  OA,  and  that  of 
OA  with  OB,  as  follows.  Let  the  angle  made  by  OA  with  OB  be  that 
made  by  passing  from  OA  to  OB  by  revolution  in  the  negative  direction. 
In  this  manner  the  angle  of  OB  with  OA,  made  by  passing  from  OB  to 
OA  in  the  negative  direction  is  2'7r — 0,  if  that  of  OA  with  OB  be  6: 
and  2'B'— 6  has  all  the  properties  of  —6.  If,  however,  we  allow  the 
second  method,  it  must  be  kept  in  mind  that  results  may  be  greater  by 
2ir  than  they  would  be  in  the  first.  I  shall  use  the  first  method. 
:  We  gain  by  the  preceding  definitions  not  only  the  power  of  repre- 
senting the  relations  of  direction  by  simple  and  universal  theoremsjf 

*  It  may  be  useful  to  notice  that  when  a  line  cuts  a  triangle  out  of  the  firat 
quarter  of  space,  the  angle  it  makes  with  the  axis  of  x  lies  between  one  and  two 
right  angles  ;  out  of  the  second,  between  two  and  three ;  out  of  the  third,  between 
three  and  four ;  and  out  of  the  fourth,  between  four  and  five,  (or  an  angle  less  than 
one  ri^ht  angle.) 

f  Smce  the  angle  made  by  a  line  is  that  made  by  the  positive  side  of  it  with  the 
axis  of  X,  conversely,  negative  radii  are  to  be  measured  in  the  direction  opposite  to 
the  lines  bounding  the  angles  which  belong  to  them;  that  is,  if  r=^^  be  the  polar 
equation  to  a  curve,  whenever  ^  is  negative,  the  line  which  has  traced  out  the 
angle  4  is  not  the  direction  of  r,  but  the  opposite.  Owing  to  the  neglect  of  this 
extension,  the  spiral  of  Archimedes  has  only  half  its  convolutions,  and  rz=a-^bi^e0 
would  frequently  loose  a  loop.  The  reciprocal  spiral  also  has  only  half  its  couvulu> 
tioDS ;  as  it  is  usually  given,  it  presents  the  anomaly  of  a  curve  which  has  a  liuear 
asymptote,  with  only  one  branch  approximating  to  it ;  and  what  is  still  more  strange, 
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but  also  that  of  giving  demonstrations  as  general  as  the  theorems  them- 
selves. I  shall  first  show,  by  one  or  two  separate  cases,  the  universality 
of  a  certain  theorem,  and  shall  then  prove  it  generally. 

A  straight  line,  YX,  making  with  the  axis  of  x  an  angle  /3,  is  cut  by 
OP,  making  an  angle  B  with  the  same.  Again,  YX  makes  with  OP  an 
angle  /i.  Required  the  relation  which  exists  between  )3,  6,  and  /x.  Two 
positions  of  the  line  X  Y  are  given,  the  first  cutting  a  triangle  out  of  the 
first  quarter  of  space,  the  second  out  of  the  fourth.  In  the  first,  OP 
falls  within  the  triangle  cut  out»  but  not  in  the  second. 

In  the  first  case,  /3  is  XOA^  and  B  is 
XOP,  while  ^  the  angle  of  OA  with  OP  is 
XOA— XOP,  or  jf—e,  or  /i=^-6. 
Again,  in  the  second  case,  /3  is  XOB, 
and  6  is  XOP,  (greater  than  two  right 
angles,)  while  /i,  the  angle  of  OB  with 
OP,  is  XOB— XOP  or  /3— e,  as  before, 
being  now  negative. 

The  general  proposition,  which  in  fact 
answers  to  that  in  Euclid  relative  to  the 
sum  of  all  the  angles  of  a  polygon,  is  as 
follows.  If  A,  B,  C,  D. . .  .M,  N  represent  the  n  sides  of  any  polygon, 
then  the  sum  of  the  angles  made  by  A  with  B,  B  with  C. . .  .M  with 
N,  and  N  with  A,  is  equal  to  nothing,  provided  that  the  above  con- 
ventions with  regard  to  the  angles  be  strictly  observed.  For  if  a,  /3,  y 
. . . .  ^,  ^^  be  the  angles  made  by  the  sides  with  the  axis  of  X  severally, 
then  by  definition  the  angles  above  described  are  tx— /3,  j3 — y.*.. 
II — y,  v*— a,  the  sum  of  which  is  obviously  equal  to  nothing.  If,  then, 
in  the  above  we  denote  YX  by  T,  OP  by  R,  and  OX  by  X,  and  if  by 

AB  we  mean  the  angle  made  by  A  with  B,  we  have 

j3=TX,    6=r"x,    /i=TR,    XT+TR+RX=:0, 

XT=:-TX,=— /3,  whence  -/3+^+0=0,  or  /i=i3-e. 

We  shall  always,  unless  where  the  contrary  is  specified,  consider  OP 
as  having  a  positive  sign.  We  now  proceed  to  establish  those  differential 
relations  between  the  different  coordinates  of  a  point,  on  which  much  of 
the  subject  depends. 

The  coordinates  ON  and  NP  of  the  point  P  are 
X  and  y,  its  radius  vector  OP  is  r,  and  the  angle  of 
OP  and  X  (which  in  our  figure  is  PON)  is  Q,  The 
line  PT,  usually  the  tangent  of  a  curve  passing 
through  P,  makes  an  angle  /3  with  the  axis  of  <r, 
and  /x  with  OP.  In  our  figure  /3  is  equal  to  PTN, 
and  /i  is  equal  to  OPT.  Let  u  stand  for  I :  r,  the 
reciprocal  of  r.  And  as  we  are  at  first  only  con- 
sidering mathematical  consequences,  without  refer- 
ence to  the  geometrical  considerations  from  which  the  premises  are 
derived,  we  shall  introduce  several  suppositions  which  here  merely 
denote  abbreviations,  and  point  out  at  a  future  time  why  these  particular 
abbreviations  become  useful. 


the  curve  whose  equation  is  V(^'^y')*^Q'~^(y  •y)=l'  ^^  ^^  infioite  number  of 
fold*  which  are  not  found  in  r}^  1. 
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Ijet  X  and  y  be  both  functions  of  some  variable  /,  (in  mecbanics  it 
stands  for  the  time  at  which  the  point  is  at  P,  or  the  number  of  seconds 
measured  irom  some  given  epoch,)  and  let  all  differentiations  be  made 
relatively  to  t  Instead  of  diff.  co.  write  differentials :  thus,  when  I  say 
d»  is  to  stand  for  ^Jidx^+dy^)*  I  mean  that  s  is  to  be  such  another 
function  of  t  that 

dt     V  \dt*      d^f       dx     V  V      rfW ' 
the  latter  if  y  be  expressed  in  terms  of  a?.    Again,  let  p  be  the  abbrevia- 

tion  of  3^  or  -r'-^-     Finally,  let  a  perpendicular  from  O  upon  PT 
dfj       dt    dt 

be  called  p,  and  let  it  make  with  the  axis  of  x  an  angle  or.     Let  p, 

which  being  drawn  through  O  has  no  sign  but  an  arbitrary  one,  have  a 

^     dy        dy   dx 
positive  sign.     Also  let  PT  be  so  drawn  that  tanp=-j-,  or  ;Tr--^- 

Our  symbols,  then,  are  as  follows : 


J?,  one  cootdinate  of  P. 

y,  the  other  coordinate. 

<,  an  implied  independent  varia- 
ble, of  which  X  and  y  are 
functions. 

r,  the  radius  vector  OP, 

tt,  the  reciprocal  of  r. 

6,  the  angle  of  r  x. 


j8,  an  angle  so  taken  that  tan  /3= 
~,  also  the  angle  PT  r. 

A 

/i,  the  angle  PT  r. 
p,   the  perpendicular*  from  O  on 
PT. 

A 

cr,  the  angle  /;  x. 

J,    derived  from  ds=:i^(dx'-\-dy% 

p,    abbreviation  of  -r^. 


The  following  equations  follow  immediately :  \. 

;i=/3— d       f!i=r/5+  — -.  (rejecting  2Tf  if  necessary.) 

The  first  has  been  already  proved;  the  second  follows  thus: 
p"j:+a^"PT  +  PTp=0,  or/a:-PTx— p"PT=0, 

p^x=:FTx+p^PT,  or  tsT=/J+l--. 

2 

To  find  the  internal  angle  POK  of  the  triangle  POK,  we  have,  when  the 

,  ^       ^       ^ 

angles  are  measured  by  our  conventions,  pr=:pa?— r  j?=:«j— 0.     And 

the  angle,  as  to  magnitude  and  independently' of  sign,  must  be  either 

POK  of  the  triangle,  or  the  difference  between  the  latter  and  four  right 

angles.     In  all  these  cases  cos  POK  in  the  triangle  is  the  same  as  cos 

(p-d).     Hence  we  have  p=zr cos (p—0).'    If  we  now  collect  these 

equations,  and  add  to  them  some  others  which  are  very  evident,  and 

*  It  will  be  found  that  according  to  the  conventions  laid  duwn  p  PT  is  always 
three  right  angles,  ~,  or  —  — ,  and  not  -  as  might  le  supposed. 
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also  those  by  which  s,  /J,  and  p  are  introduced,  we  have  the  following 
list. 


(1.)  a:=:r  cos  6. 
(2.)  y=r  slud, 
(3.)  r=V(^+y») 

(4.)  tan0=-. 

X 

(5.)  /)=rcos(tJ— 6) 


(6.)  fi^ft-^e. 
O.)  t3  =  /3+^. 

(8.)  tani6=f!^. 
ax 

(9.)  d^=:^{dj!'+dy*) 
(10.)  p=|. 


We  now^  proceed  to  find  differential  relations,  all  with  respect  to  /, 

fix  d*j? 

meaning  —  by  ctr,  —  by  cPj,  &c. 


d< 


c?<» 


9 

(1 4- tan'p)  rf/3  =  ^"^  Aj-^ ^y  <^^^  Of  d^dftzzdxc^y-^dyd^x 


dx 
d^  d^ 


P= 


__  (rfj?»+dy') 


T 


d«* .  d/3      dx  d^y — rfy  rf*  j;      dx  d^y  —  c/y  d'a? 

d^ 
d? 


cc««/3=Tr. 


•'"•''=f 


tan /3  — tan  0        xdy—ydx     r^dQ        dO 
I  +  tan /3  tan  9     xdr+ydy       rdr        dr 


(11.) 


(12.) 


(13.) 


(14.) 


-T.  (15.) 


(ijr= cos  6rfr — r  sin  0  d6,  1 

</*j=:cos  ^  cTr — 2  sin  6  rf6  rfr—r  cos  0  d^*— r  sin  0  d»6) 

c/y = sin  d  dr + r  cos  6  d6,  1 

d*y=Bin6(rr-t-2cos0dadr— rsin0d0*+rco8  0d*0   J 

rdr=:xdx-\-ydy     rd^r+dr*  =xd'j:4-  yd*y  -h  dx^+dy* 

From  (9.),  (16.),  and  (17.)     ds^=:dr*+r*dO* 

From  (19.)  and  (18.)     rcPr—r^dQ'^^xd^x+ydSj 

ds  d^sz^dxd'x  +  dy  d^y=:dr  d^r-^rdrdd'^  +  i^dO  d^d 

,  de^  .        cf  7^ 


From  (15.)  and  (19.)     sin'/^nr-jj,    co8"/i=~^ 


From  (6.)  and  (7.)     to— 0=:-T  +  /ti,     cos(t«j — 0)=Einfi 
From  (5.).  (22. ),  and  (23.)    p=r'  ^  =fta^ 
From  (19.)  and  (24.)  -i  =^  +-i  ^* 


(16.) 

(17.) 

(18.) 
(19.) 
(20.) 

(21.) 
(22.) 


(23.) 


(24.) 


(23.) 
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From  (24.)     dp::^ j^ 

_  Cdx*'{-dt^Xxd^y—y<Pa:)-Cxdy—ydx){dxd^x+dyd^y) 
^  d^ 

(dxd^y — dy  d^x)(xdx+ydy)  ^rdr  ^         ^    dr^ 
^  d?  ""7  '  "^  ^'^^  dp 


(26.) 


rf.«»       d«*: 


rf/3*| 


But,  (1.) 


•      dp' 
d/Jrrdtnr,  or  dtsr= j,  '^   ^ 

r — p 


(27.) 


For  r  write  1 :  w,  and  we  have  the  following  transformations : 

du 


dr  = 


W 


d^u      2du" 


U" 


w 


(18.)  becomes 
(19.)  becomes 
(25.)  becomes 

The  last  gives 

or 


du 
xdx'\-ydy=:i j 

d5»=u-*(c/u»4-M*de") 


^P  ^ 


=:ttdu-i- 


rfM  dOd^u-'dud^d 


(28.) 

(29.) 
(30.) 

(31.) 


d:p=  —p 


p"  de  d^ 

du  (ude^ + ded^u—du  d^B) 


dJ^ 


Divide  rdr^  or  —  dt* :  M%by  dp,  putting  forp"  its  value  from  (31.),  or 
(u»de» +(£««)■  ^  da- ;  and  , 

^     dp      u»(Md6»+d6d*M— dud*0)  ^     '^ 

The  preceding  equations  will  admit  of  any  quantity  being  taken  as 
the  independent  variable,  and  are  given  in  order  that  the  complete 
relations  may  be  first  exhibited.  They  are  also  useful  in  their  most 
general  form :  thus,  in  dynamics,  where  a  material  point  is  in  motion, 
acted  on  by  forces,  the  question  always  is,  at  what  time  from  the  begin- 
ning of  the  motion  will  the  moving  point  have  a  given  position.  Here 
the  object  is  to  express  every  coordinate  as  a  function  of  that  time ;  if, 
then,  t  be  the  time  from  the  commencement  of  the  motion,  equation 
(20.)  would  be  expressed  by  diff.  co.  thus, 


d«^         d'y  _    d!'r       ,fde\' 
''dt^^^'dt*^''~dr''''^\jtj' 


The  independent  variables  most  commonly  used  in  purely  geometrical 

questions  are  jc,  0,  and  s.     If  the  first  be  used ;  that  is,  if  /=:x,  we  find 

d*x 
(pj=0,  or-v:i=0,  and  this  gives  . 
dir 
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If  6  be  the  independent  variable,  we  have  (Pd=iO,  and 

If  s  be  the  independent  variable,  we  have  from  (21.)  dxcPx+dydPy 

=0,  or 

_f    «       J    J*        ,    M    .  dy*d'y      ds^.d^y 
dxd^y''dyd^x=zdxd^y'\—^r-^  = — -^ — ^ 

ax  ax 

dx*  (Px      ,    ^  ds*  d^x 

— dy  drx^i 


dy  ^  dy 

dfi       <Py   ^d^y  ,  dx^      d^x  ^     d^x  ,  dy 
ds       dx.ds      d-^  '  ds        dy,ds^      d.v*  *  ds 

^dx  ,  (Py dy   ,  cPx 

^"Ts  '^'d?^'^'d's  '^d?' 

These  differential  relations  are  those  which  will  be  of  most  use 
in  our  future  operations :  and  the  more  the  student  considers  them  by 
themselves,  as  simple  deductions  from  the  relations  which  exist  between 
the  coordinates,  the  better  will  he  distinguish  between  the  analytical 
part  of  a  problem,  and  the  geometrical  or  mechanical  considerations  to 
which  the  analysis  is  applied.  Thus  he  will  afterwards  learn  that  s  is 
the  arc  of  a  curve,  or  he  may  remember  the  result  of  page  140 ;  but,  in 
the  mean  time,  it  will  be  clear  that  the  function  s  may  be  considered 
simply  as  a  function  of  x  and  ^,  the  expression  of  which  by  a  distinct 
symbol  will  facilitate  the  formation  of  simple  relations. 

The  equation  of  a  curve  is  generally  written  in  the  form  y=0r,  but 
the  more  general  form  Y'  (jt,  y)=0  is  frequently  used,  and  requires  some 
consideration.  The  circumstance  which  needs  notice  is  this,  that  the 
equation  ^=:0  may  in  reality  belong  to  two  or  more  distinct  curves, 
possessing  no  property  in  common.  If  P=0,  Q=0,  R=0,  be  the 
equations  of  distinct  curves,  then  PQR=0  is  satisfied  by  either  of  the 
three,  and  belongs  therefore  to  all  three.  Thus  y*— a^=0  is  either 
y4-a:=0,  or  y  —  a'=0,  and  belongs  to  either  of  two  straight  lines. 
But  y* — a^:::^a'  is  the  equation  of  an  hyperbola,  of  which  the  preceding 
straight  lines  are  asymptotes,  and  as  a  diminishes,  the  hyperbola  ap- 
proaches without  limit  to  coincidence  with  the  asymptotes,  in  which  it  is 
finally  lost  when  a=0.  See  page  215.  Similarly,  the  equation  PQR=a 
belongs  to  a  continuous  curve  having  different  branches,  which  branches, 
when  a  diminishes  without  limit,  approach  without  limit  to  coincidence 
with  the  curves  denoted  by  P=0,  Q=0,  R=:0.  But  even  when  we 
consider  the  equation  PQR=:0,  we  can  trace  the  properties  of  either 
curve,  or,  as  we  should  say  with  reference  to  this  equation,  of  either 
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branch  of  the  curve  :  hearing  in  mind  (page  52)  that  when  an  incre- 
ment is  given  to  j?,  the  ordinates  corresponding  to  x  and  «r+Ajr  must  be 
taken  upon  the  same  branch. 

As  an  instance,  let  us  propose  the  equation  (y— j)(y* — x)t^O^  which 
belongs  to  a  straight  line  passing  through  the  origin,  and  equally  inclined 
to  X  and  y,  and  also  to  a  parabola  whose  latus  rectum  is  the  linear  unit 
The  developed  equation  is  y* — ary* — jry+a;*=0,  in  which,  unless  we 
knew  of  the  .derivation,  we  should  never  suppose  that  two  distinct  curves 
were  involved.     From  it  we  find 

3y.jy_2x3,^'-y'-.^-y+2x=0.  or  J=^-'-^. 
^  dx        ^  clx    ^    ,     dx    ^  dx      3y'-2xy— J 

which  is  ambiguous  in  value,  since  y  is  ambiguous  in  value.  Put  y=-r, 
and  the  diff.  co.  becomes  j?*  — a;-j-(jc^— j),  or  1,  as  should  follow  from 
yr=a?.  Put  y^=Xy  and  it  becomes  (+V'^  —  j?)-=-(  +  2x<^j!?+2ar),  which  is 
+  l-7-2^jp,  as  should  follow  from  y*=x.  The  only  difficulty  that  can 
arise,  is  when  the  point  in  question  lies  on  the  intersection  of  two 
different  branches :  but  of  this,  as  we  shall  immediately  proceed  to  show, 
we  are  warned  by  the  appearance  of  the  diff.  co.  in  the  form  0-r-O. 
Let  PQ  =  0  be  the  equation  of  such  a  two-fold  system.    This  gives 

m     dQ  dy\        fdP     dP  dy\  dy__         dx+^d. . 

"^  \dx^  dy  dxj^^\dt^  dy  dtj      '      dx~        riQ    ^dP' 

dy"*"^  dy 

which,  if  P=0  and  Q=0  at  the  same  time,  takes  the  form  O-r-O.     We 
shall  presently  see  more  of  this  point. 

What  then,  it  may  be  asked,  is  it  which  distinguishes  one  curve  from 
another,  since  an  equation  between  coordinates  may  belong  to  any  and  all 
of  twenty  curves  ?  In  reply  to  this,  we  must  first  ask  what  is  meant  by 
one  curve  and  another  in  the  question  ?  The  eye  will  not  distinguish 
with  certainty,  nor  do  common  notions  drawn  from  inspection  of  curves 
always  prove  sufficient.  A  person  accustomed  to  consider  only  the 
conic  sections  would  always  regard  a  complete  oval  as  a  finished  curve : 
nevertheless,  it  often  happens  that  one  equation  of  the  form  <{>  (x,  3^)=0, 
which  cannot  be  separated  into  factors,  yet  belongs  to  two  ovals,  or  more. 
The  proper  answer  to  the  question  is,  that,  as  far  as  the  eye  is  concerned, 
all  distinct  branches  must  be  reckoned  as  different  curves :  thus  the  two 
branches  of  an  hyperbola  are  considered  as  distinct,  and  we  know  that 
before  the  application  of  analysis  they  were  not  called  opposite  branches 
of  one  hyperbola,  but  opposite  hyperbolas.  But  if  we  reply  with 
reference  to  analytical  considerations,  we  answer,  that,  by  convention, 
PQ— 0  is  only  to  be  considered  as  representing  one  curve,  when  P  and 
Q  are  really  obtained  by  performing  the  same  operations,  the  difference 
arising  from  the  different  results  which  ambiguous  operations  afford,  it 
being  understood  that  the  operations  which  are  ambiguous  are  ultimate 
forms,  or  not  reducible  algebraically.  Thus  y*=x*  gives  y=  -f  V*^"*  and 
y= — fj^i  but  these  are  considered  as  different  curves,*  since  the  sign 
of  ambiguity  may  be  made  to  disappear,  giving  y=4-J?andy= — x. 

*  Tlie  term  curve,  in  aualysis,  means  a  continuous  line  or  collection  of  lines.  Thus 
the  straight  line  is  incUukd  undtrrthc  term. 
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But  y':=x  gives  y=  +V'^  and  y=  —  V"^,  which  are  not  further  reducible; 
and  the  equations  are  considered  as  representing  different  branches  of  the 
same  curve. 

I  now  proceed  to  consider  the  circumstances  which  attend  the  con- 
tacts and  intersections  of  curves.  The  terms  contact  and  intersection 
convey  distinct  and  well-known  notions,  and  the  word  coincidence  may 
stand  for  both.  Say  that  there  is  a  coincidence  when  two  curves  have  a 
point  in  common:  let  y=0J?  and  y=V^x  be  the  equations  of  these 
curves^  and  let  the  coincidence  take  place  when  2*= a,  or  let  0a=y^a. 
Jjct  the  point  of  coincidence  be  a  singular  point  on  neither  curve,  and 
let  X  become  a+A>  giving  <^  (a+A)  and  f  (a+/t)  as  the  ordinates,  and 
0(a4"A)  — Y' («+A)  as  the  deflection  (QR)  of  one  curve  from  the 
other,  measured  parallel  to  j^,  at  the  departure  h  (or  NH)  from  the 
coincidence,  measured  parallel  to  x.  This  deflection  we  have  expressed 
^  as  meant  to  be  positive  when  the  curve  0  falls  above  Y^, 
T^^'r^^  as  expressed  in  both  cases  of  the  figure  drawn. 

First,  let  no  diff.  co.  be  infinite :  then  the  deflection 
may  be  written 

(0a- Yra,  or  0)  +  (0'a -  f'a)  h 
+  {0"(a+0A)~y'(a+tA)}^, 

where  0  and  c  are  less  than  1.  If  0'a  and  Y^a  be  not  equal,  this 
deflection,  when  h  is  diminished  without  limit,  bears  to  the  departure  a 
ratio  which  approximates  without  limit  to  that  of  0^a — "^a  to  1 ;  that  is, 
the  ratio  of  QRto  NH  has  a  finite  limit.  And  since  the  first  significant 
term  of  the  deflection  may  be  made  greater  than  the  second,  by 
sufficiently  diminishing  A,  it  follows  that  the  sign  of  the  deflection  and  that 
of  h  change  together ;  so  that  if  ^  were  above  Y^  when  h  was  positive,  0 
will  be  below  y  when  h  is  negative.  This  coincidence,  then,  is  inter- 
section, and  intersection  without  contact;  the  term  contact  being 
reserved  to  signify  coincidence,  whether  with  or  without  intersection,  in 
which  the  ratio  of  QR  to  NH  diminishes  without  limit. 

Now  let  0'a=:Y^a :  the  deflection  may  then  be  represented  by 

(0a- Y'^,  or  0)  +  (0'a— Y^'a,  or  0)A+  {(il'a-^-^'d)  -- 
+  W"  (a+dh)-y  (a+ih) }  ^ ; 

whence,  if  ^"a  and  Y'^'a  be  unequal,  it  appears  that  the  deflection  pre- 
serves a  finite  ratio  to  the  (departure)*,  and  diminishes  without  limit  as 
compared  with  the  departure :  also  that  the  deflection  does  not  change 
its  sign,  so  that  there  is  no  intersection,  but  only  a  common  geometrical 
contact.     This   is  called  a  contact  of  the  first  order.     Similarly,  if 

A* 
^''a=:f"af  the  first  term  of  the  deflection  is  (^'"a— Y^"a)  —-r,  and  the 

deflection  preserves  a  finite  ratio  to  (departure)',  and  diminishes  without 
limit,  as  compared  with  (dep.)  and  (dep.)*.  And  here,  though  the 
coincidence  is  of  a  closer  order  than  in  the  preceding  case,  there  is  an 
intersection :  this  is  called  a  contact  of  the  second  order.  Proceeding 
in  this  way,  we  find  that  when  two  ^curves  have  a  point  of  coincidence 
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for  which  n  (and  no  more)  diff.  co.  of  the  ordinates  are  the  same,  the 
deflection  has  a  finite  ratio  to  (departure)*'^S  and  diminishes  without 
limit  as  compared  with  all  lower  powers ;  and  this  is  called  a  contact  of 
the  nth  order.  In  contact  of  an  even  order  only,  there  is  intersection. 
And  if  two  curves  have  contact  of  different  orders  with  a  third,  then 
'  that  which  has  the  higher  order  of  contact  approaches  infinitely  nearer 
to  the  third  than  that  which  has  the  lower. 

I  leave  the  following  theorems  for  exercise,  as  they  will  he  very  easily 
proved.  If  two  curves,  (A)  and  (B),  have  contact  of  the  nth  order  witn 
(C),  they  have  at  least  that  contact  with  each  other.  If  (A)  and  (B) 
have  contacts  of  the  mth  and  nth  order  with  (C),  they  have  with  each 
other  at  least  the  lowest  of  these  two  orders  of  contact.  Next,  let  us 
suppose  that  two  curves  have  a  coincidence  at  which  n  diff.  co.  are 
finite,  and  are  the  same  in  both,  but  let  yff^^^^a  be  infinite.  Then 
(page  182  and  327)  for  a  large  class  of  cases 

^(a+A)=y«+y'a.A+....  +  y"a— +A''x(a+A), 

iS.o*.«.n 

where  p  lies  between  n  and  n+ 1.  Hence,  if  Taylor's  theorem  can  be 
applied  to  x  (a-f^),  the  deflection  is 

in  which  h^  is  the  lowest  power  of  p,  and  the  contact  might,  by  analogy, 
be  said  to  be  of  the  order  p — 1,  a  faction  between  n  and  n— 1.  It  is  not 
necessary  here  to  do  more  than  hint  at  the  peculiarities  of  the  contacts 
which  take  place  at  the  singular  points  of  curves. 

Returning  to  the  case  of  points  which  present  no  singularity,  we  see  at 
once  that  no  curve  can  pass  between  two  others,  all  three  having  a 
common  coincidence,  unless  the  intermediate  curve  make  with  each  of 
the  others  a  contact  of  at  least  the  same  order  as  they  have  with  one 
another.  We  are  thus  enabled  to  find  the  closest  line  of  a  given  species 
which  can  be  drawn  through  a  given  point  of  a  given  curve.  Whatever 
arbitrary  constants  exist  in  the  equation  of  the  given  species,  take  their 
values  so  as  to  make  as  many  diff.  co.  as  possible  the  same  in  the  two 
curves,  taking  care  first  to  satisfy  the  condition  that  the  two  curves 
coincide  in  one  point. 

What  is  the  closest  straight  line  which  can  be  drawn  coinciding  with  a 
curve  whose  equation  is  y=0x,  at  the  point  whose  coordinates  are  a 
and  0a? 

The  general  equation  of  the  straight  line  is  y=p<v4-7,  and  the 

coincidence  requires  (f)a=:pa+q  or  y— 0a=p(j:— a).     Now  -^=:p, 

which  must  be  the  same  both  in  the  line  and  curve :  whence  y — t^'s 
^'a  {x-^d)  is  the  equation  of  the  line.    This  line  makes  with  the  axis  of 

dy 
X  an  angle  whose  tangent  is  ^'a,  or  the  value  of  -^  at  the  given  point : 

whence  we  see  that  the  line  deduced  in  page  137  as  being  best  calcu- 
lated to  mark  the  direction  of  the  curve  at  any  point,  is  also  the  closest 
straight  line  which  can  be  drawn.  We  also  see  that  the  contact  can 
only  be  of  the  first  order,  generally  speaking.    This  line  is  the  tangent  oi 
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dy 
the  curve.     If,  however,  it  should  happen  that  -^  is  infinite  at  the  given 

dx 

point,  the  preceding  proof  is  not  complete.     In  such  a  case,  change  the 

investigation  so  that  the  axis  of  y  (that  was)  shall  be  the  new  axis  of  x^ 

and  vice  versa.     It  will  then  appear  that  the  closest  line  is  parallel  to 

the  new  axis  of  <r ;  that  is,  perpendicular  to  the  old  one. 

Relatively  to  this  change  of  axes,  the  investigation  of  the  following 
generalization  will  be  a  useful  exercise. 

Let  the  axes  be  changed  so  that  the  new  axis  of  x  makes  an  angle  u> 
with  the  old  one,  and  let  j?'  and  y'  be  the  ^new  coordinates  of  the  point 
whose  old  coordinates  were  x  and  y.     Then- 

jrrj/cosw — 3/'  sinw         J?'=:y  sin  01+ J?  cos  w 
y=j/8inw+y'cosw         y'srycos  w— xsin  w 
dx'  dx  (  ,dy,      \f  dy'  .      \ 


g=(|-tan.)^(l+gtan.). 


^y'     (  dyf  ,      \     dhf     6^     (  dy  ,      \* 

It  being  proved  that,  generally  speaking,  the  tangent  has  no  more 
than  a  contact  of  the  first  order  with  the  curve,  required  the  insulated 
points,  if  any,  at  which  a  higher  order  of  contact  is  possible.  The  suc- 
cessive difif.  CO.  in  the  straight  line  after  the  first  are  =0;  consequently, 
at  a  point  in  the  curve  at  which  <p''x=0  there  is  a  contact  of  at  least  the 
second  order  with  the  tangent ;  when  0''',r=:O  of  at  least  the  third  order, 
and  so  on. 

For  example,  it  is  required  to  draw  the  tangent  at  a  given  point  of  an 
ellipse,  and  to  ascertain  those  points  at  which  the  contact  is  of  a  higher 
order  than  the  first.  Taking  the  centre  as  the  origin  and  the  principal 
diameter  as  the  axes  of  x  (a  and  b  being  the  semi  axes)  we  have 

a«  ■^6«  ^  '    a»  "^  6'  dx      '     a*'^  b'  dx«  "^  b^ '  dx"      ' 
dy^^     b*x  _  —  6         X  d*y^  _      ab 

dir     a*y''      a  V^^'     ^^"^  "*■  (a«— J*)?' 

where  —  or  +  is  used  according  as  +  or  —  is  used  in  forming  the 
value  of  y.  The  first  shows  the  tangent  of  the  angle  at  which  the  tan- 
gent is  to  be  inclined  to  the  axis  of  <r,  and  the  second,  which  never 
vaniihes,  shows  that  there  is  no  point  in  an  ellipse  at  which  the  tangent 
has  a  contact  of  a  higher  order  than  the  first.  If  ^  and  rj  be  the  co- 
ordinates of  any  point  in  the  tangent,  the  equation  of  the  tangent  is 


i|— »= 


?(5-^),  or  ^,  +^=1.     (A.  G.  111.) 


a^y  "'•     ^'        a«  '  b' 
We  have  here  changed  our  notation.    In  what  precedes,  a  and  0a 
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were  the  coordinates  of  a  given  point  in  the  curve,  and  x  and  y  the  co- 
ordinates of  an  arbitrary  point  in  the  tangent.  In  future,  x  and  y  are 
the  coordinates  of  a  given  point  of  contact  in  the  curve,  and  ^  and  ti 
those  of  an  arbitrary  point  in  the  tangent. 

To  exhibit  the  equation  of  the  tangent,  that  of  the  curve  being 
yy  (t,  y )  =  c.     We  know  that 

~r  +j    J  — ^>  whence  )?— y=5~^(f — j)  becomes 
ax      ay  ax  ax 

dx  dy    ~~  dx         dy 

If  ^  be  a  homogeneous  function  of  x  and  y  of  the  7ith  degree,  we  have 
(pages  194, 205)  ny  or  nc  for  the  second  side  of  the  equation :  but  if  Y'  be 
made  up  of  several  homogeneous  functions,  M  of  the  mth  degree,  N  of 
the  nth  degree,  &c.  write  wM-i-7iN+ ....  for  the  second  side.  Thus 
for  the  cisBoid  of  Diodes  (A.  G.  304.)  2ay*^(xy*-f  a')=0,  in  which  is  a 
function  of  the  second  and  of  the  tliird  degree :  the  equation  of  the 
tangent  is 

-(y«+3x*)  f+  (4flry-2xy)  ,7=4ay«-S(r/+«^) 

=  -2ffy«. 

If  there  be  only  two  functions;  that  is,  if  M+N=c,  we  have 
mM  4-  7»N  =  (m— n)  M  +  nc.    The  following  are  instances  : 

Curve.  '    Ay«+Bj:y+Cj?'+Dy+Kr+F=0. 

Tangent  (By  +  2Cj?+E)H(2Ay+Ba:+D)j?+Dy+Eir+F=0. 

Curve.  (A.  G.  819.)     y*+J:'— 5fla:*y*=0. 

Tangent.  (5x*— lOflxy*)  ^-{-(by^—lQao^y)  tj=bax^y\ 

The  normal  is  a  line  perpendicular  to  the  tangent^  passing  through 
the  point  of  contact.     Its  equation,  therefore,  is 

''-y=-S(^-^^'  or5-*+g(,-y)=0j 
which  in  the  manner  already  shown  may  be  made 

the  equation  of  the  curve  being  given  in  the  form  ^|/  (x,y)=0. 

The  angle  PTN  having  <f)'x  for  its  tangent,  y=^x 
being  the  equation  of  the  curve,  the  value,  as  to 
magnitude,  of  the  subtangent  TN  and  the  sub- 
normal NG  are  PN  :  tan  PTN  and  PN  X  tan  PTN, 
or  0j:  :  <f>^x  and  0j?  X  0'x.  As  to  sign,  if  we  call  them 
positive  when  they  occupy  such  positions  as  in  the 
corresponding  diagram,  we  have  this  rule: — ^Ae 
subtangent  and  subnormal  have  always  the  same 
sign :  positive,  when  <f>x  and  <f/x  are  of  the  same  sign ;  negative,  w^hen  of 
different  signs.  The  parts  of  the  axis  intercepted  by  the  tangent  arei  as 
to  magnitude,  OT=x-  (0J :  0'jr)  and  OU = OT  X  tan  PTN = xf  «— ^. 
But  the  latter  being  here  negative,  should  be  represented  by  (j}X — x0'x, 
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and  thiB  expression  will  always  represent  OU,  both  in  sign  and 
magnitude.  And  if  in  the  equation  of  the  tangent  we  make  y7=0,  and 
£=0,  we  find  the  same,  after  writing  4^  and  0'j?  for  y  and  dy :  dx. 
Similarly,  OH=<f>a;+j; :  <f>'d?,  OG=x+0f  ^'jr,  if  UO  and  GP  meet  in  H. 
The  following  expressions  will  often  save  trouble : 

Sabtaneent  =-rr= ; •        Subnormal  =-  diff.  co.  y\ 

dm.  CO.  1(^3/  2 

Hence,  in  the  exponential  curve  y=£^,  there  is  a  constant  subtangent; 
in  the  parabola,  jf =ca:,  a  constant  subnormal. 

What  is  the  curve  in  which  the  subnormal  varies  as  a  given  power  of 
the  subtangent.    Suppose 

-T=^=cl  v-r-  K  thcn-T-=c  "+»«  •+!  j:=— i— 


•    ^dx 


/  da?V    ,      dx      — L  .2=i        n+1  ~-i-  JL 


ll+l 
or  v=l  --=—  J      c«fj?— C^  « 


^(;!±l)  •.i(._cr 


A  straight  line  moves  in  such  a  way  that  OU  is  a  given  function  of 
OT ;  to  what  curve  is  that  straight  line  constantly  a  tangent  ?  If  UO 
be  one  function  of  OT,  UO :  OT  or  tan  PTN  is  another;  let  this  be 
called  p,  then,  p  being  a  function  of  OT,  OT  is  a  function  ofp,  and  so 
is  UO.  Let  UO,  with  its  proper  sign,  be  fp ;  then  y:=^px+Jfp  is  the 
equation  of  the  straight  line :  or,  if  we  let  (  and  17  be  the  coordinates  of 
any  point  in  it,  i7=|»(+yp.  Compare  this  with  the  equation  of  the 
tangent  to  the  curve,  whidi  it  is  always  supposed  to  touch,  and  we  have 

dy     dp     d'y    ^  ^         dy   ,, 
^^Tx'    Tx^^d?^  ^P'^^'-'^di'    ' 

Differentiate  the  last,  and  we  have 

And  the  third  then  gives,  substituting  — /'p  for  x, 

Eliminate  p  between  these  two,  and  we  have  an  equation  between  x  and 
^,  the  coordinates  of  a  point  in  the  required  curve,  which  equation  is 
therefore  that  of  the  curve.    Or  thus :  the  first  and  third  equations  give 

a  diflbrential  equation,  already  discussed  in  page  196.  Its  common 
solution,  y^^cm-^fcy  woidd  only  give  the  straight  line  with  which  we 
began,  which  certainly  faUs  within  the  conditions  of  the  problem,  for 
we  have  but  to  assign  a  value  to  p,  and  let  it  retain  that  value,  and  the 
straight  line  so  obtained  is  a  tangent  to  itself  at  every  point.  The 
aingolar  aolntion  derived  from  x+Z^csrO  is  precisely  the  equation  to 
the  curve  in  question,  which  is  always  touched  by  the  moving  straight 
line. 

2A 
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A  curve,  whose  equation  in  iy=0((»c),  takes  all  the  imaginable 
varieties  which  can  be  given  to  it  by  changes  in  the  value  of  c.  What 
is  the  curve  to  which  it  must  always  be  a  tangent  ?  Let  x  and  y  be  the 
coordinates  of  the  point  of  contact,  when  a  is  the  value  of  c ;  then,  since 
the  point  of  contact  is  on  both  curves,  ycs0(j?,  a).  But  this  last 
equation  is  not  true  of  every  point  of  the  curve  of  contact,  but  only  of  its 
point  of  contact  with  the  variety  of  the  original  civve  in  which  c^o, 
and  which  has  the  equation  17=0  (£,  a).  But  if  we  were  to  allow  the 
value  of  a  to  change  with  x,  so  that  a  should  always  represent  the  value 
of  0  in  the  individual  curve  which  touches  the  curve  of  contact  at  the 
point  (Xy  y),  the  equation  y=0  (<r,a)  would  remain  true  throughout  the 
curve  of  contact,  and  would  be  its  equation :  but  a  would  be  then  a 
function  of  x.  What  function  of  x  is  it  ?  To  determine  this,  observe 
that  since  every  variety  of  ij=0  ({,  c)  is  somewhere  in  contact  with  the 
curve  of  contact,  the  value  of  drj :  d^  from  this  equation  must  be,  at  the 
point  of  contact,  the  same  as  the  value  of  dy.dx  from  y=r0(x,a). 
Let  0'({,c)=cii7 :  rff,  then,  giving  £  the  value  jr.  which  it  is  to  have  at 
the  point  of  contact,  and  c  the  value  a,  which  it  has  in  the  particular 
case  in  which  the  point  of  contact  has  k  and  y  for  its  coordinates,  we 
have,  for  that  case  and  at  that  point,  dii :  d£=(;(>'(f ,  a).  To  find  dy :  dx 
we  must,  in  the  equation  y=4>  (^9  ^\  suppose  a  a  function  of  » in  the 
manner  above  described,  which  gives 

JUL  J 

for  -J-  formed  from  0  (x,  a)  gives  precisely  the  same  function  as  -tt 

from  Yy=:0  (£,c),  siuce  a  in  the  first  case,  and  c  in  the  latter,  are  con- 
stants. Equate  dri :  d^  (or  rather  the  particular  case  described)  and 
dy :  dx^  which  gives 

^'(x.a)=:*'(a:.«)+^^.or-?-=0. 

Either,  then,  dip :  da,  or  da :  dx^O ;  it  cannot  be  the  latter,  since  then  a 
would  be  a  constant:  consequently,  d^ida^Oy  which  will  give  an 
equation  between  r  and  a,  or  will  determine  the  Amotion  which  a  is  of 
X.     Hence  the  following 

Theorem.  The  curve  which  touches  every  curve  that  can  be 
represented  by  y=:0  (j,  c).  whatever  may  be  the  value  of  c,  is  found  by 
substituting  instead  of  the  constant  c  a  function  of  x,  obtained  by 
equating  to  nothing  the  diflf.  co.  of  0  (x,  c)  with  respect  to  c,  and  thence 
determining  c  in  terms  ofx.  But  this  is  (page  189)  precisely  the  mode 
of  obtaining  a  singular  solution  to  a  differentisd  equation  whose  ordinary 
solution  is  y=<|>(j:,c).  Hence,  the  singular  solution  to  a  diff.  equ. 
connecting  x  and  y  is  the  equation  to  a  curve  which  touches  every  curve 
whose  equation  is  a  case  of  the  general  solution  made  by  giving  one  or 
another  value  to  the  constant  of  int^ation. 

The  preceding  demonstration  will,  I  apprehend,  be  found  diffi- 
cult; but  as  the  principles  which  it  involves  are  of  the  utmost 
consequence  in  application,  it  is  worth  while  to  vary  the  form  of  the 
problem. 
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Required  the  curve  ys=:fx  which  cuts  all  the 
curves  contaiixed  in  i}=0  (^,  c),  made  by  ^viug 
dififerent  values  to  c,  in  such  a  manner  that,  at 
each  point  of  intersection,  there  exists  between 

-jzi  3r,  and  a:,  the  relation 


K%  i'  ^'  "•  0=°- 


Let  AB,  CD,  &c.  be  varieties*  of  i;=<^  (^,c),  and  let  VW  be  the 
carve  which  makes  the  intersection  in  the  manner  required.  Choose  a 
case  of  i}=0(£,  c),  say  GH,  and  for  that  case  let  c=a;  that  is,  the 
equation  of  GH  is  ij=0  (J,  o).  Let  P  be  the  point  in  which  VW  cuts 
GH,  and  let  x  and  y  be  its  coordinates.  Then  liecause  P  is  on  GH, 
y=<^  (j;,  a),  but  this  equation  is  not  true  of  any  other  point  of  VW,  for, 
a  remaining  the  same,  if  the  point  P  should  move,  its  coordinates  still 
satisfying  y=0(x,a),  it  would  move  along  PG  or  PH.  But,  if  c=:a' 
give  the  curve  EF,  intersecting  VW  in  Q,  and  if  when  P  moves  to 
Q,  a  were  to  change  into  a',  the  equation  y=0  (a:,  a')  would  be  true  of 
the  coordinates  of  Q,  which  is  on  VW.  If,  then,  a  were  to  be  such  a 
function  of  ir,  that  as  y  and  x  change  on  VW,  a  should  always  repre- 
sent the  value  of  c  which  belongs  to  that  case  of  17=0  (£,c)  through 
which  VW  is  passing  at  the  moment,  it  follows  that  y=0  (^,a)  would 
be  true  at  every  point  of  VW ;  that  is,  would  be  the  equation  of  V  W. 
What  function  of  a*,  then,  must  a  be  ?  The  value  of  dt) :  dl  is  0'  (J,  c), 
and  in  the  curve  GH,  and  at  the  point  P  of  it,  this  is  0'  (<r,a},  exactly 
what  would  be  obtained  by  differentiating  0  (j?,  a),  <r  varying  and  a 
being  constant.  But  to  make  an  equation  to  VW,  we  must  write  for  a 
a  certain  function  of  ^r,  and  we  then  have 

dx  ^dx      da  dx*       dx^  da  dx 

The  required  relation  demands  that 

0'(j,a),  ^'(*>^)+"^5],»  0(ar,a),a?,aj=O....(/), 

where  0  (d?,  a),  0'  (<r,  a),  and  d^  :  da  are  known  functions  of  x  and  a, 
and  therefore  this  is  an  equation  between  cr,  j?,  and  da :  dx,  or  a  com- 
mon differential  equation.  If  it  can  be  integrated,  the  problem  can  be 
•olred. 

For  example,  required  a  curve  which  cuts  the  species  of  curves  whose 
equation  is  1}:=:  0(1,  c)  always  at  the  same  angle,  so  that,  at  any  point 
P,  the  angle  of  PL  and  PM,  the  tangents  of  the  cutting  curve  and  the 
curve  of  the  species  which  passes  through  P,  is  a  given  angle  or.  If,  then, 
0  and  ^  be  tne  angles  of  these  two  tangents  with  the  axis  of  a?,  we  have 


or 


drf 


-^=*'«'«( 


1+-I?.? 


d^'  dx 


fi     ia/—       ten^-tan^ 

'^     ^       '  l-|-tan/3.tan/3'  rf? 

This  gives,  by  the  preceding  process^ 

*  The  equation  of  a  curve  is  confounded  with  the  curve  itself  in  the  language 
ttted ;  thus  the  curve  y^x*  means  the  curve  whose  equation  is  y—x\  Similarly, 
the  point  ar,  jr  means  the  point  whose  coordinates  are  x  and  y 

2A2 


356  DIFFSRKNTIAL  AND  INTEORAL  CALCULUS. 

*'(x..)-V(..a)+|^}=ta..{l+^(,.«)(0'(,.«)+^g)}, 

or        tan«{l  +  (0'(a:,a))*}+^  ^{0'(x,a) tana+l}=0.1 

This  equation  cannot  be  integrated  generally,  but  we  may  try  our 

method  on  any  particular  case.     Let  the  species  be  that  containing  all 

the  straight  lines  drawn  through  the  origin,  having  the  equation  yrsor. 

Here  ^  (x,  a)rzax^  ^'  (jc,  a)=a,  rf4> :  da^x,  and  the  preceding  equation 

becomes 

r,       ^y  .     da  r             ,  ^y     ^      dx                 tttaua+l  , 
tana{l+a«}+J?  V-  {otana+l}=0,    — tan«= .    ,     aa, 

logxtana=: — log>y(l+a*).tana— tan"*a+C. 

We  cannot  find  a  in  iQnite  terms  from  this  expression,  which  we  should 
do,  in  order  to  substitute  a  in  y=rax.  But  the  same  end  will  be  gained 
by  substituting  a  (=:y  :  x)  from  the  second  in  the  first,  which  will  giye 

logJ.tan(X=— log^^    "^^.tang-tan"*  -+C, 
or  log V(a!*+y')=  -r^  tan-*-  +    ^ 


tan  a  x     tan  a 

Writing  G  for  C :  tan  Oy  and  using  polar  coordinates,  we  have 

r=g"«^'*'°,  which  may  be  written  r=:CA:*,  {/^-^■■•rsff} ; 

for  ^  is  merely  an  arbitrary  constant  This  is  the  equation  of  the 
logarithmic  spiral  (A.  G.  371. )»  which  is  now  found  to  cut  all  the 
radii  at  the  same  angle,  and  to  be  the  only  curve  which  does  so. 

The  preceding  investigation  would  not  have  been  altered  in  any 
respect  if  we  had  used  polar  coordinates.  For  it  rests  upon  the  suppo- 
sition that  X  and  y  determine  a  point,  and  that  an  equation  between 
them  determines  a  curve ;  nor  is  there  any  reference  made  to  the  par- 
ticular manner  in  which  x  and  y  determine  the  point :  so  that  the 
investigation  applies  to  any  kind  of  coordinates.  If,  however,  we  had 
proceeded  to  the  solution  of  this  problem  with  polar  coordinates, 
writing  6  for  jr,  and  r  for  y,  in  (/),  we  should  have  met  with  a  difficulty 
which  it  ¥rill  be  worth  while  to  dwell  upon. 

The  equation  of  a  species  of  curves  is  r':=i<p{6^^a),  and  a  curve 
r=:}lS  is  to  cut  all  the  individuals  at  an  angle  «.  Calling  /i  and  //  the 
angles  made  by  the  tangents  with  the  radius  vector,  we  have,  (page 
345),  /3=:/ii-he,  /y=/i'+e,  i3-/3'=/ii-/,  and 

,  tanu-tanu'      ^  dO      .dGf    ^       f^.M  _,dff\ 

'*-^=^'  l-htan;..tan;.-=^^''-"5:-^^=^<^+"jr'^d?> 


or 

In  this  problem  the  angle  »  is  taken  with'  a  sign  contrary  to  that 
which  it  had  in  the  last.  Substituting  for  a  the  requisite  function  of  6', 
we  obtain  from  (/)  the  condition  (remembering  that  r  and  f*  are  the 
same  at  the  point  of  intersection) 
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If  we  apply  thia  to  the  particular  case  where  r'=<f)Ce'^a)  is  the 
equation  of  a  straight  line  passing  through  the  origin,  we  find  0'=a  for 
that  equation,  since  the  permanence  of  the  angle  is  the  condition  of  the 
line  in  question,  independently  of  the  radius  vector.  By  this  we  can- 
not express  r.  Let  us  then  generalize  the  equation  into  r=zk  (6— a), 
which  is  equivalent  to  supposing  the  species  of  curves  to  be  all  the 
varieties  of  a  spiral  of  Archimedes  which  revolves  round  the  origin,  the 
angle  of  revolution  being  a.  We  have  then  0(e',a)=it(©'— o)=r', 
and  substitution  in  the  preceding  gives  (dr' :  dffz^k,  dr':da=-k) 


*/^=tan«{*(fc-A§)+4 


Since  a  ia  a  function  of  d',  which  is  to  satisfy  arszO^^r^ik^  the 
elimination  may  be  made  at  once  by  writing  instead  of 

da  1  dr* 

^  its  value  1--—,  which  givea 

dQ^  ^  tang.A:+/   _tang        l  +  tan"a 
d/  '"Afr'— tan«.V*  ""    r'       A:— tana. r' 

C+e'rrtana.logr' "  "log(Ar— taneg.rO. 

tan  a 

This  is  the  equation  of  a  spiral,  .'such  that  the  spiral  of  Archimedes, 
whose  equation  is  r=Ar(0— a)  is  always  cut  by  it  at  a  given  angle. 
Take  —  (l+tan*a)log^:tan«  from  both  sides,  remembering  that  an 
arbitrary  constant  altered  by  a  given  quantity,  however  greats  is  still 
an  arbitrary  constant,  and  we  have 

^     /«     .         1       #     l+tan"a,      /,     ,         r'\ 

C+O'c=taa».logr :; log  (  1— tana  -r-  L 

tan  a  \  k  / 

Now  if  Ar  increase  without  limit  the  equation rr^k  (6— a),  or  rihrsiO-^a 
approaches  without  limit  to  0— a=0,  the  equation  of  a  straight  line 
inclined  at  an  angle  a.  In  this  case  1  —  tan  ar:k  approaches  without 
limit  to  1,  and  its  logarithm  diminishes  without  limit.  The  limits  of  the 
spirals  are  straight  lines,  and  the  curve  which  cuts  these  limits  at  the 
angle  a  has  for  its  equation  C +9= tan  a. log  r,  the  equation  of  the 
logarithmic  spiral,  as  before. 

If,  however,  a  be  a  right  angle,  or  tan  a=:  x ,  we  must  retrace  our 
steps  as  far  back  as  the  differential  equation,  which  then  becomes 

^— --        -      * 


^=— ^,or6=— +  C,  orr(0-C)=A:. 


This  is  the  equation  of  a  reciprocal  spiral,  (A.  G.  366.)  This  does 
not  become  a  circle  when  k  is  inGnite,  at  least  so  it  appears  at  first. 
But  we  may  show  that  a  reciprocal  spiral,  in  which  k  is  infiinite,  is  to  be 
considered  as  an  assemblage  of  all  the  possible  circles  which  can  be 
described  about  the  pole  as  a  centre.    Tins  proposition,  like  aU  others 
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in  which  the  word  infinite  is  used  in  an  absobite  sense,  must  be  restored 
to  its  complete  form  before  any  reasoning  can  take  place  upon  it.  We 
mean  that  in  a  reciprocal  spiral,  the  greater  k  becomes,  the  closer  do  its 
folds  approach,  and  the  more  nearly  is  each  fold  a  circle:  and  this 
without  limit,  if  k  increase  without  limit.    This  may  be  easily  shown. 

Required  the  polar  equations  of  the  tangent  and  nonnal  of  a  given 
curve,  at  a  given  point,  (r,  0), 

Any  line  passing  through  the  point  (r,  6),  and  making  an  angle  «# 
with  r,  has  for  its  polar  equation  (R  and  9  being  the  coordinates  of  any 
point  in  it)  R:r=sinw:fiin  («— (8— ^)).  If  R=l  :U  and  rs=l :«» 
this  may  be  reduced  to 

U=wcos  (9-0)  — ttcot  wsm  (O— 6). 

Let  this  line  be  the  tangent  of  the  curve,  then  w=:/x,  u  cot  w=ie :  tan  ft= 

dd        du     , 
n : r  -v=  — -j^.  whence 
dr        do 

U=ttcos;(9— 6)  +  ~  sin  (9-fl) 

is  the  equation  of  the  tangent.     In  the  normal  w=/i4-^,  and  the 

equation  will  be  found  to  be 

dB 
Usstt  cos  (9-e)-tt«  ^  sin  (9-6). 

du 

Given  a  curve  yr^^^x,  required  another,  such  that  the  normal  of  the 
first  may  be  always  tangent  to  the  second.  The  equation  to  the  normal 
of  the  first  is 

This  belongs  to  a  species  of  curves  (all  the  normals  of  ycr^a*)  in  which 
we  pass  from  one  to  another  by  making  a  change  in  the  value  of  j?, 
which  then  takes  the  place  of  c  in  the  investigation  of  page  355.  Let 
X  and  Y  be  the  coordinates  of  Ihe  point  in  which  the  required  curve 
meets  the  normal ;  this  nonnal  is  to  be  the  tangent  of  the  new  curve, 
therefore 

dY  1  ,   dY     ^     ^ 

where  Y  and  X  have  taken  the  place  of  y  and  x  in  the  investigation,  98 
X  has  taken  that  of  a.  For  the  equation  (/)  we  have  then,  since  at  the 
point  of  contact  Y=^.r —  (K  —  cc)  :  0'x, 

^,    jdY  ,  cf^    drl     ,     ^ 


or 


^{i+(*'.V+(x-,)^}=o. 

',   If  the  first  factor  were  made  =0,  x  would  be  a  constanti  and  we 
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should  have*  only  one  of  the  nonnals  as  the  result.  The  second  factor 
being  made  =0,  we  have  an  equation  to  determine  cr  in  terms  of  X, 
which  must  be  substituted  in  the  equation  to  the  normal.  Consequently 
our  theorem  is  as  follows.  If  we  would  find  the  curve  which  is  such, 
that  the  normals  of  y^^j;  are  its  tangents,  we  find  the  equation  of  the 
desired  curve  by  eliminating  x  between  the  two  equations 

^x(Y— 0J?)+X— x=0  and  0'.r  (l  +  (0'j?)«)  +  (X-j?)0"a?=:O. .  .(A), 

The  curve  y=z<l>ce  is  called  the  involute  ^f  and  the  required  curve  the 
evolute. 

Before  giving  any  examples  we  shall  take  the  same  problem,  on  the 
supposition  that  we  are  to  use  the  polar  equation  of  the  normal,  and  the 
theorem  in  page  354.     The  polar  equation  of  the  normal  is 

dd 
U=:mco8  (9— e)— ««3-  sin  (9-0), 

du 

where  ti  is  a  function  of  0,  implied  in  the  equation  of  the  given  involute. 
To  find  the  particular  solution  of  the  diff.  eq.  which  would  be  obtained 
by  eliminating  0,  proceed  as  in  page  189;  differentiate  the  value  of  U 
with  respect  to  0,  and  make  the  result  =  0,  remembering  that  d$  iduiB 
the  reciprocal  of  du :  dS.    This  gives  (let  9—0=9',  dO' :  dBcz  - 1) 

de  dd  du  \dOj     d^ 


+"'(S)"""^®'=^' 


and  between  these  two  equations  (with  u  =:Yr0,  the  equation  of  the  in- 
volute) u  and  6  are  to  be  eliminated,  giving  an  equation  between  U  and 
O,  which  is  that  of  the  evolute  required,  A  simplification  of  form  may, 
however,  be  made  as  follows.  Multiply  the  second  equation  by 
(du :  dd)*,  and  then  divide  by  u«;  let  the  difiF.  co.  of  logi/,  or  that  of  u 
divided  by  u  be  called  L ;  then  the  two  equations  become 

U=tt  cos  (9—0)—-^  sin  (9-0)         | 

/. .  • .  ••(B). 

(l+L«)Lcos(9-0)+^sin(9-0)=O 

In  either  of  the  two  sets  of  equations  (A)  or  (B),  both  equations  together 
determine  one  point  of  the  evolute  4  ii^  the  first,  given  x  (and  y  from 

*  Though  I  have  preferred  to  make  this  case  an  example  of  the  general  method, 
yet  it  is  evident  from  the  theorem  in  page  354,  that  we  are  now  doing  what  is 
equivalent  to  finding  the  einguUx  solution  of  the  general  equation  of  the  normal^ 
X  being  the  arbitrary  constant. 
■^  1*  See  Involute  and  Evolute  in  the  Penny  Cyclopedia. 

X  When  ftny  two  corvee,  y=^  (or,  c),  y  ^'^  (x,  c),  are  given,  both  equations  together 
determine  their  points  of  intersection ;  but  if  a  third  equation  be  formed  by  elimi- 
nating c,  this  third  equattun  is  also  true  at  the  points  of  intersection.  But  being 
independent  of  any  particular  value  of  c,  it  belongs  equally  to  all  the  points  of  in- 
tersection made  by  all  the  possible  pairs  of  the  two  species,  derived  from  giving  c 
different  values.  Thus,  if  ys=aXf  y:sjf+ab,  we  have  two  straight  lines,  the  first  of 
which,  as  a  increases)  revolves,  and  the  second  of  which,  in  the  same  case,  moves 
always  at  an  angle  of  45^,  coatinually  ii^reasing  the  distance  at  which  it  cuts  the 
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y=^)  the  two  equations  detennine  Y  and  X,  the  coidinates  of  the 
point  of  the  evolute  which  lies  on  the  nonnal  drawn  throagh  (a?,  y).  In 
the  second,  6  being  given  (and  u  ^m  u=Y^),  the  equations  determine 
U  and  8,  the  redprocal  of  the  radius  vector  and  the  angle,  at  that  point 
of  the  evolute  wluch  is  on  the  normal  passing  through  (u,  6).  Thus, 
in  the  following  figure,  P  and  F  are  corresponding  points  of  theinyolute 
and  evolute ;  and  we  have 


N'  N 


0N=:«, 

NP=y, 

0P=:1. 

u 

NOP=^, 


ON'=:X 

u 

NOF=e. 


0F= 


Before  applying  the  preceding  results,  it  will  be  desirable  to  explain 
their  connexion  with  the  radius  of  curvature.  This  term  means,  for 
any  point  of  a  curve,  the  radius  of  the  circle  which,  being  drawn  throngfa 
that  point,  has  a  contact  with  the  curve  of  a  higher  order  than  any  other 
such  circle ;  so  that,  as  shown  in  page  350,  no  other  circle  can  pass 
between  the  circle  of  curvature  and  the  curve,  lis  and  y  be  the  co- 
ordinates of  the  point  of  contact,  p  the  radius  of  the  circle,  and  (  and  i| 
coordinates  of  the  centre,  we  have 

(X-?)'+(Y-,)«=p' (1); 

X  and  Y  being  the  coordiDates  of  any  point  in  the  drde.  We  mut 
then  make  this  circle  pass  through  the  point  («,y),  and  alao  make  as 
many  diff.  co.  as  possible  of  Y  in  the  circle,  equal  to  those  of  y  in  the 
curve.    Differentiate  (1)  ^th  respect  to  X  successively,  and  we  have 

^         <ry  dY*  «PY 

x-«+(Y-,)5y=o,    i+7y.+(Y-'?):j^.=o,  &c. 


dX 


dX« 


dK' 


Now  since  there  are  only  three  arbitrary  quantities,  (,  n,  and  p,  we 
can  only  employ  three  equations  to  determine  them.  Take  the  three 
conditions  that  one  point  of  the  circle  must  be  (or,  y),  that  at  that  point 
dT[:dX=di/:dx,  and  that  also  d*Y :  dX*=d^ :  ox*,  and  we  have  die 
first  set  of  equations,  from  which  the  second  readily  follows. 


(«-«)'+(y-u)*=P* 
i+g+(y-,)g=o 


.,-y=+(i+g): 


da* 


axis  of  y.  Eliminate  a,  and  we  have  ^=J^+6yi  the  equation  of  an  hyperbola. 
How  is  thia  hyperbola  connected  with  the  straight  Unes  ?  Its  equation  is  obviously 
always  true  at  the  intersection  of  any  simultaneous  pair;  and  it  is  the  curve  which 
passes  through  the  intenections  of  all  the  simultaneous  pairs :  observe,  not  throagh 
the  intersection  of  y=<ur  for  one  value  of  a  with  yaEx-)-a6  for  another  value  of  a; 
but  through  all  the  intersections  of  lines  in  which  a  is  the  same  for  both. 

This  principle  is  one  of  the  most  important  in  the  application  of  algebra  to 
l^eometry :  but  I  do  not  remember  to  have  aeea  it  formally  laid  down  and  illustrated 
in  any  elementary  work  on  the  subject,  though  continually  used  in  all. 
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From  the  first  two  in  the  second  set,  (  and  97,  the  coordinates  of  the 
centre  of  curvature  J  are  determined;  andp,  the  radius  of  curvature,  from 
the  third.  And  p  is  the  same  quantity  as  was  signified  by  that  letter  in 
the  equations  of  page  345 ;  for  if  in  equation  13  we  make  t:=9j  or  x 
die  independent  Tariable,  we  shall  have  for  p,  as  there  described,  the 
expression  for  p  as  above  obtained.  Consequently  we  have  for  the 
radius  of  curvature  the  following  expressions,  making  x  and  0  the  in- 
dependent variables  of  the  rectangular  and  polar  systems  of  coordinates. 


The  centre  of  curvature  is  on  the  normal;  for  the  second  of  the 
equations  which  £  and  97  satisfy  is  the  equation  of  the  normal.  And  the 
centre  of  curvature  is  also  on  the  evolute;  for  in  equations  (A)  it 
will  be  found  that  X  and  Y»  the  coordinates  of  a  point  in  the  evolute, 
have  precisely  the  same  expressions  as  £  and  17  above.  Consequently, 
the  evolute  of  a  curve  is  the  locus  of  all  its  centres  of  curvature ;  and  m 
the  preceding  diagram  P'  is  the  centre  of  curvature  of  the  point  P  and 
PP  the  radius  of  curvature.    Also  (neglecting  the  sign) 


='r.{£V(-£->)}="^{'V(-'-^&')}^ 


du 

dB' 


The  radius  of  curvature  of  the  ellipse,  found  from  the  expression  in 
page  351,  is 


It  18  more  easily  found  by  the  well  known  polar  equation  wa  (1  —  6")=: 
1+^cos©. 

What  is  the  curve  in  which  the  radius  of  curvature  is  a  given  function 
of  JT,  or  y,  or  t<  ?     Suppose  it  a  function  of  Xy  fx ;  we  have  then 

whence  y  must  be  found  by  integration.    The  second  or  the  third  of  the 
last  equations  may  be  used  when  the  radius  is  given  as  a  function  of  y 

OTtt. 

Required  the  evolute  of  an  ellipse.     The  equations  for  determining  { 
and  i|  above  (which  are  virtually  the  same  as  (A)  in  page  359)  become 
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or  ^==^^^''*"'**^^»    ^"^i"^**' 

whence  evidently/ ^y+r^y  =  l,     /3=^,    «=«■«. 

We  must  not,  in  this  subject,  propose  examples  as  if  we  had  only  to 
choose  from  an  unlimited  number  capable  of  sufficiently  easy  solution ; 
for  the  fact  is,  that  the  elimination  is  generally  of  so  difficult  a  character, 
that  the  few  cases  which  are  presented  in  elementary  works  contain  all 
which  the  student  should  be  invited  to  try.  He  may,  perhaps,  succeed 
with  i^=ax\  the  evolute  of  which  is  a  complicated  curve  of  the  fourth 
degree. 

One  or  two  remarkable  instances  will  merit  notice.  The  first  is  that 
of  the  logarithmic  spiral,  with  regard  to  which  equations  (B)  easily  give 
aresult.  Here  Tz=ic,a*^  lisrc'^a"^,  log  m=:— log  c— 01og  a,  L=  — log  a, 
and  dLrdd^O.  The  second  equation  becomes  —  (l+log'a)l<^acos 
(e-fl)=0,  or  Q^e-\-\fli  that  is,  in  the  diagram  in  page  360  POP' 
is  always  a  right  angle.  The  first  equation  becomes  u  =u :  log  a,  and 
the  evolute  is  therefore  another  logarithmic  spiral,  since 

log  aU=c"*a~^+**',  which  is  of  the  same  form  as  tt=<r*  a"*, 

altered  in  position  by  revolving  through  a  right  angle. 

What  curve  iB  that  in  whicn  the  angle  POP'  is  always  the  same,  and 
s=:a  ?    The  second  of  equations  (B)  then  gives,  since  8«-^=a(, 

(l+L")IiC08a+-— .Bin«,     orlog-TrYT^=— cotor.O+C; 

_        ■^'  -      1  du  cf-"'-* 

or  if^c)  L=-  -ri  = 


u  de    V(i-c«5-*«'-o' 

logtt=C+  —  COS-*  icr^**). 
cot  a 

The  equation  of  the  evolute  is  then  immediately  found  from  the  first 
equation  (B). 

It  is  necessary,  in  treating  of  complicated  and  transcendental  curves, 
to  consider  a  curve  as  given,  not  only  when  one  coordinate  is  explicitly  a 
function  of  the  other,  but  also  wnen  both  are  functions  of  a  third 
variable,  even  though  the  elimination  of  the  latter  should  be  practically 
impossible.  Such  an  assumption  will  require  only  the  alteration  of  diff. 
CO.  with  respect  tu  one  of  the  coordinates  into  others  taken  with  respect 
to  the  third  variable  (page  153).  Thus,  if  x  and  y  be  functions  of  ^,  the 
equations  which  determine  ^  and  77,  the  coordinates  of  the  centre  of 
curvature  or  of  a  point  in  the  evolute,  are  (let  dxidt^an/^fx : if^szJ'y 
ftc.) 

There  is  a  very  extensive  class  of  curves  which  we  may  call  trochoidal^ 
because  its  most  prominent  instances  are  the  cycloid,  trochoid,  epicy- 
cloid, &c.,  (A.  G.  357*— 3$4.),  defined  by  the  equations 
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a7=:aco8<+&cosm^,    ysszaBint+bBinmi, 

If  we  allow  tty  6,  and  m  to  be  anything  whatever,  we  find  in  this  class 
of  curves  all  of  the  first  and  second  order,  besides  the  cycloid,  &c.» 
the  involute  of  the  circle,  and  others.  From  the  preceding  equations 
we  easily  find 

«^se—- 0  sin  /—6m  sin  mt    a:^+  y'*=:a*  +  b*  m'+ 2o6m  cos  (m — 1 )  t 

y^=:     acos/  +  6mco8m/    j/y"— yy=a*+6W+a6(m'+m)c08(m-l)/ 

Let  (jr^+y")  :  (o/y"— yV)=K ;  we  have  then  to  find  the  evolute 

i7=a(l  —  K)8in<H-6(l— mK)8inm<,  f=a(l— K)co8<+6(l— mK)coBm^, 

whence,  if  K  be  a  constant,  the  evolute  of  the  trochoidal  curve  is  also 
trocboidal.    To  make  K  a  constant,  (say  =A:,)  we  must  have 

ab  {m*+7n)  k  ^2abm^    (a*+6"m*)  k^a^+b^mK 

Eliminate  Ar,  and  we  obtain  an  equation  of  the  third  degree,  the  factors 
of  which  are  m,  m — 1  and  b*m*-'a\  If  m=0  or  1,  we  have  for  the  curve 
a  circle,  and  for  its  evolute  a  point :  if  msra :  6,  or  — a :  6,  we  have  the 
epicycloid  or  hypocycloid,  according  as  a  is  greater  than  or  less  than  b. 
In  both  cases  Ar=2:  (1+m),  and  the  equations  of  the  evolute  are 

m— 1   .    ^     ,m — 1   .       ^     ^       m — 1       ^     _m— 1 

jl^za  — — -  sm  <— o  — —-  sm  mtf  {=« r  cos  /— 6 cos  mL 

m+l  m+1  m+1  m+1 

which  are  also  the  equations  of  an  epicycloid  or  hypocycloid,  according 
as  a  is  >>  or  <6.  Consequently,  each  of  these  curves  has  an  evolute  of 
the  same  kind,  having  cusps,  the  radii  of  which  make  a  greater  angle 
with  the  axis  of  x  than  the  corresponding  cusps  of  the  involutes,  by  the 
fnth  part  of  four  right  angles.  A  similar  property,  therefore,  follows 
of  the  cycloid,  which  is  an  epicycloid  or  hypocycloid,  made  by  a  circle 
revolving  on  another  circle  of  infinite  radius. 

When  the  evolute  is  given,  and  the  involute  is  to  be  found,  we  have, 
17= Y'^  being  the  equation  of  the  involute,  to  substitute  Y'^  for  17,  and 
eliminate  £  &om  the  two  equations  which  have  hitherto  served  to  find  { 
and  77.  The  result  is  a  diff.  equ.  of  the  second  order,  which  being 
integ^ted,  gives  the  equation  of  the  involute.  This  last  will  (or  may) 
contain  two  arbitrary  constants.  To  explain  the  meaning  of  these  con- 
stants, observe,  that  by  the  tangent  of  the  evolute  making  a  right  angle 
more  (or  less)  with  the  axis  of  x  than  that  of  the  involute,  we  have 

and  if  we  differentiate  (jp— {)*+  (y— »7V=p*>  we  ^^v© 

(iF— £)(c^*— «^£) + (y— '?)(<iy-^i7)=prfp. 

But  (a?— 5)  rf*+(y— 1?)  <iy=:0,  whence  — (x— 5)  rf{— (y — »?)  dri^pdp. 
and  Jf— J+(y->;)^=0,  or  y-iy=—— (or- 0=-^(j?—0- 

(Consequently,  (a?-5)'{l+Si}=P"'  ^^^  -(*-f)  \}'^^j'^^% 
Divide  the  square  of  the  last  by  the  preceding,  and 
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which  should  he  yerified  hy  actual  differentiation  of  £,  i;,  and  p  in  the 
second  set  of  equations  (page  360).  Hence,  ifir  be  the  length  of  the 
arc  of  the  evolute  (page  140),  measured  from  any  given  point  in  it,  up 
to  the  point  (f,]?),  we  have  dpzzzcUrj  or,  integrating  between  the  two 
points  at  which  the  radii  of  curvature  are  pt  and  pi»  we  have  pt^pi 
=flr,  — flr|=  the  arc  intercepted  between  the  radii  of  curvature.  That  is 
(page  360),  the  excess  of  QQ'  over  PP  is  the  arc  P'Q'.  If,  then,  a 
thread  were  placed  in  the  position  P'F,  and  extended  backwards  in  the 
direction  P  Q'  to  an  inde6nitely  distant  point,  remaining  on  the  evolute 
from  P',  and  if  this  thread  were  unrolled,  being  always  kept  stretched,  a 
pencil  at  P  would  trace  out  the  involute.  Here,  then,  are,  to  all 
appearance,  the  two  arbitrary  constants  of  the  involute  to  a  given 
evolute :  we  may  take  any  point  we  please  of  the  evolute ;  that  is,  one  of 
its  coordinates  may  be  anything  we  please,  the  other  being  determined 
by  the  equation ;  and  at  tms  point  we  may  assign  any  length  we  please 
on  the  tangent,  to  be  the  radius  of  curvature  of  the  involute  at  the  point 
coirespond^g  to  the  one  we  have  chosen  on  the  evolute.    Thus,  if  we 


have  an  oval  curve,  and  if  we  choose  the  point  P  as  that  at  which  the 
radius  of  curvature  is  PK,  we  have  KAM  for  the  involute  (in  part). 
But  if  the  radius  of  curvature  were  PL,  then  LBN  would  be  the  in- 
volute. 

But  we  shall  soon  show  that  these  two  arbitrary  Constanta  are 
equivalent  to  one  only,  for  we  do  not  get  more  involutes  by  varying  both, 
than  we  should  do  by  varying  one  only.  Thus  the  same  involute  whidi 
we  get  ofiFthe  point  P  by  assuming  PK,  we  also  obtain  off  the  point  Q  by 
assuming  QR.  And  we  may  evidently  see  that  if  the  point  A  be  given 
(which  requires  only  one  constant)  the  whole  involute  follows. 

The  explanation  of  this  difficulty  can  only  be,  that  the  equation  of  the 
involute  is  a  singular  solution  of  the  diff.  equ.,  and  we  shall  proceed  to 
show  that  it  is  so.  Let  i/=/£  be  the  equation  of  tiie  given  evolute,  then, 
calling  p,  9,  r,  &c.  the  successive  diff.  co.  of  y,  we  find  for  the  differential 
equation  which  is  to  be  solved 

But  this  equation  is  nothing  more  than  we  may  obtain  (and  in  fact  did 
obtain)  by  ehminating  the  two  arbitrary  constants  (  and  p  from 
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(*-£)'+ (y-/0*=p* («■); 

80  that  the  second  is  the  general  integral  of  the  first ;  or  the  first  is  a 
differential  equation  to  any  circle  which  can  he  descrihed  upon  a  point 
of  ff^ifi  as  a  centre.  And  hy  what  we.  have  seen  of  the  nature  of 
a  aingular  solution,  and  of  the  connexion  of  different  values  of  p  in  the 
iome  involute,  we  may  see  that  the  involute  can  he  nothing  more  than 
the  singular  solution  of 

in  which,  calling  the  equation  0(<r»y^C,a)=O,  wa  are  to  eliminate  ( 
between  ^=0,  and  d(t> :  d^^^O.  But  there  is  an  easier  mode  of  ohtain-* 
ing  a  diff.  equ.,  as  follows.     Differentiate  (/)»  which  gives 

y,  g/^g'-d  +  p'jr^^/      p(l+p')\/      9(?+3/<y)-(p-hp»)r\ 
3pg'^a+y0.r  {,^^.^(^,^PJ1±£!)>)J^,       « 

If  we  make  the  first  factor  :=0  we  merely  recover  the  equation  (g)^  or 
rather  the  equation  (a?— Q'+(y— j?)*=p*,  £»  i?,  and  p  being  uncon- 
nected constants.  In  the  other  factor,  made  =0,  is  also  to  be  found 
an  equation  which  is  true  when  (/)  is  true,  or  we  have 

where/*"*  means  the  inverse  function  off.    Therefore  (/)  gives 


=^^-(-^)^ 


7 

and  if  from  the  last  two  we  eliminate  g,  we  have 

P»+*=P//-  (-  l)+f-{  -I) (/) ; 

a  diff.  equ.  of  the  first  order,  and  containing  only  one  arbitrary  con- 
stant in  its  solution.  This  equation  cannot  often  be  integrated  by  a 
separate  method;  but  the  preceding  process  gives  a  hint  as  to  the 
method  of  deducing  its  general  sohition  from  the  particular  solu- 
tion of  y — px=^Fpy  as  found  in  page  196.  The  student  who  under- 
stands the  preceding  considerations  will  see  that  the  following  is  merely 
an  analytical  translation  of  the  process  of  finding  the  involute  from  the 
evolute. 

Required  the  general  integral  of  'py+x=:¥pf  p  being  dyidx. 
Assiune 

dp*:=d^+dri\    *={— p— ,     y=>;— p^,..(p) 

dy      drj — {dri+pd  (dri :  dp) }  ^^dpdSi —  dr\  d"p 
H  ""d5-{(«+pd((«:rfp)}  ^  dpd^l^d^d^p 

_  (dr+ dri*)  d^fj—Cdi,  rf';+ dy  d«iy)  dr,_  ^dj 
^  id^*+dv')d^i--idid'Udnd^v)dr     dri 
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and  the  original  equation  becomes 

d{  /     dV\  dn.       dr,„  (     dt\, 

which  are  of  the  same  form  as  y — px=Fpj  and  can  be  integrated  in  the 
eame  way  (page  196).  If  we  take  the  general  solution  we  find  drj :  d{== 
Const.,  whence  c?y:eLr= const.,  which  does  not  satisfy  py+x^^Fp:  it 
must  then  be  the  particular  solution  of  the  preceding  from  which  the 
relation  between  ij  and  £  is  to  be  found  ;*  and  this  beitig  done,  p,  or 
ftJid^-V^n*)  contains  an  arbitrary  constant,  which  remains  in  the 
relation  between  x  and  y,  fbimd  by  eliminationg  i  between  the  second 
and  third  of  the  equations  (p). 

Required  the  involute  of  the  parabola  2i9=£:r*  Here  /£  =  ^('> 
/'£=f,  consequently /^*5=i,  and  the  equation  to  be  integrated  is 

.py+*=p-5(-^)  +  (-^)  '>'="-\\ <P>- 

As  there  is  no  direct  mode  of  integrating  this,  we  must  have  recourse  to 
the  equations  (p) ;  this  gives 

d|,'=(l+ {•)<«*    p=iW(i+?)+ilog«+V(i+0)+c 

.=h-l^°g^y<^^t^^--g-l     whence 
1  {log{{+V(l+?)}         C{     [  x=-  { +|. 

^~   ~2      vd+o        V(i+«*)^ 

The  last  equation  is  merely  that  of  the  tangent  of  the  parabola,  and 
from  it  (  can  be  found  in  terms  of  x  and  y,  and  the  elimination  may  be 
completed  by  either  of  the  first  two ;  but  the  result  is  so  complicated 
that  the  expression  of  both  coordinates  by  means  of  (  is  more  con- 
venient. The  constant  C  is  the  value  given  to  the  radius  of  curvature 
at  the  point  of  the  involute  answering  to  (=0,  or  the  vertex  of  the  para* 
bola.    The  result  also  gives  the  general  integral  of  (p). 

In  the  case  of  the  involute  of  the  circle,  we  have  £■+»/'— <!i^,  the 
radius  being  a,  whence,  9  being  the  angle  of  the  radius  vector  R^a, 
we  have  rfp*=a*(f9",  and  p=:C±a9.  The  equations  of  the  involute 
are  therefore 

j;=aco8  9+a98in9,    y=a8in9— a9cos9, 

assuming  C=:0.  Show  from  ds*:=dj^+dy^  that  the  length  of  the  arc 
of  this  involute  measured  from  9=0  (A  in  the  page  of  errata  A.  G.)  is 
one  half  of  the  arc  of  the  circle  which  would  be  described  by  a  radius 
equal  to  the  arc  of  the  evolute,  moving  through  the  angle  9.    The  in- 

*  This  method  must  not  be  applied  complete  to  finding  the  involute  of  a  given 
evolute,as  it  would  merely  give  between  n  and  I  the  equation  of  the  evolute:  the 
equations  (()  may  then  be  used  at  onoe  lor  elimination* 
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volute  of  the  circle  being  obviously  an  epicycloid  in  which  the  moving 
circle  becomes  a  straight  line,  or  has  an  infinite  radius,  the  preceding 
equations  should  be  deducible  from  those  of  epicycloid.  .  The  equations 
of  the  latter  curve  are  (A.  G.  360) 

dr=(a+6)co8e— 6coB— 7—0,    y=(«+6)sin6— ftsin^^^— ®; 

0  0 

where  a  and  b  are  the  radii  of  the  fixed  and  revolving  circles.  The  first 
of  these  may  be  thus  transposed  : 

xc^acosO+b  IcosG—cosf -+1  Jel 


a  cos 


e+268in^e.«n(|^+l)e. 


If  b  increase  without  limit,  the  limit  of  26  sin  (a :  26)  0  is  oG,  and  the 
preceding  becomes  a?  =  a  cos  9  +  aO  sin  8,  as  above.  The  lecond 
equation  may  be  treated  in  the  same  way. 

The  equation  (/)  leads  immediately  to  a  conclusion  respecting 
singular  solutions  which  is  worthy  of  notice.  If  we  make/^''  ( — l:p) 
=P,  or  p=z  —  1 :/'  P,  that  equation  becomes 

y-./P.jr=/P-/'P.P. , .  .(P). 

Let  us  inquire  whether  this  equation  has  any  singular  solution.  From 
it  p  might  be  expressed  in  terms  of  x  and  y ;  which  being  done,  the 
singular  solution,  if  any,  is  found  by  making  the  partial  diff.  co. 
dp : dy  or  dp: dx  infinite.    But  since 

P=-;^.we  have  ^^^../''P.g, 

wlience  dp :  c^  and  dP :  dy  become  infinite  together,  unless/' PsO  or 
f  P=:  at  when  dp :  dy  is  infinite.  Now,  differentiating  the  above 
equation  with  respect  toy,  x  being  constant,  we  have 

/^rfy  '=  -/  ^dy  '^'  ^'  dy  ^/"P  (*-P)'  dy  '^(fPyix-Py 

wbence  j:=:P  is  the  equation  which  gives  the  singular  solution,  if  any. 
Substitution  in  (P)  gives  y^^fP  or  y^=^fxy  the  equation  to  the  evolute 
agam.  But  it  will  be  obvious  that  the  evolute  is  not  the  curve  which 
touches  all  its  involutes,  but  the  one  which  passes  through  all  their  cusps. 
Hence,  an  equation  presenting  the,  analytical  characters*  of  the  singular 

*  I  do  not  say  a//  the  analytical  characters;  for  if  y=s^(jr|C)  weve  the  primi- 
f  !▼«  of  P,  we  should  not  derive  this  singular  solution  from  d^ :  ^=0.  The  fact  is, 
that  in  page  190,  we  come  only  to  those  cases  in  which  f  (x,  c+ Ac?)  can  he  deve- 
loped hy  Taylor's  theorem*  ]&ut  if  the  intersection  of  the  two  contiguous  curves 
approach  without  limit  to  a  point  at  which  this  theorem  fails,  the  method  would  not 
Apply,  and^the  curve  which  passes  through  the  limits  of  all  the  intersections  is  not 
necessarily  a  tangent  to  all  the  genus  of  curves  denoted  by  y=s^{x,  c).  In  order 
that  this  theorem  may  apply,  in  page  190,  it  is  necessary  that  d^ :  dc  and  tPp :  efe* 
should  remain  finite  or  nothing  (not  infinite)  tbtoUghont  the  pToeeM.    If,  then,  the 
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solution  of  a  diff.  equ.  may  belong  to  a  curve,  which  instead  of  being  a 
common  tangent  to  all  the  curves  denoted  by  the  diff.  equ.,  may  be  the 
locus  of  all  their  cusps,  or  other  singular  points. 

If  our  diff  CO.  of  y  are  to  be  obtained  from  4>  i^^y^^^^  instead  of 
ysiipx^  we  have  (using  the  notation  already  explained) 

0,      0'  ^  0/0"-20'0,0',+0'-0,; 

This  form  avoids  all  irrational  quantities,  if  the  original  equation  can  be 
made  free  from  them.    Thus  for  the  parabola  in  whicn  y" — 4cj?=:0 

(16c' +41/*)^ 
^'=-4c,    ^,=2y,    ^"=0,    ^',=0,     ^,,=2,    p= Jg^-f^ 

iy— y  _{— a?_    y'4-4c'_    j?+c 
2y       —4c""        8c"  2c 

c^=:— a?y,    {  =  8j?+2c,    y*=4cjf. 

Hence,  by  elimination  from  the  last,  the  equation  of  the  evolute  of  the 
parabola  is  2'7ci;*=4  ({—2c)*,  which  is  the  equation  of  what  is  called  a 
temicuhiccU  parabola. 

In  all  that  has  preceded,  we  have  tacitly  supposed,  according  to  our 
custom,  that  the  diff.  co.  employed  have  finite  values.  It  now  remains 
to  consider  the  cases  in  which  they  cease  to  be  finite ;  which  will  be 
nothing  more  than  a  set  of  investigations  connected  with  the  singular 
points  of  curves.  Previously,  however,  to  entering  upon  them,  it  will  be 
necessary  to  consider  the  general  meaning  of  the  diff.  co. ;  the  follow- 
ing account  of  them  is  partly  recapitulation,  partly  matter  newly  intro- 
duced. 

—  or  t/  1  '^^*  function  is  the  tangent  of  the  angle  j3,  which  the 
dr*      ^  f  curve's  tangent  makes  with  the  axis  of  J7,  the  point  of  con- 
tact being  (a?,  y).     When  positive,  y  and  x  are  increasing  or  diminish- 
ing together ;  when  negative,  y  diminbhes  as  x  increases,  or  t»ce  versa. 

same  Bubstitution  with  respect  to  c  which  makes  d^idc^rzO,  should  also  make 
<P^ :  cfe*  infinite,  the  whole  process  will  be  Titiated.  Now  this  may  take  place  when 
the  limit  of  the  intettectioiui  of  the  contiguoos  carves  is  at  a  cusp,  as  in  the  present 
instance* 

If  we  examine  the  equations  of  page  192,  we  shall  find  that  if  3ra^(sr,e),  the 
diff.  CO.  of  dly :  <to  or  ;^  are 


These  are  made  infinite^  not  only  by  ^=0^  but  also  by  ?==<»  >  and  (at  least  the 

dc  oe 

first)  by  nothinff  else ;  hence  the  two  sorts  of  singular  solutions,  or  rather  the  two 

distinct  cases  whidi  the  test  may  present 
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When  y=0  the  tangent  is  parallel  to  the  axis  of*,  when  y'=a ,  per- 
pendicular. When  there  is  a  change  of  sign,  y  is  a  maximum  (M),  or  a 
minimum  (m),  according  as  the  change  is  from  +  to  —  or  from  —  to 
+  {x  increasing).  If  the  change  of  sign  he  made  hy  y'  passing  through 
0,  there  is  an  ordinary  maximum  or  minimum  of  y ;  hut  if  by  passing 
through  X  there  is  a  maximum  or  minimum  made  at  a  cusp  (C).  But 
if  y  pass  through  0  or  x  without  a  change  of  sign,  there  is  a  point  of 
contrary  jUxurc  (F).  These  two  last  terms  are  better  defined  by 
looking  at  the  figure  than  by  words.  In  the  figures  the  arcs  along 
which  'if  is  positive  are  continued  lines,  those  along  which  it  is  nega- 
tive are  dotted.  When  y'=0  or  x,  being  impossible  immediately 
before  or  after,  there  is  one  or  other  of  the  cases  marked  on  the  right, 
between  the  characters  of  which  it  is  left  to  the  student  to  distinguish. 


cm: 


X' 


m  m 


^ 

t 
^ 


du         , 


The  fundamental  properties  of  these  differential  coeflScients 
areas  follows.  They  must  differ  in  sign,  for  r'  +  f/"'w'=rO, 
and  they  are  connected  with  y*  by  the  following  equations 
(page  345,  equations  16,  17). 

,_^  r'  sin  0+r  cos  d  __n'  sin  0— u  cos  B 
r'cosd— rsin6  ^it'cosd+wsind' 

As  long  as  r'  is  positive,  r  increases  with  ©,  &c.  When  r'=0,  y'=! 
— cot  0,  or  tan  j3  tan  0+  1=0,  whence  |3  and  6  differ  by  a  right  angle,  or 
the  tangent  is  at  right  angles  to  the  radius  vector.  There  is  then  either 
a  maximum  or  minimum  value  of  r,  or  a  point  of  contrary  flexure ;  but 
if  r'  become  impossible  after  passing  through  0,  there  is  a  cusp.  Again, 
if  r'=  X ,  y^rrtan  fl,  or  the  radius  vector  is  itself  the  tangent.  If  r'  con- 
tinue possible  after  passing  through  x ,  there  is  a  cusp  if  there  be  a 
maximum  or  minimum,  and  a  point  of  contrary  flexure  if  there  be  none ; 
but  if  /  be  afterwards  impossible,  there  may  or  may  not  be  a  cusp. 

xi  is  nothing  or  infinite  with  /,  but  when  u'  is  positive  r  is  diminish- 
ing as  6  increases,  &c. 

—  orv''.i  "^^  ^^^^  *^  *^®*  °^  ^^®  geometrical  meaning  of  y",  re- 
rfx**  ^  J  member  (Chapter  IV.)  that  if  J?  increase  successively  by 
A,  giving  y  the  successive  values  yi,  y,,  &c.,  y"  is  the  limit  of  y,  — 2yj+y 
divided  by  h\  and  as  h  diminishes,  y,  -  2yi+y  must  finally  assume  the 
sign  of  y".  This  sign,  therefore,  is  positive,  when  for  any  arcs,  however 
small,  yt'^'y  is  algebraically  srrealer  than  2yi,  or  the  mean  of  y,  and  y 
greater  dian  y, ;  and  negative  when  the  same  mean  is  the  less.  That 
is,  y^'  has  the  sign  of  VS— VQ,  where  NP,  VQ,  WR  are  the  successive 
oriimites  y,  yi,  y, :  it  is  easily  shown  that  N V  being  =  VW,  VS  is  the 
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mean  between  NP  and  WR.  In  the  convex 
curve  VS  — VQ  is  positive  or  negative  with  y; 
but  in  the  concave  curve  VS— VQ  is  of  a  dif- 
ferent sign  from  y.  This  will  readily  follow 
from  giving  VS  and  VQ  their  algebraical  signs 
in  the  four  figures  adjoining,  and  finding  that  of 
VS— VQ.  Hence,  when  a  curve  is  convex  to 
the  axis  of  x,  y"  and  y  have  the  same  signs,  or 
yy"  is  positive:  when  the  curve  is  concave  y^ 
and  y  have  different  signs,  or  yy'^  is  negative. 
It  may  often  be  convenient  to  observe  that  this 
criterion  may  be  altered  as  follows.  If  log  y=«,  the  curve  is  convex 
when  af'+z'*  is  positive,  and  concave  when  the  same  is  negative  :  when 
y*=^z,  the  curve  is  convex  or  concave,  according  as  2  {2zz'' — zf*)  is  positive 
or  negative.  Thus  y=g*  is  always  convex;  for,  in  the  first  case, 
«"+«'*=l ;  again,  y=^(l — j*)  is  always  concave;  for,  in  the  second 
case,  z  (22z'^—z  *)=  —  (1 — jr*)(4  +  8j:*).  Again,  if  1 :  y=«,  the  curve  is 
convex  or  concave  according  as  2«'* — zz"  is  positive  or  negative.  Thus, 
in  y=l  :{l  +  x),  we  have  2z'* — «"=2,  and  the  curve  is  convex  or  con- 
cave as  y  is  positive  or  negative.  The  demonstrations  of  these  theorems 
will  be  easy  exercises  for  the  student,  and  one  or  other  of  them  will 
generally  be  found  of  more  simple  application  than  the  fundamental 
theorem  from  which  they  are  derived. 

We  also  learn  from  the  preceding  that  A*y:  (Ajj)*= 2  (VS — VQ)  : 
(NV)*;  so  that,  without  attending  to  the  sign,  y"  ia  the  limit  of 
2QS:(NV)*. 

In  the  case  of  a  point  of  contrary  flexure,  if  y  be  finite,  y"  must 
change  sign ;  for  it  is  the  obvious  character  of  such  a  point  that  the 
curvature  is  convex  on  one  side  of  it  and  concave  on  the  other.  But 
when  y  changes  sign  at  a  point  of  contrary  flexure,  the  characteristic  of 
the  curvature  is  to  be  the  same  on  both  sides.  Consequently  y"  must 
also  change  sign  ;  or,  the  criterion  of  a  point  of  contrary  flexure^is  uni- 
versally a  change  of  sign  in  y''. 

We  may  give  an  easy  geometrical  proof  of  an  important  proposition, 
as  follows.  Take  an  arc  PR  from  a  curve,  let 
PA  and  PD  be  parallel  to  the  axes  of  y  and  x ; 
bisect  the  chord  PR  in  S,  and  complete  the  figure 
as  shown.  Then  2QS  is  A*y,  on  the  supposition 
that  At  remains  uniform ;  and  2ZS  is  AV,  on 
the  supposition  that  Ay  is  uniform ;  but  the 
two  have  different  signs  in  the  figure  drawn, 
and  if  it  were  not  so,  it  would  be  found  that  A:r 
and  Ay  would  have  diflerent  signs.     But  as  the 

arc  PR  diminishes,  the  tangent  at  Z  approaches  without  limit  in 
direction  to  the  tangent  at  P ;  so  that  the  limit  of  QS :  SZ  is  the  same 
as  that  of  QA  :  AP ;  or,  allowing  for  the  difference  of  signs,  the  equation 
A'y :  A*j:=— Ay :  At  becomes  nearer  and  nearer  to  the  truth  as  Ajt 
diminishes  without  limit.     Put  this  in  the  form 


A*v 


A«j   f^y\^ 

-^i^yrKMj-^^ 


(At)«   ■  (Ay) 
IB  true ;  the  same  as  was  shown  in  page  153. 


and  the  lunU  ^  +^,  £ 


=0 
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"T^,  or  u\ 


1      c[r l^  du     d^r       \     Ldu*        d^u\ 


Let  d  be  twice  successively  increased  by  Ad,  and  let  tbe  radii  belonging 
to  the  angles  0,  0  -h  Ad,  0-f-  2A0  be  r\  r„  and  rg.     Consequently,  r"  is 

the  limit  of  (r^-  2r»4-0  :  (A0)*.  Let  OP, 
OQ,  and  OR  be  the  vahies  of  r;  then  the 
angle  POR  (or  2Ae)  is  bisected  by  OS.  But 
if  a  and  h  be  the  sides,  and  C  the  contained 
angle,  of  a  triangle,  the  length  of  the  line 
bisecting  the  angle  is  2ah  cos  J  C :  (a  +  6), 
whence  r,  being  r+2Ar+AV,  we  have 

0S=-^  cos  A0=-^  (1-2  sin*  i  Ad) 

OQ— OS=ri— OS= H Bin*  ^  Ad. 

The  numerator  of  the  first  fraction  will  be  found  to  be  2  (Ar)*+ 
Ar.AV— rAV,  and  if  the  whole  be  divided  by  (A0)*,  and  Ad  be  then 
diminished  without  limit,  we  shall  have  (remembering  that  in  the 
second  term  the  limit  will  be  most  evident  when  we  write  Ad  as 
2.^Ad) 

,.    .     .OQ-OS       1    Arfr»        dPr^\       1     /   ^d^u\ 
limit  of  —rrj^^r-  ^^     S-r-— r-^-^  +r*    =::r-i     ^  +  3^=  .     r-i 
(Ad)"         2r  \   de»        d^        J      2u*  \       dJ^J     !jl 

If  r,  and  consequently  i£,  be  reckoned  as  positive,  OQ— OS  is  positive 
when  the  curve  turns  concavity  towards  the  pole  O,  and  negative  when 
it  turns  convexity,  and  vice  versa  when  r  is  negative.  Consequently, 
there  is  concavity  when  u+u^^  has  the  same  sign  as  i/,  and  convexity 
when  the  two  signs  are  different*  And  there  is  a  point  of  contrary 
flexure  when  u-j-u'^  changes  sign. 

For  instance,  let  us  take  the  spiral  called  the  lituus  (A.  G.  367.).  the 
equation  of  which  is  u*  a*=  d.     If  instead  of  d^u :  d6^  we  use  d^O :  du 
we  must  (page  153)  for 

,  cPtt       .^  rf«d   dff"     .     . .  2a« 

«+_  wntet/-— .:^.;  m  this  case  t*--— . 

As  long,  then,  as  4a*  u*  is  greater  than  1  or  4d*<  1,  the  curve  is  convex 
towards  the  pole,  and  the  contrary.  There  is,  then,  a  point  of  contrary 
flexure  when  d=  •  5,  which  reduced  to  practical  measurement  is  28°  39', 
nearly.  In  a  straight  line,  tt+w"=:0 ;  in  either  of  the  conic  sections  it 
is  a  constant,  if  the  pole  O  be  at  a  focus :  the  latter  is  one  of  the  most 
important  propositions  of  the  Newtonian  theory  of  gravitation. 

If  y'=0,  the  radius  of  curvature  is  l:y  ;  and  if  it'=0,  it  is 
the  reciprocal  of  u  +  m"  (page  347).  If  y"=0,  the  radius  of  curva- 
ture is  infinite,  or  the  circle  of  curvature  becomes  a  straight  line ; 
this  agrees   with  page  351.     If  u"=0,   the  radius   of  curvature  is 
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Tlie  preceding  cases  are  simple,  but  become  more  complicated  wben 
y  or  u',  or  rf'  or  vl'  are  infinite.  Let  ^  be  not  infinite,  and  ^  infinitet 
or  let  1^  be  not  infinite,  and  v!'  infinite :  in  such  cases  p  is  certainly  =0. 
This  means  that  no  circle  is  small  enough  to  be  the  circle  of  curvature ; 
but  that  eyery  circle,  however  small,  approaches  nearer  to  the  curve 
than  all  larger  circles.  This  result  may  be  illustrated  as  follows.  Take 
one  of  the  circles  which  has  a  contact  of  the  first  order  only  with  the 
curve;  that  is,  ia  page  360,  use  for  the  determination  of  the  coordinates 
of  its  centre  only  the  equation  f — •2?+3/(i?— y)=0,  which  merely 
implies  that  the  centre  of  the  circle  must  be  on  the  normal  of  the  curve. 
Let  us  now  consider,  as  in  page  349,  the  deflection  of  the  curves  from 
one  another  when  x  is  changed  into  X'\-h,  Since  the  contact  is  only  of 
the  first  order,  these  deflections  have  the  same  sign  on  both  sides  of  the 
point  of  contact ;  that  is,  when  the  radius  is  greater  than  that  of  curva- 
ture, the  circle  lies  between  the  curve  and  its  tangent  on  both  sides,  but 
when  the  radius  is  less  than  that  of  curvature,  the  curve  lies  between 
its  tangent  and  the  circle  on  both  sides.  But  when  the  radius  of  curva- 
ture is  nothing,  every  radius  is  greater  than  that  of  curvature,  or  all 
circles  whose  centres  are  on  the  normal  he  (at  least  immediately  on 
leaving  the  point  of  contact)  between  the  curve  and  its  tangent ;  but 
when  the  radius  of  curvature  is  infinite,  every  circle  is  less  than  that  of 
curvature,  or  the  curve  lies  between  its  tangent  and  any  circle  what* 
soever  whose  centre  is  on  the  normal. 

Next,  let  ^  be  infinite,  in  which  case  y''  is  infinite,  and  the  radius  of 
curvature  is  the  limit  of  %f^ :  \f\  Retummg  to  the  theory  of  pages  321, 
&a,  find  the  critical  value  of  n  in  y":^*,  or  take  the  limit  of 
y"'  •  y'  •  y"  •  y"»  or  of  y '  y :  y"*.  If  this  be  c,  we  know  (page  322  )  that 
y'* :  y*  has  the  same  limit  as  j^"',  or  the  radius  of  curvature  is  0  or  x , 
accOTding  as  y"  is  0  orao.  But  if  e=:3,  it  ma%f^  happen  that  the 
ndius  of  curvature  is  finite. 

The  consideration  of  all  singular  points  will  require  the  examination 
of  the  critical  value  of  n  in  ^ :  y",  a  subject  on  which  some  little  detail 
will  be  required.  If  p,  9,  r,  and  s  be  four  successive  differential  co- 
efficients of  y,  it  is  obvious  that  the  critical  valne  of  n  in  q\^  is 
ft :  9',  and  that  of  n  in  r :  9"  is  as :  r*.  But  if  the  first  be  of  tlie  form 
0 : 0  or  X :  00 ,  we  find  for  ^e  value  oiprnf^  ; 


^ or 


*{•+?■*"}• 


2gr    '  I       g' 

If,  then,  e^  be  the  critical  value  of  n  in  3/('"+*> :  {y^*^}",  we  have 


«m=i{l  +  em««+l}.   Ore«+i=- 


Cm 


From  the  preceding,  knowing  e^  all  the  rest  are  found  by  substitution 
to  be  contained  in 

^(m+l)co— ♦» 

*"»nco— (m— 1)* 

Remember  that  if  <jiX :  {y^x)\  can  ever  be  finite  when  fxi&O 

^  The  gtudent  muit  here  avoid  the  mistake  which,  as  already  noticed,  I  have 
twice  fallen  into  in  thd  course  of  this  work.  When  n  has  the  critical  value,  the  value 
of  fx*(^jr)«  may  be  nothing,  finitei  or  infinite. 


n 

2»~ 

-1 

371- 

-2 

4n--3 

—  « 

2 

»  3 
2 

^j 

4 
3 

1 

1 

;i 
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or  oc »  it  is  when  n  has  the  critical  value,  and  no  other,  (and  perhaps 
not  for  that  one.)  The  following  scales  of  comparatiye  dimension 
among  diff.  co.  are  nniversal :  we  shall  presently  explain  their  meaning. 

2n— 1         3/1—2         471—3         5;i-4 

&c. 

&c, 

&c. 

That  is,  by  means  of  the  critical  value  of  n  in  ^ :  y",  if  y  be  0  or  a  ,  or 
in  f/:(y — o)",  if  y  be  finite  and  =:a  at  the  point  in  question,  we  can 
immediately  ascertain  the  critical  values  in  y" :  y'",  y'" :  y''*,  &c.,  when- 
ever y',  y",  &c.  are  all  nothing  or  infinite. 

For  example,  let  y=l :  log  x,  which  r=  a ,  when  ar=l.  Its  diff  co. 
is — 1  :(logj:)"x,  and  the  critical  value*  of  n  in  y'lj^  is  2.  Con- 
sequently, that  of  y" :  y'"  is  1  J,  which  will  be  found  to  be  true  by  writing 
— 1 :  (logx)*..r  or  y^  for  "^r,  and  (2+log «)  :  (log  j?)* :c",  or  y"  for 
«f>Jt  in  ^xy^x :  0x  y^j,  and  finding  the  value  of  this  when  j*=l. 

I^  3^  •  (y  ""  ^)"  ^c  finite  when  y  is  =a  or  =  oc ,  and  if  n  have  the  critical 
vahie  fo,  then  y"  :  y'",  y'" :  y"",  &c.  are  all  finite  when  the  several  critical 
values  are  pot  for  n,  provided  those  critical  values  be  finite.  Let  these 
be  called  Po,  Pi,  &c.,  then  at  the  point  in  question  P^  is  0 : 0  or  «  :  oc , 
and  therefore  its  value  is  that  of 

— ^.— ,  or ^,^1—;  or  P.  and  ?L^,  or  -  Pi  Po  • 

^  ^         n(y':P.)«.y'  «y' • 

have  the  same  limits.  Hence  nPo*  and  P|  have  the  same  limits,  or 
denoting  the  limits  by  pot  pi,  &c,  we  have 

pirrcopj'**,  similarly  j;,=ei pi' •>,  &c. 

Returning  to  the  preceding  problem,  we  find  that  Ci,  the  critical  valoe 
of  «  in  y":y*,  is  (2^0—1)  :^,  whence,  3— ej  being  («o+ 1)  :  e^,  we  find 

that,  when  y'  and  y"  are  infinite, 

5+1 

p  is  0  or  QD ,  according  as  (y — a)  •»  is  0  or  oo  ; 

and  p  is  finite  when  €|=:3  or  eo=  —  1,  if  y' :  (y— «)"*'  or  (y— a)  y'  be 
finite. 

For  instance,  let  y=o+^(x— 6)./j:,  where  fx  and  its  diff.  co.  are 
finite  when  x=by  in  which  case  y=^,  and  its  diff.  co.  are  infinite.  If 
we  then  seek  the  critical  value  of  7i  in  y' :  (y  —  a)",  we  find  it  in  the 
value  (j:=^)  of 

^T ,  or  (r — o)  tx. Y 1 =:-! 

and     (y-fl)  y'^(x^b)ifx  {i(^-W"*/^+(j?-6)*/'^}=*  (Z^)"; 
and  the  radius  of  curvature  is  therefore  finite ;  it  is  in  fact  the  second 

*  Tlis  valus  of  li  in  ^ :  (;spx)n  caa  often  be  most  easily  calculated  by  finding  the 
Yalue  of  log  fx :  log  ^f x  (page  322). 
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divided  by  the  firet,  or  —  i(/ft)*.     This  may  easily  be  verified  by 
common  methods. 

No  complete  and  general  method  has  ever  been  given  of  treating  those 
points  of  a  curve  at  which  %/'  and  the  succeeding  diff.  co.  are  infinite.  I 
think  a  reason  for  this  may  be  seen  in  the  infinity  of  cases  which  must 
be  considered,  when  all  the  possible  dimensions  of  a  function  (page  324) 
are  taken  into  account.  We  cannot  evade  investigating,  in  one  manner 
or  another,  the  order  of  infinitely  small  or  great  quantities  to  which  the 
several  differential  coeflficients  belong ;  and  this  must  be  done  by  the 
consideration  of  their  dimensions,  the  possible  cases  of  which  are  not  only 
infinite  in  number,  but  of  an  infinite  number  of  different  forms.  No 
methods  yet  employed  are  competent  to  distinguish,  for  instance,  between 
the  singular  points  existing  at  x—h  in  the  two  curves  y=(j?— 6) 
{log(a?~6)}'  and  y=(j?— 6)  log(j?— 6)  {loglog(a?— 6)}^  The  deve- 
lopment of  a  function,  when  Taylor's  theorem  does  not  apply,  and  the 
assignment  of  the  character  of  the  singular  points  of  a  curve,  are  the 
same  problems;  and  if  a  method  should  be  found  which  should  be 
equivalent  to  trying  how  the  diff.  co.  increase  or  decrease  in  comparison 
with  every  possible  case  of  x"**'*-— ,  meaning  ar"  (logo:)*  (log log  j)*. . . ., 
it  would  only  serve  to  bhow  how  to  interpolate  as  infinite  a  variety  of 
new  cases  between  each. 

Defining  singularity  at  the  point  whose  abscissa  is  a  to  consist  in 
Taylor's  theorem  not  applying  to  develope  0(a+A),  which  is  un- 
doubtedly the  proper  algebraical  definition,  we  must  divide  singular 
points  into  those  which  exhibit  perceptible  differences  from  other  points, 
and  those  which  do  not.  The  former  are  only  those  in  which  the 
singularity  affects  the  first  or  second  differential  coefficient.  A  volume 
might  be  written  on  the  infinite  varieties  of  the  forms  of  curves ;  it  will 
here  be  sufficient  to  dwell  on  the  peculiarities  and  uses  of  differential  co- 
efficients with  respect  to  them,  remembering  that  the  utility  of  the 
investigation  depends  more  on  the  illustration  which  the  curves  give  to 
the  equations  than  on  that  which  the  equations  give  to  the  curves.  Were 
it  nut  for  this  nothing  could  be  more  serious  trifling  than  the  length  at 
which,  in  many  works,  the  courses  of  different  lines  are  traced  out, 
those  lines  being  not  of  any  use  in  application.  But,  when  it  is  oou- 
sidered  that  the  curve  whose  equation  is  y=0x,  is  a  lucid  tabulation 
of  all  the  changes  of  magnitude  which  0J7  undergoes  when  x  changes,  it 
becomes  evident,  that  under  the  semblance  of  investigating  the  course  of 
the  curve,  we  are  not  only  making  an  inquiry  of  the  most  instructive 
algebraical  kind,  but  also  presenting  the  result  of  that  inquiry  in  the 
most  perspicuous  form. 

The  inquiry  before  us*  will  embrace  the  determination  with  respect 
to  a  curve  of,  1.  The  most  useful  transformation,  if  any,  of  its  equa- 
tion. 2.  The  points  in  which  it  cuts  the  axes,  and  the  general  character 
of  the  ordinates  as  to  positive  and  negative.  3.  The  greatest  and  least 
ordinates,  and  the  general  character  of  the  ordinate  as  to  increase  or 
decrease.  4.  Its  final  tendency  as  x  increases  without  limit  positively 
or  negatively,  and  the  position  of  its  asymptotes,  if  any.  5.  The 
character  of  its  curvature  with  respect  to  its  axis,  and  its  points  of  con- 

*  The  student  will  remember  that  he  is  supposed  to  have  a  good  acquaintance 
with  the  purely  algebraical  branch  of  the  inquiry,  as  set  forth  in  the  treatise  on 
Algebraic  Geometry* 
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tray  flexure.  6.  Its  abrupt  termiDations,  or  points  d^arr^ty  as  some 
late  French  writers  have  called  them.  7.  Its  cusps,  or  points  de 
rebroussement  8.  Its  multiple  points,  whether  of  contact  or  inter- 
section. 9.  Its  conjugate  points,  or  evanescent  ovals.  10.  Its  pointed 
branches,  or  branches  poiniillees,  &c.  We  shall  take  these  questions 
in  order. 

1.  As  to  the  transformation  of  the  equation.  In  some  cases  polar 
coordinates  may  be  more  convenient  than  rectangular.  Thus,  as  to  the 
spiral  of  Archimedes,  r;=i<iO  is  more  easily  used  than  V('^+y*)  = 
ataLtr^(y:x)y  and  the  curve  (j?*+y*)*=a*  (j?*— y*)  is  more  easily 
traced  by  its  polar  equation  r^zza*  cos  26.  But  here  it  must  be  observed 
that  unless  the  proper  signification  be  given  to  negative  values  of  r 
(page  342),  the  polar  equation  will  frequently  not  yield  all  the  branches 
which  would  be  given  by  the  usual  consideration  of  the  rectangular 
equation. 

Again,  it  may  sometimes  be  convenieut  to  consider  the  points  of  the 
curve  as  formed  by  the  intersections  of  two  others;  thus  y=Xj:+<(>X, 
where  X  is  a  function  of  x  and  y,  may  be  considered  as  made  out  of  the  in- 
tersections of  y:=ar-l-<j><i,  and  a=X.  If  then  the  curve  be  drawn  to 
which  the  first  line  is  always  a  tangent,  the  intersections  of  the  tangent 
of  such  a  curve  at  any  point  with  the  curve  0=:X  are  points  of  the 
required  curve. 

Next,  when  the  curve  has  the  form  y=0x+yj,  the  most  simple 
plan  may  be  to  describe  separately  the  curves  ^=0j?  and  ysz^^x,  and 
form  the  required  curve  by  the  addition  or  subtraction  of  the  ordinates. 
Thus  y=±V(*^)iV(^'"~'^)  ^^  much  more  easily  described  by 
adding  and  subtracting  the  ordinates  of  the  circle  y:=ZiJ  {a^ — x')  to 
and  from  those  of  the  parabola  y^^J  {ax)  than  by  attempting  the  com- 
plete equation. 

The  same  method  may  be  sometimes  advantageously  applied  to  the 
form  y=:0<rx'^<r,  and  often  to  that  of  y=V  (^'^)*  Thus,  by  tracing 
y=(^ — l)(j?— 2)(« — 3),  we  may  easily  trace  Y=VCv)' 

But  one  of  the  most  useful  transformations  is  that  of  writing  1 :  y  for 
y,  giving  a  curve  whose  ordinates  are  the  reciprocals  of  the  ordinates  of 
the  given  curve.  Nothing  is  more  easy,  with  a  little  practice,  than  to 
trace  out  the  general  form  of  a  curve,  when  the  curve  is  given  whose 
ordinates  are  its  reciprocals. 

2.  The  points  in  which  the  curve  cuts  the  axis  of  jr  or  y  are  deter- 
mined by  common  algebra.  The  following  observation  may  occasionally 
be  useful.  If  yz=4>x,  ==0  when  x^:ia  and  when  j?=6,  and  6>a,  then 
the  intervening  branch  of  the  curve,  immediately  following  ir=:a,  has  a 
positive  or  negative  ordiuate,  according  as  <f>'a  is  positive  or  negative ; 
and  that  immediately  preceding  x=6,  has  a  positive  or  negative  ordinate, 
according  as  4/b  is  negative  or  positive. 

8.  On  the  method  of  ascertaining  increase  and  decrease  nothing  more 
need  be  said,  nor  on  that  of  determining  the  maxima  and  minima. 

There  is  no  mode  of  discussing  the  property  of  the  tangent  in  all 
cases  (those  for  instance  in  which  ^  {x-\-  h)  contains  an  infinite  number 
of  positive  and  negative  powers)  unless  we  have  recourse  to  a  universal 
theory  of  dimensions.  We  shall  now  only  consider  the  primary  dimen- 
sion of  each  oftbedifif.  co.  with  respect  to  a?,  or  the  critical  values  of  n  in 
y:x",  y':a!^,  &c. 

Let  y=0cr  be  the  equation  of  the  curve,  the  origin  being  removed  to 
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the  point  under  consideration,  so  that  0O=O«  Hence  the  critical  values 
of  n  in  y :  a:%  y' :  .r%  &c.  are  the  limits  (^hen  ir=:0)  of 

Q=a?  ^,   Q,=ar  ^,  Ac. 
9*  <ffx 

Let  the  limits  of  Q,  Qi,  &c/be  q^  cy,,  &c.  Then  qi^q—  L  9a=9i —  I,  &c. 
This  may  first  be  shown  when  a^'a'  diminishes  without  limit,  and  Q 
therefore  approaches  the  form  0:0:  for  then  we  know  (page  320) 
that 

— — ,  and -z ,  or  l  +  -r; — ,  have  the  same  limits. 

^x  <px  <j>'x 

But  if  x(f/x  should  approach  a  finite  limit,  or  be  infinite,  then  (j/x 
must  increase  without  limit,  and  also  Q,  whence  x :  4>x  (0'x)  ^ 
approaches  the  form  0 : 0,  and 


x4^x 
<px 


has  the  same  limit  as  1 :(  1—      '^    ,  j,  or  1 ;(  1  — q^  j; 


whence  Q  has  the  same  limit  as  Q :  (Q — Qi).  But  as  Q  increases 
without  limit,  so  must  Qi,  for  in  any  other  case  the  limit  of  the  second 
would  be  unity.     Hence  the  above  equations  are  universally  true. 

Let  q  be  found,  and  let  y:=ia!^yffXy  then  the  limit  of  a^y^'x :  ya?=R  is 
readily  found  =0,  and  xf^q:jfi'^fx-\-3f^yff'x^!xf^'^yffx{q-\-R},  But 
the  critical  value  of  n  in  y(fx:af^  bring  =0,  "^x'.x^"^  takes  the  limit  of 
j;0-(i-«)^  Qy  Qf  jj«-i .  consequently  the  tangent  is  the  axis  of  x  or  the  axis 
of  y,  according  as  ^  is  >1  or  <1.  But  if  ^srO  or  =  oc,  a?"  is  not  an 
adequate  dimetient  of  0jf,  and  (log  xY  or  s^  must  be  tried,  if  0jr  be 
sufficiently  complicated  to  require  it :  the  number  of  cases  being  infinite. 
If  9=1,  y  depends  on  Y^j?,  when  a:=0. 

Again,  y^':=ijf^'*^x{qq— I -\'2qR  +  RRi},  Ri  being  x^^'xiy/x, 
which  = — 1  when  j?=0.  Hence  the  sign  of  y",  near  the  origin, 
depends  on  that  of  q  (q—l)  xf^'^'^Xy  and  its  magnitude  at  the  origin 
upon  or'"*,  except  only  when  g=0,  1,  or  cc,  in  the  first  and  third  cases 
of  which  other  dimetients  must  be  tried,  and  in  the  second  of  which 
a^V^jrR(2+Ri)  =  y",  the  hmit  of  which  is  that  of  al^-fx.R,  or 
cfi'^yx^  or  Y^'x.    When  g=2,  y"  depends  on  Y^j. 

-nie  radiu.  of  curvature  is      O+f -(W^-t-R)'}^ 

j«-"ya:(9(9— I)+2gR+RRi) 

Ifgbe  greater  than  2,  this  is  infinite  when  a?5=:0 ;  ifg=2,iti8  0, 
finite,  or  cc,  with  (V^a?)"* ;  if  q  lie  between  1  and  2  it  is  =0.    U  q^\^ 

the  radius  of  curvature  depends  upon  the  limit  of  |1 + (¥'«)•(! + R)*}^  x : 
Y^jR  (2+Ri).  This,  if  )\/x  have  a  finite  limit,  is  0,  finite,  or  cc,  with 
cr : R  or  fx: yf/x ;  if  fx  diminish  without  limit,  it  depends  on  the 
limit  of  X :  Y^x .  R,  or  1 :  ^x :  but  if  '^x  increase  without  limit,  it  depends 
on  (Y^j)® :  yx.  When  q<ly  but  not  =0,  the  expression  is  0,  finite,  or 
a,  with  j^*"*  (yjp)* ;  that  is,  with  a?*'"*,  in  every  case  in  which  2q — 1  is 
finite,  and  with  yx^  when  2^—1=0. 

4.  If,  when  x  increases  without  limit,  0«r  have  the  limit  a,  there  is  an 
asymptotic  straight  line  parallel  to  the  axis  of  «,  and  at  the  distance  a. 
But  lif  y=  cc  when  x:=a,  then  the  line  parallel  to  the  axis  of  y  at  the 
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distance  a  is  itself  an  asymptote.  The  oblique  asymptotes  are  readily 
found  :  for  with  regard  to  any  one  of  these  it  is  obvious  that  if  of  increase 
without  limit,  the  tangent  perpetually  approaches  to  the  asymptote  both 
in  direction  and  position,  so  that  the  asymptote  may  be  regarded  as  a 
tangent  whose  point  of  contact  is  at  an  infinite  distance.  Find  then  the 
values  of  OT  and  OU  (page  352),  or  of  x^yixj  and  y— ary',  when 
f  z?  cc,  and  the  position  of  the  asymptote  or  asymptotes  will  be  thus 
determined.  And  if  G  and  H  be  the  points  in  which  the  normal  cuts 
the  axes,  then  OG=j;+yy',  OH=y+Jr:y',  from  which  it  may  be 
found  whether  the  normal  drawn  from  a  point  at  an  infinite  distance  cuts 
the  axes  at  finite  distances ;  and  this  may  be  proved  to  be  impossible, 
which  I  leave  to  the  student  with  these  two  hints,  1.  The  preceding 
expressions  are  halves  of  the  diff.  co.  of  r"  or  a:*-f  y*  with  respect  to  x 
and  y.  2.  Any  function  in  which  the  diff.  co.  has  the  limit  a  must  be 
of  the  form  ax-^-^fx^  where  Y^jr  diminishes  without  limit,  or  Y^  ccmO. 

All  the  curves  which  are  asymptotic  to  y^=.(t>x  are  contained  in  the 
equation  y=</>j4- Y^j,  where  yffX  may  be  any  fimction  such  that  "^  cc=:0 
(limit).  A  curve  having  the  polar  equation  r=^,  has  an  asymptotic 
circle  if  0  cc=:a,  the  radius  of  the  circle  being  a. 

Generally  speaking,  the  curve  has  two  branches  which  approach  the 
asymptote,  but  it  may  have  more  even  on  the  same  side.     Thus  the  axis 

of  y  is  an  asymptote  to  two  distinct  branches  of  the  curve  y  («  +a?*)=ra, 

and  to  four  distinct  branches  of  y  (j*+j;*)=a.  A  positive  method  of 
ascertaining  how  many  branches  of  a  curve  belong  to  one  asymptote  is 
as  follows.  Change  the  coordinates  in  such  a  way  that  the  asymptote 
may  be  the  new  axis  ofy :  for  y  write  1 :  y,  then  for  every  branch  of  the 
curve  which  has  the  equation  so  altered,  and  which  passes  through  the 
origin,  there  is  a  pair  of  branches  to  the  asymptote ;  the  two  branches 
which  meet  at  a  cusp  (if  two  they  are  to  be  called)  counting  as  one.  It 
will  presently  be  shown  how  to  determine  the  number  of  branches 
passing  through  the  origin. 

5.  The  general  character  of  the  curvature  with  respect  to  the  axis,  and 
the  points  of  contrary  flexure  are  discussed,  for  elementary  purposes,  in 
pages  370,  37 1.  Generally  speaking,  the  radius  of  curvature  is  infinite 
at  a  point  of  contrary  flexure,  and  this  is  true  when  the  tangent  has  a 
contact  of  the  second  order  with  the  curve.  But  all  our  notions  as  to 
contact  have  as  yet  been  founded  upon  the  supposition  that  we  are  at  a 
point  of  the  curve  at  which  0  (j7+^)  admits  of  development  in  whole 
powers  of  h  (page  349).  The  followii^  considerations  are  supple- 
mentary. When  two  curves  have  a  contact  of  the  wth  order,  the 
deflection  is  always  finite  when  compared  with /*"'•'*.  But  at  a  point  for 
which  ^  (J^+A)  can  be  expanded  into  the  series  0*+AA*+BA^+ . . . ., 
let  us  remove  the  origin  of  coordinates  to  that  point ;  then  x  takes  place 
of  A,  and  we  have  y=Ax*+Bx^+  • .  • .  If,  then,  we  take  a  straight 
line  y=px,  (a,  /3,  y,  &c.  being  increasing,)  the  deflection  Aa:*+  .... 
— jpx  will  bear  a  finite  ratio  to  .r  if  a  >  I,  to  j:^  if  (x<  1,  and  if  «=  I ,  to 
a?y  by  making  A=p.  In  the^second  case,  no  line  can  be  drawn  between 
the  axis  of  y  and  the  curve,  nor  in  the  third  case  between  that  of  x  and 
the  curve.  If  a  be  a  fraction  which  in  its  lowest  terms  has  an  odd 
denominator,  there  is  certainly  a  point  of  contrary  flexure  if  y  be  possible 
on  both  sides  of/the  origin. 

The  radius  of  curvature  may  be  either  0  or  oc  at  a  point  of  contrary 
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flexure,  but  can  never  be  finite.     For  (1  +  y'*)^ :  %/\  the  numerator  being 
positive  in  all  cases,  must  change  sign  with  'if', 

6.  The  abrupt  termination,  or  jioint  darrety  is  in  part  a  consequence 
of  the  imperfection  of  the  theory  of  logarithms,  as  we  shall  see  when  we 
come  to  the  tenth  point.  If  y =x*  log  x,  it  is  certain  that  y  diminishes 
without  limit  with  <r,  and  also  that,  according  to  the  common  theory  of 
logarithms,  y  has  only  one  value  for  one  value  of  Xy  and  no  value  when  j; 
is  negative.  There  is  then  an  abrupt  termination  (or  commencement) 
to  the  curve  at  the  origin ;  just  as  there  is  to  the  spiral  of  Archimedes, 
if  the  negative  values  of  the  rudius  vector  be  not  admitted.  But,  as  we 
shall  see,  the  abrupt  termination  is  only  the  commeu cement  of  a  pointed 
branch. 

7.  The  cusp  is  a  singular  point  which  cannot  be  detected  by  any 
simple  rule  depending  upon  the  differential  calculus  only.  The  follow- 
ing considerations  are  necessary  for  the  elucidation  of  this  case. 

Let  y}rx  be  a  function  which  vanishes  when  j?:=a,  and  is  impossible  on 
one  side  of  that  value,  having  on  the  other  side  two  equal  values  of 
contrary  signs.  Then  yj/a  is  either  0  or  cc.  For  it  is  evident  that  the 
two  values  of  Y^jt  answering  to  the  two  values  of  <r  differ  in  sign,  and 
when  the  two  values  of  yjfx  coincide  in  one  (=0),  either  the  two  values  of 
Y^x  must  have  the  same  limit,  or  f'a  must  have  t^'o  values.  But  the  last 
cannot  be,  if  the  function  be  continuous,  and  quantities  of  different 
signs  approaching  the  same  limit  can  only  have  the  limits  0  or  oc. 

Let  the  preceding  remain,  and  let  y=:0i'+Yrj'  be  the  equation  of  a 
curve ;  this  curve  has,  then,  unless  <f)x  should  destroy  Y^.r,  no  ordinates 
when  j?<a,  and  two  afterwards  for  every  value  which  any  given  value  of 
X  gives  to  0J?.  Take  one  value  of  </>x ;  then  so.  far  as  the  branch  of 
^x+y/x  depending  on  that  value  of  </>x  is  concerned,  there  is  a  double 
branch  of  the  former  depending  upon  the  branch  of  the  latter  chosen. 
The  curve  </>x  is  what  is  called  a  diameter  of  0jr+y>3?>  since  it  always 
bisects  the  portion  of  the  ordinate  contained  between  two  branches  of 
the  other.  If,  then,  (f/a  be  finite,  and  yjr'a^  a,  y  is  infinite  when  x=a, 
and  the  curve  cuts  its  diameter  as  shown  in  the  first  diagram :  but  if 
Y^a=:0,  then  y'=<p*a  when  ^=a,  and  the  curve  and  its  diameter  have 
the  same  tangent ;  or  there  is  a  cusp  as  in  the  second  and  third  figures* 


The  simple  definition  of  a  cusp  then  is,  the  point  at  which  a  curve 
touches  its  diametral  curve.  It  is  obvious  that  there  is  or  may  be  a  cusp 
for  every  point  of  the  diametral  curve  having  the  abscissa  ON,  and  also 
that  when  the  diameter  has  two  or  more  branches  passing  through  P, 
there  may  be  a  quadruple,  sextuple,  &c.  cusp,  as  in  the  diagram  follow- 
ing. But  if  the  tangent  of  the  diameter  at  P  be 
perpendicular  to  the  axis,  it  may  happen  that  the 
two  cusps  (or  semblances  of  cusps)  yAnch  unite  in 
that  point  may  really  form  twd  continuous  branches, 
as  in  the  first  diagram  of  the  next  page. 
For  instance,  y=sad;'+^(6 — x)  has  the  diame- 
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tral  curve  y=:at\  and  its  ordinate  is  imposaible 
after  a?=6 ;  but  there  is  not  a  cusp  when  «=6, 

because  y'  is  then  infinite.     But  y  =  ar»  +  (6 — s)^ 
has  a  cusp  when  x=6. 

Cusps  are  of  a  twofold  kind,  according  as  the 
^        ^  branches  which  proceed  from  them   are  on  the 

same  or  different  sides  of  the  tangent  line:  these  may  be  called 
cusps  of  similar  or]  different  curvatures,  though  it  is  usual  to  say  that 
the  cusp  is  of  the  first  kind  when  the  curvatures  are  different,  and 
of  the  second  when  they  are  similar.  If,  near  the  cusp,  the  two 
values  of  y"  are  of  the  same  sign  (page  370),  the  curvatures  are  similar, 
and  different  if  of  different  signs.  The  following  theorems  will  serve  for 
exercise. 

When  0"a  is  finite,  and  Y^"a=0,  the  cusp  must  be  of  similar  curva- 
tures, and  the  radius  of  curvature  at  the  cusp  will  be  finite;  as  in 

y=:ax*+(j? — bp.  But  when  <^"a  is  finite  or  0,  and  Y'"fl=  Oc,the  cusp 
must  be  of  different  curvatures,  and  the  radius  of  curvature  is  0  or  oc. 
And  when  ^'a=0,  Y^'a=0,  the  cusp  may  be  of  either  kind,  in  one  case 
or  another,  but  the  radius  of  curvature  will  always  be  infinite.  The 
involute  has  a  vertex,  when  there  is  a  cusp  of  different  curvatures,  and  a 
cusp  of  similar  curvatures  when  there  is  a  cusp  of  similar  curvatures. 
But  the  evolute,  at  a  cusp  of  different  curvatures,  has  an  asymptote  or  a 
vertex^  according  as  the  radius  of  curvature  is  oc  or  0 ;  while  at  a  cusp 
of  similar  curvatures,  the  evolute  has  the  same,  or  an  asymptote  with  two 
approaching  branches  on  the  same  side.  And  a  curve  which  has  an 
asymptote  has  either  an  ordinary  point,  or  a  point  of  contrary  flexure,  or 
a  cusp,  at  an  infinite  distance. 

Let  y=:xlogji'±j^.  Here  is  a  cusp  when  xszO,  And  it  will  be 
found  that  the  cusp  is  of  similar  curvatures. 

Let  y=:a^-\.  xi.    There  is  no  cusp  in  this  curve,  the  diametral  curve 

of  which  is  the  parabola  y=:jc*.     But  since  a^  is  greater  than  »r^  when 

:r  is  less  than  unity,  the  two  branches  belonging  to 
the  same  branch  of  the  parabola  are  on  different 
sides  of  the  axis  until  x=l,  after  which  the  con- 
trary takes  place.  The  figure  of  the  curve  is  as 
follows,  BO  AC  being  made  from  one  branch  of  the 
parabola,  and  DO  AG  from  the  other.  The  appa- 
rent cusps  made  by  BOAG  and  DOAC  are  not 
really  cusps. 

Let  y:^ai+xi.     There  is  now  really  a  cusp  at 
the  origin,  and  the  whole  curve  has  die  form  of 

BOAG.    If  y=(a:J±j?*)logJ?,  there  is  a  cusp  at 
the  origin,  and  the  curve  has  the  form  made  by 
putting  together  OAC  and  the  dotted  branch. 

8.  Multiple  points  are  those  in  which  two  or  more  branches  of  the 
curve  pass  through  the  same  point ;  according  to  the  number  of  branches 
they  are  denominated  double,  triple,  &c.  In  the  case  of  a  simple 
double  point,  it  is  obvious  that  the  diametral  curve  will  pass  through  it, 
either  touching  or  cutting  both  branches  of  the  curve  according  as  they 
touch  or  cut  one  another.  When  the  two  branches  touch,  the  only 
difference  between  the  case  and  that  of  a  cusp  lies  in  the  ordinate  not 
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becoming  impossible  before  or  after  the  cusp.     Thua»  in  the  curve 

y:=i{3fi'^x^)  log  J?,  the  diametral  curve  has  for  its  equation  y=x>logT, 

and  the  curve  coincides  with  its  diameter  when  j^loga?=0;  that  is, 
when  x=0  and  when  07=1.  In  the  first  case,  the  ordinate  being 
impossible  when  x  is  negative,  we  have  a  cusp :  in  the  second,  a  double 

point,  the  ralues  of  y'  being  1±1.  Similarly,  in  y=x^+j^,  one 
diameter  of  which  is  ^^=0,  we  have  coincidence  with  this   diameter 

when  +  a^  ±  x^ = 0,  or  when  j:= 0  or  1 .    In  the  second  case,  y'=  +  i + i» 

giving  for  the  branches  belonging    to  the  ordinates   +j:*  — x*  and 

— jc'+o:*,  the  values  i  and  —  i,  which  determine  the  tangents  at  the 
double  point. 

The  general  test  of  a  multiple  point  is  a  multiplicity  of  values  in  i/ 
for  a  single  value  of  x  and  y.  But  if  some  of  these  values  should  be 
equal,  that  is,  if  some  of  the  branches  have  a  common  tangent,  it  is  not 
every  test  which  will  demonstrate  the  existence  of  these  equal  multiple 
values  of  y'.  Theoretically  speaking,  the  branches  having  then  a  con- 
tact of  the  first  order,  recourse  should  be  had  to  the  second  diff.  co.  y", 
which,  unless  some  two  or  more  branches  have  a  contact  of  the  second 
order,  will  have  as  many  different  values  as  there  are  branches.  Pro- 
ceeding in  this  way,  we  see  that  if  two  branches  have  a  contact  of  the 
nth  order  at  most,  the  (w4-l)th  diff.  co.  of  y  is  the  first  which  will 
exhibit  as  many  values  as  there  are  branches.  Hence  no  absolute  test 
of  multiple  points  can  be  derived  from  the  differential  calculus,  since  the 
examination  of  all  successive  diff.  co.  is  impossible.  Generally  speaking, 
however,  the  equation  itself  will  point  out  how  many  values  of  y  may 
belong  to  one  value  of  x ;  and  it  is  obvious  that  no  more  branches  of  a 
curve  can  pass  through  a  point  than  there  are  values  of  y  to  a  value  of  x 
closely  preceding  or  following  the  multiple  point :  so  that  practically 
speaking  the  multiple  point  is  detected  with  nearly  as  much  ease  as  the 
point  of  contrary  flexure. 

The  most  certain  theoretical  method  of  determining  a  multiple  point, 
though  not  perfect  and  though  rarely  the  best  in  practice,  has  been  obtained 
in  page  183.  Let  0  (x,y)  =  a  be  the  equation  of  the  curve,  and  let  it 
be  reduced  to  a  form  in  which  there  is  no  ambiguity,  by  the  destruction 

of  all  terms  which  have  double  values.  Thus  y  =  x  +  j?^  must  be 
reduced  as  follows : 

(y-')'-^=o. 

Differentiate,  say  three  times  with  respect  tox,  using  Lagrange's  symbols 
throughout ; 

Now  since  0  (j,  y)  is  unambiguous,*  so  are  0'  and  0^  when  finite ; 

consequently  there  can  be  no  double  value  of  y'  unless  when  it  takes 

0        cc 
the  form  -or  — ;  that  is,  when  either 0'=O,  0^=0, or 0'=  oc,^,i=:  oc. 

The  second  case  can  generally  be  avoided  by  a  modification  of  the 

*  This  means,  having  but  one  value  for  one  value  of  9  cotnbioed  with  one  value 
of  y. 
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equation,  and  when  ^'=0,  ^;=0,  then  if  ^',  ^/,  and  4),,  be  finite,  we 
have 

for  the  determination  of  the  two  values  of  y'.  This  answers  well  enougli 
when  (/>,f  is  finite,  but  when  ^//=0,  the  common  theory  of  algebra  would 
instruct  us  to  suppose  one  value  of  t/  infinite ;  if,  however,  this  be  the 
case,  the  corresponding  value  of  y'^  is  infinite,  and  we  have  no  longer 
any  right  to  conclude  that  the  term  0,  y"  vanishes.  We  are  only  there- 
fore made  perfectly  certain,  by  the  use  of  this  method,  that  a  double 
point  exists  when  y'  is  found  to  have  two  finite  or  zero  values.  Similarly, 
if  4f/\  f/f/^  and  4^,,  all  vanish,  we  have  the  equation 

*'"+30/'y'+30/y'«+0,,,y"=O 

for  the  determination  of  the  three  values  of  i/  which  may  in  this  case 
exiat,  with  the  same  reservation  as  before ;  and  so'on.  And  in  any  case 
one  or  more  pairs  of  the  values  of  j/  may  be  impossible. 

Let  us  take  the  curve  y=ix^+x*y  already  considered.  An  equation 
of  this  form  can  only*  be  reduced  to  another  which  perfectly  includes 
all  its  cases,  and  is  rational,  by  multiplying  together  all  its  forms. 
Thus  the  preceding   must  be  rationalized    by  multiplying    together 

y—sjx--kt/x,    y+»Jx—k\Jx^    y—ijx^-k\jx,    y+js/x+ki/x, 

and  equating  the  result  to  nothing.  But  if  the  possible  factors  only  be 
multiplied  together,  and  equated  to  0,  giving  {y*+x—/Jxy — 4j:y*=0, 
every  possible  branch  of  the  curve  is  included  by  making  this  =0,  and 
the  resulting  equation  may,  consistently  with  representing  the  whole 
curve,  be  made  unambiguous  by  the  understanding  that  tjx  shall  have 
the  positive  value  only. 

Pursuing  this,  we  find  for  the  first  equation,  ,  I' 

^  .2(y^+x^^x)(^l^^^y'+{4y(y*+x-^^x)^Sxy}y^=zO.  ] 

In  this  y' takes  the  form  -when  ^7=1,  y=:0,  which  is  also  found  to 

satisfy  the  equation :  here  then  there  may  be  a  double  point  To  settle 
this,  form  the  next  equation,  or 

2  (y'+ W-).i  ,^+  <l-27i)'+  W  0-27.)-^M^  ^ 

+{12y«+4x-V2:~8j7}  y'*+{4y  (y'+x-V*)-8^}y"=0, 

when  a:=l,  y=0,  J  — Sy^'rrO,  and  y'=+J  or  —J.  There  is  then  a 
double  point  at  (1,0).  This  method  also  indicates  the  double  point 
which  exists  at  (0, 0) ,  and  for  which  both  values  of  y'  are  infinite. 

I  give  the  following  as  an  exercise : — ^The  curve  y=(j — a)  (6— j?)* 

*  Or  by  some  process  as  general.  The  stadent  might  easily  deduce  (jr'+')'-" 
x(l+2yj*  from  the  equation;  but  he  would  find,  on  endeavouring  to  return  to 
y=:±^«±^«,  that  the  preceding  is  only  satisfied  by  y=^x;tV'  ^^  °^^  ^J 
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+  1(6— a)  bas  a  donble  point  when  x^a^  if  6>a.  If  a  be  made  to 
vary,  the  curve  to  which  every  curve  of  |the  species  is  a  tangent  passes 
through  all  the  double  points. 

9.  I  call  the  conjugate  point  an  evanescent  oval^  because  it  never 
exists  except  where  the  equation  is  a  degenerate  variety  of  a  wider  class, 
each  curve  of  which  has  an  oval.  The  most  simple  case  is  that  of 
(j? — a)*+(y— 6)*=0,  which  belongs  to  no  point  except  (a,  6).  This 
conjugate  point  is  the  circle  described  with  a  radius  =0,  or  an  evanes- 
cent circle.  Again,  v=  ± V  {x^x—a)  {x — b)  },  a  and  b  being  positive, 
and  6>a,  consists  of  an  oval  from  x^O  to  a7=a,  an  unoccupied  interval 
from  x:=a  to  x:=b,  and  infinite  branches  above  and  below  the  axis  from 
x=zb  upwards.  As  a  diminishes,  the  oval  becomes  smaller,  and  finally 
when  a=0  the  form  of  the  equation  becomes  y=.XjJ  (x — 6),  which 
gives  ^=0  when  ar:=0,  or  the  origin  is  a  point  of  the  curve :  but  there  is 
no  further  point  until  x=b.  It  is  useless  to  attempt  a  test  of  a  conjugate 
point  by  the  differential  calculus. 

10.  I  now  come  to  the  consideration  of  the  pointed  branches,  or 
branches  pointillees.  This  is  a  curious  question  of  analysis,  in  which 
some  detail  will  become  necessary,  and  strict  recourse  to  definitions. 

If  we  define  a  curve  to  be  the  line  made  by  the  motion  of  a  point 
according  to  a  certain  law,  it  is  evident  that  if  (a,  6)  and  (a',  6')  be  two 
points  at  a  little  distance  on  the  same  branch  of  the  curve,  there  is  a 
point  of  the  curve  for  every  abscissa  lying  between  a  and  of.  And  such 
a  branch  of  the  curve,  described  by  a  continuous  motion,  is  the  only 
branch  which  falls  within  the  definition.  But  if  we  define  a  curve  to  be 
the  assemblage  of  all  points  whose  coordinates  satisfy  a  given  equation, 
we  no  longer  restrict  ourselves  to  the  consideration  of  branches  described 
by  the  continuous  motion  of  a  point :  for  there  may  be  points,  the 
coordinates  of  each  of  which  satisfy  the  equation,  without  any  such 
points  intervening.  The  simple  conjugate  point  is  an  instance.  Con- 
sider the  curve  whose  equation  is  y  =  ax^  +  ^  a? .  sin  bx.  The 
diametral  curve  is  a  parabola,  from  which,  when  x  is  positive,  the  curve 
alternately  recedes  and  approaches,  meeting  it  whenever  sin  6 j?=:0,  or 


bx  is  a  multiple  of  tt.  But  when  x  is  negative,  y  is  impossible, 
except  when  sin  6x=:0,  in  which  case  y  is  ai^ :  so  that  on  the  negative 
side  there  is  an  infinite  number  of  conjugate  points,  each  one  situated 
on  the  parabola  over  against  a  double  point  of  the  curve,  the  successive 
abscissffi  being  tt  :  6,  2t  :  6,  3ir:b,  &c.  The  greater  the  value  of  6,  the 
more  nearly  do  these  points  approach  ;  and  if  6  were  exceedingly  great, 
they  might  be  made,  as  nearly  as  we  please,  to  resemble  a  continuous 
branch  of  the  curve. 

Which  of  these  two  definitions  we  employ  is  purely  a  question  of 
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analogy  and  convenience.  If  y/e  were  making  a  theory  of  curres,  for 
the  sake  of  the  properties  of  space  we  should  thereby  gain,  it  might 
perhaps  be  thought  that  the  first  definition  would  best  embody  the 
objects  under  consideration.  But  if  ovu  theory  of  curves  be  carried  to  a 
greater  extent  than  is  practically  necessary,  solely  for  the  clearness  of 
illustration  which  it  gives  to  the  properties  of  algebraical  functions,  it 
then  seems  to  me  that  the  second  definition  is  imperatively  required. 
All  who  have  sanctioned  the  introduction  of  the  simple  conjugate  point 
have  tacitly  admitted  this ;  though  those  among  them  who  have  rejected 
the  pointed  branch  have  refused  to  admit  the  legitimate  consequences  of 
their  own  definition. 

In  the  preceding  example  we  have  only  a  series  of  conjugate  points, 
separated  by  finite  intervals.  If  we  admitted  the  symbol  sin  (  oc  x) 
among  the  objects  of  analysis,  we  might  appear  to  have  a  pointed  branch 
which  is  not  distinguishable  from  a  continuous  branch.  If  we  never 
met  with  such  a  branch  except  upon  the  introduction  of  a  new  use  of  oc, 
we  might  well  dispense  with  it  altogether.  But,  as  we  shall  now  show, 
a  pointed  branch  of  a  still  more  curious  character  meets  us  in  the  con- 
sideration of  ordinary  symbols  of  quantity.     The  expression  a',  where 

j?=wi :  n,  means  that  anv  one  of  the  n  values  of  a»  is  raised  to  the  with 
power.  When  we  speak  of  arithmetical  values  only,  we  have  the 
equation 

and  in  all  cases  this  equation  is  so  far  true,  that  each  of  the  values  of 

\a')  is  one  of  the  values  of  (a"*)"^;  but  the  second  may  have  values 
which  the  first  has  not,  or  may  appear  to  have  them.  Thus  if  1^=1, 
an  indisputable  arithmetical  truth,  we  shall  find  —  I  among  the  values 

of  1 ',  or  (1*)  ,  but  it  is  not  among  the  values  of  \1  V  .     And  since 

4  I 

I^  and  l'^  are  identical,  and  the  second  has  only  three  values,  the  first 
must  not  have  more ;  whence,  if  we  allow  ourselves  to  call  1^  and  1  iden- 
tical, we  may  fall  into  error  unless  we  remember  that  a'  must  stand  for 

any  value  of  \d*)  ,  but  only  for  (it  may  be)  some  of  the  values  of 

(«")•.     The  safe  method  is,  always  to  reduce  the  fraction  m:n  to  its 

lowest  terms,  and  then  the  n  distinct  values  of  \d^)  are  severally  equal 

i_ 

to  the  n  distinct  values  of  (a")".     A  wider  and  better  theory  might  be 

drawn  from  the  general  considerations  of  Chapter  VII. ;  but  the  above 

will  be  sufficient  for  our  present  purpose. 

Between  any  two  fractions,  however  near,  may  be  interposed  an 
infiuite  number  of  other  fractions,  (in  their  lowest  terms,)  either  with 
even  denominators  or  with  odd  denominators. 

Let  y=af' ;  then  when  jr  is  a  fraction  with  an  even  denominator  (being 
in  its  lowest  terms)  there  are  two  possible  values  of  y,  numerically  equal, 
but  of  different  signs.  But  when  x  has  an  odd  denominator,  there  is 
only  one  such  value.  Consequently,  since  fractions  with  even  denominators 
may  be  made  as  nearly  equal  as  we  please,  we  have  on  the  negative  side 
of  the  ordinates  a  branch  in  all  respects  similar  to  that  on  the  positive 
side,  with  this  restriction,  that  we  are  not  to  be  allowed  to  go  upon  it  for 
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an  ordinate,  except  when  jr  is  a  commensurable  fraction  (in  its  lowest 
terms)  with  an  even  deDominator.  Between  any  two  points  on  it  an  in* 
finite  number  of  allowable  points  can  be  found ;  and  yet  the  branch  is 
not  traced  out  by  the  motion  of  a  point,  since  between  any  two  points  an 
infinite  number  of  unallowable  points  can  be  found. 

Similarly,  a  negative  quantity  must  be  allowed  a  possible  logarithm, 
whenever  the  number,  independent  of  its  sign,  is  of  the  form  £*,  where  x 
is  a  fraction  with  an  even  denominator.  Thus  y=logr  represents  a 
curve  which  has  a  pointed  branch,  one  point  of  which  is  found  as 
follows.     Let  j?= — v^,  then  y=  J. 

The  abrupt  termination,  observable  in  the  curve  y=j?logT,  and  in 
many  others,  but  all  containing  exponential  or  logarithmic  functions, 
now  appears*  merely  as  the  point  in  which  a  continuous  branch  meets  a 
pointed  branch.  The  general  rule  is ;  trace  the  curve  on  the  suppo- 
sition that  log  (  —  J?)  =  —  log  Xy  using  the  branch  which  arises  from  loga- 
rithms of  negative  quantities  only  when  the  negative  quantity  is  of  the 

form  -*V«*^"''- 

If  we  return  to  page  127,  we  find  in  the  equation  log  ( — a?)=:log.T 

+  (2m-l-l)irv — 1  no  indication  whatever  of  a  possible  logarithm  of 
— X  in  any  case.  A  further  extension  of  the  theory  of  logarithms 
must  be  now  madef  &s  follows.  To  find  all  the  values  of  £*,  possible 
and  impossible,  we  must  put  f  in  the  form  €  X  g'^'VC-o^  i^  ^^^  same 
manner  as,  in  page  127,  the  roots  of  unity  were  extracted  by  writing  1  in 
the  form  g^vr-iT 

If,  then,  we  want  to  solve  the  first  of  the  following  equations  in  the  most 
general  manner,  we  must  have  recourse  to  the  second  (in  which  n  is 
even  or  odd,  according  as  z  is  positive  or  negative,  ^  being  the  numerical 
value  of  «). 

or  x= ^^ — —  . 

l+2iiMrV(-l) 

Now  X  is  *by  definition  the  logarithm  of  «,  and  the  preceding  is 
the  most  general  form  of  that  logarithm,  a  being  the  ordinary  alge- 
braical logarithm.  If,  then,  air-p :  7,  p  and  q  being  whole  numbers,  wc 
have 

ar={p-|.gnV(— 1)} :  {g+2gm7rV(-l)}; 

which  is  possible  and  equal  to  p :  9,  when  p :  q:=in :  2m.  Now  when  n 
is  an  odd  number,  or  z  is  negative,  this  equation  can  be  always  satisfied 
if  9  (p :  9  being  in  its  lowest  terms)  be  an  even  number.  That  is,  one 
of  the  logarithms  of 

— yfi'  is  possible  and  =:p  :q^ 
the  same  as  appears  from  the  common  algebraical  consideration  of 

*  Those  who  object  to  the  pointed  branch  as  introducing  discontinuity  must  choose 
between  its  discontinuity  and  that  of  an  abrupt  termination.  It  is  also  worthy  of 
note  that  an  asymptote  which  has  an  odd  number  of  branches  only  approaching  to  it, 
is  an  abrupt  termination.  Such  an  asymptote  can  never  occur,  if  pointed  branches 
be  ailmitted,  and  if,  when  polar  coordinates  are  employed,  the  negative  values  of  the 
radius  vector  be  duly  considered. 

t  See  for  the  history  of  this  question  the  article  <'  JS  egative  and  Impossible  Quan- 
tities'* in  the  Penny  Cyclopaedia. 


APPLICATION  TO  GKOMETRY  OF  TVTO  DIMENSIONS.       385 

A  great  many  curious  ipodiiicatioiis  of  the  singakr  points  of  curves 
might  be  notii^,  but  they  would  require  more  space  uian  I  have  here 
to  give.  I  now  proceed  to  some  further  uses  of  the  equations  in 
page  345. 

The  area  of  a  curve  contained  between  the  ordinates  fa  and  ^6,  the 
intCTval  of  abscissae  6 — a,  and  the  arc  intercepted  between  the  ordinates, 
hJ'fxdXf  Iran  x^a  to  d?=6.  (page  142).  Let  us  now  suppose  it  is 
required  to  tind  the  area  intercepted  between  two  radii  and  the  arc  of  the 
curve  which  these  radii  intercept;  as  BOA.  Drawing  a  figure, in  which 
the  ordinate  and  abscissa  shall  increase  together,  such  as  the  one 


annexed,  it  may  be  easily  shown  that  AOB  is  half  the  excess  of 
BWVA  over  BAMN.    For  we  have 

BWVAssB  WO + BOA— OVA 

BAMN  sBON  -BOA  -  AOM. 

Subtract,  remembering  that  BWO=BON,  OVA=AOM,  and  the  pro- 
posilion  asserted  is  evident..  Now,  if  OM=a,  0N=:6,  AM=^, 
NB=^,  we  have  BWVA=yxdy,  from  y=^to  y=^,  orfx^/xdx 
from  jr=a  to  «s=6:  and  MABN==/ycb  from  d?=a  toxs=6.  Con- 
sequently 

BO \=:if(xdy^ydx):=zilfi*de^  (page  345,  equation  11)  ; 

in  which  the  limits  of  d  in  the  last  integral  are  from  Z  AOM  to  ZBOM. 
The  student  should  now  prove  that  the  equation  BOA=^i^J*(xdy—ydx) 
always  holds,  if  the  signs  of  the  integrals  be  attended  to,  whatever  may 
be  the  disposition  of  the  parts  of  the  figure.  This  proposition-  may  also 
be  proved  independently,  as  follows.  KB  vary  by  A0,  the  area  con- 
tained between  r  and  r+Ar  lies  between  two  sectors  of  circles  whose 
aieas  are  ^r^^and  ^(r+^r)*A9.  -  Consequently,  proceeding  as  in 
page  100,  the  whole  area  between  any  two  limiting  values  of  6  lies 
between  ilr^AO  and  iSr'AO+SrAr A9+J^2(^;)*A9.  But  as  A0 
diminishes  without  limit,  each  of  the  elements  of  the  second  and  third 
mentioned  sums  diminishes  without  limit  as  compared  with  the  cor- 
responding element  of  the  first  The  two  preceding  expressions  have, 
therefore,  the  same  limit,  and  the  area  of  the  curve,  which  always  lies 
between  them,  has  the  same  limit:  this  limit  is,  by  definition,  iJ^VdS. 

We  have,  then,  the  following  four  integrals,  expressive  of  the  rectan- 
gular area,  the  polar  area,  the  arc  derived  from  rectangular  coordinates, 
and  the  same  derived  from  polar  coordinates.  ,  Iiet  x„  yi,  r„  and  ^i  be 
the  coordinates  of  the  point  from  which  the  area  and  arc  begin,  ii|  being 
rf*,  and  u  being  r'\ 
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\   Page  143,  rectangular  area  k^fydx              beginning  from  «=Xi 
polar  area*       iHssi/t'de  e=s6| 

Page  140,  arc  (rectang.  coord.)  ^==y*V(^+^y*) jpsjti 

Page  345,  aic  (polar  cooid.)    9=zf^(df*+r*dB^) 6=6, 

We  have  also  the  following  equations : 

H  ^fixdy—ydx),    A=i  (jpy-a:,  yi)— i  H. 

If  either  of  the  coordinates  be  expressed  in  terms  of  A  or  H,  the  other 
may  be  sometimes  expressed  by  simple  difierentiation.    Thus 

j:=YrA  gives  l=:lKA.^=V^A.y,  or*y=y^. 

If,  then,  A  be  eliminated  between  x^iyj/A  and  yrrCY^A)""*,  we  have  an 
equation  between  x  and  y,  which  is  that  of  the  curve. 

But  it  is  important  to  remember  that  though  A  or  fydx  can  certainly 
be  found  from  x=y  {fydx)^  it  will  generally  happen  that  it  is  on]y 
one  constant  which  can  be  appended  to  that  integral ;  for  it  is  manifestly 
not  to  be  supposed  that  the  equation  x:^f(fydx+C)  can  be  made 
true  for  all  values  of  C.  It  may  easily  be  shown  that  this  is  a  question 
of  a  class  we  have  not  hitherto  met  with,  involving  an  arbitrary  constant 
which  enters  in  a  function  in  a  manner  depending  on  the  form  of  the 
function  itself.  To  make  the  problem  specific,  we  must  suppose  that  the 
area  measured  from  a  given  initial  abscissa  shall  be  a  given  function  of  the 
terminal  abscissa.  But  (page  142)  the  equation  ^f^ydxrzfx  is  incon- 
gruous, Bixd  J'gjifdx=fx — fXi  is  rational.    If,  then,  we  propose 

f^ydxzu-i^X'-fx,,  or  0?=^-'  {/..ydr+fx,}, 

we  have  an  equation  in  which  the  arbitrary  constant  enters  in  the 
manner  above  described. 

It  is  required  to  find  the  curve  in  which  x=log  A.  Here  yA=log  A 
and  y,  or  (Y^A)^*=iA;  whence  a?=:logy  or  yc:«*.  The  aresijydx  is 
tliene'+C,  C  depending  on  the  point  from  which  it  begins;  and  in 
order  to  satisfy  the  conditions  we  must  have  C=0,  or  the  area  begins 
from  a  point  at  an  infinite  distance  on  the  negative  side.  In  fact,  the 
]»rimitive  equation  Ass*  is  only  intelligible  as  representing  the  area  of  a 
curve  when  written  in  the  form  A=f*— €^^ . 

Difficulties  of  this  sort  will  occur  whenever  j?  or  y  is  given  in  terms  of 
a  function  which  is  necessarily  dependent  on  an  integral  containing  x  or 
y  itself. 

There  is  a  large  class  of  problems  relating  to  curves  in  which  such  a 
property  of  the  curve  is  given  as  implies  a  determinable  differential 
equation.  The  solution  of  this  difierential  equation,  ordinary  or  singular, 
is  therefore  an  equation  of  the  curve :  whence  we  see  that  two  very 
different  curves  may  have  the  property  in  common,  one  being  a  case  of 
the  general  solution,  and  the  other  being  the  singular  solution. 

For  example;  it  is  required  to  find  the  curve  in  which  the  length  of 
the  normal  intercepted  between  the  curve  and  the  axis  of  x  is  a  given 

*  GoTtain  umj^cb  of  writen  on  mechanics  make  it  more  convenieat  to  adopt  a 
symbol  H  for  twice  the  polar  area^  tixan  for  the  polar  area  itself. 
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ftmetiitt  of  the  |»art  cut  firom  the  axis  of  iv  by  the  normal :  or  which 
aatisfiea  the  equation 

This  equation  can  be  integrated  generally ;  difiierentiate  both  sides,  and 
we  have 

One  of  the  factors  of  the  last  must  then  vanish.  If  l+t/*+yt/'=0^ 
we  have,  by  simple  integration,  (^—cy+^sci,  which  will  be  found  to 
satisfy  the  equation  (0),  provided  cl=(0c)*;  whence  the  general 
integral  of  (4>)  is  the  equation  of  a  circle,  namely,  fjc— c)'+^5=(<^c)* ', 
ao  that  there  now  remains  only  the  vanishing  of  the  tactor  /— V(^  '^y'O 
4'  C'^+yy')  to  be  explained.  This  it  may  be  shown  is  satisfied  by  the 
smgular  solution  of  (jf-cy+y"=(0c)*.  For,  by  page  192,  that 
singular  solution  must  make  dy^ :  dx  and  d\^ :  dy  infinite,  these  being 
partial  diff.  co.  derived  from  ^  as  expressed  by  the  equation  itself.  If, 
then,  we  differentiate  yV(l+y*)=4>(*+y3r)>  considering  y'  as  a 
function  of  x  only,  we  have 

d^  0Ha?+yyOV(l+y^') 

d*  -y  (y'-v  (1+y^)  ^  (^+yy'))* 

Conscqucnily  y— 7O+yO*0'(«»+^)  vanishes*  when  for  y  is  put 
that  vidue  of  x  which  is  the  singular  solution  of  (0). 

The  following  theorems  may  be  investigated  by  the  advanced  student 
as  exercises. 

1.  The  equation  which  expresses  that  the  radius  of  curvature  is  a 
ffiven  function  of  y^  may  be  integrated  (assuming  the  integration  of  all 
ninctions  of  one  variable)  so  as  to  give  both  x  and  y  in  terms  of  y': 
whence  the  equation  of  the  curve  may  be  foimd  by  elimination. 

2.  A  polar  equation  to  the  locus  of  the  intersection  of  the  tangent  of 
a  given  curve  with  the  perpendicular  on  the  tangent  may  be  found  from 
equation  27,  page  346,  by  substituting  for  r  its  value  in  terms  of  p,  and 
integrating. 

3.  The  method  in  page  355  may  be  applied  to  the  determination  of 
optical  caustics,  both  by  reflection  and  refraction. 

*  Ths  msfthod  of  Clainut  in  ths  integration  of  y-^jfm^f/  ought,  tlierefbrey  be 
generaliied,  subject  to  close  examination  of  the  dimient  cases,  as  follows.  I«t 
9  {*»  jf>  yf  /^  ••••)*=  0>  whence  it  follows  that 

If  each  of  the  eoeffieSents  ^,  Ac  have  a  common  factor  M>the  equation  resulting  from 

dap 

its  extennination  (of  one  order  higher  than  the  giYen  equation)  may  sometimes 

be  more  easily  integrated  than  the  originaL    If  so>  an  equation  between  its  con- 

stents  may  l!e  obtained  which  shaU  make  it  satisfy  the  original  equation,  and  the 

Bngulsr  solution  of  this  general  solution  satisfies  M«0* 
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4.  Trtoc  the  curves  whose  equation!  arc  y=log«in«,y=rinlo«;a', 
distinguishing  both  continuous  and  pointed  branches.  Show  that  the 
logarithmic  spiral  has  a  pointed  branch,  and  trace  completely  the  curve 
whose  polar  equation  is  r=a  ± /(cos  0),  a<l,  showing  that  negative 
values  of  r  must  be  admitted,  or  else  a  cusp  with  two  distmct  tan- 
gents. 


Chiptbr  XV.' 
APPUCATION  TO  GEOMBTRT  OF  THREK  DIMENSIONa 

This  part  of  the  subject  requires  the  particular  consideration  of  functions 
of  two  independent  variables,  and  occasionally  of  three.  If  v  be  a 
function  of  x  and  y,  we  shall,  as  most  convenient,  use  one  or  another  of 
the  foUowing  notations : 

dz      ,         dx  d^z      „         ift        , rf*jr  . 

If  there  be  three  independent  variables,  or,  y,  and  2,  it  is  very 
desirable  to  have  a  notation  for  use  in  the  actual  details  of  operation,  to 
be  taken  up  when  they  begin  and  laid  down  when  they  cease.  The  follow- 
ing will  be  perfectly  distinct,  and  soon  acquired.  Let  «c  be  a  function 
of  jr,  y,  and  «. 

du^       du^       du^         dFu^        ^u^ 
dir^  5^""^''  dir^'*  da^^^'^  dy'^"** 
cPtc  cPu  <2*u  d'u 

dz*      "*  dxdy       '^  dydz    ^^   dzdx      "^ 

In  making  any  integration  with  respect  to  one  variable  only,  it  must 
be  remembered  that  the  constant  to  be  added  may  be  a  function  of  the 
othek,  which  though  called  variable  with  reference  to  what  might  have 
taken  place,  wss  by  supposition  a  constant  in  the  differentiation  which 
the  required  integration  is  to  compensate.    Thus 

where  ^  and  fy  are  any  functions  of  y  whatsoever.    Again 
cPu  du     1  1  /. 

where  f<l>x  dx  may  be  any  function  of  x,  and  Yy  any  function  of  y. 
Such  cases,  in  which  no  peculiar  specification  of  limits  is  made,  require 
no  additional  consideration ;  but  if  it  should  happen  that  the  limits  of 
the  first  integration  contain  functions  of  the  letter  which  will  be  a 
variable  in  the  second  integration,  the  question  tiJces  a  very  difierent 
character.  For  example,  u/szojcy  is  to  be  integrated  JSrit  with  respect 
to  y,  and  from  yrrjr  to  yscx^,  and  then  with  respect  to  «  from  JcsO  to 
xssL    The  first  integration  now  gives 
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ia»(*»)»+0*-(Jar.i*+0j).  or  Ja(jr»-J0. 
Thi«  intq^tedirith  respect  to  r  from  x^O  tox=;6,  giveBia(|6*— J&*). 
The  quution  now  becomes,  what  is  the  use  and  meaning  of  the  opera- 
tion we  have  performed?  It  has  sufficiemly  appeared  in  Chapten  VI. 
and  VIII.,  that  though  we  may  look  to  the  determination  of  a  primitive 
iiinction  for  the  shortest  mode  of  operation,  we  muet  find  in  the  limit  of. 
a  summation .  the  readiest  mode  of  conception  of  the  result  attained. 
Now  the  first  proem  is  really  the  limit  of  the  following  summation  : 

where  in9=:  J*— «.  ff  we  now  aasuine  »«=&— 0,  and  add  together  the 
several  values  of  the  preceding  snewering  to  x=0,  x=jr,....  tip  to 
x=nK,  multiplying  each  by  c,  we  shall  have  a  succeasion  of  sums,  the 
first,  second,  and  last  of  which  are  us  follows,  if  the  value  of  $  when 
x=:«  be  called  9„ 

{aO.O+aO(O+d,}  +  '-'-+aO(O+md,>}0,.K 


the  limit  of  which,  when  nt  and  n  increase  without  limit,  is  the  result 
obtained.  And  since  every  term  is  of  the  form  axy  ^  ^y,  we  may,  as 
in  page  99^  call  the  preceding  Z^(£ary^y)  or  Sory  Ax  Ay,  and  its 
limit  Jdxjaxy  dy,  J  axy  dr  dy,  or  Jjary  dr  dy,  if  the  two  operations 
are  to  be  represented.  And  since  y  is  first  made  variable,  we  may 
denote  this  by  writing  dy  last  of  the  two,  and  the  symbol  of  the  in- 
tegral with  the  limits  represented  will  stand  thus : 

;  /If^axydxdy. 
We  may  now  give  a  geometrical  illustration  of  the  preceding,  geue* 
raliziog  the  operadoa  into  J\J'^tdxdy,  where  « ia  a  given  function 


of  X  and  y.  '  Draw  the  curves  y—itx  and  y=^x,  and  set  off  the 
abacisste  a  and  6,  OA  and  OB.  Divide  the  interval  AB  into  any  . 
nnmber  of  equal  parts  m,  and  having  drawn  ordinates,  divide  the  part 
of  each  ordinate  intercepted  between  the  curves  into  n  equal  paita. 
Then  will  then  be  *nn  rectangles,  which,  as  m  and  n  are  increased 
without  limit,  have  for  the  limit  of  their  sum  the  area  PQRS.    This 
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limit,  compared  with  the  preceding  process  of  summation,  will  be  foimd 
to  be  represented  by  jif'^^^*  And  this  agrees  with  previoiMi 
results :  for  writing  the  preceding  in  the  manner  first  pointed  out,  we 
Iwe  Jidxft'dy^  or  f  1(^x^-4^) dx^  or  fi^xdx-/i<pxdx,  or 
AQRB^AFSB.  But  if  we  want  to  form  an  idea  of  the  meaning  of 
Jjx  dx  dffy  we  may  proceed  in  either  of  the  folfewing  ways. 

1.  Suppose  the  area  PQRS  to  be  everywhere  cf  different  and  variable 
▼alue  per  square  unit,  in  such  manner  that  at  the  point  (j^,y)  the  value 
of  a  square  unit,  if  it  were  uniform,  would  be  x.  Then  at  the  point 
(j7,y),  the  sides  of  the  adjacent  rectangle  being  Adr  and  Ay,  the  value  of 
that  rectangle  is,  not  zAarAy,  but  (2+a)  A«  Ay,  where  a  is  a  fraction 
depending  on  the  variation  of  the  rate  of  ^nation  from  one  part  of  the 
rectangle  to  another.  But  as  Aj?  and  Ay  diminish  without  limit,  z+a 
approaches  without  limit  to  z,  and  aAr  Ay  diminishes  without  limit,  as 
compared  with  zAyAvi  Hence  2(«Aj;Ay)and  2  (z+a)  Ar  Ay  have 
the  same  limit :  or  Jjzdx  dy  represents  the  whole  value  of  PQRS. 

2.  At  every  point  of  PQRS  erect  a  perpendicular  to  the  plane  of  xy, 
(that  is,  of  the  paper,)  and  equal  to  the  value  of  s,  or/(.r,y),  at  that 
point  We  shall  then  have  these  perpendiculars  bounded  by  Uie  surface 
whose  equation  is  z=:/(x,  y),  and  the  solid  content  bounded  by  PQRS 
below,  the  superposed. surnice  above,  and  laterally  by  the  perpendiculara 
drawn  on  the  boundary  PQRS  (or  rather  by  the  surfaces  which  contain 
them  all,)  contains,  in  cubit  units,  jf[fzdxdy.  For  over  the  base 
Av  Ay  is  superpose  a  solid  content  which  would  be  «A«  Ay  if  z  were  a 
constant,  but  winch  is  («+a)ArAy,  where  a  may  be  described  as 
before,  and  rejected  for  a  sinular  reason. 

I  do  not  consider  it  necessary  to  develope  the  preceding  reaaoniog 
after  that  in  pages  140, 142,  &c.  Two  cautions  are  necessary  in  inter* 
preting  the  results  of  any  such  double  int^ration.  First,  as  in  page 
98,  no  reliance  can  be  placed  on  any  result  in  which  2  becomes 
infinite  anywhere  in  the  boundary  of  integration ;  secondly,  a  portion  of 
the  summation  may  consist  of  negative  elements  not  only  when  z 
becomes  negative  (which  case  may  be  explained  similarly  to  that  in 
page  149)  but  also  when  y^x^^x  changes  siffn  between  a  and  h.  This 
we  may  explain  as  follows :  f\  <t>x  dx  and  Jt  0*^  dx  differ  only  in  sign, 
being  of  the  forms  ^i6-^ia  and  ^ia»0|6;  and  this  also  follows 
from  the  nature  of  the  summation.  For  if  we  pass  from  xe=:a  to  x^izb 
by  a  succession  of  positive  increments  given  to  x,  we  must  pass  from  b 
to  a  by  a  succession  of  negative  increments.  If,  then,  the  first  integra- 
tion give  x(*»y)>  OT  x('^»y'^)~^x(*»  4^)»  *°^  ^^  ^^®  ^^ff^  of.  this 
should  depend  upon  that  of  fx-^tpx^  we  are,  if  "^x — 0r  change  sign 
between  x=a  and  j?=6,  about  to  perform  an  integration  of  the  form 
ftax  dxy  in  which  mx  is  not  always  of  the  same  sign  (page  149).  This 
must  be  particularly  attended  to,  as  we  might  otherwise  perform  an 
integration  imder  the  idea  that  all  elements  of  the  summation  are 

positive,  when  such  is  not  the  case.  In  the 
first  example  given,  or  J'l/^axydxdy^  Hire 
draw  the  straight  line  and  the  parabola  y=« 
and  y=^,  and  if  OB =6  and  x^siaxy  be  the 
ordinate  of  a  surface  perpendicular  to  the  paper, 
we  might  suppose  that  we  have  ascert^ned  the 
solid  content  which  stands  on  OMNK  and 
KRQ  together.    But  from  O  to  K,  x  is  greater 
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than  «*,  z  being  positive,  whence  ffzdy  is  n^ative,  and  the  whole  of 
the  intc^pral  f\jf  (uty  dx  'dy  is  negative,  while  the  remainder  f\  f^  oxy 
ds  dy  is  positive.  That  something  of  the  sort  takes  place  is  obvious 
from  the  result,  which  =^0  when  o*=:f ,  the  positive  part  over  KQR 
then  counterbalancing  the  negative  part  over  OMKN.  If  we  want 
simply  the  solid  content  described,  we  must  counterbalance  the  negative 
part  by  an  addition  (here  an  algebraical  subtraction)  of  twice  aa  muchy 
which  gives 

If  h  had  been  less  than  or  s=  1,  we  should  simply  have  changed  the 
sign  of  the  result 

A  right  circular  cylinder,  described  by  the  revolution  of  a  line  at  the 
distance  A,  about  the  axis  of  z,  is  cut  by  a  plane  whose  equation  is  z^aa 
•V^+c:  required  the  content  intercepted  between  the  given  plane,  the 
plane  of  ary,  and  the  cyhndrical  surface,  on  the  supposition  that  any  part 
which  ialls  below  the  plane  of  xy  is  to  be  reckoned  as  negative. 

The  expression  to  be  found  is  ff(flX'\'by-{'C)dxdy  from  yss 
— i/(A*— iO  to  y=+V(^*~'^)»  *^^  then  from  j?=  —  A  to  irs-fA. 
The  first  integration  gives  (ory+^^y'+cy)  dx^  which,  taken  Y)etween 
the  limits,  gives  2(atr-f  c)^(/t«— j:«)  dx.    And 

Mh'-x') .  xdx^  ^  (A«-  ^)^, 

which,  taken  from  x:=i — h  to  ;t=+A,  give  0  and  JA'.ir;  whence 
2(a.0+c.i^AV)  or  irA*c  is  the  content  required.  The  plane  cuts  the 
cylinder  in  an  ellipse,  and  this  result  merely  implies,  as  is  obviously 
true,  that  if  a  circle  be  drawn  parallel  to  the  base  through  the  centre  of 
the  ellipse,  the  content  intercepted  by  the  ellipse  and  the  base  is  the  same 
as  that  between  the  two  circles ;  the  depression  of  the  ellipse  on  one  side 
of  the  second  circle  being  compensated  by  its  elevation  on  the  other. 

It  must  be  obvious  that  the  preceding  mode  of  integration  can  only  be 
successful  when  either  the  extreme  limits  of  y  or  of  j?  are  constants : 
those  of  the  other  variable  maybe  functions  of  the  one  whose  limits  are 
constant.  Thus  the  general  description  of  the  operations  may  be  made 
as  follows.  To  find  jjzdxdy  from  y^^4>x  to  y^zyjfx,  and  from  x=a 
to  dp:=6,  let  J'sdy^y  only  being  variable,  be  f{x^y)y  then  f{x^fx) 
^f(j^9  <^x)  is  the  result  of  the  first  integration.  Let  the  integral  of  the 
preceding  with  respect  to  x  be  Fo^,  then  F6— Fa  is  the  final  result. 
But  to  indffzdydx  from  x:=z(l>^  to  j?=Yf,y,  and  from  y=ai  to 
y=6j,  let  Jzdx,  X  only  being  variable,  be/i(j:,y),  then /i  (^ly,  y) 
— /i  (0iy,y)  is  the  first  result.  If  the  y-integral*  of  the  preceding  be 
Fjy,  then  Yp^ — Fja,  is  the  final  result  We  must  take  first  that 
integration  in  which  the  limits  are  variable,  though  if  both  sets  of  limits 
be  constant  we  may  begin  with  either.  Thus  to  find  fjz  dx  dy  from 
y=ai  to  y=6i,  we  have  /'2<?y=/(«r,y)  and  between  the  limits 
=/(j?,  ^i)  — /(J?^  (h) ;  i^  .//(•r.  ^)  dxi=m  (a?,  60,  we  have  fa  {b,  6,) 
— -CT  (a,  6|) — o  (6,  ai) +tij  (a,  Oi)  for  the  final  result     Again,  iijz  dx 

=/i  i^»  y)>   ^®  ^^^^   fi  (^»  y)  ~/i  (^^  y)   ^^^  ^^^  ^^*^  result,  and  if 
*  1  his  abbreviation  would  be  convenient  in  roauy  cases. 
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ff\(.l'ty)'^y  =  ^i(.f'iy)>  *c  )>b*c  w,  (&,&i)  — «,(6,  a,)  — w,  (a,  6,) 
+at,(a,ai)  for  the  fitul  mult.  Now  o  (x.jr)  wid  ia,(x,y)  at  the 
functionB  derived  from  two  lucceseive  integrationa,  each  indepeadent 
of  the  other,  in  different  ordeii,  the  fint  by  y,  ^-integration,  the  second 
by  X,  y-inte|i;ration.  If  they  difier  from  one  another  it  it  then  only  by 
euch  terms  as  disappear  ia  two  differentiation  a ;  or  the  first  may  be  m 
the  form  <pix,y)+''fix+-xSt  '^^^  ^^^  secoud  of  the  form  0(r,y) 
+Y'i^+Xiy>  ^  widest.  But  the  entrance  of  the  arbitrary  fmictions  wu 
avoided  by  the  method  of  taking  limits  after  each  integration ;  if  for  in- 
ttaace  J'zdy  had  given /(i',y)  +  Y'|X,  the  term  ^,x  would  have  dis- 
appeared in  (/(jr,Ji)-l-y,J.)-(/(*,B,)+^>*);  and  so  on.  Hence 
^  (^1  y)t  ^  function  not  containing  terms  dependent  on  x  only  or  y 
only,  is  the  result  of  both  modes  of  integration;  or  rather  0(6, &■) 
— ^(6,a,)-4>(a,£,)-]-0(a,a,)  is  the  result  of  both.  The  same  thing 
ia  alto  apparent  from  the  method  of  snnmiation. 

But  it  might  happen  that  we  require  to  extend  the  summation  over  a 
part  of  the  plane  of  jy,  (to  Iceep  to  our  illustration.)  no  boundaries  of 
which  are  lines  parallel  to  an  axis.  This  subject^  presents  a  moat 
instructive  view  of  the  nature  of  integration,  and  will  require  some 
detail.  The  following  diagram  ofthe  methods  ofsummation  which  we  have 
just  lefi,  as  compared  with  that  to  which  we  are  coming,  will  be  the  best 


introduction.  It  is  required  to  find  Jx  drdy,  over  all  values  of  «  and  y 
included  in  the  figure  PQRS,  the  equationa  of  the  boundaries  being;  of 
SP,y=<«;  ofRQ,y=^;  ofRS,y=/ij;  t,{QP,y=rx:  a,/3,^aDd 
V  bemg  functional  symbols.  Assume  y=y  (x,  v),  where  t>  is  a  conatast 
Buch  that  ^  (x,  m)szfij:  and  f  (x,n)=yx.    For  example, 

Yf  ix,  v)= VX+ ftx; 

or  let  v.  signify  a  function  of  v  which  is  0  or  1,  when  v~m  or  «=») 
and  V.  a  function  which  is  0  or  1  when  v=r  or  v=m.    Then  from 

can  be  obtained  an  infinite  number  of  die  cases  required  for  every  fann 
ofV^andV,.  Assume  y^f(x,u),  where  u  is  another  constant  such 
that  u=a  gives  y=ar,  and  u—b  gives  y=j3^.     If,  then,  a  be  changed 

into  A   at  it  steps,  being  successively   a,  a+t,   a-f2>; o+k, 

QcK  =  b — a),  Rud  if  also  m  pass  to  n  by  {  steps,  becoming  successively 
m,  m+\,  m+2\. . .  .m+lK^lX—n—m),  and  if  we  describe  the  curves 
whose  equations  are 

*  The  demonitntloa  heie  pita  ii  not  sltogstber  thit  of  Legendia,  Cliiia.  Aesd. 
Sei,  178S,)  whkh  ii  w  obwun  is  its  lugie  ■>  to  b<  nasrljr  uQintslIigible,  it  ast 
dutHouL  See  the  method  of  Ltgmdn,  as  uMd  br  Lsplsce,  in  bv  Theorr  of  Pn»- 
bsbUitiai.  (Entyc.  M*ti.,  f  6S.) 
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y=*(*»«)  «  ««t  y=0(*.  o+Of up  to  y=0(j:,  a+kK)=:fix 

y=^(*i«»)or/iJr,y=y(a?,m+X),  .,..  up  toysr^f  (x,m+Cl)=FX, 

we  shall  have  the  figure  inclosed  by  PQRS  intersected  by  curves  which 
divide  it  into  kxl  curvilinear  quadrilaterals,  each  of  which  may  be 
made  as  small  as  we  please  by  sufliciently  increasing  k  and  L  If,  then, 
at  a  given  point,  (a:y),  say  the  lower  comer  of  the  figure  left  dark,  we 
can  express  the  area  of  the  contiguous  element  by  PAu  Av,  we  have  for 
the  whole  integral  required  Jijm  'P  du  dv,  where  for  «r  and  y  in  ;r 
must  be  substituted  their  values  in  terms  of  u  and  v  obtained  from 
y=0(j?,w),  y=y(jr,r).  It  remains  then  only  to  express  this  area. 
Let  ABCD  be  one  of  the  quadrilaterals,  the  point  A  having  x  and  y  for 


P     X 


its  coordinates  in  the  preceding  figure :  let  AX  and  AY  be  parallels  to 
the  axes  of  x  and  v.  If  x+ix  and  y-^-^y  represent  coordinates  of  any 
point  near  A,  we  have  for  the  equations  of  th)e  four  curves  as  follows : 

For  AB  y-^^y^ff^  (x+ix,  u) ;  for  CD  y+  Jy=0  (j+Jjt,  u+Au). 
Vor  ADy-|-Jy=y(«+Ja?,  r);  for  EC  y+>y=y(j+Ar,  r+Ar). 

Also  0(x,v)=4'(x,o),  both  expressing  the  ordinate  at  the  point  A. 
To  find  the  coordinates  of  B,  equate  ^(a?+dx,ti)  wadf(x+ix^v+Av)t 
which  gives 


d(b  dHf         dMf 

y+Jy=:f  («,ii)+^ajr+. . . .  ssY' (x,t;)+^  aa:+^  A»+ 


In  which,  if  we  neglect  terms  of  higher  order  than  the  first,  which  it  is 
clear  will  not  a£fect  the  result,  we  have 

dv  ^  dx  dv  \dx      dx  J    » 

The  coordinates  (measured  from  A)  of  the  intersections  of  AD  and  DC 
and  of  DC  and  CB  found  in  a  similar  manner  are 

AN=-W^Au,  ND=-W$t  ^  Au 
du  dx  du 

AP=wr^Ar-^Au\   PC=wf^^Ar-^?AA-  ^ 
\dv  du      J  \dx  dv  dx  du      Ai  t 

The  area  ABCD  is  the  sum  of  ABM  and  MBCP  diminished  by  that 
of  ADN  and  NDCP.  Each  is  to  be  found  by  an  inte^ation  of  the  form 
ffdq^  where  the  limits  of  p  and  q  are  all  small  quantities. 

Now     /^=W-r'|+P"^-...   (;'=|.*c.)i 
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and  (p'  not  being  necessarily  oomminuent  with  q)  if  the  yaluea  of  p  and 
q  at  both  limita  be  small,  Uie  first  two  tenns  will  each  be  of  the  second 
order,  and  the  rest  of  the  third  and  higher  orders.  And  since  p'  will 
vary  during  the  integration  by  a  quantity  of  the  first  order  only,  it  will 
introdace  no  error  of  so  low  an  order  as  the  second,  if  we  suppose  it 
constant  and  =(p2— pi)  :  (9«  — ^i),  where  q^  and  ^i  are  the  limits  of  5, 
&c.  This  gives  for  the  integral  between  the  limits,  as  far  as  terms  of 
the  second  order  inclusive, 

Pn  qt-pi 91—5  ^-^  (^S-gf),  or  -  (pu+PiXqt  - ^i), 

which  is  precisely  the  area  that  would  be  obtained  by  taking  the  arc  of 
the  curve  to  be  a  straight  line.  The  errors  of  this  supposition,  therefore, 
are  all  of  the  third  order,  and  for  our  present  purpose  ABCD  may  be 
considered  as  a  quadrilateral  rectilinear  figure,  and  even  as  a  parallelo- 
gram :  for,  as  far  as  terms  of  the  second  order,  by  the  values  found, 
AP=AM+AN,  or  NP=AM;.  simaarly,  PC=rMB+ND,  whence 
BM=QC,  and  AB  is  equal  anid  parallel  to  CD.  If  NR  be  joined, 
ABNR  is  also  a  parallelogram,  and  ABCD  and  CDNR  together  make 
up  ABNR=MBRP.  But  DCNR=DQPNi  whence  ABCD  is  the 
excess  of  BMPR  over  DNPQ,  or 

BM.AN^DN.AM,or  W^  ^  f^«^V|,A«,    ' 

dv   du  \ax      ax/ 

dv   du 

The  sign  of  the  result  only  indicates  that  the  preceding  expres- 
sion without  its  sign  is  negative  in  every  disposition  of  the  figure 
similar  to  that  here  adopted.  If  we  now  take  the  equations  ^=1//  (j?,  v), 
yz=iff}  {x^v)^  and  from  them  deduce  y  and  x  in  terms  of  v  and  u,  giving 
a;=X,  y=Y,  X  and  Y  being  each  a  function  of  v  and  of  u,  we  may 
deduce  the  preceding  factor  by  implicit  differentiation,  as  follows. 
Substituting  in  the  first  pair  the  values  derived  from  the  second,  we  have 
identical  equations,  and  this  being  implicitly  supposed,  we  have 

dY^rf^rfX  dY_dVrrfX      d^ 

du  "^  dx*  du*  dv  ^^  dx    dv      dv 

dY     d4>    dX  ^  d^  dY     d4>  dX 

du      dx '  du      du*  dv      dx    dv 

du'^W'du       '   dv      W   dv       '  dv   du^du    dv 

d1r\-'_  dX  dX  (dX  dX     dY  dXX^ 


W=  (^  -^V=  ^^  ft 
\dx     dx  J         dv   du    \i 


jdv    du,      du    do  J 
df  d^  _^  dX  _dY  dX 
dv    du  *"di?    du      du  dv  ' 

'We  have,  then,  for  the  integral  required  either  of  the  following.  Let 
z:=f{x^  y),  and  neglect  the  sign  which  depends  on  the  diagram,  and 
must  be  determined  by  each  particular  case ;  or  ratheri  in  most  cases^ 
that  sign  must  be  taken  which  makes  the  result  positive. 
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=/;/!/(x.Y,.(«^-g«)*^,. 

in  the  first  of  which  there  must  he»  subsequently  to  thedifferentiatioiis,  that 
substitution  of  X  for  *s  and  Y  for  y,  which  is  made  previously  to  different 
tiation  in  the  second.  This  integral  in  geometry  belongs  to  any  function 
connected  with  the  area  contained,  in  the  plane  of  <ry,  between  the  curves 
whose  ordinates  are  ax^fix^  fixy  vx :  0  (x,  u)  is  a  function  which  changes 
from  OCX  to  /3jr,  when  u  changes  from  a  to  6,  Y'  (x,  v)  a  function  which 
changes  from  fix  to  vx^  when  v  changes  from  m  to  n ;  and  X  and  Y 
are   the  values  of  x  and  y  in -terms  of  v  and  u  from  y=:9(j7,u), 

It  is  obvious  that  no  part  of  the  preceding  investigation  involves  the 
limits  of  integration,  except  the  manner  in  which  ^  ( x,  u)  and  y  (jjc^  v) 
are  to  be  formed.  But  whatever  these  functions  may  be,  if  we  odl  the 
difierential  last  obtained  Tidvdu^  we  know  that  ZAvAu-f-  terms  of 
higher  order  than  the  second,  is  the  element  of  the  summation  cor- 
responding to  the  element  ABCD  of  the  area ;  and  though  one  particular 
supposition  as  to  ^  and  f  may  require  this  summation  to  be  made  (as 
above)  between  limiting  values  of  u  and  v  which  do  not  depend  on  one 
another,  a  second  supposition  may  require  that  the  limits  of  u  shall  be 
functions  of  v,  or  vice  versd.  Thus,  if  we  integrate  the  preceding  from 
v=:Mu  to  v=rNu,  (M  and  N  being  functional  symbols,)  and  subse- 
qu^tly  from  n=a  to  tt=&,  we  require  that  y=0(x,u)  and  y=z 
f  (j?,  Mtt)  should  give  y==fix  by  elimination  of  u,  and  that  y =0  (<r,  u) 
and  y=Y'(<r,Nu)  should  give  y=yx.  Subsequently,  we  require  that 
y=r0  («,  a)  shoidd  be  equivalent  to  v^otx^  and  y=0  (<r,  6)  to  y^fix. 

For  example,  it  is  required  to  find  the  area  of  a  curve  contained 
between  two  radii  r,  and  r,y  inclined  to  the  axis  of  x  at  angles  0,  and  d^,. 
In  this  case  our  bounding  curves  are y=tan  Oj .x ,  y stan  6//.^,  for  olx  and 
fix:  and  y=0  and  y=r«r,  the  latter  being  the  equation  of  the  curve. 
If  we  wish  to  express  this  area  by  means  of  polar  coordinates  r  and  6,  we 
have  y=j?tan6,  and  y:=:J  (r*--a^)f  for  ^  and  ^.  (6  and  r  taking  the 
place  of  u  and  v.)    These  give 

^     ^_       _  .    y*    ir    ^  ^X     rfY  dK 

a:=r  cos  e=X,  and  y=rsma=:Y,  5^  "^  "57  5©  ='''' 

andjyrdrdS  is  the  transformation  required.  Let  r  be  first  taken  as 
variable,  and  let  Md  and  Nd  be  the  limits.  The  first  limit  is  ^0,  the 
second  is  thus  found:  y=rj?tand  and  y=,y {(Nd)*— jt*}  must  give 
y^nvx  when  0  is  eliminated,  which  is  satisfied  if  r=Nd  be  the  polar 
equation  of  the  curve,  derived  from  rsin0=:  v(rcoBd).  Again, 
y=xtan9  satisfies  the  equations  at  the  limits;  hence J'X' J ^'rdr.dd, 
or  iyj'  CSdydO  is  the  result,  which  agrees  with  page  385.  But  it  is 
impossible,  under  these  suppositions,  to  allow  ^  to  be  the  first  variable. 

If  y=w  yx  and  y^tu?,  and  the  area  between  the  two  radii  be  required, 
we  have  for  its  expression  yjr(wv'*—t7)"'t?vJ?  dttdt?,  frbm  t;=twi  6,  to 
r=tanO^/,  and  from  ti=0  to  «=!.  In  the  preceding,  the  value  of* 
must  be  substituted  from  uvx^vx. 

lei  there  be  a  cope,  the  vertex  of  which  is  at  the  origin,  and  the  base 
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of  which  is  parallel  to  the  plane  of  xy^  at  the  distance  a*  The  equation 
of  the  conical  surface  has  the  form  z:=ixf(y:x)^  where  /  is  such  a 
function  that  a^=xf(y :  x)  is  the  equation  of  the  hase  projected  upon 
the  plane  of  xy.  Between  this  hase  and  its  projection  Hes  the  content 
of  a  cylinder,  made  up  of  the  conical  solid,  and  a  ring,  wedge-like 
towards  the 'interior  part,  the  wedge  terminating  everywhere  at  the 
origin.  This  wedge  has  for  its  content  ffzdxdy^  which  integral, 
according  to  the  manner  in  which  the  limits  are  taken,  may  represent 
apy  part  of  the  wedge.  If  r  and  B  be  the  polar  coordinates  of  a  point 
on  the  plane  of  xy^  a  transformation  already  given  will  reduce  this 
int^ral  to 

ffxf^.rdrddt  or  f ft* dr. con eftBaie,d0. 

This  may  be  first  integrated  with  respect  to  r,  from  r=0  to  a= 
r  cos  e  ./tan  6,  or  r  =ra  4  cos  O./tan  6}"'.  This  gives  i  fa*  {cos  Of  tan  0}-* 
do,  or  {■  a  ^l^jR*  dO,  where  R  is  the  value  of  r  at  the  limit  This  gives 
•J- ax  (area  of  the  base)  for  the  content  of  the  ring;  whence  the 
remainder  of  the  cylinder,  or  -t  a  x  (area  of  the  base),  is  the  content  of 
tbe  conical  solid. 

Let  there  be  any  integral  of  the  form  ff^p  (x :  y).dxdy.  The  pre- 
ceding transformi^tion  is  frequently  applicable,  and  simplifies  the  pro- 
cess. The  integral  then  becomes  yy^ land. dO.rdr.  For  instance,  a 
straight  line  setting  out  from  the  axis  of  x  revolves  round  the  axis  of  r, 
in  such  a  manner  as  to  describe  the  angle  at  in  t  seconds,  while  it  also 
moves  up  the  axis  of  z,  so  as  to  describe  (it  in  t  seconds  on  that  axis. 
Here  at  and/3<  are  functional  symbols:  but  if  at=zaty  /3<=6^, the  sur- 
face is  that  of  a  winding  staircase  (neglecting  the  irregularities  of  the 
steps).  Its  equation  is  derived  from  eliminating  t  between  2=:/3<  and 
ysor.tan  at :  whence  x  is  a  function  ofyix.  In  the  simple  surface  just 
mentioned,  we  have  s=r  (b :  a) .  tan"'  (yix).  The  solid  content  bounded 
by  the  surface,  and  standing  upon  any  part  of  the  plane  of  jcy  is 
ffzdx  dyy  taken  between  limits  depending  on  the  form  of  the  base. 
Making  the  transformation,  we  have  mffBrde  dr^  where  m=6 :  a.  If 
we  want  to  find  the  portion  standing  upon  a  circular  sector  whose  radius 
is  c  and  angle  y,  we  must  integrate  from  r=:0  to  r^c^  and  from  8sO  to 
6=:y,  which  gives  imc'y'  for  the  content. 

It  will  hereafter  be  shown  that  if  ;r=r0(jr,y)  be  the  equation  of  a 
flurface,  that  part  of  the  superfidal  area  which  stands  over  a  portion  of 
the  plane  of  xy  is  yy]y(l -h  2" -l-«/)djrc^,  between  limits  depending 
on  the  form  of  die  base.  If  we  substitute  r  cos  6  and  r  sin  9  for  x  and  y, 
thus  reducing  0(«,y)  to  V^(r,6),  we  may  determine  /  and  x^^  as 
follows : 

d«_df  dr^      d^  M  ^_^*;  ,^^. 

dx^dr*  dx     dB*  dx  dy^dt   ly     dB  dy' 

which  equations  are  to  be  considered  as  derived  by  supposing  ^  to 
contain  x  and  y  through  r  and  0,  on  the  supposition  that  r=:i/(«*-|-^, 
e=:tan-*(yr-*).    These  give 
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dz      df       ^    d¥r  Bind  (£e      rf¥^  .    ^  .  cff  cobO        ^  J 

ax      dr  dd      r  dy      dr  dB      r 

To  apply  this,  take  the  helieoidal  surface  {JieUv^  a  acrew)  before 
described,  in  which  zrszmB.  The  integral  which  determines  the  iurfiice 
is  then  fjtjil'¥fn*r'^)  rdrdd.  This  integrated  with  respect  to  r  from 
rsiO  to  r:::iC9  and  with  respect  to  d  from  6=0  to  9=y  gives  the  snrimce 
required ;  namely,  belonging  to  the  circular  sector  above*mentioned. 

yr/: V("»'+»') .*> *  =  ^ y {cy(m»+cO+m» log £±^J±f5|.  - 

Let  the  surface  be  one  made  by  the  revolution  of  a  curve  about  the 
axis  of  2.  Let  the  equation  of  this  curve,  when  in  the  plane  of  t  and  jr, 
be  z:=ifx:  whence  2=:0  (VC^+y*))  ^^  that  of  the  surface ;  or  2=^4^. 
We  have  then  for  the  integrals  determining  the  solidity  and  surface 
ff4>r  •  rdO  dr  and  ffj{  1 + (0V)'}  rdr  dd.  If  we  integrate  through  a 
whole  revolution  with  respect  to  0,  we  shall  have  2Tj<t>r,rdr  and 
2iry]^{l-f  (4>V)'}rdr,  expressions  which  we  shall  afterwards  compare 
with  others,  which  wiU  be  obtained  for  this  particular  case. 

If  the  generating  cimre  be  an  ellipse,  of  which  the  centre  is  at  the 
origin,  and  one  of  the  principal  diameters  in  the  axis  of  s,  we  have,  when 
the  generating  curve  is  in  the  plane  of  xz  (a  and  b  being  the  semi- 
diameters), 

«"       jr^  b 

-rr+— =1,  whence  «=s  —  V  («*—<^ 

is  the  equadon  of  the  surface:    and  the  integrals  which  determine 
the  content  and  surface  axe  (b'sa'(l — ^)) 

—ffJ  (a*-f*)*rdrdQ  and   \  Js/^Jl^  '^^' 

Integrate  first  from  9s0  to  8=r2ir,  and  both  iiit^prals  are  then  obtain- 
able  fnxm  r=:0  to  r=c.  This  gives  the  content  and  surface  standing 
over  a  circle  described  on  the  plane  of  xy  with  the  origin  as  a  centre ; 
that  is,  intercepted  by  a  cylinder  on  the  same  axis  as  the  solid.  The 
first  int^ral  obviously  becomes 

---  —  ^fl^—Ca*— c*)   f,  or  —  *6o*,  when  c=<i. 
Sal  33 

The  latter  is  the  whole  content  of  the  semisolid.  In  the  second 
intqnral,  after  integration  with  respect  to  6,  for  V(^"— r")  write  (a :  b)  «, 
which  gives 

a'/v(<^-«'(«'-j!«*))x~«i«,  or  _^/(6«+a«eV)*&. 
The  integral  of  the  latter  beginning  when  r=0  or  «=fr  is 


9W  OirVBBKNTIAL  AND  IMTSeRAL  GALCDLU8. 

Stopping  at  2=(6:a)^(a'  —  c*)  or  r^ic^  we  haTe  the  BUifiMe 
required.  If  we  go  on  to  r^a  or  2=0,  we  have  for  the  mirfaoe  bound- 
ing the  semisolid 

«•«■+  —  log r— » which  becomes  2«'rf  when  &=a,  c=0. 

e  6  , 

The  last  result  will  immediately  appear  on  expanding  the  logarithm 
in  powers  of  e,  and  making  e=0»  bz=a^  after  reduction.  Doubling  the 
semisolids^  and  remembering  that  4ftf(f  is  the  surface  of  a  sphere  whose 
radius  is  a,  the  revolving  semidiameter,  it  appears  that  the  surface  of  an 
oblate*  spheroid  is  less  than  that  of  a  sphere  described  on  the  revolving 
diameter,  by 

-    /  ,      b\      a(l  +  e)\        ^    /  .,      b\      l+e\ 
2.(^a---log  _^j,or  2,r(^a«--log— ^ 

or2ircf^  nearly,  when  e  is  small. 

Let  a  surface  of  revolution  be  described  by 
the  revolution  of  a  curve  about  the  axis  OB, 
and  let  OAso?,  AP=y,  arc  ending  at  ?£=#. 
Then  AB,  QR,  and  PQ  are  Av,  Ay,  and  6m. 
The  portion  added  to  the  solid  by  (hanging  x 
into  a;+ Ar,  made  by  the  revolution  of  APQB, 
^  lies  in  magnitude  between  the  cylinders  gene- 

^'**  rated   by  ASQB    and   APRB.,  or   between 

It  (y+AyY  Ax  and  ry*  Ax,  which  differ  by  *  (2y + Ay)  Ay  Ar,  or  cxAr, 
where  a  and  Ax  diminish  without  limit  together.  Hence,  proceeding  as 
in  page  142,  the  whole  solid  always  lies  between  H/it^Ax  and  7,iry^Ax 
•\-2,a  AXf  of  which  the  second  term  diminishes  without  limit  as  compared 
with  the  first.  The  content  of  the  polid,  then,  is  the  limit  towards  which 
both  of  the  preceding  approach,  namely,  fy^dx,  taken  between  the 
proper  limits.  To  find  the  surface^  it  is  necessary,  as  in  page  140,  to 
assume  an  axiom ;  namely,t^hat  the  surfaces  generated  by  the  revolu- 
tion of  the  arc  PQ  and  the  chord  PQ  may  be  made  as '  nearly  equal 
as  we  please  by  diminution  of  AB.  The  surface  generated  by  the 
chord  PQ  is  the  difference  of  two  cones,  the  radii  of  whose  bases  are 
AP  and  BQ,  and  the  difference  of  their  slant  sides,  PQ.  If  «  be  the 
slant  side  of  the  former,  we  have  ^  z .  2iry  or  irxy  for  its  surface,  and 
«'(«+PQ)(y+Ay)  for  that  of  the  other;  whence  ir(2^-|.y,PQ 
+  PQ«Ay)  is  the  surface  generated  by  PQ.  But  s:PQ:!y:Ay; 
whence  the  preceding  becomes  T(2y.PQ+^*PQ},  of  which  the 
second  term  diminishes  without  limit  as  compared  with  the  first.  If  the 
preceding,  multiplied  by  1  +  oe,  give  the  surface  generated  by  the  arc 
PQ,  by  the  axiom  a  and  Ar  diminish  without  limit  together,  and  the 
whole  surface  is  22iry.A«(l+»)+2*AyAf  (1+a).      From  this  the 


*  Oblate,  because  6* = a*  ( 1 — e*)  has  been  supposed .  The  integral  for  the  proUta 
spheroid  takes  a  difibreat  form  in  integration. 

t  This  axiom  might  be  deduced  from  others  which  would  bear  perhaps  the 
appearance  of  a  less  amount  of  assumption  |  but  that  they  really  have  less  might  be 
dieted :  we  the  end  of  this  chapter. 
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surface  cannot  be  found,  since  a  is  an  unknown  function :  allow  Ar  to 
diminish  without  limit,  and  the  preceding  becomes  finry  ds  or  ^vjy  ds^ 
which  must  also  be  taken  between  the  proper  limits.  To  compare  these 
formulae  with  those  in  page  397,  observe  that  x  must  be  changed  into  «, 
and  y  into  r,  and  also  that  the  solid  found  in  the  page  cited  is  not  that 
oontained  within  the  currei  but  that  contained  between  the  cunre,  and 
the  cylinder  generated  by  KP,  or  iry'<r— /^fly'ctdP,  if  we  begin  from  iv=0 ; 
or,  making  the  changes  of  notation,  nfr^^^^ier'^dz.  But  since  z=0r, 
in  page 397, we  Yivve^ fpr.rdr^^ici^z^jQiri^dz^  bednning  from  the 
same  value  of  z.  The  integral  for  the  surface,  or  2irJ*J(l  +  d«* ;  rfr*)  rdr 
is  2TeJr^(d9*+daf)f  or  passing  to  the  notation  last  u)sed,  2'K  fyds^  pre- 
cisely as  just  obtained. 

If  one  equation  be  given  between  ^,  y,  and  ?,  the  coordinates  of  a 
point,  that  equation  is  the  equation  of  a  surface ;  if  two  equations  be  given, 
they  belong  jointly  to  the  intersection  of  two  surfaces,  or  to  a  curve, 
plane  or  not,  as  the  case  may  be.  The  equation  of  a  plane  is  of  the  first 
degree,  or  of  the  form  A^r-fBy-l-C^+H— 0.  The  equations  of  a;  line 
are  those  of  two  planes.  These,  and  many  other  results  of  the  applica- 
tion of  pure  algebra  to  geometry  of  three  dimensions,  I  shall  presume  to 
be  known  to  the  student. 

If  two  surfaces  have  the  equations  0  («,  y,  a,  a)=:0,  V^  (J7,y, «,  a)=0, 
a  being  a. constant,  each  equation  defines  a  family  of  surfaces,  not  differ- 
ing from  one  another  in  general  properties,  but  only  in  the  value  of  a 
constant.  Thus  (jf— 0)'+^*+^'=^^'  defines  a  family  of  spheres,  haying 
their  centres  on  the  axis  of  .r,  and  every  surface  passing  through  the  origin. 
If  we  take  the  two  equations  ^=0,  ^:=:0,  to  exist  simultaneously,  we 
have  the  equations  of  a  family  of  intersecting  curves,  in  one  of  which  each 
surface  of  die  first  family  cuts  that  one  of  &e  second  which  has  the  same 
value  of  a.  And  if  between  0=0  and  i^s:0  we  eliminate  a,  we  have  an- 
equation  which,  though  true  of  the  points  of  every  curve  out  of  this 
family  of  intersections,  is  not  restricted  to  any  one  value  of  a:  that  is, 
we  have  the  equation  of  the  surface  which  includes  the  whole  family  of 
intersections  (page  359;  note). 

For  example,  suppose  we  wish  to  get  the  most  general  notion  of  a 
surface  formed  by  the  motion  of  a  straight  line.  The  equations  of  a 
line  are  y=:aa?+a»  z'=^hx-\-fi.  Let  a,  6,  a,  i^  be  functions  of  some 
variable  o;  there  will  then  be  an  infinite  number  of  straight  lines,  one 
for  every  value  of  v  which  makes  a,  6,  a,  fi  all  possible,  and  arranged 
according  to  some  law  depending  on  the  manner  in  which  a,  6,  ce,  and  fi 
depend  on  v.  Eliminate  v  from  between  the  two  equations,  and  there 
results  the  equation  of  a  surface  passing  through  all  the  lines.  It  is  also 
allowable  to  suppose  one  letter  in  each  equation  constant. 

A  cylindrical  surface,  in  the  most  general  sense,  is  made  by  the  motion 
of' a  line  parallel  to  a  given  line,  according  to  any  law.  Now  y=:ar+^i7y 
2=:6x+Y^9  are  equations  of  an  infinite  number  of  lines  parallel  to  the 
lines  y=ax,  2=6<r,  disposed  according  to  a  law  depending  on  0o  and 
fv.  From  these  two  equations,  y-^ax  and  z  —  hx  are  both  functions  of 
v:  consequently,  z^hx  is  a  function  ofy-^axi  or  the  general  equation 
of  a  cylindrical  surface  is  2 — bx  =:f(y^ax).  A  similar  process, 
choosing  different  forms  for  the  equations,  would  give  or+^+cz+A 
=r/(fl'x+&y'+c'2+A')>  but  the  second  form  is  not  really  more  general 
than  the  first.  This  is  most  easily  shown  by  comparing  the  partial  diff. 
eqa.  arising  firom  the  two  forms,  made  as  in  page  64.    These  are 
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OkV       ay  ax  ay 

which  do  not  difieir  in  fonn. 

A  conical  flur&ce  is  made  by  the  motion  of  a  line  which  always  passes 
through  one-  point  If  m,  n«,  p  be  the  coordinates  of  this  point,  the 
equations  of  two  planes  which  pttss  through  it  are 

a(x— m)+6(y— n)+c(«— p)=0,  a'(«— m)+y(y— nJ-H/(«— p)ssO; 

and  if  a^  a\  &c.  be  all  functions  of  v,  eTcry  value  of  v  will  give  one  line 
passing  through  the  point  m^n^p^  and  all  these  lines  put  together  will 
constitute  a  cone  of  a  species  depending  on  the  manner  in  which  a,  a'» 
&c  depend  on  v.  These  may  be  considered  as  two  equations  between 
jT— m,  y-*n,  z— *p,  and  v,  from  which  may  be  deduced 


x^-~m  jp— III        \a:— m/ 


the  partial  diff.  equ.  is  (x— m)^+(y  —  n)  j'=* 

A  surface  of  revolution  is  one'  all  whose  sections  perpendieolar  to  a 
given  line  are  circles.  If  we  imagine  a  sphere  to  move  with  its  centve 
on  the  given  line  and  a  variable  radius,  together  with  a  plane  which 
always  passes  through  the  centre  of  the  sphere,  and  is  perpendicular  to 
the  given  line,  all  the  intersections  of  the  sphere  and  plane  will  make  up 
a  surface  of  revolution,  of  which  the  given  line  is  the  axis.  Let  its 
equations  be  yssAr-f-ce»  ss6«-f' )S,  and  let  m,  am^k-a^  hm-i-fi  be  the  co- 
ordinates of  the  centre  of  the  sphere  in  any  one  position,  and  ^^m  the 
square  of  its  radius.    The  equation  of  tiie  sphere  h  thch 

(«— m)*+(y— am-a)"+(z— 6««— i8)"=^ . 

Now  the  equation  of  a  plane  passing  through  the  origin  perpendicQlar 
to  the  given  line  is  x+ay+&2S£0 ;  and  that  of  .such  a  plane  passing 
through  the  eentre  of  the  sphere  is 

« — f»+a(y  — ow— a)+6(ar— 6i»— i8):=:0. 

Eliminate  m  from  these  two  equations/and  we  have  the  equation  of  the 
surface.  If  the  axis  of  the  surface  be  that  of  z^  we  have  for  the 
equations  of  the  sphere  and  plane 

«*+3/*+(«-p)*=fr,  and  «ap, 

givin|^  J^+y*^^2,  or  z^fCs^+y^  for  the  surface.    The  pardal  diff. 
•qu.ia 

dz        ^_/x 
^  dx        dy^ 

.  The  preceding  methods  are  the  shortest  by  which  the  general  definition 
of  the  class  of  surfaces  can  be  made  to  lead  to  an  equation  which  is  neces* 
sary,  and  not  more  than  sufficient,  to  express  them.  It  leaves  out  of  view 
the  particular  directrix  of  the  cone,  cylinder,  or  surface  of  revolution: 
whatever  this  may  be,  the  equation  of  the  surface  must  in  each  case  take 
one  or  oOier  of  the  forms  above  written,  and  some  particular  case  of  that 
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form,  depending  on  tbe  nature  of  the  directrix.  For  instance,  let  it  be 
required  to  find  the  equation  of  a  cone  whose  vertex  is  the  point  (ntyn^ 
p),  and  whose  generating  straight  lines  always  pass  through  the  curve 
whme  equations  are  y=:0jr,  2=5if/x.  The  equations  of  tl^  generating 
line  being  y — n^a^x—m)^  i -p=:6  (*— m),  we  must  have»  in  order 
that  the  generating  line  and  directrix  may  have  a  common  point, 

n+a{x — m)=^jr,    p+b  (x— fn)=Y^j'. 

If  we  eliminate  x  from  these  two  equations,  we  have  a  result  of  the  form 

b=f(a,m,n,p),  or  lZ£^=/(|r£.„.„,p^ 

For  any  specific  fcxms  of  0  and  ^,  the  specific  form  of/ can  be  found. 

The  ruled  surface  (or  the  surface  reglee  of  the  French  writers)  is 
made  by  a  straight  line,  which  moves  in  any  manner  whatever,  accord- 
ing to  a  regular  Jaw ;  that  is,  a  ruled  surface  (so  called)  is  that  which 
has  the  equation  obtained  by  eliminating  v  from  y=0o.j7+xv, 
5=Y^o.x+*»f-     The  following  are  remarkable  cases. 

Let  the  straight  line  be  always  parallel  to  the  plane  oixy.  We  have 
then  z:=iyv^  y^^v.x-^-yv^  and  elimination  gives  the  form  y^^fz^x+fz. 
The  partial  diff.  equ.  of  this  surface,  which  is  of  the  second  degree, 
since  there  are  two  functions  to  eliminate,  is  found  by  the  following 
steps: 

0=:fx.z'x+f/z.x'+fz,    l=/2.t,*+//z.rp  or/;r=--^ 

/-             Zs  T  "~ 2  Zf         ^.  Zi  Zi  —  T  Zit 

1.2'=—-^ -j-i,      fz.tiSZ^        \,, 

s^z^r-^ Siz/'^zff'^szOi  or  />«<— 2pgi+g*r=0.    (See  page  388). 

Let  the  straight  line  be  always  parallel  to  the  plane  of  xy^  and  pass 
through  the  axis  of  z.  Then  2=ra;r, 'y=0o.jr,  which  gives  the  form 
zsif\x : y).    The  partial  diff.  equ.  is  px-^-qy  =0. 

Let  us  now  suppose  a  family  of  surfaces  having  the  equation 
^^(j'ty,  z,a)=0,  the  differeut  individuals  being  distinguished  by  the 
values  of  a.  If  we  name  the  surfaces  after  their  values  of  a,  the  two 
surfaces  a  and  a-H^^  if  they  intersect  at  all,  have  an  intersecting  curve 
defined  by  the  joint  existence  of  the  equations 

"f  ('fy»ar»a)=0,  y  (x,y,r,a+Aa)=0,  or  V'+^  ^+ =0; 

If  Aa  diminish  without  limit,  it  is  clear  that  the  equations  ^^=0, 
di/f :  da^O  define  a  curve  which  can  never  be  the  intersection  of  the 
surfaces  a  and  a+Aa  as  long  as  Aa  has  any  value,  but  to  which  the 
intersection  approaches  without  limit*  as  Aa  diminishes  without  limit. 
This  curve  is  called  the  characteristic  of  the  following  surface.  If  we 
eliminate  a  between  ys=0  and  d^ :  <fa=0,  we  have  an  equation  which  is 
true  of  all  characteristics,  and  therefore  belongs  to  the  surface  in  which 


•  The  tiailar  cimsideffstioiit  spplyi&g  tofiimUies  offcarrstipsgs  364,  &c.,  will  ren- 
der it  ttnnecetssry  to  treat  Ibis  point  in  disteil. 

2D 
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dl  die  cbsncteristics  lie.  Using  the  lai^age  of  infinitely  tmall  quan- 
titiei,  (which  we  shall  often  do  in  this  chapter,)  if  all  the  suYfaces  of 
this  family  be  described,  each  being  infinitely  near  its  predecessor  and 
tucoessor,  the  part  of  the  surface  a-^-da  cut  off  by  a  and  a-^-jtda  ii 
bounded  by  the  characteristics  of  (a,  a+da)  and  (a+da^  a+2da)y  and 
is  a  strip  in  infinitely  small  breadth,  forming  part  of  the  surface  which 
contains  all  the  characteristics.  Perhaps  the  following  diagrams  may 
give  some  idea  of  this*  The  surface  of  which  Aa  is  a  part  has  the  value 
« in  to  equation,  and  becomes  B6  when  a  is  changed  into  a+da^  Cc 


when  a  is  changed  into  a+2(2a,  &c.  The  characteristics  are  the  curves 
ending  at  a,  6,  c,  &c.,  and  the  strips  which  they  inclose,  parts  of  which 
make  up  a/PQ,  are  portions  of  the  surface  which  contains  all  the 
characteristics. 

Examples.  A  sphere  of  a  given  radius  h  moves  with  its  centre  upon 
the  curve  whose  equations  are  y=a«r,  z^r^x.  Required  the  character- 
istic of  each  position  of  the  sphere,  and  the  coiyiecting  surface*  of  all 
the  spheres.  This  problem  is  chosen  because  the  connecting  surface  is 
obviously  a  tube  of  the  same  diameter  as  the  sphere,  and  having  the 
given  curve  for  its  axis ;  the  characteristic  of  two  consecutive  spheres  is  a 
circle  of  the  tube. 

The  equation  of  the  sphere,  when  its  centre  |ha8  the  abscissa  a,  is 
(x— fl)»+(y— aa)*+(a:--j3a)»=A',  and  we  have  for  the 

equations  of  the  f  (j?— a)*+(y— aa)*+(y— i8a)*ssA* 
characteristic     \  (^f— a) +(y— ««)  a'a+(«—)8a))8'a=0. 

rhese  equations  denote  the  intersection  of  the  sphere  with  a  plane, 
ox  a  circle.  We  cannot  eliminate  a  without  giving  specific  forms  to  a 
and  ^8,  and  even  then  the  elimination  will  be  generally  tedious,  and  most 
frequently  impossible  in  finite  terms.  If  the  axis  be  a  straight  line, 
ehmination  will  readily  give  the  equation  of  a  circular  tube  with  a  straight 
axis,  or  of  a  circular  cylinder. 

If  0  (or,  y,  2:,  a)  =  0  and  yjf  (j;,  y,  j;,  a) = 0  be  the  equations  of  a  family 
of  curves,  and  if  we  take  the  curves  belonging  to  a  and  a+  da,  there  win 
be  an  intersection  if  the  four  equations 

0(x,y,j;a)=rO,    y(j',y,«,a)=Oi     ^(a:,y,«,a+Aii)r=0, 

*  French  writers  (following  Monge,  to  whom  I  need  hardly  say  I  am  here  indebted 
for  erery  thing)  call  this  amnecting  surface  the  enteloppef  (which  it  is  tety  often,)  and 
the  frmily  of  cotmecled  surfaces  enve/oppeea.  These  terms  cause  confusion  when,  aa 
odea  happens,  the  eavtlops  is  itself  enveloped  by  the  suifaces  to  which  it  is  nomi- 
aaUy  the  envelope. 
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can  be  satisfied  by  the  same  values  of  x,  y,  and  2.  With  fout  eqiiationB 
ibis  caDDot  be  generally  true :  but  there  may  be  a  simultaneous  existence 
of  the  four,  independently  of  any  particular  value  given  to  a,  if  three 
only  ef  these  equations  be  independent,  and  if  the  fourth  be  dedndble 
from  them.  Similarly,  if  ii^  be  infinitely  small,  and  the  four  equations 
become  reducible  to  ^=0,  y =0,  d0 :  (2a=0,  df :  {/a=0,  as  before,  the 
two  contiguous  curves  may  have  an  intersection  in  a  simUar  case.  This 
is  precisely  what  happens  when  the  family  of  curves  is  that  of  all  the 
characteristics  of  a  given  surface,  for  if  0=0  and  d^ :  (2a=:0  be  the  two 
equations,  the  four  just  noted  are 

of  which  the  second  and  third  are  the  same.  Consequently  the  three 
equations  0=0,  d4> :  da^iO^  (P</> :  ({a'=0,  determine  the  values  of  iT,  y, 
and  z  at  an  intersection  of  two  consecutive  and  infinitely  near  character- 
istics. Form  two  equations  by  eliminating  a,  and  we  have  the  equations 
of  a  curve  which  passes  through  all  the  intersections  of  consecutive 
cbaracteristics,  and  which  may  be  called  the  connecting  curve  of  the 
characteristicB  (the  French  call  it  the  ar^te  de  rebroussement).  Let 
tlie  eennected  smrfaces  be  a  family  of  planes,  having  for  their  equation 

z=2ax+{fy—a\  or  z^2ax — a^+fl*=0, 

Sliminate  a  from  the  preceding,  and  -^x — ay-f-a=0,  which  gives 
zsj* :  (1 — y)  for  the  connecting  surface.  The  connecting  curve  of  the 
duuracteristics  has  also  the  equation  — y-fl=0,  or  is  cut  from  the 
connecting  surface  by  a  plane  parallel  to  Uiat  of  j?s  at  a  unit's  distance. 

A  det)dopMe  surface  is  one  which  can  be  developed  on  a  plane  with- 
out any  such  alteration  of  parts  as  would  be  called  rumpling,  if  it  were  a 
thin  sheet  of  matter.  In  order  that  a  surface  may  be  developable,  it 
mvst  be  the  connecting  surface  of  a  family  of  planes,  so  as  to  admit  of 
that  mode  of  generation  which  we  express  by  calling  it  an  infinite 
number  of  infinitely  thin  plane  strips.  Each  of  these  strips  may  then 
be  supposed  to  turn  round  the  line  in  which  it  joins  the  contiguous  strip, 
until  ail  are  in  the  same  plane.  The  equation  of  a  family  of  planes 
being  z^ojp+^a.y+Y^a,  that  of  the  connecting  surface  (which  is 
developable)  is  obtained  by  eliminating  a  from  the  preceding,  and  from 
*+<^'ay+Y^'a=0.  This  gives  (page  246)  9  =  0p  and  r*--j»=0,  as 
partial  diff.  equ.  belonging  to  this  class  of  surfaces.  Cylinders  and 
eonea  are  the  most  obvious  of  developable  surfaces. 

(Siveu  0  (.r,  y,  «)=:0,  the  equation  of  a  surfiice,  required  a  method  of 
finding  whether  a  straight  line  can  be  drawn  upon  that  sur£Bu».  Let 
yzsLox-^-a^  2=:6j?+)8  l^  the  equations  of  a  straight  line :  its  intersections 
with  the  surface,  if  any,  are  found  by  finding  x  from  the  equation 
0(x,  iij?+a,  6a?+/3)=0.  So  many  real  values  of  :r  as  this  equation 
gives,  so  many  distinct  intersections  are  there  of  the  straight  line  and 
surface.  But  if  a, «,  6,  iS  can  be  so  assigned  that  the  preceding  shall  be 
true  per  t e,  or  for  all  values  of  a?,  the  straight  line  everywhere  coincides 
with  the  surface. 

Example.  A  surface  is  generated  by  the  revolution  of  an  hyperbola 
about  its  minor  axis  (which  place  in  ^e  axis  of  2)  ;  can  a  straight  line 
be  drawn  upon  it?  (The  common  figure  of  a  dice-box  will  sufficiently 
well  represent  a  part  of  this  surface.)    Let  A  and  B  be  the  semi-axes : 

2D2 
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when  the  reTolving  hyperbola  is  in  the  plane  of  xz,  its  equation  is 
B*j;^— a*z'=:a"b%  andtheequation  of  the  surface  is  b*  (jc*+y*)— a*2" 
=A*B*.  Let  a?=ac  +  a,  y=6^-|-)8  be  thu  equations  of  a  8trai8;ht  line : 
whence  the  intersections  of  this  line  and  the  surface  are  found  from 

which  is  made  identical  by  B«(a"+6»)=A«,aa+W=0,  and  BXa^+fi*) 
sA'B*.    These  are  equivalent  toi 

)3=±Ba,     a=+B*,    (a*+6*)=g[.  J 

As  here  are  only  three  equations  with  four  quantities  to  determine,  an 
infinite  number  of  straight  lines  can  be  drawn  on  this  surface.  Take 
any  point  whose  coordinates  are  jti,  yi,  and  Zi,  on  the  surface,  then  if  the 
straight  line  be  required  to  pass  through  this  point,  we  have  x — X| 
=a(2— «i)  and  y — y^=b(z—Xi)  for  its  equations,  or  a^Xi^az^ 
fiz=y^—bzi.    Hence  we  find 

-  ^=    B'+^;   '     *-"BM^'    ^-±Ba,    «-+B6, 

and  the  two  first  equations  satisfy  a* +6'= A* :  B*.  Hence  two  straight 
lines  can  be  drawn  through  each  point  of  the  surface.  Show  that  any 
straight  line  drawn  on  this  surface  is  parallel  to  a  line  drawn  through 
the  origin,  making  an  angle  with  that  axis  which  is  the  same  for  all  tibe 
lines ;  and  thence  that  this  surface  of  revolution  is  the  surface  of  levoUi- 
lion  formed  by  the  revolution  of  a  straight  line  which  is  not  in  the. same 
plane  with  the  axis  of  z. 

Required  the  equation  of  a  surface  which  passes  through  any  number 
of  curves  whose  equations  are  P|=:0,  Qi=:0  of  the  first;  Pi=:0,  Qi=0 
of  the  second,  &c.  Take  P  a  function  of  P„  Pt,  &c,  which  vanishes 
with  any  one  of  them,  and  Q  a  similar  function  of  Qi,  Qt«  &c.  Let 
/(P,  Q)  be  a  function  which  vanishes  when  P  and  Q  both  vanish :  then 
/(P,  Q)=0  is  the  equation  of  a  surface  which  satisfies  the  required 
conchtians;  thus,  if  there  be  two  straight  lines,  «=a2+a»  y=^z-f/S9 
and  x^afz+a  and  yssb'z+fi^  the  simplest  equation  of  a  surface  pass* 
ing  through  both,  is 

I  have  entered  into  the  preceding  detail  on  the  generation  of  surfaces 
that  the  student  may,  previously  to  stud3^ng  the  common  theorems  of 
the  differential  calculus  on  this  part  of  the  subject,  have  a  wider  idea  of 
the  extent  to  which  the  generation  of  surfieu^es  can  be  carried,  than 
can  be  gained  from  the  consideration  of  the  few  which  occur  in  ele- 
mentary geometry.* 

*  At  the  same  time  it  must  be  remembered  that  I  am  not  oow  teaehinff  solid 
geometry  by  the  difierential  calculus,  bat  illustrating  the  differeatial  calcoliis  by 
geometnr.  The  student  who  finds  that  his  notions  of  solid  space  are  not  soiDcieatly 
practised,  should  make  himself  master  of  the  Qivm^trie  Detcripiin*  of  Monge,  one 
of  the  moot  clear  and  elegant  of  elementary  works.  The  synthetical  part  of  the 
ElhnenU  de  Ghmetrie  a  irm  difneniums,  Paris,  1817,  by  Hachette,  might  also  be 
studied  with  advantage.  Lest  the  student  should  imagine  that  any  other  work  on 
descriptive  geometry  would  answer  the  purpose,  he  should  undentand  that  it  is  the 
peculiar  simplicity  of  the  style  of  Mbnge,  and  the  geaeral  ideas  which  srs  given  on 


APPLICATION  TO  GEOMETRY  OP  THREE  DIMENSIONS.     405 

'  The  coordioate  planes*  divide  all  space  into  eight  compartments,  which 
may  he  distinguished  by  the  signs  of  the  coordinates  of  points  in  them. 
Naming  the  coordinates  in  the  order  x^  y^  z,  and  choosing  one  com- 
partment in  which  the  coordinates  are  to  be  positive,  and  proceeding  in 
the  direction  of  positive  revolution  round  the  axis  of  2,  we  have  what  we 

may  call  the  first,  second,  third,  and  fourth  com- 
partments above,  and  the  same  below,  the  plane  of 
xy.  The  student  should  remember  to  attach  the 
idea  of  first,  second,  third,  and  fourth,  to  the  order 

of  signs  4-  + ,  — h  > »  Mid  H —  in  the  two 

iirst  places,  and  those  of  above  and  below  to  the 

signs  +  and  —  in  the  third  place.    Thus 

.  should  immediately  suggest  the  tliird  compartment 

^  below,  and  — h+  the  second  above;  and  so  on. 

Let  a   straight  line   (r)   passing  through  the 

origin  make  with  the  positive  sides  of  the  ^three 

axes  in  the  positive  directions  of  revolution,  the 

angles  rx=a,  ry^fiy  and  rz=:y.     Then  the  equations  of  the  straight 
line  may  be  represented  by  any  two  out  of  the  three 


-    y  ^ 


or 


X  ^y  ^  «  , 


^cos  a     cos  /3      cos  y*  "*    a        h 

where  a,  6,  c  are  any  quantities  proportional  to  the  three  cosines.  The 
signs  of  a,  6,  c  as  they  stand,  and  when  all  are  changed,  show  the  com- 
partments through  which  the  straight  line  runs.  Thus  «r:3=:y :— 4 
=2 :  — 6  are  the  equations  of  a  straight  line  passing  through  the  origin 

into  die  compartments  H and  ^^  +  +,  or  the  fourth  below  and  the 

second  above.  The  equation  of  a  plane  being  Aar-fBy-fCz+HssQ, 
the  signs  of  A :  H,  B :  H,  and  C :  H,  changed,  show  the  compartment 
out  of  which  the  plane  cuts  a  pyramid:  thus  3j?—2y— 7^— 1  cuts  a 
pyramid  out  of  — (-  +  or  the  second  above.  And  this  plane  has  a  por* 
tion  in  every  compartment  except  +— — ,  or  the  fourth  below.  But  if 
a  plane  pass  through  the  origin,  it  then  appears  in  six  compartments 
only,  those  out  of  which  parallels  to  it  might  cut  pyramids  being  vacant. 

Thus  3a: — 2y — 7s=0  appears  in  every  compartment  except  H 

and  — h  +•  The  angles  of  a  plane  with  the  coordinate  planes  are  those 
made  by  a  perpendicular  through  the  origin  with  the  remaining  axes : 
Thus  the  angle  of  the  planes  P  and  ay  is  that  which  the  line  p,  perpen- 
dicular to  P  through  the  origin,  makes  with  the  axis  01  z.  And 
Av+Bjir+Cz+H=0  being  the  equation  of  a  plane,  those  of  the 
perpendicular  through  the  origin  are  x :  A:=y :  B=z :  C. 

An  equation  in  which  one  coordinate,  say  z,  does  not  appear,  or 
^(•=>^>^)=0,  is  the  equation  of  a  cylinder  described  on  the  curve 
^  (^»y)=0  in  the  plane  of  xy^  by  a  line  moving  parallel  to  the  axis  of  z, 
Tt  is  only  when  we  tacitly  suppose  z=0  that  this  equation  belongs 
to  the  curve  just  mentioned.  In  this  last  case  0(x,y)=O  may  be 
called  restricted. 

Required  the  equation  of  the  tangent  plane  of  the  surface  $  (jr,  y^  z) 

the  principal  properties  of  solid  space  which  are  recommended  to  his  attention ;  and 
not  merely  the  processes  of  descriptive  geometry,  though  these  are  veiy  usefuL 

*  The  student  is  here  supposed  to  have  read  pp.  197 — 260  of  the  treatise  on 
Afgdirmcal  G€ometrtf, 
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sO,  vhich  gives  z=:0  (x,  y).  By  definition,  the  tangent  plane  is  tiiat 
between  which  and  the  surface  no  other  plane  can  be  drawn.  I^et 
('»  y,  z)  be  the  point  of  contact,  and  let  (,  77,  ^  be  the  coordinates  of  an 
arbitrary  point  in  the  plane.  Let  a  new  point  be  taken,  of  which  the 
horizontal*  coordinates  are  x+^f  y+^^t  &nd  let  the  equation  of  the 
tangent  plane  be  4^— «=:A(J— j?)+B  (>?— y).  Hence  the  vertical 
coordinate  on  the  tangent  plane  is  found  from  ^ — 7=AAf +BAy,  when 
the  horizontal  coordinates  are  a?+Aj7  and  y+Ay;  while  the  vertical 
coordinate  of  the  surface  for  the  same  point  is  z-|"p^r+gAy+ j^  {r(AT)' 
+ 2«  Ajp  Ay + ^  (Ay)* } + &c.  (pages  163  and  388).  If,  then,  we  assume 
the  deflection  as  positive  when  the  coordinate  of  the  surface  is  greater 
than  that  of  the  tangent  plane,  we  have  for  the  deflection 

(p-A)Ar+(9-B)Ay+i{r(Ac)«+2jArAy+^(Ay)«}+.... 

Let  'the  line  which  joins  the  point  x,  y  and  ir-f  Aj;,  y  +  Ay,  make  an 
angle  €  with  the  axis  of  a?,  and  let  Ax  and  Ay  diminish  so  as  not  to  alter 
this  direction.    Then  Ay=:Ar.tan  €,  and  the  preceding  becomes 

{(p— A)+(^-B)tang}Ar+{r+2«tan€+<tan"e}^^+ 

If  p  differ  from  A,  and  q  from  B,  one  or  both,  this  deflection  has 
always  a  finite  ratio  to  Ax,  which  has  for  a  limit  the  ratio  of  p — A 
+(9^-B)  tan  S  to  1,  except  only  in  the  case  in  which  Ay  and  Ar  are  so 
taken  that  tan  6= —(p— -A):  (7— B),  in  which  case  the  deflection 
diminishes  without  limit  as  compared  with  Ar.  Consequently,  there  is 
one  direction  in  which  the  plane  deflects  less  from  the  surface  than  in  any 
other.     But  if  |)= A  and  ^=B,Jor  if  the  plane  have  the  equation 

f-2=:p«-a?)+9(,,-y) (T), 

the  deflection  has  to  Aj;  the  ratio  of  ^  (r + 2i  tan  €+  ^  tan'  £)  Ar -(-.•• . 
to  1,  which  ratio  always  diminishes  without  limit.  Hence  the  deflection 
of  this  plane  (T)  always  becomes  less  than  that  of  any  other  plane  (P) 
in  whatever  direction  we  proceed,  except  only  for  one  direction  in  each 
plane  (P).  But  we  shall  now  show  that  all  these  isolated  directions, 
one  in  each  plane  (P),  are  no  other  than  those  indicated  by  the  lines  in 
which  the  planes  (P)  cut  the  plane  (T). 

The  two  equations  f — 2= A  ({— J7)+B  (ri-y)  and  17  -y= tan  §  ({-r) 
jointly  belong  to  a  straight  line,  which,  lying  entirely  in  the  plane  which 
has  the  first  equation,  is  projected  upon  the  plane  of  xy  into  a  line  pass- 
ing through  the  point  (<r,  y),  and  making  an  angle  t  with  the  axis  of  s. 
If  we  assume  tan  €=— (p  — A) :  (^  —  B),  and  if  we  eliminate  one  of  the 
two  A  and  B  from  the  equations,  say  A,  we  obtain  an  equation  belonging 
to  a  surface  which  contains  all  the  lines  in  question  that  can  be  drawn 
upon  all  planes  whose  equations  only  differ  in  their  values  of  A.  But 
it  so  happens  that  in  eliminating  A  we  eliminate  B  also,  and  obtain  the 
equation  T.  For  the  second  equation  becomes  (p— A)(£ — x) 
+  (9-B)(i,-y)=0,  or  A({-x)  +  B(i7-y)=p(5~r)+^(,,-y), 
which,  with  the  first  equation,  gives  f — 2=p  (£— x)  +9  (j?  —  y).  Con- 
sequently, the  plane  (T)  has  a  deflection  from  the  surface  less  than  that 
of  any  other  plane  drawn  through  (<r,  y,  z),  in  every  direction  but  one, 

*  From  the  usual  manaer  in  which  diagramB  are  drawn,  it  will  be^conrenient  tp 
call  X  and  y  tlie  horizontal  coordinateii  and  z  the  vertical  coordinates.  * 
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namely,  that  of  the  line  in  which  the  two  planes  coincide.  Hence 
no  pluie  can  be  drawn  between  this  tangent  plane  and  the  sur&ce. 

If  *(j?,y,2)=c  be  the  equation  of  the  surface,  we  find,  as  in 
page  352, 

^dx  ^     d<b  d^       ^dz ^     d^  d^ 

^""dx""     dx'dz*  ^^dy"^     dy'dU' 

which  will  transform  the  equation  of  the  tangent  plane  into 

d*  ^    d*      .  rf*  V     d<b        d^        d^ 
dx        dy    '     dz  dx        dy  ^     dz 

which  (as  in  page  352)  if  $  be  a  homogeneous  function  of  cr,  y,  and  ;r, 
has  nc  for  its  second  side,  n  being  the  degree  of  the  function.  AU  the 
considerations  used  in  the  page  just  cited  apply  here. 

The  equations  of  the  normal,  or  perpendicular  to  the  tangent  plane 
through  the  point  of  contact,  are  either 

or  any  two  of  the  three 

d^  d0  d^ 

The  line  of  greatest  declivity  {ligne  de  la  plus  grande  penU)  with 
respect  to  Cxy)  is  that  drawn  in  the  tangent  plane  from  the  point  of 
contact  perpendicular  to  the  intersection  of  the  tangent  plane  and  (xy). 
Its  projection  on  the  plane  of  jy  is  therefore  perpendicular  to  that 
intersection.  Now,  making  C=0,  we  have  for  the  equation  of  the 
intersection 

— 2 =p  (£— *)  +  q  (ri—y), 
and  the  eqnation  of  a  perpendicular  to  this^  drawn  through  the  point 

(j?,  yX  « 

d<b  d^ 

/?(ii--y)-?(f-'2^)=o,  or  ^  (n—y)—-^  ({-«)=o. 

This,  and  the  equation  of  the  tangent  plane,  are  the  equations  of  the 
line  of  greatest  declivity  to  the  plane  of  xy.  The  projection  of  this  line 
on  (jy)  is  also  that  of  the  normal. 

Let  the  surface  be  an  ellipsoid,  and  let  A,  6,  C  be  the  reciprocals  of 
the  squares  of  its  principal  semidiameters,  the  lines  of  these  semi* 
diameters  being  the  axes  of  coordinates.  Then  the  equation  of  the 
surface  is  Aii*+By'+Cz'=l,  that  of  the  tangent  plane  and  those  of 
the.  normal  are 

Ax{+By,+C,f=l;  ^='-g?=i^. 

A  curve  is  the  intersection  of  two  surfaces ;  and  its  tangent  line  at 
sny  one  point  is  the  intersection  of  the  two  tangent  planes  of  the  two 
surfaces.  If,  as  is  most  common,  the  curve  be  assigned  by  its  projections 
on  two  of  the  coordinate  planes  (zx  and  yx) ;  that  is,  if  y=»r  and  2= fix 
be  the  equations  of  the  cylinders  of  projection,  we  find  for  the  equations 
of  the  tangent  planes,  derived  from  y— aa;=0,  «— ^j=0. 


40»  DIFFBBSNTIAL  AND  IMTBGRAL  CALCULUS. 

-a'j>«-«)+l(9-y)+oa-»)=o)  ^   fii-y=«'x(f-^«)     ' 

which  equationB  are  jointly  those  of  the  tangent  required ;  sev^eraUy,  and 
ncatricted  to  the  planes  of  the  coordinates  they  include,  they  are  the 
equations  of  the  tangents  of  the  prqfectioru,  which  are  therefore  the 
projections  of  the  tangent. 

A  curve  has  an  infinite  numher  of  normals,  or  lines  perpendicular  to 
the  tangent,  which  all  lie  in  a  plane  called  the  normal  j^ane.  Again,  of 
all  the  planes  which  can  be  drawn  through  a  point  of  a  curve,  there  may 
be.  (generally  is)  one  which  is  closer  to  Uie  curve  than  any  of  the  othen : 
this  is  called  the  osculating  plane.  Previously  to  considering  these,  it 
will  be  desirable  to  treat  the  subject  of  curve  lines  generally  in  a  manner 
which  does  not  refer  to  projections  on  two  coordinate  planes  to  the 
exclusion  of  the  third. 

Let  V  be  a  variable,  of  which  x,  y,  and  z  are  severally  functions,  so 
that  xsix^  y^y«i  2=^«»  where  j*«  is  an  abbreviation  of  **  the  function 
of  V  which  X  is."  Hence,  by  elimination  of  v,  two  equations  between  x, 
y,  and  2  may  be  obtained  in  an  mfinite  number  of  ways,  and  each  pair 
contains  the  equations  of  a  pair  of  surfaces,  intersecting  each  other  in 
the  same  curve.  And  y,  r',  &c.  mean  diff.  co.,  taken  with  reference  to 
V ;  and  dp :  dx,  as  obtained  after  elimination  of  v  from  the  first  and 
second  equation  above  written,  is  the  same  as  dy :  dv-r^ '  dv^  &c*  Tbe 
equations  of  the  tangent  of  the  curve  above  mentioned  may  then  be 
reduced  to  any  two  of  the  three 

«-x)4;=(,-y):g==a-«):|; 

whence  the  equation  of  a  plane  perpendicular  to  this  line  passing 
through  the  point  of  contact,  or  of  the  normal  plane,  is 

«.,)|+(,_j,)|  +  (f.,)^'=:0 (N). 

From  this  supposition  we  can  easily  pass  to  either  of  the  more  limited 
ones.  Thus,  if  y  and  z  be  expressed  in  terms  of  f,  we  have  vssx  and 
dxidvsszl^  whence  the  equation  of  the  normal  plane  is 

Let  a  plane  be  drawn  through  the  point  (x,  jf,  2)  of  a  curve,  having 
the  equation  P(J-a?)+Q(?i-y)+R(f-2)=0,  and  let  us  consider 
the  deflection  from  this  plane,  in  a  direction  parallel  to  the  line  11= a(, 
4^sr6(,  and  at  the  point  of  the  curve  whose  coordinates  are  or-fAor, 
y+ Ay,  z+Az.  The  equations  of  the  line  on  which  the  deflection  is 
meastued  are  then 

i|-(y+Ay)=a {?-(«+ Ar)},     4:-(«+A*)=6  {?-(«+Ax)}; 

and  the    intersection    of   the  line  and  plane,   (PAj+QAy+RAs)  : 
(P+Qa+R&)  being  V,  is  made  at  the  points  whose  coordinates  arc 

Now  the  coordinates  of  the  two  extremities  of  the  deflection  are  d,  171, 
(i,  on  the  plane,  and  x+Ax,  &c.  on  the  curve:  whence  the  length  of 
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the  defleetion  is  tbt  square  root  of  the  torn  of  the  squares  of  i^i — (jp-I-  Ai), 
&c.,  or 

VV(l+a«+6«),  or  V(l+ft*+ftO(PA^+QAy+RA«) :  (P+Qa+RA), 

To  mftke  the  plane  osculate,  as  the  phrase  is,  with  the  cunre,  we  must 
make  PAjr+QAy+RA2  depend  upon  the  highest  possible  powers  of 
small  quantities.  Let  the  increments  arise  from  v  receiving  the  incre- 
ment k ;  whence  Ax=:  j/A+ j^  <z''  A'  4- .  •  • . ,  &c.  Make  the  coefficients 
of  h  and  A«  vanish,  or  let  Pj'+Qy'+Ry=0,  P/'+Qy"+R2''=0, 
which  reouires  that  P,  Q,  and  R  should  be  in  the  proportion  of  y'z'' — z^y''^ 
s'y-^jp'ar',  and  a/y'^ — y^j/'.     Consequently  the  plane 

(^^'^^fy(l--x)+iz'^-x^z!'Xfi^y)-\^{^y''^^a^^^^^^  . . .  (O) 

is  so  placed  that  all  deflections  from  the  curve,  in  whatever  direction 
measured,  depend  upon  the  third  power  of  A,  while  in  every  other  plane 
the  same  deflection  depends  upon  the  second  or  the  first  power  of  A. 
This  plane,  then,  is  closer  than  any  other  to  the  curve,  and  is  the  oscu- 
lating plane. 

Those  planes  in  which  the  deflection  depends  on  the  second  power  of 
A  have  Pj/+Qy'+R^=0:  show  that  this  condition  is  satisfied  by  all 
planes  which  pass  through  the  tangent  of  the  curve  at  the  point 
(•^9^*  2)-  These  might  be  supposed  (as  passing  through  the  closest 
lipe)  to  be  closer  than  other  planes ;  and  the  preceding  shows  that  such 
is  the  case. 

If  the  line  on  which  deflection  is  measured  be  taken  perpendicular  to 
the  osculating  plane,  we  have  for  the  parallel  to  it  drawn  throuarh  the 
origin,  {:Jr/|=J|:y/i=f :«//,  where  P=jp^,=y'ar"— ry,  &c.  Hence 
a=sy^:x,fl  hzzZf^ix^f^  and  substitution  in  Vi/(l+a^+6*)  gives 

for  the  first  term  of  the  deflection.  ^ 

A  plane  passing  through  a  given  point  (j^y.z)^  and  having  the 
equation  P(£— J?)+Q(i|-y)H-R(f— «)=0,  may  be  called  the  plane 
(P,Q,R).  Hence  the  normal  plane  is  (x'^j/iZ')  and  the  oscukting 
plane  is  (x^/,  y//,  ^y/) :  Aud  these  two  planes  are  perpendicular,  since 
i^Sj^+^yti-^-z' Zff:=iO.  A  line  perpendicular  to  the  osculating  plane, 
drawn  through  the  point  of  contact,  is  in  the  normal  plane,  and  has  for 
its  equations  ({—or)  i  Jr^i = (n — y) :  y^s=  (f — *) :  «,|.    The  accompanying 
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diagnm  represents  the  axes  of  j*,  y,  and  x,  P  a  point  in  the  curve,  PQ 
an  arc  of  the  same,  FT  the  tangent  at  P,  VK  the  osculating  plane,  YL 
the  normal  plane,  PV  and  PW  normals  in  and  perpendicular  to  the 
osculating  plane :  there  is  also  seen  a  small  portion  of  the  projection  of 
&e  curve  on  its  oseulating  plane  hy  lines  perpendicular  to  that  plane. 

I  now  pixxieed  to  some  results  of  the  preceding  formuls. 

Every  curve  has  two  remarkable  developable  surfaces  connected 
with  it :  the  first,  or  osculating  surfacey  is  the  connecting  surface  of 
all  its  osculating  planes  (page  402) ;  the  second,  or  poUr  mrface^ 
is  the  connecting  surface  of  all  its  normal  planes.  If  we  differentiate 
(0)  with  respect  to  v  only,  we  obtain,  remembering  that  afSf^+Sic. 
=0,  the  equation 

and  (0)  and  O')  are  jointly  the  equations  of  the  characteristic  of  the 
connecting  surface  required :  and  the  equation  of  this  connecting  surface 
is  found  by  eliminating  v  between  0  and  (V.  .  But  it  can  be  more  simply 
found ;  for  if  (f— «)  :  y=A?,  (i?— y)  :y'=H,  (f — «) :  r'=Z,  we  may 
reduce  (0)  and  ((V)  to 

(H-  Z)  y^2fa/f  +  (Z  -  X)  z'sff/'  +  (X  -  H)  of  1/2^  =0 
(H  -  Z)  y  V^"+  (Z- AT)  z'lfy'"  +  (X  -H)  j/y  V"=rO ; 

which  can  be  satisfied  by  ^=H=Z,  the  equations  of  the  tangent^  and 
of  course  by  nothing  else,^  as  two  planes  cannot  meet  in  more  than  a 
straight  line.  Consequently  the  tangent  of  the  curve  is  the  intersection 
of  two  infinitely  near  osculating  planes ;  and  the  connecting  surface  of 
the  osculating  planes  is  that  which  contains  all  the  tangents  of  the  curve. 
Eliminate  r,  then,  firom  (J— J?)  :a/=(iy— y)  :y'=(f — «):«',  and  its 
equation  is  found. 

Take  (N),  the  equation  of  the  normal,  and  differentiate  with  respect 
to  V,    We  have,  then, 

^'«-j?)+y"(>?-y)+«"(4:-«)-*^-y'*-2"=o (N'). 

Then  (N)  and  (N')  are  jointly  the  equations  of  the  straight  line  in 
which  two  infinitely  near  normal  planes  intersect  This  line,  which  is 
called  the  polar  line  of  the  point  (7,  y,  2),  is  a  characteristic  of  the 
surface  connecting  all  the  normal  planes.  And  this  polar  line  is  per- 
pendicular to  the  osculating  plane :  for  (N)  has  been  shown  to  be  so, 
and  (N')  is  so,  because  «r"'r/^ 4- y'y ;/+*"*,/=  0 :  whence  the  intersection 
of  (N)  and  (N')  is  also  perpendicular  to  the  normal  plane.  And  the 
point  of  intersection  of  the  osculating  plane  and  the  polar  line  is  found 
by  assuming  the  joint  existence  of  (O),  (N),  and  (N0«  which  gives 
(making  j?'*-hy"+2'*=0»  for  f—jr,  f  — «,  and  iy— y,  three  fractions, 
whose  numerators  are  /■  (^y^/^y*//),  ^*  (3/*//— ^y^/),  «^  (jc^*// —  «'«//)> 
and  whose  common  denominator  is  ^i/-f  y//'+2//.  The  square  root  of 
the  sum  of  the  squares  of  these  fractions,  or  the  distance  from  the  point 
(x,y,  z)  to  the  intersection  of  its  polar  line  and  osculating  plane,  is 
•'■r^y  (r,/+y,/*+^//')'  This,  as  we  shall  now  show,  is  the  radius  of 
curvature  of  the  curve.  Let  the  closest  circle  which  can  be  drawn  to 
the  curve  at  the  point  (j,y,2:)  have  its  centre  in  the  plane  A  ((—x) 

*  Let  the  itudent  find  a  more  algebraical  demonstration  of  this. 
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4-B  (i|-**y)+C(4' — 3)=0,  and  let  the  coordinates  of  that  centre  be  a, 
bj  e,  and  the  radius  of  the  circle  be  r.  Consequently  that  circle  is  the 
intersection  of  the  plane  (A, B, C),  and  the  sphere  (£—«)*+ (17— y)* 
+(4l^--«)"==^«  Differentiate  each  equation  twice  with  respect  to /,  a 
variable  in  terms  of  which  $,  1},  and  (  are  supposed  to  be  expressed,  and 
then  express  the  conditions  that  (A,  B,  C)  is  to  pass  through  the  point 
(a,6,  e),  and  the  sphere  through  the  point  (j?,y,z).  And  so  to  place 
the  plane  and  sphere,  these  conditions  subsisting,  that  there  may  be  a 
complete  contact  of  the  second  order  between  the  circle  and  curve,  make 
i^ssi^,  &c.  ff'ssaf^  &c.,  (page  349).     We  have,  then,  six  equations  : 

Af'+Bi|'+Cf'=0,    A{"+Bij"+Cf"=0,  true  when  ^^x^,  &c. 
'  (f-a)  «'  +(iy-6)  n'  +  (f-c)  ^  =0  \  true  when  £=0?,  . 

A  ({-jr)+B  (»?— y)  +C  (f — z)=0,  true  when  Jsia,  &c. 
({-«)•+ (!?-*)•+ (f-c)«=r»,  true  when  {=j?,  &c. 

Now  the  first  two  equations,  as  altered,  are  precisely  those  which  fix 
the  plane  of  the  circle  in  the  osculating  plane ;  the  next  three  determine 
a,  by  and  c  to  be  nothing  but  the  coordinates  of  the  point  in  which  the 
polar  line  of  (x,  y,  2)  cuts  its  osculating  plane ;  and  the  sixth  gives  for  r 
the  value  above  obtained  for  the  distance  of  that  point  from  (a?,y,  z). 

Now  let  X,  Y,  and  Z  be  the  coordinates  of  that  point  in  the  esca- 
lating plane  which  is  the  centre  of  curvature  (just  denoted  by  a,  6,  and  c) : 
we  have,  then,  X,Y,  and  Z  expressed  in  terms  of  ;i;,  y,  and  z,  or  of  v.  If  v 
be  eliminated,  we  have  the  equations  of  a  curve  passing  through  all  the 
centres  of  curvature,  which  we  might  suppose  to  be  a  connecting  curve 
of  all  the  normals  drawn  perpendicular  to  tangents  in  osculatmg  planes, 
these  lines  being  the  directions  of  the  radii  of  curvature.  Such  is  not 
the  case :  for  since  two  infinitely  near  osculating  planes  do  not  meet 
except  in  the  tangent  of  the  curve,  the  two  centres  of  curvature  laid  down 
on  normals  drawn  in  these  osculating  planes,  do  not  necessarily  approxi- 
mate to  intersection  at  the  centres  of  curvature.  This  point,  however 
will  require  the  following  elucidations. 

The  plane  Aj7+By+Cz=H  has  for  its  perpendicular  from  the  origin 
the  line  a :  A=y :  B:=2 :  C,  meeting  it  in  the  points  whose  coordinates 
have  numerators  AH,  BH,  CH,  and  common  denominator  A'+B'+C*. 
Hence  the  length  of  the  perpendicular  let  fall  from  the  origin  is 
H:^(A*+B*4-C'),  and  if  H  be  changed  into  Hi,  giving  a  plane 
parallel  to  the  former,  the  perpendicular  distance  of  the  two  planes  is 
(H— H,)  :  V  (A*+B"+C*).  Again,  if  x :  P=ry :  Qz=« ;  R  be  the  equa- 
tions of  a  line  parallel  to  the  first  plane,  it  follows  that  AP-|-BQ+CR=0. 
If,  then,  there  be  two  straight  lines. 


P    ^    Q    "    R    '        P,     ^    Q,    ^  R.    ' 


^         —      r^       -    «        , 


a  plane  (A,  B,  C)  parallel  to  both  is  found  by  taking* the  proportions 
of  A,  B,  C  from  the  equations  AP+BQ+CR=0,  AP»4-BQ,+CRi=0. 
But  if  Uiis  plane  be  to  pass  through  the  first  of  the  lines,  it  must  take 
the  form  A^ar— p)+B(y — 9)  +  C(«— r)=0;  and  if  it  pass  through 
the  second,  it  takes  the  form  A(.r*-pi)+B  (y— ^i)-|-C(«— ri)=0. 
Hence  the  perpendicular  distance  between  the  two  parallel  planes  drawn 
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through  the  given  straight  lines,  that  is,  the  shortest  distance  between 
the  two  lines,  is 

and  the  equations  for  determining  the  proportions  of  A,  B,  and  C  are 
satisfied  by 

A=:QR^-.RQ„    B=RP»-PR„    C=PQ»-QP|. 

which  must  be  substituted  in  the  preceding. 

Two  lines  are  said  ultimately  to  intersect  when  the  shortest  distance 
between  them  diminishes  without  limit  as  compared  with  the  line  to  the 
diminution  of  which  the  appropinquation  of  the  straight  lines  is 
owing.  Thus  if  we  take  two  tangents  to  a  curve,  at  the  points  (z,  y,^), 
{x+dx^  y+dff^  z+dz)y  the  equations  of  these  tangents  are  made  by 
equating  (£— x):x',  &c.  with  each  other,  and  ({— t— dr):  (a/+d/), 
&c.  with  each  other.  For  dx,  daf,  &c.  write  j/dfr,  j/'dr,  &c.,  and  we 
have,  for  comparison  with  the  preceding  equations, 

p:six+x'dv^    Pi=^Xf     'P:=iJ+x^'dVi     Pi^j/ 

rrr^+z'di;,     ri=a;,     Rrr^'+r'yi;,     Ri=^; 

and-  Bubstitution  will  show  that  the  shortest  distance  between  the  two 

infinitely  near  tongents  i» —(x^/Jr'+y^y+«/,«OA' =  7  t*i/*+y/ *+*//*)» 
which  is  s=0.  This  means  that  if  we  had  written  Lx  for  dr^  and  used 
the  ezpansioQ  of  ^,  &c.,  we  should  have  found  for  the  precedin||^  ahoiteet 
diBtanoe  a  quantity  depouling  only  on  squares  and  higher  powers  of  ^. 
The  locus  of  all  the  centres  of  circular  curvature  is  not  made  by  the 
perpetual  ifUermctixm  of  Dormals  infinitely  near,  drawn  in  the  osculating 
planes;  so  that  this  locus  is  not  an  evolute  to  the  curve.  Let  us  now 
further  consider  the  polar  surface,  made  by  eliminating  v  firom  the 
two  equations  of  the  polar  line,  the  intersection  of  two  normal  planes. 
These  equations  are 

Jf' (£-*)+ &c.r=0  (N);     a^^(f-a:)+&c.=:a/'+y'»+«'*=:y«  (NQ. 

^  If  we  now  difierentiate  each  of  these  with  respect  to  v,  reasoning  as 
in  page  403,  we  find  only  one  more  new  equation,  and  the  three  jointly 
belong  to  the  intersection  of  two  infinitely  near  polar  lines,  or  a 
point  of  the  connecting  curve  of  the  polar  lines.    This  new  equation  is  j 

.  of"  ({— Jp)+&c.=3j/a/'+3yy'+3«'5"=3a'«"    (N'O- 

Solving  these  three  equations,  we  find  for  ( — «r,  17— y,  and  ^ — r,  three 
fractions  having  the  numerators  3x,,y«"— j/,^/*,  ^yu^^'^t/n^* 
Bz^f/s^^—z'ffS^t  and  the  common  denominator  '//a^"+y//y^ +«//«'", 
where 

;i\,-^J'''-z'yf\    xft!=i7!jP'^J?P\    2'^s=yy'"-y'>. 

*  If  we  take  *,  or  the  arc  of  the  curve,  for  r,  we  find  fi)r  //{({ — x>^ 
+  (n— y)*+(f — 0*}>  considered  independently  of  ^rign,  the  following 
expression,  (/  being  =1,  and  «''=0),  ;, 


APPUGATION  TO  GSOMBTRT  OF  THREE  DIMENSIONS.      4U 

The  preceding  equations  (N),  (N')^  &nd  (N"^)  are  sucli  as  would  be 
derived  from  the  equation  of  a  sphere,  (5— «)*+  (v — ^)'+(f  —  c)*— »^» 
by  three  differentiations  with  respect  to  the  common  variable  contained 
lA  if  7i9  C«  if  &fter  differentiation  we  made  «r2s£y  sfss^^  &c.  The. 
only  difference  then  would  be»  that  where  we  had  £,  17,  and  ^  we  should 
now  have  a,  6,  and  c.  That  is  to  say,  iS,  ri^  and  Z^  as  last  found,  are  the 
coordinates  of  the  centre  of  a  sphere  which  passes  through  the  point 
(.r,  y,  z)y  and  has  with  the  curve  at  that  point  a  contact  of  the  third  order. 
Or  if  such  a  sphere  be  drawn,  the  curve  runs  so  near  its  surface  before 
and  after  contact  that  the  deflection  of  the  curve  from  the  surface  has 
always  a  finite  ratio  to  the  fourth  power  of  the  departure  from  the  point 
of  contact 

The  connecting  curve  of  all  the  polar  lines  is  then  the  locus  of  all  the 
centres  of  spherical  curvature :  it  is  not  an  evolute  of  the  given  curve, 
because  all  its  tangents  are  on  the  polar  surface.  I  shall  now  proceed 
to  the  consideration  of  the  two  flexures  from  which  a  curve  of  double 
curvature  derives  its  name. 

If  we  begin  with  a  straight  line,  we  have  a  line  whose  osculating 
surface  is  indeterminate,  since  an  infinite  number  of  planes  can  pass 
through  it :  and  all  its  consecutive  normal  planes  are  parallel  and  make 
no  angle.  Turn  the  straight  line  into  a  plane  curve,  and  its  osculating 
planes  are  all  in  one  plane,  which  is  the  osculating  surface.  But  the 
mmnal  planes  make  angles  depending  on  the  flexure  of  the  different 
points;  these  infinitely  small  angles  it  has  been  customary  to  call  angles 
aS  eontingenct.  The  normal  planes  being  all  perpendicular  to  the 
single  osculating  plane,  the  polar  lines  are  the  same,  and  the  polar 
surface  is  cylindrical,  having  the  evolute  for  a  base.  Now  let  the  curve 
beeome  one  which  is  not  all  in  one  plane,  and  the  successive  oscukting 
planes  make  infinitely  small  angles  which  may  be  called  angles  of 
fiexwre.  The  two  planes  (A,B,  G)  and  (Ai,  B„C,)  make  an  angle, 
the  ooaiae  of  which  is  (AAi+BBi+CCi)  divided  by  the  product  of 
V(A*+B*+C*)  and  V(A;+B?+CJ),  or  the  (sine)'  of  which  is 
(ABi— BAi)*  +  (BCi— CBi)*+  (CAi— ACi)«  divided  by  the  square  of  the 
preceding  denominator.  Hence,  if  0  be  the  infinitely  small  angle  made 
by  (A,  B,  C)  and  (A+rfA,  B+dB,  C+rfC),  we  have 

fl"r:{(A<flB-BrfA)«+(BdC— CdA)»+(C(fA-AdC)*} :  (A'+B*+C«)*. 

If  we  epply  this  to  two  consecutive  normal  planes,  in  which  Ass^, 
dk^mf'dOf  &C.,  we  find  for  the  angle  of  contingence  dvtjix^j'\^yff 
-f  iTji*) :  4^;  and  if  the  arc  ds  or  ^dv  be  taken  to  subtend  this  angle,  we 
have  /^:\JixJ+&e.)  for  the  requisite  radius,  which  is  precisely  the 
radius  of  circular  curvature  above  determined.  But  if  we  consider  two 
successive  osculating  planes,  in  which  A=J?y^  dArzx'ffdv^  &c.,  we  have 
for  the  angle  of  flexure 

the  first  two  factors  of  which  being  :=zdSf  we  have  (JP|/*+y//*+«i/*)  • 
(x,^jp'"+y,,y"'+«,,/")  for  what  we  may  call  the  radius  of  flexure. 

We  have  not  yet  found  an  evolute  of  the  curve,  or  a  second  curve 
whose  tangents  are  normals  of  the  first.  The  two  loci  of  circular  and 
spherical  curvature  are  not  of  this  character.    If  any  evolutea  exist  they 
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must  lie  on  the  polar  surface,  and  not  elsewhere,  for  all  normals  lie  in 
normal  planes,  whence  the  intersection  of  two  consecutiTe  normals  must 
lie  in  the  intersection  of  two  consecutive  normal  planes,  or  on  a  polar 
line ;  that  is,  on  the  polar  surface.  And  we  can  ;obviously  make  an 
infinite  number  of  evolutes  on  the  polar  surface :  thus,  let  P,  Q»  R,  S 
be  consecutive  points  of  the  curve,  infinitely  near,  through  which  draw 
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normal  planes  giving  14V  part  of  the  polar  surface :  join  P  with  any 
point  1  of  its  polar  line,  draw  Ql  and  produce  it  to  meet  the  succeeding 
polar  line  in  2,  and  so  on.  We  have  then  as  many  small  arcs  of  an 
evolute,  1,  2,  3, 4,  as  we  can  take  points  in  the  first  polar  line  to  join 
with  P.  Or,  through  every  point  of  the  polar  surface  one  evolute  passes^ 
and  only  one.  The  question  of  finding  an  evolute  is,  therefore,  reduced 
to  that  of  drawing  a  curve  on  the  polar  surface,  whose  tangent  shall  always 
pass  through  the  given  curve.  But  since  every  tangent  plane  of  the 
polar  surface  cuts  the  curve  somewhere,  one  condition  is  satisfied  by  the 
mere  circumstance  of  the  curve  lying  on  the  polar  surface,  which  makes 
its  tangent  lie  in  a  plane  cutting  the  curve.  If  one  only  of  the  equations 
of  this  tangent  be  then  that  of  a  line  passing  through  the  curve  another 
condition  is  satisfied;  and  but  two  are  necessary.  As,  however,  this 
reasoning  (which  is  that  of  Monge)  may  be  rather  too  refined,  we  will 
suppose  the  evolute  drawn,  and  the  coordinates  of  a  point  in  it  expressed 
in  terms  of  v,  the  same  variable  as  that  in  which  the  coordinates  of  the 
corresponding  point  of  the  curve  are  expressed.  Let  X,  Y,  and  Z  be 
the  coordinates  of  an  arbitrary  point  in  the  tangent  of  the  evolute,  whence 
(X  — 0  : 4'=(Y  — )j)  : i|'=(Z— O  :  f  are  the  equations  of  the  tangent: 
which  being  to  pass  through  the  point  {x,  y,  xr)  of  the  curve,  we  have 
(jF— 0  :  ?=  (y — J?)  :  I?  =  (^  —  0  •  C  But  since  the  point  (£,  17,  f)  is  on 
the  polar  line  of  (j?,^,^),  wehave  (f — j?)a/+&c.=:0,  (J— x)  x"+ . .  .♦ 
=^  ,  so  that  we  have  four  equations  between  £,  17,  (y  and  v,  which  we 
can  immediately  show  to  be  reducible  to  three.  For  if  we  dififerentiate 
the  equation  of  the  normal  plane  generally,  or  pass  to  a  point  of  a  con- 
tiguous normal  plane  without  considering  whether  ((,  97, 0  is  on  the 
polar  line  or  not,  we  have 

or,  if  the  point  be  on  the  polar  surface  during  the  differentiation, 
{' j/+i|'y'+f'  «'=:0.  This  is  true  whether  the  line  drawn  on  the  polar 
surface  pass  through  the  curve  or  not,  so  is  ({— <^)^^+()7— y)^' 
4-(C — ')  ^=^0,  But  these  last  two  equations  with  the  equations  to  the 
tangent  of  the  evolute  at  («,  y,  2)  are  not  four  distinct  equations,  but 
only  three,  for  the  latter  equations  with^(i^->-a?)  af+(ke.^O  give 


\ 
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If,  then,  we  take  the  equations  (N)  and  (N')»  and  one  of  the  equations 
of  the  tangent,  say  the  first,  and  ;eliminate  v,  we  have  two  equations 
which  we  may  so  ohtain  that  one  of  them,  from  (N)  and  (N')*  helonging 
to  the  polar  surface,  shall  be  of  the  form  0(£,y7,O=O,  and  the  (^er 
Y^Uf^iO't^^xC^'^'O^V-  Substitute  in  the  second  the  value  of  ^ 
^m  the  first,  and  we  have,  remembering  that  9/ :  i^=:dri :  d£,  a  common 
diff.  equ.,  the  integral  of  which,  and  ^({,77,^=0  are  the  equations 
ai  the  curve  required,  the  arbitrary  constant  of  the  differential  equation 
giving  the  multiplicity  of  cvolutes  whieh  have  been  shown  to  exist. 

Let  R  be  the  distance  between  (^,  y, «)  and  its  corresponding  point 
C,»?,0  on  an  evolute.  Then  R'=s(5— *)"+&c.  and  RR'=(g— x) 
(r-y)+&c.,  of  which  (£— x)y + Ac. =0,  so  that  (£-^)  4'+  &c.=:IlR'. 
Subttitttte  in  the  last  values  of  17— y  and  (—z  from  the  equations 
(5—0?) : ?'=(ty-y)  :  V=(f— «) :  f,  which  gives 


{'RR' 


VRR' 


TRR' 


the  sum  of  the  squares  of  J— J",  &c.  equated  to  R*  gives  R'*=:{'*+i7'* 
+  f=o'',  where  c  is  the  length  of  the  arc  of  the  evolute.  Consequently 
R'=:(/,  or  (iR=d<r,  and  reasoning  as  in  page  364,  we  find  that  the 
difference  between  any  two  values  of  R  is  the  arc  of  the  evolute  inter- 
cepted between  them. 

ExAKFLB.  Among  curves  of  double  curvature,  the  screw  has  that 
priority  which  the  circle  has  among  plane  curves.  The  straight  line  may 
be  described  by  making  any  length  of  it  take  a  motion  of  translation  in 
the  direction  of  the  line :  no  point  of  the  length  mentioned  will  ever  be 
off  the  straight  line.  The  circle  may  be  equally  described  by  giving  any 
arc  of  it  a  motion  of  rotation  alwut  its  centre,  and  in  its  plane.  The 
screw  may  also  be  described  by  giving  any  arc  a  motion  both  of  translation 
and  rotation,  provided  the  two  velocities  remain  uniform,  or  else  always 
vary  in  the  same  ratio.  Let  the  axis  of  x  meet  the  screw,  and  let  that 
of  2  be  the  axis  of  its  cylinder.  The  screw  is  then  the  intersection  of 
the  cylinder,  whose  equation  is  j^-f  y*=ra*,  with  an  helicoidal  sur- 
face (page  396),  whose  equation  is  2=r6tan"*  (y:«).  We  may 
reduce  these  two  equations  to  three,  expressive  of  Xf  y^  and  2,  in 
terms  of  v,  as  follows, 

d;=:acost?,    y=a  sin  v,     zr^bv^ 

where  v  is  the  angle  of  revolution  of  the  describing  point  about  the  axis 
of  2.     We  have  then 


d?:= 

a  cost? 

^=:. 

^asint? 

a/'s:— acost? 

y= 

a  sin  17 

y'= 

acosv 

y"=— csinv 

2= 

bv 

2'= 

6 

9^:=      0 

a^'^ 

asino 

•^//= 

ab  sin  v 

x'ff:=:ab  COS  V 

3^"= 

—  a  cos  V 

y//=' 

•^ab  cosi? 

f/,f^abz\VLV 

2"'= 

0 

«/#= 

o« 

»*=o 
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xx'+yy'+xx'=!bh>  I    «„+ yy„  +  «„  =:a»6u  I  i"=a»+6' 

The  equations  of  the  tangent  are  (£— a  coe  e) :  — a  UD  t>=  (i) — a  sit  v)  : 
acaavs:(^—fio}  :&,  ftom  which  it  would  be  practicable  to  eliminate  v, 
«nd  to  get  the  eqnation  of  the  oiculating  iurface.  Thie  suriace,  theo, 
ia  found  by  eliminating  v  from 

(i  ~  a  COB  v)  bsi  — {li—bv)  a  tuav,  (ij— OBiiir)6=(f— io)ocoe». 

But  if  C=0,  or  we  otk  for  the  curve  in  which  the  oKulating  surface 
cut!  the  plane  of  xy,  we  find  foi  this  curve  the  involute  of  the  circular 
base,  defined  by  (sacosv+aniini;,  q^asinv— apcosv  (page  366). 
And  it  is  obriou*  that  the  cylinder  w  the  polar 
iuiface  of  the  involute  of  the  circle.     In  fact, 
the  other  evolutcs  (besides  the  circle)  of  the  in- 
volute of  a  drcle  are  all  the  screws  which  can  he 
described  upon   a  right  cylinder  having   that 
circle  for  its  base,  and  which  meet  the  involute. 
The  equation  of  the  normal  plane,  and  the 
^ame  differentiated  with  respect  to  o,  are 
— ^atinv+TfaoKV+ibsilfo, 
— Jocose— ijfl  sin  11=6'. 
These  equations  jointly  belong  to  the  palar  line: 
to  find  a  point  in  the  connecting  curve  of  the 
polar  lines  we    must    annex   the  equation    fasio  d  — i)acoat)=0,  or 
it:£=tant), whence  the  preceding  equations  become  — a^(£'+i]*)=6*, 
^=K  or   J*+^'=t*:a',   ^=6tan-'(q:0-     So  that  the  loous  of  the 
centres  of  spherical  curvature  is  another  screw,  generated  by  the  same 
belicoidal  surface,  but  having  a  cylinder  whose  radius  is  {r :  a.     The 
two  screws,  howevCT,  are  in  opposite  positions ;  for  if  in  the  first  two 
equations  we  make  ^—0,  thereby  obtaining  the  equations  of  the  curve 
in  which  the  polar  surftce  cuts  the  plane  of  {xy),  we  find  that  (  and  q 
are  Ae  values  of  the  coordinates  of  the  involute  of  the  circle  whose 
radius  is  6* :  a,  teitb  their  signs  changed.     The  polar  surface  is  then  the 
osculating  surface  of  this  new  screw ;  and  if  b^a,  the  osculatii^  and 
pidar  surfaces  of  the  given  screw  are  the  same,  the  latter  havii^  only 
made  a  half  revolution  about  the  axis  of  i. 

For  the  coordinates  of  the  centre  of  circular  curvature,  we  'find 
a'y„— y'*j,=— ot'coau  — i^cosii,  y'x,,—  x'y^^O,  I's,,— s'i^=— a'siniJ 
— ab*tiav,  whence  if  X,  Y,  Z  be  ^e  coordinates  of  this  centre,  we 
have 

V  6'  V         ■  .         b*  . 

X— acosv=— acoav— — cosu,  Y—aKav——aanv amv, 

a  a  , 

;  Z-bv=0; 

giving  the  equationE  of  the  same  screw  which  is  the  locus  of  the  centres  of 
spherical  curvature.  Looking  now  to  the  coordinates  of  the  latter,  we 
find  i"=0,  and  -x',,*"=— a6  (o'+6*)coso,  -y;,t'*=:—tA()f+t^ 
ain  V,  — x'„  *  "=0,  giving  for  the  values  of  X,,  Y,,  Z,  the  coordinatea  of 
the  centre  of  spherical  curvature,  precisely  the  same  as  fur  the  coordinates 
of  the  centre  of  circular  curvature.  And  the  radius  of  spherical  curva- 
ture is  found  to  be  a+l/ :  a,  and  the  ndius  of  citcular  curvature  the 
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same.     The  radius  of  flexure  is  b+o^:b.    To  find  the  evolutes  of 
a  screwj  we  must  eliminate  v  between  three  of  the  four  equations 

(acosw— {)•£'=(« sin©-* ij)  ii/^(Jbv—C^\'C 
— aBino.(+acosv,i;-f  6{'=6't;9  —  acos©.{--a8ini?.j|=6".' 

The  following  may  be  a  useful  exercise  for  the  student,  though  it  does 
not  give  a  result  simple  enough  to  be  of  much  use.  Eliminate  v  between 
the  first  and  fourth  equations  by  finding  sin  v  and  cos  v,  and  expressing 
sin*  V + cos"  t?=  I :  the  result  is 

Let  r  and  9  be  the  polar  coordinates  of  (£,  rf)  on  the  plane  of  xy,  the 
preceding  then  becomes,  by  the  equations  in  page  345, 

Let  r=7 1 :  11,  and  the  last  result  becomes 

^  _^(^-6*ui)  _  tf-|-6« h^ 

du^     l+6«u«     ""(I  +  6«tt«)V(a^-6*ii*)      ^{o^-b^u^)' 
Let  6*ti= a  cos  X,  and  we  have 

Integrate  by  the  formula  in  page  289,  and  we  have ' 

flj.r    ^     V(a'+y).  ...  fa'+(26«+a')cog2X] 

26  I  26'+(;^+a«co«2X  J 

which  is  the  polar  equation  of  the  projection  of  the  evolute  of  a  screw 
upon  the  plane  of  xy.  If  we  take  the  cosine  of  both  sides  we  can 
give  the  equation  the  form  cos  (0rl-C)=0r,  where  <|^r  is  a  finite  and 
rational  algebraical  function  only  when  V(«*+^*)  :  26  is  a  whole  number 
or  when  a*=(4m*— 1)  6*,  m  being  integer. 

I  now  proceed  to  extensions  of  the  theory  of  curved  surfaces.  That  of 
curved  lines  has  been  made  to  precede,  as  containing  functions  of  one 
variable  only.  If  we  take  the  various  ways  in  which  the  equation  of  a 
surface  may  be  conveniently  expressed,  we  have 

1 .  z=4>  (jc,  y).  The  diflf.  co.  of  z  may  be  expressed  by  ;?,  </,  r,  f, 
and  /,  as  explained  in  page  388.  Higher  difiP.  co.  than  the  second  are 
aseless  in  this  inquiry. 

2.  <t)  (x,y,z)=0.  If  we  look  at  page  268,  No.  73,  where  the  diff. 
CO.  of  z  are  expressed  in  terms  of  ^,  we  shall  see  that  it  is  useless  to 
investigate  formulae  deduced  from  this  form,  unless  we  contrive  a  more 
simple  notation  for  the  diflf.  co.  of  ^.  Let  U=0  be  the  equation 
♦  (*iy»«)==0,  and  let  partial  diff.  co.  of  U  be  denoted  by  simply  writhig 
the  characteristic  letters  of  the  differentiations  as  subscript  indices ; 
thus  dUtdtssJJ^  &c.,  and  the  diff.  co.  which  we  shall  have  occasion  to 
use  are  U«,  U^,  U.,  U««  Uj^,  U„,  U^,  U,^,  U^*    Let  powers  be  denoted 

2E 
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as  usual;  thus  U^  signifies  the  square  of  d\]  :  (Lr,  &c.     We  haye,  then, 
hj  the  article  cited, 

U, ^,  or  U.p=  -U„     U,  J,  or  U.^rs— U, 

u;  ^,  or  ui  r = -  (u;  u«-2U.  u.  u„+ u:  U  J 

U;^,  orUJ*=     U,(U,U^+U,U„)-(UIU^+U.U,UJ 

U;^,  orU;<=-(UIU^-2U,U.U^+UJU„); 
whence  it  follows  (page  268,  No.  74)  that  if  we  make 

X'=U«U^-U^U^    Y'=U^U^-.U„U^,    Z'=U^U„-U^U«, 
UJ(r<-«*)=XU:+YU;+ZUi+2X'U^U.+2rU.U.+2Z'U.U,; 

expressions,  the  symmetry*  of  which  makes  their  use  both  less  difficult 
and  more  safe. 

3.  Let  or,  y,  and  s  be  severally  expressed  as  functions  of  v  and  to : 
our  method  will  then  be  analogous  to  that  pursued  in  treating  of  corves. 
The  expression  of  the  second  diff.  co.  of  z  in  this  system  is  so  extremely 
complicated,  that  I  shall  confine  myself  to  using  it  in  those  cases  only  in 
which  first  diff.  co.  are  sufficient. 

4.  Let  z=0(x,y,a),  Y^(x,y,fl)=0,  where  f  is  the  diff.  co.  of^ 
with  respect  to  a,  or  ^a*  We  have  then,  the  notation  being  as  before, 
and  a,  meaning  da :  dx  derived  from  the  second  equation. 

Now  0,=O  gives  0«4-0*«a,=O,  0^+0«a,=O;  substitute  the  values 
of  a,  and  a,,  thence  obtained,  and  we  have 

0««  ^=0«  0«— 0Ll      0««>^  =  0-0i»  — 0«0«y1       0«i<  =  0«l0w— 0i 

0«,  (r^-O  =  0a-  (0«0«,-0y-  (0«.0!,-20^0„0^+0»0i). 

Much  depends  in  the  theory  of  surfaces  on  a  knowledge  of  the  pvo- 
perties  of  the  expression  ax*+  6^+  ca;*+  ^a\yx  +  26i zx  +  2C| «y, 
which  may  be  always  positive  or  always  negative,  or  sometimes  one  and 
sometimes  the  other.  We  know  that  an  expression  of  the  form 
AiJ*+2Brtr+Cto"  is  of  one  sign,  ^atever  v  and  xd  may  be,  when 
AC  —  B*  is  positive,  and  then  only.  Writing  the  preceding  expression 
in  the  form  aj7*+2(6|ZH-Ciy)  j:-h6y*+2aiyz+c2j,  we  infer  that  it 
always  retains  one  sign  (that  of  a)  when  a(^'+&c.) — (M+Ciy)*!* 
always  positive,  or  when 

*  In  all  general  problems,  then,  expresaioni  must  be  carefally  written  io  a  sjrm- 
metricAl  form.  The  riak  of  error  in  complex  operationf ,  whether  of  alteration, 
omission,  or  redundance,  is  materially  lessened,  since  each  enor  must  either  be 
made  three  times  in  exactly  the  same  way,  or  the  operator  it  warned  of  the  eaust- 
ence  of  an  error  by  the  want  of  symmetry  in  the  results. 
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(ab  —  cj)  3^+  2  {aai — 6,Ci)  yz + (ac—b^y  «■  is  always  positive. 

Hence  a6— cj  must  be  positive,  and  (a6 — c{)(ac— 6f)— (oai— 6iC,)" 
must  be  positive ;  that  is 

a  (aAc+2ai6,C|— oaJ-&6J— ccj)  must  be  positive. 

Hence,  since  the  expression  can  be  arranged  in  powers  of  y  or  z,  and 
similar  results  obtained,  we  find  that  ax*+&c,  is  always  of  one  sign 
(that  of  a,  6,  and  c),  when  ab^c*^  be — af,  and  ca— 6J  are  all  positive, 
and  abc-\-2afiiCi—aa*—bbi — cc]  has  the  common  sign  of  a,  6,  and  c. 

The  equation  of  the  tangent  plane  of  a  surface,  the  point  of  contact 
being  («,^,2)^  has  been  exhibited  in  the  forms 

U=0  being  the  equation  of  the  surface.  The  sign  of  the  deflection 
from  the  tangent  plane,  called  positive  when  the  ordinate  z  of  the  surface 
increases  (algebraically)  faster  than  that  of  the  plane,  has  been  shown 
to  be  the  sign  of  r(^^y+2sAxJ^y-^t(^yy»  There  are,  then,  three 
distinct  modes  of  contact  between  a  curve  and  its  tangent  plane,  which 
we  shall  call  (for  reasons  afterwards  to  appear)  the  elliptic,  hyper- 
bolic, and  parabolic  contacts.  The  following  diagrams  will  give  an  idea 
of  them. 


1.  Let  rt-^^he  positive.  Then  the  deflection  always  has  the  same 
sign :  or  in  the  immediate  neighbourhood  of  the  point  of  contact  the 
surface  is  entirely  on  one  side  of  the  tangent  plane.  This  is  the  elliptic 
contact,  and  is  shown  in  the  manner  in  which  a  sphere  or  an  ellipsoid 
meets  its  tangent  plane. 

2.  Let  r^— **r=:0;  then  r(Aj:')*+&c.  is  a  perfect  square,  or  one 
taken  negatively,  and  the  deflection  is  always  of  one  sign,  except  when 
Ay:Aj?=: — s:t,  in  which  case  the  terms  of  the  second  order  are  col- 
lectively ==0.  In  this  case,  then,  there  appears  no  obvious  difference 
between  the  contact  and  that  last  described,  except  that  in  one  particular 
line  the  contact  is  of  a  closer  order  than  elsewhere.  But,  as  we  shall 
presently  see,  if  the  tangent  plane  meet  the  surface  in  a  curve,  (as,  for 
instance,  a  table  meets  a  ring  laid  upon  it  in  a  circle,)  all  the  points  of 
that  curve  have  a  contact  of  this  species  with  the  tangent  plane. 

3.  Let  rt—^  be  negative.  If  Ay :  Ajr= tan  6,  that  is,  if  the  direction 
in  the  plane  of  xy  in  which  we  pass  under  a  new  point  of  the  surface 
make  an  angle  €  with  the  axis  of  x,  the  sign  of  the  deflection  at  the  new 
point  depends  on  that  of  r-|-2;  tan  S+^tan'€,  which  is  of  the  same 
sign  as  r,  except  when  <tan6  lies  between  —  *+^(/— rt)  and 
— s+^i^—rl).  There  are,  then,  two  opposite  angles  in  which  the 
deflection  has  one  sign,  having  the  other  in  the  two  adjacent  angles. 
But  when  ^.tanC  is  equal  to  either  of  the  above«mentioned  quantities, 

2E2 


420  DIFFEBENTIAL  AND  INTEGRAL  CALCULUS. 

the  approach  to  the  tangent  plane  is  of  a  closer  order.    This  contact  is 
such  as  takes  place  at  every  point  of  a  single  hyperboloid. 

When  a  surface  is  described  as  the  locus  of  all  the  points  of  a  family 
of  curves,  made  by  giving  different  values  to  a  constant,  the  two  equa* 
tions  of  the  curve,  which  jointly,  and  for  one  value  of  a,  represent  one 
single  curve,  belong  to  all  the  curves,  or  to  the  surface,  if  a  be  considered 
as  having  any  value :  and  the  elimination  of  a  actually  gives  the  equa* 
tion  of  the  surface.  Conversely,  we  can  at  pleasure  subject  any  given 
surface  to  an  infinite  number  of  modes  of  generation,  by  introducing  a 
new  variable.  Thus  jc*+y*+z*=c*,  the  equation  of  a  sphere,  is  obtained 
by  eliminating  a  between  a:*+y*s=a*,  and  2=+V(c* — ^)>  which 
answers  to  generating  the  sphere  by  circles  parallel  to  a  given  plane,  or 
considering  it  as  the  locus  of  all  the  circles  which  are  perpendicular  to  a 
given  line.  Again  j^ — y*=fl*,  2y*+2*=c^— a*  shows  that  the  sphere  is 
the  locus  of  a  family  of  curves  formed  by  the  intersection  of  hyperbolic 
cylinders,  generated  by  lines  parallel  to  the  axis  of  2,  with  elliptic  cylin- 
ders generated  by  lines  paradlel  to  the  axis  of  x.  We  shall  now  con- 
sider a  wide  class  of  surfaces,  namely,  of  those  generated  by  the  motion 
of  a  straight  line,  as  well  for  the  exercise  of  the  student  in  general  con- 
siderations as  to  show  the  connexion  of  the  theory  of  surfaces  with  that 
of  partial  diff.  equ. 

Let  a  straight  line  move  so  as  always  to  be  upon  three  given  curves. 
That  we  have  here  conditions  no  more  than  sufficient  to  make  the  line 
describe  one  implicitly  given  surface  may  be  thus  shown.  If  a  cone  be 
taken  which  has  its  vertex  in  the  first  curve,  and  the  second  curve  for  its 
base,  this  indefinitely  extended  sutface  can  meet  the  third  curve  only  in 
determined  points :  unless  it  should  happen  that  the  third  curve  lies 
entirely  in  the  cone.  If,  taking  every  point  of  the  first  curve  in  succes- 
sion, we  describe  cones  on  the  second  curve  as  directrix,  we  shall  have 
an  infinite  number  of  cones,  with  an  infinite  number*  of  points,  in  which 
they  cut  the  third  curve.  Our  results  contain,  1.  An  infinite  number  of 
consecutive  positions  of  a  straight  line  upon  the  three  curves,  made  from 
consecutive  cones,  and  forming  the  surface  required.  2.  All  the  cones, 
if  any,  in  which  either  of  the  curves  is  entirely  upon  a  cone  which  has  a 
point  upon  another  for  its  vertex,  and  the  thiid  for  the  directrix.  If  our 
resulting  equation  contain  dbtinct  factors,  (page  347)}  should  it  be,  for 
instance,  of  the  form  PQR=0,  we  may  be  sure  beforehand  that  of  the 
three  equations  P=0,  Q=0,  R=0,  which  satisfy  it,  two  belong  to 
cones. 

Let  the  coordinates  of  the  several  curves  be  expressed  as  functions  of 
Vif  rt,  and  Va,  Let  the  joining  line,  being  a  line  of  the  required  surface, 
have  in  one  of  its  positions  the  equations  x=:aZ'^'ay  y =62 -1-/3.  Then 
since  some  one  point  of  this  line  is  on  each  curve,  if  J7=0i  v^  y=Y^i  V|, 
2=Xi^i  be  the  equations  of  the  first  curve,  we  have,  by  substitution,  two 
equations  between  a,  cr,  6,  /3,  and  the  value  of  V|  belonging  to  the  point 
in  which  the  line  meets  the  first  curve.  These  two  equations,  by  elimi- 
nating Vi,  give  a  relation  between  a,  a,  b,  fiy  and  the  same  thing  being 
true  of  the  other  two  curves,  we  have  three  equations  between  these  four 
quantities,  and  can  therefore  express  any  three  of  them  as  functions  of 

*  It  vai^hi  Ku  happen  that  the  third  curve  was  placed  in  inch  a  manner  ai  never 
to  come  nnar  any  cone  described  with  a  point  in  the  firat  ai  a  vertex,  and  the  leooad 
ai  a  directrix,  if  to,  we  shall  be  reasoning  on  a  problem,  the  final  equations  oC 
which  wiU  be  iacongruoasi  or  else  will  contain  impostiblt  quantities.  , 
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the  fourth  :  or  we  can  express  all  four  as  functions  of  some  one  quantity, 
say  17.  We  have,  then,  for  every  value  of  v  which  gives  possible  values 
to  a,  &c.,  the  equations  of  one  position  of  the  straight  line,  in  the  form 

x=z(pv,Z'\'^\  y=yln).z+'¥v,^ (S); 

and  the  elimination  of  v  will  give  the  equation  of  the  required  surface. 

If  such  a  surface  were  approximately  described,  by  constructing  the 
positions  of  its  straight  lines  answering  to  ••..  v=~2A,  v=— A, 
t7=0,  t?=A,  t7=2A,  &c.,  A  being  so  small  that  any  two  consecutive  lines 
should  be  very  near  each  other  at  their  shortest  distance,  we  should  form 
as  good  a  notion  of  a  surface  from  the  collection  as  we  do  of  a  curve  line 
from  a  polygon  of  a  large  number  of  small  sides.  And  on  this  surface 
we  should  be  able  to  draw  a  line,  at  and  near  which  the  generating  lines 
Bcem  to  come  closer  together,  each  to  its  neighbours,  than  in  other  parts, 
and  from  which  they  appear  to  diverge.  If  we  now  suppose  A  to 
diminish  without  limit,  this  line,  which  is  the  limit  of  all  the  lines  pass- 
ing through  the  points  of  nearest  approach,  may  be  called  the  curve  of 
greatest  density.  When  the  surface  is  developable,  that  is,  when  the 
ahortest  distance  of  consecutive  lines  diminishes  without  limit  compared 
with  A,  this  curve  of  greatest  density  is  the  connecting  curve  of  con- 
secutive lines. 

If  for  V  we  write  r +Ar,  we  have  the  equation  of  a  consecutive  line :  it 
xemains  now  to  find  the  coordinates  of  the  point  of  the  first  which  is 
nearest  to  the  second. 

Resuming  the  problem  in  page  411,  let  there  be  two  straight  lines 
whose  equations  are  (j?— p)  :  P=(y— 9) :  Q=  (z — r)  :  R  and  (r — ^,)  :  Pj 
=  &c.  Introduce  two  new  variables  w  and  Wi,  and  write  these  equa- 
tions in  the  form 

jtrrp+trP,  yrzq-^-wQ,  2=r+U)R;  j:=rp,+t(?iP,,  ^=:&c. 

Every  value  of  w  belongs  to  one  point  of  the  first  line,  and  of  Wi  to 
one  point  of  the  second  line.  Let  w  and  Wi  belong  to  the  extremities  of 
the  shortest  distance  between  the  two  hues,  so  that  the  equation  of  the 
line  joining  these  two  points  is 

J5,+tt',P, -(;;+«??)     qi+wMi-dl  +  ^Q)     n+t/'iRi-(r+tt?R) ^' 

If  these  denominators  be  A,  B,and  C,  we  know  that  AP  +  BQ+CR 
=  0,  and  APi  +  BQi+CRi=0 ;  form  and  reduce  these  equations,  which 
gives  fur  the  determination  of  to  and  w^ 

P(/'i-;>)H-Q(9i-9)  +  R(n-r)  +  (PPi+QQ,+RR0io. 

— (P'+Q*+R*)m?=0, 

Pi(Pi-p)+Qi(gi-9)+Ri(n'-r)+(P?+QI+RI)M?i 

-(PPi+QQi+RRi)«?=o. 

Let  P,^=QR|-ROi,  Q„=RP|— PRi,  R,y=:FQi-QPn  and  we  have 

ti?i={(QR, -RQ/,)  (Pi-|>)+(RP, -PR,0  (7i-9)+(PQ/-QPi/) 

(n-r)}:(P,/+Q,;+R,;), 

w  =  { (QiR,,-R.Q,,)(  pi-p) + (R.P./-  PiR,.)(9i-9) + (PiQ//-  QiP//) 

(r|-r)}:(P,;+Q,;+R,,^ 
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If  these  belong  to  consecutive  lines,  so  that  pizs:p+dp,  Pi=P+dP,  &c., 
we  iiud 

P,,=QrfR-IWQ,  Q,,=Rd[P-PrfR,  R,,=PdQ-Q(fP; 

and  QiR//-»RiQ,,  differs  only  by  a  quantity  of  the  second  order  from 
QR^;— RQ/„  &c.  If  we  now  take  the  case  before  us,  in  which  the 
equations  have  the  form  (omitting  v)  (j?  — <&)  :0=(y— **)  :Y^=:(2— 0)  :  I, 
we  have  p=«»,  q=%  r=:0,  P=<^i  Q=Y^>  B=l,  P^,=  — y'rfo, 
Q,,=  0'di;,  Rj^-((i>f'-f4/)dv,  and 

Yr0  (v/'*'4-0'^')--(i+V'')  ^z*'^-  (1+0")  y^ 

^1*^2--  -  "  ~    — ~  * 

and  J=!$+tt;0,  fj='*^+t(;Y'>  f— *^»  ^^^  the  coordinates  of  a  point  in  the 
curve  of  greatest  density.  And  the  equations  (A),  when  the  proper 
values  of  w  and  Wi  are  substituted  (not  neglecting  their  difference)  will, 
multiplied  by  cfv,  give  two  equations,  from  which,  by  eliminating  v,  may 
be  obtained  a  new  surface,  described  by  the  motion  of  the  straight  line 
in  which  the  infinitely  small  perpendicular  distance  of  two  consecutive 
lines  on  the  first  surface  is  always  found. 

The  shortest  distance  of  the  consecutive  lines,  found  in  page  411  by 
an  easier  process,  is  (neglecting  the  sign)  P^^  (pi — p)  +  &c.  divided  by 
^(P^/+  ....);  or,  making  the  substitutions,  <fi?  (—  y'^+  0'^') : 
-^(V'  +0'*+ (0y — V^0^)')«  Consequently  it  is  the  condition  of  a  deve- 
lopable sur&ce  that  0'^'=:^'O';  a  result  which  we  shall  presently 
verify. 

If  the  reader  ask  for  the  particular  use  of  the  theory  we  are  now  upoui 
I  should  reply  that  the  notions  of  space  which  the  student  can  and  must 
previously  acquire  will  give  a  conception  of  the  meaning  of  diff.  equ. 
which  could  not  otherwise  be  attained,  and  will  also  enable  him  to  single 
out  from  the  infinite  mass  of  equations  which  might  be  proposed,  those 
which  admit  of  being  most  easily  comprehended.  These  notions  of 
space  are  difficult  in  themselves,  and  so  are  the  diff*  equ.;  but  the 
difficulties  of  each  being  first  considered  by  themselves,  the  former  by 
geometry  and  the  latter  by  analysis,  the  juxta-position  of  the  results 
throws  light  upon  both.  I  shall  now  deduce  some  results  connected 
with  this  class  of  rtded  surfaces  (page  401)  from  geometry,  and  shall 
then  proceed  to  the  consideration  of  the  equations. 

If  through  a  point  (x,y,  ar)  of  a  surface  (S),  two  planes  (A)  and  (B) 
be  drawn,  these  planes  will  make  two  sections,  (AS)  and  (BS).  If  at 
(x,  y,  z)  two  tangent  lines  be  drawn  to  (AS)  and  (BS),  the  plane  of  these 
tangents  will  be  the  tangent  plane  of  (S)  at  (x,  y,  r).  For  we  have 
shown,  page  406,  that  the  tangent  plane  is  in  every  direction  the  plane 
of  nearest  approach  to  the  surface,  and  must,  therefore,  pass  through  the 
tangents  of  all  sections ;  while  two  straight  lines  determine  a  plane. 
If,  then,  we  can  show  that  a  plane  passes  through  the  tangents  of  two 
sections  which  meet  in  a  given  point,  we  show  it  to  be  the  tangent  plane 
to  the  surface  at  that  point. 

Let  all  the  generating  lines  (L)  of  a  ruled  surface  (S)  be  pro- 
jected on  a  given  plane  (P).  Then  there  is  a  curve  (C)  on  (P) 
to  which  all  these  projections  are  tangents.  On  (C)  as  a  base,  with 
generating  lines  perpendicular  to  (P),  draw  a  cylinder  (K),  which  will, 
therefore,  meet  the  surface  in  a  curve  (KS).    And  any  tangent  plane  of 
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this  cylinder  will  contain,  passing  through  the  point  at  which  it  meets 
the  surface  (S)  ;  1.  one  of  the  lines  (L) ;  2.  one  tangent  of  the  curve 
(KS).  Any  tangent  plane  of  the  cylinder,  therefore,  is  tangent  to  two 
sections  of  the  surface  passing  through  the  same  point ;  namely,  through 
that  point  of  (S)  which  is  projected  on  (C)  by  a  generating  Hne  of  the 
cylinder ;  it  is,  th^efore,  a  tangent  plane  of  the  surface. 

Next,  any  plane  whatever  (A)  which  passes  through  one  of  the  lines 
(L)  is  the  tangent  plane  of  (S)  at  a  point  somewhere  or  other  in  that 
line  (L).  For,  if  a  plane  (P)  be  drawn  perpendicular  to  (A),  and  the 
process  of  the  last  paragraph  be  performed,  the  plane  (A),  being  the 
projecting  plane  of  (L)  on  (P),  will  be  a  tangent  to  (S)  at  the  point 
where  (KS)  meets  (A).  Otherwise  thus:  every  such  plane  (A)  meets 
the  surface  not  only  in  the  generating  line  (L),  but  also  in  another  line 
(M) :  for  the  plane  (A)  must  somewhere  or  other  meet  the  other  gene- 
rating lines,  except  in  these  isolated  cases  in  which  a  generating  line 
happens  to  be  parallel  to  (A).  And  at  the  point  where  (A)  and  (M) 
meet,  the  plane  (A)  contains  tangents  to  two  sections,  and  is  therefore 
a  tangent  plane  at  that  point. 

We  shall  now  consider  some  of  the  preceding  points  analytically. 
Take  the  equations  (S),  implicitly  considering  v  as  a  function  of  x 
and  y  obtained  by  eUminating  z:  let  z  and  v  be  functions  of  the  two 
independent  variables  x  and  y.  For  convenience*,  let  z,  denote  dz :  dx^ 
Ac.     Then  we  have 

l=^.^,  +  ^t>»*«?,+  *'»*^#f      0^-^V.Zs'\''^V.ZVt-\-'^'v,V,^ 

EUminate  v,  and  v,,  and  we  have,  (dropping  v),  and  making  20'4-^':=G, 

becomes 

(f-^)(0.H-y-G)=H({~0.;^-*)-G(„-Y^.;r-Sf), 

or  H(f-0.f-*)=G(i,-y.f-S^); 

which  is  the  equation  of  the  tangent  plane  at  the  point  (x,  y  z),  and  it  is 
obviously  satisfied  as  long  as  (£,  i},  |)  is  on  the  generating  line  which 
passes  through  (j?,y,  z).  And  if  Aa;-f"^y+Caj+E=0  be  the  equation 
of  a  plane,  this  plane  is  a  tangent  plane  to  the  surface,  if  X  and  v  can 
be  80  found  that  A=XH,  B=— XG,  C=X  (Gv^-H^),  E=X(G^-H4)). 
Let  a  plane  be  drawn  passing  through  the  generating  line  (LJ,  whose 
value  of  V  is  t!| ;  whence  v^  is  a  fixed  constant  throughout  this  process. 
The  equations  of  (LJ  are,  therefore,  5=^0i-|-*„  jy=fYrj  +  ^,,  where 
4>x  means  0i;i,  &c.  Then,  because  the  plane  passes  through  the  line 
just  described,  its  equation  must  have  the  form  A(£ — C0i~"^i) 
+B  (i?7-fV'i-^,)=0,  or  A£+Bij-(A0i+B¥rJf-(A*,+B^O=a 
This,  with  the  equation  of  the  surface,  obtained  by  eliminating  v  (the 
arbitrary  quantity)  from  the  equations  (S),  gives  the  two  equations  to  the 
intersectiou  of  the  surface  and  the  plane,  one  branch  of  which  is  of  course 
the  stsaight  line  (L|).     If  we  were  to  make  v=Vi,  the  two  equations 

*  This  will  often  be  useful  in  mere. operations :  but  the  student  should  read  2*  as 
'*  dfMy  by>  df  x^  in  the  usual  way. 


J 
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(S)  would  jointly  satisfy  the  equation  of  the  plane ;  but  if,  instead  of 
that,  we  make  v  approach  without  limit  to  t*„  we  shall  make  the  point  for 
which  the  three  equations  are  true  approach  nearer  and  nearer  to  the 
line  (Lj),  and  shall  finally  obtain  that  point  in  which  the  other  branch  of 
the  intersection  meets  (Lj).  Obtain  the  value  of  f  from  the  three 
equations 

{=f0+*,  i,=fV^+^,  A|+Bi7-(A0i+Bfj)f-(A*.+B^,)=O, 
which  gives  f=-{A(*-*i)+B(^-*i)}:{A(0-<^,)+B(y-yi)}. 

Ifr=i;„this  takes  the  form  0:0,  indicating  that  f  may  have  any 
value,  as  is  the  case,  since  all  the  line  (Lj)  is  part  of  the  intersection 
required.  But  if  v  approach  without  limit  to  ©j,  we  find,  dividing  the 
numerator  and  denominator  of  the  preceding  by  v — v,,  and  taking  the 
limits,  that  the  limit  of  f  is  -  {A^l/.+B*'!}  :  { A^'i+Bf » j,  where  *'i 
means  ^Vi,  &c.  Let  this  value  of  f  be  called  z^;  then  A(0'i2i  +  *'i) 
+  B  (yi«i+^i)=0,  and  if  from  this  we  substitute  the  value  of  A :  B 
in  the  first  form  of  the  equation  to  the  plane,  we  find 

Compare  this  with  the  general  equation  of  the  tangent  plane,  and  it  is 
evident  that  we  have  before  us  the  equation  of  the  tangent  plane  at  a 
point  of  contact  on  the  generating  line  which  has  i7=:t7i,  and  whose  ver- 
tical ordinate  is  2|.  That  is  to  say,  if  any  plane  be  drawn  intersecting 
the  surface  in  a  generating  line  (L|),  and  in  another  branch  (M),  that 
plane  is  a  tangent  plane  to  the  surface,  and  the  point  of  contact  is  the 
intersection  of  (L|)  and  (M).  This  is  one  of  the  theorems  which  has 
been  proved  by  geometrical  considerations. 

The  preceding  illustrations  have  been  drawn  from  geometry,  and 
applied  to  a  partial  diff.  equ.  of  the  first  order.  I  shall  now  show  (in 
the  manner  of  Monge)  how  similar  considerations  not  only  explain  the 
meaning  of  equations  of  higher  orders,  but  furnish  the  readiest  mode  of 
obtaining  them.  If  we  look  at  the  equations  (S),  we  see,  to  all  appear- 
ance, four  arbitrary  functions,  <{>,  y,  ^,  and  4^,  and  might  therefore  con- 
clude that  the  first  partial  diff.  equ.  which  is  free  .from  these  functions 
will  be  of  the  fourth  order.  This,  however,  would  not  be  correct;  for  if 
^  be  called  V,  we  can  thence  find  v  in  terms  of  V,  and  shall  have  in 
the  equations  the  quantity  V,  (which  will  be  eliminated  between  the 
equations  in  forming  the  equation  of  the  surface,)  and  three  arbitrary 
functions  of  it.  There  are  then  only  three  arbitrary  functions  in  the 
general  equations,  and  the  partial  diff.  equ.  is  of  the  third  order. 

To  find  the  partial  diff.  equ.  in  the  case  before  us,  take  any  point 
(t,  y,  z)  in  the  surface,  and  a  set  of  contiguous  points  made  by  increasing 
J",  y,  and  r,  respectively  by  Ax,  Ay,  and  Ar,  at  every  step.  It  is  then  the 
property  of  the  surface  that  for  one  set  of  values  of  Ax,  Ay,  and  Ar, 
or  rather  for  one  set  of  relative  values,  the  points  (x+Ar,  &c.) 
(x-|-2Ar,  &c.)  all  continue  on  the  surface.  If,  then,  z  be  the  vertiod 
ordinate,  we  have  for  values  in  a  certain  proportion  (say  Ax=inA, 
Aysmit,  A;r=:m/)  the  equation 

r +mZ=2  4-(r,.m^-|-^y  inA:)-!- J  (-r^m*  A'-f2r^»n*M-|-x^mV)  + . . .  • 

for  all  valves  ofm.  Take  z  from  both  sides,  divide  by  m,  and  make 
both  sides  identical,  (which  they  must  be  since  they  are  true  for  fil 
values  of  m,)  and  we  have 
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Eliminate  A,  k^  and  /  in  the  simplest  manner  from  these,  and  we  have 
the  partial  di£f.  equ.  of  the  class  of  surfaces.  This  can  he  done  from  the 
second  and  third,  for  the  second  gives 

-T-=: =2L- .  suppose  this  = — . 

A  Zjfjf  Zyy 

The  third  then  gives 

^Ij,  ^.«+3A5rJ,  «,,y+3A*r^2r,j^+ A»2^=0 (1) 

which  is  the  partial  diff.  equ.  required,  and  is  of  the  third  order. 

Again,  since  I'.hz:^  z^-^-  z^kih,  and  s^'nce  there  is  a  relation  (it 
matters  not  what)  hetween  / :  h  and  k :  A,  because  there  is  only  one  set 
of  proportions  of  increments  at  a  given  point  for  which  the  preceding 
equations  are  true,  / :  h  must  he,  on  any  one  surface,  a  function  of 
k :  ii.    This  gives 


<a- 


.+2,:^ (2); 


a  partial  diff.  equ.  of  the  second  order,  which  also  belongs  to  the  surface. 
It  contains  one  arbitrary  function.  Returning  to  the  equations  x^nvz 
4-*r,  y=Y^.r4-'*^t;,  (in  which  we  write  v  for  0t?,  since  we  have  shown 
that  one  arbitrary  function  is  superfluous,)  we  see  that  kihi^  dyi  dx  on 
the  supposition  that  we  pass  from  point  to  point  on  the  generating  line, 
V  being  constant  We  have  then  Ar :  A= y^u :  u,  which  therefore  =  A :  z„. 
Consequently  v,  ^,  fv^  and  ^v  are  all  functions  of  A :  z^^  or  we  have 
two  more  partial  diff.  equ.  of  the  second  order, 

But  these,  though  they  belong  to  the  class  of  surfaces,  do  not  belong  to 
that  class  only,  since,  when  integrated,  they  would  each  haveybiir  arbi- 
trary functions.  To  transform  them  into  others  containing  one  only  a 
piece,  eliminate  z  between  the  first  equations,  which  gives 

ytto       v'^v^yffv^v             A          /A\  ... 

y—  -^—  xz=. ,  or  y J?=a(  —  I (4). 

Also  dz :  dx=iZg+Zg  dy :  dr,  or  1  :  v=«,+5r,  Y't? :  v ;  whence 

The  equations  (2),  (4),  and  (5)  are  the  first  integrals  of  the  equation 
(1)  ;  to  make  one  more  step,  eliminate  A :  z„  between  each  two  of  the 
three,  and  three  equations  are  obtained,  each  containing  z,  and  ar,  only, 
but  with  two  arbitrary  functions.  Finally,  the  pair  (8)  of  diff.  equ. 
of  the  second  degree,  and  the  elimination  of  AiZy^  between  them, 
gives  the  primitive  integral  of  (I)  containing  three  distinct  arbitrary 
Ainctions. 

To  verify  all  these  results  by  actual  elimination  would  be  8  tedioos 
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process ;  I  shall  here  confine  myself  to  one  of  the  same  sort,  which 
will  verify  the  condition  above  obtained  as  that  under  which  the  ruled 
surface  is  developable.  The  condition  .  of  these  surfaces  being 
zlg — 2„2:^=0,  we  must  obtain  this  function.    We  have  (page  423) 

--.0-V^z,  -=Y^-2.   z=^^;f+^- 

Di£ferentiate  each  with  respect  to  x  and  y,  and  divide  — z„ :  a^  by 
— ar,y :  itf ,  &c.     This  gives 

2^     (0'-yZ)  «*-f  Z/    ^«y     (V^-0'Z-Oi;,+0Z-«Z; 
But  when  the  surface  is  developable  these  are  equal,  or 

(0^-^V/Z)  ty-yrZ,  _(^;-j^K--^rz, 

icp'-yz) v.^fz,    (0'~Y^z) r,-0z-» z; 

which  gives      ((^'  -  Y^Z)  (Y^— 0Z-»)  (Z,  r,— Z,  r,)= 0. 

Now  if  we  equate  the  second  factor  to  nothing,  z,  and  z^  will  both 
be  infinite.  If  we  make  the  third  factor  vanish,  this  shows  (page  187) 
that  X  and  y  only  enter  Z  through  v,  whence  £  is  a  function  uf  r,  and  s 
and  y  are  functions  of  v.  In  the  first  case  (page  193)  x  and  y  must  be 
constants,  or  it  is  not  a  surface,  but  a  right  line  perpendicular  to  (xy) 
which  satisfies  the  condition  :  in  the  second  case,  it  is  not  a  surface  but  a 
curve,  which  satisfies  the  condition.  Consequently,  ^'— Yr'Z=0  is  the 
only  condition  of  a  developable  surface :  this  gives 

^^  =:^,  or  V^*'=0^*',  as  before. 

If  upon  any  surface  we  draw  a  carve  line,  and  through  every  point  of 
that  line  draw  a  normal  to  the  surface,  all  these  normals  will  constitute  a 
ruled  surface :  and  since  every  tangent  plane  of  the  ruled  surface  passes 
through  a  normal  of  the  surface,  it  is  perpendicular  to  a  tangent  plane  of 
the  surface.  The  ruled  surface  may^  therefore,  be  called  a  normal 
surface  to  the  given  surface;  and  it  is  obvious  that  the  number  of 
normal  surfaces  which  a  given  surface  admits  of  is  infinite,  since  the 
number  of  curves  which  can  be  drawn  upon  the  surface  is  infinite. 
Every  normal  surface  of  a  sphere  is  a  cone  (or  plane)  ;  in  a  right 
circular  cylinder,  the  normal  surface  has  the  axis  of  the  cylinder  for  its 
line  of  greatest  density.  And  since  a  normal  surface  may  or  may  not 
be  developable,  it  will  be  a  matter  of  interest  to  inquire  whether  any  and 
what  surface  has  developable  normal  surfaces,  and  how  their  directing 
curves  are  to  be  drawn. 

Let  x=<t>  (x,  y)  be  the  equation  of  a  surface,  and  let  y=yx  be  the 
equation  of  the  right  cylinder  which  cuts  off  a  curve  from  it.  We  have, 
then,  at  the  point  of  contact  (JF,y,J?),  f — ir=p(f  — 'j)+9  {ij — y)  for  the 
tangent  plane,  (£— x)  :/>==(»?— y)  :  q=  — (^— z)  for  the  normtd.  These 
last  may  be  written 

in  which  a:=^  (J,y),  y=V^«r,  imply  that  y  and  2:,  and  therefore  p  and  q, 
may  be  made  fiiuctions  of  x.    Let  dy :  c[x=y'f,  and  the  condition  of  the 
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ruled  Burface  whose  equations  (x  taking  the  place  of  v^  and  (,  &c.  of  jt, 
&c.)  have  just  heen  exhibited  being  developable^  is 

d.p   d  d,q    d 

-(r+J30(«-+<2y'+^+9y+y')=-(«+¥)(''*+^^y'+p"+P9y+i) 

If  the  roots  of  this  equation  be  always  possible,  a  developable  normal 
surface,  or  rather  two,  can  be  drawn  through  eacli  point  of  any  surface : 
for  if  y'ssA  ±^B  be  the  solution  of  the  last,  we  find  for  y^  two  functions 
of  Xy  which  being  integrated  give  two  forms  of  yr^yj/x,  which,  by  the 
arbitrary  constant,  may  be  made  to  belong  to  curves  passing  through  the 
projection  of  any  point  of  the  surface.  Representing  the  preceding 
equation  by  Ry"— Sy'+TirO,  the  possibility  of  the  roots  depends  on 
the  sign  of  S*— 4RT.  An  artifice  of  an  easy  character  will  save  us  the 
investigation  of  this  quantity  in  its  present  complicated  form.  Whatever 
may  be  the  point  of  the  surface  under  consideration,  the  possibility  or 
impossibility  of  a  developable  normal  surface  passing  through  it  does  not 
depend  on  the  coordinate  planes  chosen :  if  one  or  the  other  case  can  be 
shown  for  any  one  set  of  axes,  the  question  is  solved.  Let  us,  then,  take 
a  plane  of  jy  parallel  to  the  tangent  plane  at  the  point  in  question ;  this 
gives  p=0,  9=0,  and  the  values  of  r,  Sy  and  t^  on  the  supposition  made, 
being  r|,  Si^  and  ^i,  we  have 

»iy-(<i-n)y'-»i=o, 

of  which  the  roots  are  both  possible,  since  the  first  and  third  terms  have 
different  signs.  Again,  the  values  of  1/  are  tangents  of  the  angles  made 
by  the  tangent  lines  of  the  projections  with  the  axis  of  x :  let  these  be  € 
and  S|,  then  it  follows  from  the  preceding  that  tan  €. tan  6|=  —  1,  or  € 
and  ti  differ  by  a  right  angle.  But  in  the  simplified  case,  the  normal  is 
the  continuation  of  the  ordinate  2 ;  and  the  normal  planes  drawn  through 
the  tangents  of  the  curves  make  angles  £  and  C^  with  the  plane  of  xz : 
that  is,  since  t  and  €|  differ  by  a  ri^ht  angle,  these  normal  planes  are  at 
right  angles  to  one  another.  If,  then,  through  any  point  of  a  surface 
the  two  curves  be  drawn,  the  normal  surfaces  of  which  are  develop- 
able, the  tangents  of  these  curves  are  at  right  angles  to  one  another,  and 
also  the  normal  planes  drawn  through  tbose  tangents. 

I  defer  further  consideration  of  these  normal  developable  surfaces 
until  after  the  establishment  of  their  most  important  use,  which  arises 
out  of  their  connection  with  the  curvature  of  surfaces. 

We  have  already  considered  the  contact  of  a  tangent  plane  with  the 
surface;  we  shall  now  pursue  this  subject  a  little  turther.  It  has  been 
shown  that  when  rt  —  s^  is  negative,  the  tangent  plane  cuts  the  surface. 
Consequently,  at  any  point  so  circumstanced,  the  tangent  plane  must 
meet  the  surface  in  a  line :  we  now  ask  under  what  conditions  does  the 
tangent  plane  not  only  meet  the  surface  in  a  line,  but  continue  to  be  the 
tangent  plane*  at  every  point  of  that  line  (a  table,  for  instance,  is  a  tan- 
gent plane  tearing  placed  upon  it  at  every  point  of  the  circle  of  coin- 
cidence.)    This  obviously  requires  that  we  can,  by  going  from  point  to 

*  A  solation  of  this  problem,  in  an  elegant  and  general  form,  may  be  found  in 
vol.ii.  page  22,  of  tho  Cawthridgt  MtUkematicwl  Journal^  (Whittak«r  and  Go.,)  a 
work  which  I  strongly  recommend  to  the  student  of  analysis 
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point  of  the  surface  in  a  particular  way,  keep  the  equation  f  —  z=p  (f-«) 
+  9  (»/— y)  representing  the  same  plane;  or  p,  g,  and  z—px-^qy  must 
remain  the  same.  Taking  a  point  (x,  y,  z).on  the  curve  of  intersection, 
let  (:r+(ix,  &c.)  be  the  contiguous  point,  and  let  y=Y^j:be  the  equation 
of  the  projection  of  the  curve  on  (xy).  Then  it  is  the  condition  of  the 
curve  thatp  and  q  remain  unaltered  as  long  as  dy^'^x.dx,    But^ 

dp = rdx + sdy^    dqszsdx'^tdy ; 

whence  Orzrdjc+syf/xdx^  O^rsdjc+tyj^'xdx^  or  r^—«*=0,  which,  r,  t, 
and  t  being  functions  of  x  and  y,  gives  a  relation  of  the  form  yz^fx^ 
which  is  the  equation  of  the  projection  of  the  curve,  if  such  a  curve 
there  be.  Again,  dz^pdx-i-qdy^  and  if  p  and  q  can  be  made  constant, 
we  have  z=pjrHr9y  +  C,  whenever  y  is  taken  such  a  function  of  «r  as 
makes  p  and  q  constant.  The  only  question  remaining  is,  does  it  follow 
conversely  that  p  and  q  are  constant  when  y  is  so  taken  in  terms  of  x  that 
rt^s^=:0?  Assume  this  last,  and  add  together  the  squares  of  (fp  and 
dq  as  above  obtained,  putting  rt  for  f*  wherever  it  occurs.    This  gives 

cZp«+rfg'=(r+0  {rdJi^+2sdxdy+tdy*}. 

Now  this  must  be  =0,  for  going  in  the  direction  required,  there  is  no 
deflection  from  the  tangent  plane,  and  the  terms  of  the  deflection  which 
are  of  any  given  order,  must  collectively  be  =0,  and  rdx^+28dxdy 
^tdx^  among  the  rest.  Hence  dp*+dq'=:zO^  which  requires  </p=0, 
dqz=0^  or  else  shows  that  the  curve  is  impossible.  Consequently,  when 
r^— f'=0  gives  y^^fx  in  such  a  way  that  there  is  a  real  intersection, 
that  intersection  is  a  plane  curve,  and  its  plane  is  the  tangent  plane  to 
the  surface  at  every  point  of  the  curve.  Accordingly,  we  see  that  in 
developable  surfaces,  the  tangent  plane  is  everywhere  tangent  at  all  the 
points  in  which  it  meets  the  surface. 

We  might  next  ask,  by  analogy,  what  is  the  closest  sphere  which  can 
be  drawn  to  the  surface  at  a  given  point :  but  here  we  shall  immediately 
see  that  though  we  can  find  an  infinite  number  of  spheres  having  a  con- 
tact of  the  first  order,  it  can  only  be  at  certain  points,  if  ever,  that  a 
sphere  can  be  made  to  have  a  complete  contact  of  the  second  order. 
For  there  are  but  four  constants  in  the  equation  of  the.  sphere,  while  up 
to  the  second  order  inclusive  there  are  five  diff.  co.  If,  therefore,  we 
dispose  our  constants  so  as  to  make  the  sphere  pass  through  a  given 
point,  and  to  make  p,  </,  and  r  the  same  in  both  surface  and  sphere,  we 
shall  have  no  arbitrar}'  quantities  left  to  which  to  assign  values  which 
shall  make  s  and  t  the  same  in  both.  There  must  then  at 'least  be  six 
constants  in  the  equation  of  any  surface  which  can  certainly  be  made  to 
have  a  contact  of  the  second  order  with  any  point  of  a  given  surface. 

Abandoning,  therefore,  the  idea  of  estimating  the,  curvature  of  a 
surface  at  any  one  point  entirely  by  that  of  another  surface,  let  a  normal 
be  drawn  through  the  point  in  question,  and  let  a  plane  revolve  about 
this  normal  as  an  axis.  This  plane  will  make  with  the  surface  an 
infinite  number  of  sections*  one  in  each  of  its  positions.  Let  these  be 
called  normal  sections.  We  shall  estimate  the  curvature  of  the  aurface 
by  finding  relations  between  the  curvatures  of  the  normal  sections.  And 
as  our  present  object  is  to  find  absolute  properties,  independently  of  any 
position  with  respect  to  coordinates,  let  us  take  the  point  under  examina- 
tion for  the  origin,  and  the  tangent  plane  for  the  plane  of  <7y.    Let  P,  Q, 
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&c.  be  the  values  of  p,  q,  &c.  «t  the  origin ;  then,  because  the  tangent 
plane  at  the  origin  la  that  of  jy,  its  equation  (or  ^=r£+Qi))  u  (=0, 
or  P=:0,  QsiO,  whence  the  equation  of  the  BUrrnce  is 

»=-  (Rx*+2Sjy+Ty)+2-3<«"nB  wilh  *',  x%  &c.)+  .  ■ .  . 

Let  R,  S,  and  T,  &c.  b%  finite,  whence  the  terms  of  the  third  order 
diminish  without  limit  compared  with  those  of  the  second,  as  x  and  y 
diminish.  Let  0  be  the  origin,  OX,  OY,  and  OZ  the  axes,  OAPB  a 
portioQ  of  the  surface,  0PM  a  plane  passing  through  the  normal  OZ, 


and  making'an  angle  MOK^£  with  the  plane  of  xx.  Let  OP  be  apart  of 
the  normal  section  of  this  plane,  00,  GM,  and  MP  the  coordinates  of  P, 
a  point  in  the  section.  If,  then,  OM  be  called  x„  we  have,  for  the  curve 
OP,  x::^x,coi€,  y=:r,8in£,  and  substitution  gives  for  an  equation 
between  J,  and  a  the  coordinates  of  P  in  the  plane  ZOM, 

*=i(Rcos'e+2ScoBeMne+Tsin'«)*;+A^+B*J+&c., 

where  A,  B,  &c  need  not  be  calculated.  Now  if  the  equation  of  a  curve 
be*=:i(uJ+Aj:|+-.-.i  we  have  at  the  origin  r'=0,  «"=o,  whence 
the  radius  of  curvature  at  the  origin  is  1  :a.  This  theorem  is  ofien 
proved  by  supposing  OP  to  be  an  infinitely  small  arc  of  a  circle,  so  that 
the  rectaugle  of  PM  and  the  rest  of  the  diameter  is  the  square  on  OM, 
or  the  diameter  is  x^ :  s,  when  x,  is  infinitely  small,  which  is  2 :  a. 
Whichever  way  we  prove  it,  the  radius  of  curvature  of  the  section  OP 
ia  1  :a,  or,  calhng  it  p,  we  have 

1 

*'"'RcoB'e+2ScoBesine+T8in'g' 

or  the  curvature,  which  is  inversely  as  the  radius  of  curvature,  varies 
withRcos*€+&c.  We  shall  use  mis  latter  phraseology,  tite  student 
remembering  that  the  greatest  curvature  has  the  least  radius  of  curva- 
ture, and  so  on.  And  though  we  have  drawn  a  figure  corresponding  to 
curvature  in  which  all  deflections  from  the  tangent  plane  are  made  oo 
<ne  side,  yet  it  must  be  home  in  mjnd  that  if  the  tangent  plane  cut  the 
surface,  i,  and  with  it  the  radius  of  curvature,  will  be  negative  when  the 
deflections  are  negative. 

The  expression  on  which  the   curvature    depends  may  be  easily 
changed  into  the  fonu  Aco^(e— {i)+Bsin*(£— a):  for  it  we  expand 
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cos  (€ — a)  and  sin  (6— «),  and  develope  their  squares,  we  find  that  the 
result  is  made  identical  with  Rcos*^-f  &c.,  hy  assuming 

Acos'a+Bsin'a^IU  (A-B)co0a«8iiice=S,   Asin'a+Bcos'a^T, 

which  give  R— T=(A— B)co8  2a,  and  tan2a=2S:(R— T).  This 
gives  for  2a  two  values  differing  hy  two  right  angles,  and  therefore  for  a 
two  values  differing  hy  a  right  angle,  and  one  of  these  is  less  than  a 
right  angle ;  let  it  he  the  one  chosen.  Therefore  sin  2g(= 2S  :  ( + i^ { 4S* 
+  (R— T)*},  which  must  be  positive,  since  a<Jir,  or  the  denominator 
must  be  taken  of  the  same  sign  as  the  numerator.  Also  eo8  2a:= 
(R— T) :  ±  V(4S«+(R— T)*),  in  which  the  denominator  must  have  the 
sign  of  S.  Also  A+B=R+T;  and  A-B=+V{4SH(R-T)*}, 
whence  A  cos'  (€-«)+  B  sin*  (€  -«),  or  J  (A  +  B)  +  i  (A-B) 
cos2(€ — a),  is 

i(R+T)±W{4S«+(R-T)*}.C082(e-a) (6),       . 

where  +  is  to  be  taken  of  the  same  sign  as  S.  This  is  the  curvature 
(inverse  of  the  radius  of  curvature)  of  a  normal  section  which  makes  the 
angle  €  with  the  plane  of  xz.    We  also  have 

A=i(R+T)±W{4S*+(R-T)*},B=i(R+T)+W{4S'+(R-Tn, 

where  +  means  the  sign  of  S,  and  ^:  the  contrary  sign. 

In  the  expression  P+Qcos9,  the  absolute  maximum  and  minimum 

values  are  made  by  ^=0  and  6=t,  giving  P+Q  and  P — Q:  in  which 

if  P  and  Q  be  both  of  one  sign,  P+Q  is  the  numerical  maximum,  and 

P— Q  the  minimum ;  if  P  and  Q  differ  in  sign,  vice  versa.    Without 

inquiring,  then,  into  the  particular  conditions  under  which  the  maximum, 

as  distinguished  from  the  minimum,  of  the  expression  (€)  is  connected 

with  0  or  ir,  we  see  that   (€)  is  a  maximum  or  minimum  when 

2(€— a)=:0,  or  Crree,  and  a  minimum  or  maximum  when  2(6— a)=r, 

or  €=a+^.    Ther«  axe  then  always  two  normal  sections  at  right 

angles  to  one  another,  in  which  the  maxima  and  minima  curvatures  are 

contained,  and  the  radii  of  curvature  in  these  sections  are  the  recipTocals 

of  A  and  B   above  given,  the  first  when  6=ra,  the  second  when 

€r=0e+^ir.     For  any  other  section  let  €— ftsO;  then  the  reciprocal  of 

its  radius  of  curvature  is  A  cos' 6+ B  sin'O.     This  result  may  be  thus 

most  easily  remembered :  let  the  sections  of  the  principal  curvatures 

have  p,  and  p^/  for  their  radii,  and  let  another  section  make  an  angle  6 

with  the  plane  of  the  first  principal  section,  having  a  radius  of  curvature 

p :  then  will 

1       cos*  6     sin'e     cos*  6  f  p,,         ,  ^\ 
—  = + = ]-^'+tan"e> 

P         9i  9u  9u     ^9i  ' 

Also  pt"^  and  pff"^  are  the  roots  of  the  equation 

t?«-(R+T)  «+(RT-S')=0; 

and  if  B  be  changed  into  d+^^»  and  the  radius  of  the  new  section  be  9, 
we  have 

1       siu'O     cosM         11        11 
—  = + ,  or  —  +—  =—  +— ; 

^         Pi  9ii  9        ^       9i       9u 

that  is,  the  sum  of  the  curvatures  of  any  two  normal  sections  perpendi- 
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cular  to  one  another  is  constant.  And  p"'  and  <r~*  are  the  roots  of  the 
equation 

«■  -  (R+T)  t>+RT-S«+ {4S«+ (R- T)«}  cos'O  sin*  d=0. 

From  this  we  find  the  following  theorems :  1.  When  RT— S*  is  positive, 
the  principal  radii,  and  all  intermediate  ones,  have  the  same  sign,  which 
is  also  the  sign  of  R  and  T.  2,  When  RT— S*=0,  either  A  or  B  is 
nothing,  and  either  p,  or  Pff  is  infinite.  3.  If  RT— S*be  negative, 
either  pf  or  p^^  is  n^ative,  and  the  other  positive.  Remembering  what 
the  negative  curvature  means,  these  theorems  are  what  we  might  expect 
from  page  419.  4.  When  p,^  and  p^  are  of  different  signs,  there  are  two 
values  of  0,  at  which  the  intermediate  curvature  vanishes,  corresponding 
to  tandsrr-f  ^(— p/,  :p,)y  the  values  of  6  being  supplemental.  5.  Two 
opposite  normal  sections  have  the  same  curvature,  (they  are,  in  fact, 
parts  of  the  same  section).  6.  The  two  prlncipal^curvatures  are  equal, 
and  of  the  same  sign,  only  when  R=T  and  S=0,  and  in  that  case  the 
curvature  of  all  sections  is  the  same,  and  a  sphere  may  have  a  complete 
contact  of  the  second  order  with  the  surface.  7.  The  difference  between 
the  curvatures  of  perpendicular  sections  vanes  as  cos  26,  and  is  greatest 
at  the  pricipal  sections,  and  vanishes  at  the  sections  which  are  equally 
inclined  to  the  principal  sections. 

The  student  who  is  familiar  with  the  general  equation  of  the  second 
degree  will  see  that  the  preceding  transformations  are  such  as  he  has 
been  accustomed  to  use  with  other  meanings.  I  shall  briefly  explain 
the  connexion,  more  with  a  view  to  propose  the  exercise  of  filling  up 
the  different  steps  than  to  any  subsequent  use  of  it.  Let  ^  (in  the  last 
figure)  be  a  very  small  value  of  z,  so  that  z=$  is  the  equation  of  a 
plane  parallel  to  and  very  near  the  plane  of  xy.  Consequently, 
2^=:Rr+2S  j:y+Ty*  is  the  equation  (or  more  nearly  so  the  smaller  x 
and  y  are  taken)  of  the  projection  KHL  of  the  section  APB  of  the 
surface  and  plane  (BL,  FM,  &c.  being  d).  But  this  is  the  equation  of 
a  curve  of  the  second  order,  whose  centre  is  at  the  origin ;  and  if  2^  be 
changed  into  1,  it  will  remain  the  equation  of  a  curve  similar  in  all 
respects,  but  larger  in  linear  dimension  in  the  proportion  of  ^(23)  to  1. 
Now  if  the  axes  of  x  and  y  revolve  through  an  angle  cr,  being  the  least  of 
those  determined  by  tan  20e=:2S :  (R— T),  the  equation  of  the  curve  will 
then  be  1  =  Aa:*-|-By',  where  A  and  B  are  precisely  as  before.  If,  then, 
6  be  the  angle  made  by  a  radius  vector  r  with  the  new  axis  of  j,  we 
shall  have  1  :r*=Acos'0+B  sin*©.  The  lines  of  the  second  degree 
which  have  a  centre  are  the  ellipse,  hyperbola,  and  (not  the  parabola, 
but)  that  extreme  variety  of  the  parabola  which  consists  of  two  parallel 
straight  lines.  Hence  the  following  theorem ;  if  at  a  given  point  of  a 
surface  a  plane  be  drawn  parallel  to  and  very  near  the  tangent  plane, 
cutting  the  surface,  the  parts  of  the  section  closely  contiguous  to  the 
point  of  contact  will  be  very  nearly  parts  of  a  small  curve  of  the  second 
degree,  and  the'more  nearly  the  closer  the  intersecting  plane  to  the  tan- 
gent plane.  And  if  a  curve  of  the  same  kind  be  drawn  on  the  tangent 
plane  about  the  point  of  contact  as  a  centre,  similar  to  the  small  curve, 
and  similarly  placed,  but  so  much  larger  that  V(2^)  ^^  ^^^  smaller  shall 
be  1  in  the  larger,  the  square  of  the  radius  vector  on  this  curve 
(numerically  considered)  will  be  the  radius  of  curvature  of  the  normal 
section  which  is  touched  by  that  radius  vector.  Remember,  that  in  the 
hyperbola,  though  the  radius  vector  is  impossible  in  one  pair  of  opposite 
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asymptotal  angles,  its  square  is  not  impossible,  but  negative,  and  is  the 
square  of  the  radius  vector  of  the  conjugate  hyperbola  taken  negatively. 
The  following  method  of  using  this  theorem  will  perhaps  explain  the 
theorem  itself^  Given  the  magnitude  and  sign  of  the  principal  radii  of 
curvature,  and  their  directions,  required  the  radius  of  curvature  in  any 
other  direction.  First,  if  both  be  infinite,  all  radii  are  infinite,  and 
the  tangent  plane  has  a  complete  contact  of  the  second  order  with  the 
surface. 


Itt^B 


Z  L 


Next  let  OB  and  OA  be  the  principal  directions,  and  let  the  radius  in 
the  direction  OB  be  infinite,  that  in  OA  being  OA.  Let  OK-=zjJOA.y 
take  OL=OK,  and  through  K  and  L  draw  lines  parallel  to  OB.  If  the 
curvature  be  finite  in  both  directions,  take  OK  and  OM=VOA  and 
^OB,  without  reference  to  sign,  and  with  OK  and  OM  as  principal 
axes  describe  an  ellipse,  if  0  A  and  OB  agree  in  sign,  and  a  pair  of  con- 
jugate hyperbolas  if  they  differ.  Put  these  figures  on  the  tangent  plane, 
O  at  the  point  of  contact,  0  A  and  OB  in  the  principal  directions  of  cur- 
vature. Then,  for  every  point  Z,  the  square  of  OZ  is  the  radius  of  cur- 
vature of  the  normal  section  which  cuts  the  tangent  plane  in  OZ.  In  the 
first  figure  this  is  to  be  taken  of  the  same  sign  as  OA,  in  the  second  of 
the  same  sign  as  OA  or  OB,  and  in  the  third  it  is  to  have  the  sign  of 
OA  or  OB.  according  as  the  hyperbola  on  which  it  is  passes  through 
(K,L)or(M,N). 

As  yet  we  have  only  considered  sections  made  by  planes  passing 
through  the  normal ;  we  shall  now  suppose  a  section  whicn  declines  from 
the  normal  by  an  angle  v.  As  the  theorem  we  are  now  going  to  prove 
is  isolated,  I  shall  give  a  demonstration  of  it  which  assumes  the  infinitely 
small  arcs  of  the  sections  to  be  parts  of  the  circles  of  curvature,  leaving 
the  student  to  try  if  he  can  express  the  equations  of  the  sections,  and 
thence  determine  the  curvatures  in  the  usual  manner. 

Let  OX  be  a  line  in  the  tangent  plane,  and  take  it  as  the  axis  of  x : 
let  OM  be  the  normal  section  passing  through  that  tangent,  and  let  PO 
be  an  oblique  section  in  the  plane  PNOA,  making  with  ZOMN  an 
angle  AOZ=K.  Let  OQ  be  the  projection  of  the  section  OP  on  the 
plane  of  XY.     Then,  since  the  equation  of  the  surface  is 

2a:=Ib:*+2S  jy+Ty'+Ac. ; 

and  since  ON =x,  we  have  2NM=ttr*+&c.  (since  y=0  for  all  points  in 
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OM.)  Again,  since  ON  is  tangent  to  OQ.  NQ  dimioiBlies  vithout 
limit  compared  with  OK ;  so  that  2Sj:yftndTy'  are  of  the  third  and 

fourth  order,  or  2PQ=Rr'+ Consequently  the  limit  ofPQ:MN 

is  unity,  or  PQMN  approaches  without  limit  to  the  Torm  oF  a  rectangle. 
Taking  OP  and  OM  for  small  area  of  circles,  their  diameters  are  the 
limits  of  ON* :  NP  and  ON* :  NM,  and  diam.  of  OP  :  diam.  of  OM  is 
Umit  uf  NM:NP,  which  as  PMN  approaches  to  a  right  angle,  has 
COB  PNM,  or  cos  y  for  its  limit.  Hence,  if  OZ  be  the  diameter  of  curva- 
ture of  the  normal  section,  and  ZAO  a  circle  with  OZ  fur  diameter,  OA 
is  the  diameter  of  curvatiu^  of  the  oblique  section.  Or,  all  the  sections 
made  by  planes  drawn  through  one  tangent  have  for  their  diameters  of 
curvature  the  chorda  of  a  circle  which  has  the  diameter  of  the  normal 
section  of  that  tangent  for  its  diameter.  And  if  the  given  taogent  be 
made  the  axis  of  .t,  and  the  circle  be  drawn  in  the  plane  oiyz,  any 
chord,  with  the  common  tangent,  determines  the  plane  of  the  section 
which  has  that  chord  for  ita  diameter  of  curvature, 

I  shall  now  show  that  the  two  normal  sections,  perpendicular  to  each 
other,  of  greatest  and  least  curvature,  are  in  those  directions  already 
obtained,  in  which  the  consecutive  normals  intenect  the  normal  at  0 ;  so 
that  the  principal  normal  planes  are  tangents  to  the  developable  normal 
■urfaces  which  pass  through  the  point  O.  Taking  ;=^(R:c*-|-2Sxy 
+Ty*)+&c.,  (remember  that  +&c.  throughout  refers  to  tetmswhich 
diminish  without  limit  as  compared  with  those  which  precede,)  we  find 
for  the  equation  to  the  normal  at  the  point  (x,y,  z}i 


■n-y 


^~ix-^y. 


Kt+Sy+&c.     Sx+Ty+&c. 

whence  (Rr+Sy).,-(Sj:+Tj()£=Sfy»— j»)  +  CR-T)  jy,  neglecting 
terms  which  have  no  effect  on  the  limit,  is  the  equation  of  the  projection 
of  this  normal  on  the  plane  of  nj.  Here,  then,  are  two  straight  lines,  the 
axis  of  r,  (t),  and  the  new  normal  (v)  projected  on  the  plane  of  \xy) 
into  (>■,),  of  which  the  equation  has  just  been  found.  Hence  it  may 
easily  be  shown  that  the  perpendicular  let  fall  from  0  upon  (r,)  is  equal 
and  parallel  to  the  shortest  distance  between  (v)  and  (;).  But  if 
ay  —hx^c  be  the  equation  of  a  straight  line,  the  perpendicular  let  fall 
on  it  from  the  origin  ia  c:^(a'+6*),  giving 

{(R-T)ai,-S(^-y')}V{CK*+Sy)*+(S'+Ty)'} 
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for  the  shortest  distance  between  (z)  and  (y).  But  if  two  consecutive 
normals,  infinitely  near  to  one  another,  are  to  meet,  (page  412,)  this 
shortest  distance  must  diminish  without  limit  as  compared  with  x  oiy 
when  the  latter  diminish  without  limit.  Let  the  point  («r,y)  move 
towards  the  origin,  and  let  y=:xtaniS,  whence  the  preceding  expression 
becomes 

a?{(R-T).tan€— S(i-tan«g)}:V{(R+Stan€)'+(S+Ttan€)*}, 

which  cannot  diminish  without  limit  in  comparison  with  x,  unless 
(R— T)tang-S(l-tan'6)+(the  terms  of  a  higher  order  neglected) 
diminishes  without  limit;  and  this  cannot  be  unless  (R — T)tan6— 
S  (1— tan*e)=0,  or  tan26=2S:  (R-T).  But  this  is  the  formula  by 
which  the  angles  of  the  principal  sections  of  curvature  were  obtained; 
whence  the  theorem  above  stated. 

It  appears,  then,  that  every  surface  may  be  traversed  by  an  infinite 
number  of  curves,  two  of  which  pass  through  every  pou)t,  indicatiiig  by 
their  tangents  the  directions  of  least  and  greatest  curvature.  And  it  is 
the  property  of  each  of  these  lines  that  normals  to  the  surface  drawn 
through  the  several  points  of  any  one  of  them,  lie  on  a  developable 
surface,  and  are  tangents  to  a  common  connecting  curve.*  If  a 
moving  point  were  obliged  to  seek  its  course  so  as  always  to  take  the 
most  or  least  bent  track,  it  would  move  on  one  of  these  curves.  With 
this  general  knowledge  of  the  subject,  we  shall  now  look  for  the 
means  of  finding  the  curvatures,  &c.  with  any  origin  and  any  axes. 

The  equations  of  the  normal  at  a  point  (  j,  y,  z)  being 

({-^)+;>(f-2)=o,    (tj-y)+9(f-«)=0; 

if  we  take  an  adjacent  point,  (x+dx^  &c.\  at  which  the  normal  is  in 
the  same  plane  with  the  one  just  given,  there  will  be  a  point  of  inter- 
section (X,  Y,  Z)  which  is  on  both  normals,  or  will  satisfy 

(X-ar)+;?(Z-2)=0,     (Y-y)+9(Z~0=0, 
(X— a:-dar)  +  (p+c?p)(Z— r--J;r)^0, 
(Y-y-cfy)  +  (94-d9)(Z-c-(f:r)=0. 

Subtract  the  first  set  from  the  second,  rejecting  from  the  latter  terms  of 
the  second  order,  and  we  have 

dpiZ  —  z)  -pdz— cf<r=0,     dq  {Z—'z)''qdz''dy^O, 

The  elimination  of  Z— 2  gives  dp  (qdz  +  dy)  =  dq  (pdz  +  dx)^  an  equa- 
tion already  obtained,  and  which  gave  (page  427) 


^(l+g*«-p9.0--^(l+p«<-l-|-7*^)+pg.r-l+p**=0...(3^'); 

and  the  first  two  equations  may  be  written  (dy :  dx  being  ^) 
y'{.(Z-«)-;,,}+r(Z-*)-(l+p*)=Ol    ^^^^^^ 

*  One  sound  itnint  on  this  subjeet  Tand  fieibapi  more)  has  attenpted  te  trcnskfe 
the  wordi  arete  de  rebrouttement  into  Engiinh  by  edge  0/  reyretthm,  which  tef  ma  to 
me  a  closer  imitation  of  the  woids  than  of  the  meaning.  Many  worda  might  b* 
sugf^ested,  such  as  the  ligature  of  the  normals,  or  their  oscuhitrix,  or  their  omot- 
tanirential  curve.  Also  with  reference  to  the  developable  surface,  tlM  mrite,  ftc. 
might  be  called  the  generatrix,  or  the  eurre  of  greatest  density,  &c. 
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whferci  Zf-Z—z.  if  wfe  riiake  l4-p*=R,p9==:Si  1  +  9«=T,  tlie  equa- 
tions which  produce  the  abdT^  atid  theif  fesillts,  take  the  following 
S3rtnmetrica}  Ibhns, 

(r<— *«)  Z^^—irt  -  2sS + iR)  i,  +  (RT— 8^= 0. 
LetV=p:V(l+i^+9')»^=^^V(14-^'+^*),thferi 

^hcnee  (y')  b^fcomes  V3,y'«-(W3,— VJy'-W,-=CI,  which  when  V  ^hd 
W  airt  turned  into  ftiticfion^  of  x  and  j^  by  thfe  subftlitdtion  6f  th6  values 
6f  p  And  7,  will  be  an  easy  fol-m  for  cillculatioii.  Putting  HT  -  S* 
for  H-;^+g«,  we  find 

V,  V(RT-S«)»==  (1  +  9«)  *-  pgteTi-Sr 

Wy  V(RT— S«)'=  — p^i  +  (1  +  p*)  ^=  — Sj + fei ; 
whence  (RT— S«)«(V.W,-V^W,)=:r*-j*, 

(V,  w,- V,  w,)  z;-.(v.+w,)  (1 +p«+9r*.z,+(i +pHgO"'=o. 

If  X — i:==X;j  Y— -y= Y,,  we  have  for  the  square  6i  the  radius  of 
curvature  i,'+Y/+Z,*,  or  (rad.)*=2/(l  +p*+9*)  ;  whcnee  the  values 
ef  this  hidius  are  determined  from 

(V,  W,-V,W,)  (rad.)'*-(V.+W,)  (rad.)+l=0. 
Henci  2V,y'=:W,^V,±VcWpv"+4V,W.) 

rad.={W,-|-V.±V(WpV>4V,W.)} 


2  (V.W,-V,W.) 

,  It  is  important  to  determine  wliicli  signs  are  to  be  iued  together. 
Let  Zi  and  Z,  be  tlie  two  values  ef  Z„  and  y',  and  y'*  those  of  y";  then 

in  the  denominator^  substitute  for  y'l+y't  and  y'ly'a  their  values 
(W,-Vi):V,  and  -W,:V,„  khd  substitute  for  W.,  &c.  their  values. 
This  will  tfe  foiind  id  reduce  the  precieding  fraction  to  (y'l—y'OV, 
V(l+P*+9*)'' (**"~^0'  Now,  dividing  the  expression  for  rad.  bj 
V(l-hp*4-f*)  to  give  Z;,  and  looking  at  the  difierence  ot  the  values^ 
we  see  that   we   shall  get  by  substitution  y'l— y't=thVHsV,  and 

Zi-.Z,=  ±V(H)V(l+:??+9*)':(*'^»^)>  80  that  (Zi-^Z»):  (y'l-y'O 

2  F2 
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is  ±V(l+P'+9')'^ir'-  («*—rO  the  upper  or  lower  sign  being  used  accord- 
ing as  y'  and  Z^  have  radicals  of  the  same  or  different  signs.     Con- 
sequently, since  *Jil+p*+f)  wag  taken  positively  throughout,  we  can 
only  make  the  latter  form  of  the  ratio  agree  with  that  directly  deduced  by 
giving  the  same  signs  to  the  radicals  in  the  corresponding  values  of  Z^andy. 
The  most  embarrassing  part  of  this  subject  is  the  representotion  of  the 
results  to  the  eye :  and  I  here  digress  to  describe  die  best  method  of 
doing  this.    The  perspective  employed  should  be  the  orthographic,  in 
which  the  eye  is  at  an  infinite  distance  from  the  plane  of  the  picture; 
or,  to  avoid  the  physically  impossible  character  of  this  supposition,  say  at 
a  very  great  distance  compai^  wifli  the  linear  dimensions  of  the  picture. 
The  properties  of  this  projection  are,  1.  All  lines  or  planes  perpendicular 
to  the  plane  of  the  picture  are  projected  into  points  or  lines.     2.  All 
parallels  are  projected  into  parallels.    8.  Equal  lines,  when  in  the  same 
line  or  paraUel,  are  projected  into  equal  lines.    4.  Equal  lines,  not 
parallel,  are  projected  into  lines  proportional  to  the  cosines  of  the  angles 
they  make  with  the  plane  of  the  picture,  or  the  sines  of  the  angles  they 
make  with  lines  drawn  to  the  eye.     If  the  line  drawn  through  the  eye 
make  equal  angles  with  the  three  axes,  the  projection  is  called  isometri- 
cal:*  it  is  inconvenient  when  there  are  any  lines  in  the  figure  nearly 
equally  inclined  to  the  axes,  and  generally,  the  line  drawn  to  the  eye 
should  not  make  small  angles  witfi  any  of  the  principal  lines  of  the 
figure.     The  following  proposition  will  complete  the   theory   of  this 
perspective,  so  far  as  its  application  to  rectangular  coordinates  is  con- 
cerned.    Let  OA,  OB,  OC  be  the  pro- 
jections of  the  three  axes  ;  from  any  point  D 
in  OC  produced  draw  EF  perpendicular  to 
CD,  and  draw  FG  perpendicular  to   EO 
produced;  join  EG.    Then  will  GEF  be 
the  projection  of  a  triangle  parallel  to  the 
plane  of  projection,  so  that  EG,  GF,  FE 
are  not  altered  by  projection :  and  OE, 
OF,  and  OG  will  be  the  projections  of 
lengths  which  are  severally  mean  propor- 
tionals between  EO  and  EH,  FO  and  FK, 
GO  and  GD.     Equal  lines,  therefore,t  can  be  readily  laid  down  on  the 
three  axes,  and  thence  lines  in  any  proportion. 

*  The  isomeirical  penpectivewas  first  thoug^ht  of  ai  the  most  convenient  mode  of 
representing^  machinery,  &c.  by  the  late  Professor  Parish :  there  are  now^  I  believe, 
several  treatises  on  it. 

f  I  should  recommend  those  who  wish  to  draw  with  tolerable  correctness  to  have 
several  cards  or  pieces  of  wood  made  as  follows,  to  as  many  different  species  of  pro- 
jection as  may  be  wanted.  Tbe  card  or  block 
COBVW  admits  of  the  three  axes  being  immediately 
laid  down  by  placin)?  it  on  the  paper  and  running  a 
pencil  along  the  edges  C0>  OB,  and  into  the  slit  OA. 
E  ..^JSL  Scales  of  parts  answering  to  the  projections  of  equal 

Afit<'^'***^**N>w        P*'*'  ***  ^"^  ^^^^  along  tbe  three  azes^  and  repeated 
Fnn.i...r;..............^^>»».      QQ  ^Yie  unoccupied  sides.    Tlie  position  of  a  point 

^  ^    whose  coordinates  are  given  is  then  immediately  Kmnd 

by  taking  off  the  coordinates  on  the  axes,  and  using  a  parallel  ruler.    The  best  way 

of  laying  down  the  different  scales  of  equal  parts  is  by  obeerving  that  their  units  on 

OG,  OE,  and  OF  must  be  as  the  square  roots  of  the  sines  of  double  the  angles  at 

G,  E,  and  F:  also  the  angle  at  G  is  the  supplement  of  EOF,  Ac.    Seethe  ^ — 

hridffe  JlSathemaiieai  Joumaly  vol.  ii.  p.  92. 


w  c 
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The  diagrun  berure  us  reprcBentB  in  three  positione  the  projection  of 
the  lines  of  curvature  of  an  elliptic  paraboloid,  to  which  we  ghall  pre- 
Mntly  come.  In  the  middle  6gure,  O  (hidden  by  the  solid)  is  the  origin, 
and  the  line  drawn  to  the  eye  is  meant  to  make  equal  angles  with  OX 
and  OY,  and  a  much  larger  angle  with  OZ.  This  figure  cuntains  one 
quarter  of  the  frustum  of  the  paraboloid.  On  the  right  we  see  two 
(juarters  projected  on  the  plane  of  ZX ;  the  axis  of  y  psBses  through  the 
eye  and  ia  invisible,  and  the  point  Q  of  the  last  figure  is  now  confounded 
with  Z.  On  the  left  we  alto  see  two  quarters  projected  on  the  plane  of 
ZY,  the  axis  of  J  is  now  invisible,  and  P  and  Z  are  confounded. 

Let  2z^^acc*+by*  be  the  equation  of  the  surface  :  that  is,  let  it  be  an 
elliptic  or  hyperbolic  paraboloid,  according  as  a  and  b  have  the  same  or 
different  ligns,  the  axis  of  z  containing  the  foci  of  the  pnacipat  parabolic 
sections  (A.  G.  422—500).     We  have  then 

p~ax,     9— 6y,     r^a,     t=0,     t=b,     rt—t*^ai>i 
wheoce  the  equation  for  determining ;/  is 

aVjy.3/'+(6— o+a'6*'-a6'y')y'— o'6jy=0, 
or  mtliing  {b — a)  :a£*=:B,  a:  b^A, 

jy.y*— (y*— Aj*-B)  y'- Ajry=0 (j/)- 

This  equation  (and  many  others  of  a  higher  degree  than  the  first)  is 
most  easily  integrated  by  [i)rming  the  A'iS.  equ.  of  the  next  order :  if  this 
iMt  can  then  be  completely  integrated,  it  will  have  two  new  constants, 
between  which  an  attempt  to  verify  the  given  equation  will  give  a 
relation  which  assigns  one  in  terms  of  the  other.  Make  a  transforma- 
tion of  the  preceding  equation,  differentiate,  and  eliminate  B  aa  follows  ; 

(yy'+A*)(«y-y)+By'=o, 

(yy+y"+A)(.Ty'-y)+(yy'+Ax)iy»+By"=0. 

y'(yy*+s^+A)(V-y)+(w'+A*)*y'y"-(yy'+Aj^)(V-y)y'-o. 
or  (y"+A)  {(V-s)y'+->w"}=o; 

the  first  factor,  y'*+A,  being  made  =0,  may  give  a  real*  singular  solu- 

•  It  will  be  found,  howcrn',  on  eiuoia 
•ingulki  wlutianj  and  it  will  tw  readily  •» 
t^vthn. 
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tioDy  if  A  be  negative :  if  we  equate  the  second  factor  to  0,  observing 
that  it  is  the  diff.  co.  of  (J'y'— y)yi  ve  find  (xy' — y)  y=:C'  for  a  step  in 
the  solution,  and  if  y:jf— »,  this  is  t;'jJ*y=C',  or  vv'x^rzQ'.  This 
gives  V* = — C'x~"  -1^  C  or  y* = C j:* — C  for  the  complete  solution.  Hence 
yy'=,Cx;  substitute  these  in  the  given  equation  after  multiply iug  it  by  y, 
and  we  hf^ve 

whidi  is  ijiciftically  true  if  pC'f  BGf  j^G'sO,  or  C'=:-(BC)  :  (C+A). 
Hencp 

ifl,  for  every  value  of  G  for  which  y  can  be  real,  the  equation  of  the 
projection  upon  <ry  of  a  line  of  greatest  or  least  curvature  of  the 
paraboloid :  and  it  is  generally  the  equation  of  an  ellipse  or  hyperbola, 
according  as  C  is  negative  or  positive;  but  its  meaning  will  require 
esa)nination. 

First,  we  do  not  seem  to  have  firawu  anv  distinction  between  lines  of 
one  and  the  other  curvature,  ^ince  (y')  has  been  completely  integrated  in 
(C).  But  if  we  now  require  a  curve  (C)  wliicli  shall  pass  through  a 
given  point  (X,  Y,J^aX'+i6Y*),  we  find  that  C  must  be  determined  by 
an  equation  of  the  second  oegree,  which,  reduced,  is 

a6*X«G?+(6-a+ay6X?-a^«Y»)C-a?6Y»=0 (C,X,Y). 

There  are  always  two  root?  to  this  equation,  one  positive  and  the 
other  negative,  whep  a  and  b  have  the  same  sign,  and  both  pQsitive  pr 
both  negative,  when  a  and  b  have  different  signs.  Gonoequenily,  in  the 
elliptic  paraboloid,  the  projection?  of  the  lines  of  one  sort  of  curvature  are 
ellipses,  and  of  the  other  sort  hyperbolas;  but  in  the  hyperbolic  para- 
boloid they  are  both  hyperbola^: 

First,  let  a  and  b  have  the  same  sign,  which  may  be  positive,  and  let 
5>a,  or  let  the  parabola  in  the  plane  of  zy  have  h  greater  curvature  at 
the  origin  than  that  in  zx.  Now  one  v^ue  of  G  is  =0  wh^n  Y=::0; 
that  is,  the  sectipn  of  the  surface  with  the  plane  of  2x  is  itself  one  line  of 
curvature.  Again,  G  has  one  value  infinite  when  X=0 ;  or  the  section 
in  ^h.e  plane  of  zy  19  a  line  of  curvature.  '  When  C  is  negative,  y,  in  (C) 
ia  injpossible,  unless  ab^C-tQ^b  be  negative,  or  un]je$9  Q  be  numeripally 
grei^^^r  than  f^:b.  If  from  2z==aj?*+^y'  and  (C)  we  form  the  ^q^^tion9 
of  the  prOjection9  of  these  curves  upon  zx  an^d  zy  we  Jiave  the  paraboU^ 

(^— a)C  /"k  I   ^\  9       b—a 


2;g=(a+feG)g»+\^'-  ,,     2z 


<'^^y 


abC+af  \       Cj^     b^O-^ab' 

We  havp,  aa  lalready  stated,  only  to  consider  the  values  of  G  from  0 
to  oc,  and  from  — a:b  to  —  oc.  When  G  diminishes  from  cc  to  0, 
remembering  that  G=  oc  gives  4r=0,  Gjc'='0,  we  see  that  the  projectioDs 
on  zx  vary  in  their  equations  from  2z=^(b — a):ab  to  2z=^ax\  indi- 
cating^ as  seen  in  the  right-hand  figure,  every  sort  of  parabola  between 
the  limit  UZ  (which  is  a  straight  line)  to  OP  itself.  But  on  the  plane 
of  zy  we  see  that  22^ by*  and  2z= — (6— a)  :  ab  are  the  hmits,  and  in 
evefy  parabola  z  is  negative  when  y  is  0,  giving,  as  in  the  left-hand 
figure,   all    kinds  of  parabolas,  drawn   about  vertices  from  z^O  to 
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«^ — (6 — a) :  ah.  And  the  projections  on  jy  are  a  family  of  h3rpeTbo1a8j 
of  which  we  may  get  a  good  idea  by  imagining  the  ascending  parabolas 
in  the  right-hand  figure  to  be  the  bases  of  cylinders,  which  obviously 
cut  the  surface  in  curves  which  project  on  the  plane  of  xy  into  pairs  of 
curves  with  two  infinite  branches  each.  If  we  now  suppose  C  to  vary 
from  ~  Qc  to  — a :  by  we  find  the  equations  of  the  projections  on  zx 
varying  from  2«=— cc.a7*-|-(6— o):a6  to  22=  cc,  while  the  inter- 
mediate form  is  22  =  (neg.  qu.)  j:'+(pos.  qu.)  We  have,  then,  as  in 
the  right-hand  figure,  a  succession  of  parabolas  turned  the  other  way, 
having  for  one  umit  the  line  UO,  and  rising  ad  infinitum.  On  the 
plane  of  zy,  the  equation  varies  from  2z=^by*  to  22:  =  cc,  and  its  inter- 
mediate forms  are  2z=(pos.  qu.)y' — (ii^g*  qu.))  belonging  to  parabolas 
turned  upwards.  We  have,  then,  the  other  set  of  parabolas  in  the  left- 
hand  figure,  beginning  with  Q'OQ.  The  equations  of  the  projection  on 
the  plane  of  xy  now  belong  to  ellipses,  and  if  we  w^re  to  form  parabolic 
cylinders  from  the  parabolas  just  described  in  the  right,  they  would 
obviously  cut  the  sunace  in  curves  which  would  project  on  the  plane  of 
xy  into  figures  resembling  ellipses. 

We  shall  now  consider  the  case  in  which  a  and  h  have  dififerent  signs, 
or  the  hyperbolic  paraboloid.  Let  b  be  negative ;  then  the  parabola  OQ 
must  be  turned  round  the  axis  of  y  until  it  is  below  the  plane  of  xy  in  th<^ 
plane  of  2y,  and  a  parabola  equal  to  OQ  moving  parallel  to  the  plane  pf 
zy  with  its  vertex  on  QP,  will  describe  the  surface.  If  for  6  we  write 
~  6,  the  equations  of  the  projections  become 

*      ^       ab*C^a*b  cf^abC 


Hi-^y^^^- 


If  0  \^  negative,  the  first  equation  is  impossible :  in  fact,  it  will  be 
seen  from  the  equation  (C,  X,  Y)  that  when  a  is  positive  and  b  negative 
the  valu^  of  C  ^re  both  positive.  As  C  varies  from  0  to  oc,  a  change 
^kes  place  in  the  pbaracter  of  the  projections  when  it  [passes  through 
a :  b>  When  C<a :  6,  the  hyperbolas  of  the  first  projection  have  their 
possible  diameters  00  the  axis  of  y,  and  the  impossible  ones  on  that  of  x; 
also  the  parabolas  of  the  9econd  and  third  projections  have  their  vertices 
below  the  ptap^  of  xy :  all  which  is  reversed  when  C>a :  b.  First,  let 
C  change  from  0  tp  a :  6 ;  th^  equation  of  the  second  projection,  then, 
varies  from  2z=ar*  to  2^  =  — x,  the  intermediate  form  being  2;p=s 
(pos.  qu.)x'— (pos.  qu.) ;  while  that  of  the  third  varies  from  2zs 
ccy* — (6-fa):iQ(6  to  2i;=  a,  the  intermediate  form  being  2«= 
(pos.  qu.)  y'  +  (neg.  qu.). 

These  parabola^  afe  seen  in  the  next  diagram  with  their  branches  going 
upwards,  though  in  the  projection  on  ZOY,  a  part  on  each  side  of  t))e 
vertex  does  not  belong  to  the  projection.  When  C  varies  from  a :  b 
to  cc,  the  projection  on  zx  varies  from  2z=s  CD  to  22=—  oc.a^-^(h-\-a) 
:  06,  the  intermediate  fonpi  being  22=:(neg.qu.)a;*--(neg.qu.);  while 
that  on  zy  varies  from  2z=:x  to  2^=  —  6y*,  the  intermediate  form  being 
25:=(neg.  qu.)y-h(pos.  qu.) 

We  now  pass  to  the  consideration  of  the  coordinates  of  the  centres  of 
curvature  (X,  Y,  Z).    We  have,  (page  434,)  y^  being  Ca? ;  y. 
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r+sij'  r+sj/'  « 

where  the  two  values  of  C  are  to  be  detennined  from  (Cj  X,  Y)  for  each 
point. 

Having  drawn  all  the  lines  of  cuTvature,  we  proceed  to  distin^ish  those 
of  greatest  and  least  curvature,  which  we  shall  do  in  the  elliptic  para- 
boloid, leaving  the  other  to  the  student  Taking  the  projection  npaa  the 
plane  of  zr,  let  it  be  remembered  that  for  the  ascending  curves,  C  is 
positive,  being  nothing  an  OP,  and  infinite  on  UZ :  while  in  the  equa- 
tiuDH  of  the  descending  curves  C  is  negative,  being  infinite  on  UO,  and 
continually  diminishing  (numerically)  towards — a:b.  And  the  co- 
ordinates of  the  point  U  are  j;=0,  y=^{(6— a):ai'},  r=(6 — a):2a&. 
When  a  and  b  are  both  positive,  the  equation  (C,  X,  Y)  shows  thmt  C 
ha«  one  positive  and  one  negative  value :  and  the  expression  above  given 
for  the  riuiius  of  curvature  is  the  greater  of  the  two  when  C  is  positive, 
and  the  less  of  the  two  when  C  is  negative.  Hence  the  projections  just 
described  as  having  positive  values  of  C  belong  to  the  cun'ea  of  leatt 
curvature,  and  the  others  to  curves  of  the  greatest  curvature.  Hence  the 
curve  QUOH'O*  (seen  laterally  in  the  figure  on  the  left)  is  a  line  of 
greatest  curvature  from  U  to  13  ,  and  of  least  curvature  everywhere  else. 
Therefore  the  difference  of  the  radii  of  curvature  changea  sign  at  U  and 
U',  on  the  supposition  that  a  poiut  moves  along  the  eurve  QOQ' :  that 
is,  this  difference  becomes  nothing  at  U  and  U',  or  the  radii  of  curvature 
are  then  equal.  A  point  of  this  kind,  which  is  so  situated  upon  a  line 
of  curvature  that  ihe  arcs  on  the  two  sides  of  it  are  of  different  species  of 
curvature,  is  called  an  vmbiiicus,  or  umbilical  point:  though  it  must  be 
noted  that  the  term  it  extended  to  every  point  at  which  the  two  curva- 
tures are  equal. 

Since  C  is  infinite  at  every  point  of  the  curve  QUOU'Q*,  and  x  w 
nothing,  the  term  Or*  in  the  expression  of  the  radii  is  ambiguous. 
Return  then  to  the  equation  by  which  Z— z,  or  Z^  is  determined,  and 
we  find 

<z6Z;-{(l-t-6*y«)a+{l+u'a»)A}Z,+(l+o'j:'+6V)=0- 
The  values  of  Z,  are  the  projecciona  of  the  radii  of  curvature  upon  the 
axis  of  X,  and  will  be  equal  when  the  radii  are  equal.     Apply  the  teat  for 
equal  roots  to  this  equation,  and  it  will  be  found,  after  reduction,  that 
there  are  equal  roots  when 

{6-a-fl&(iy'+ac')}'+4o6(6-a)oi*=0; 


[ 
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an  equation  which  (6>a)  can  only  be  satisfied  by  j?=0,  y*£=(6-a) :  a&*; 
that  18,  only,  at  the  points  U  and  U^ 

The  following  problems  may  be  easily  solved  from  the  preceding 
equations. 

1.  Neither  radius  of  curvature  is  ever  equal  to  nothing,  unless  at 
a  point  for  which  rt — s*  is  infinite,  or  infinite,  unless  at  a  point  at  which 
r^— «*=0.  And  one  of  the  radii  of  curvature  is  infinite,  at  every  point 
of  a  developable  surface,  and  the  converse.  ^ 

2.  When  the  radii  of  curvature  are  equal  in  magnitude,  but  different 
in  sign, 

(1 +9')  r-2p(7*+(l+p*)  <=0; 

and  this,  when  true  at  every  point  of  a  surface,  is  the  equation  of  a 
surface  at  every  point  of  which  the  radii  are  equal  and  contrary  in  sign. 

3.  The  last  equation  is  satisfied  by  that  of  a  plane :  in  what  sense 
can  this  surface  be  said  to  have  the  property  which  it  implies  ? 

4.  The  points  at  which  the  radii  of  curvature  are  equal,  and  of  the 
same  sign,  are  determined  by  the  equation 

{(l+<?')r-2pg»+(l+p*)  <}'=4(r«-j«)(l+p«+9«),  or 

{Tr-2S*+Ri}«=4(ri-0(RT— S*),  or 

(Tr-R0'+4  (SZ-.TO(Sr-RO=0; 

which  is  satisfied  by  R  :r=:S:«=T:  <,  and  by  nothing  else.* 

I  shall  now  briefly  give  the  manner  in  which  Monge  shows  that 
R:r=S:*=T:^,  or  Tj-S/=0,  Rs-Sr=0,  can  only  belong  to  a 
sphere.  From  the  equations  in  page  435,  these  give  V^=0,  W,=:0, 
whence  V  can  only  be  a  function  of  x,  and  W  of  y ;  that  is, 

But  dp :  dy^dq  i  dr,  which  it  is  found  will  require  4>'^'=^'^'y  to  be 
true,  independently  of  any  relation  between  y  and  x.  This  cannot  be 
unless  ^'x  and  f'y  are  both  constants,  giving  ^:r=cj?+A:,  yfryt^cy+k^. 

*  Solve  the  preceding  equation  with  roipect  to  S,  and  a  result  will  be  found,  the 
reality  of  which  depends  on  that  of  jJ  («'— r/).  But  from  the  equation  preeedinji; 
that  which  waa  solved,  since  RT— S^or  l+p'4-9^  is  necessarily  positive,  it  follows 
that  r/— «'  is  positive  or  «*— W  is  negative.  Hence  no  real  relation  can  exist  except 
the  pair  of  equations  which  make  the  given  equation  identical. 

There  is  in  the  Application^  S^c,  of  Monge  (page  171 «  edition  of  1807)  one  of  the 
most  curious  chapters  which  ever  appeared  on  the  subject :  the  rrmarkablo  part 
being  the  manner  in  which  he  has  aUowvd  the  gradual  corrtfction  of  a  false  impres- 
sion to  appear,  which  most  persons  would  have  avoided  by  rewritiny^  the  whole 
section.  He  is  obviously,  up  to  the  chapter  in  question,  under  the  impression  that 
there  exist  other  surfaces  besides  the  sphere  of  which  all  the  points  are  umbilical ; 
as  appear  both  from  his  previous  alluttions  to  the  coming  chapter,  and  from  the 
manner  in  which  he  opens  it.  Setting  out  under  this  assumption,  he  proceeds  to 
integrate  the  equation,  in  which  he  succeeds,  but  in  a  manner  which  gives  two 
equations  between  x,  y,  and  x,  instead  of  one,  from  which  he  infers  that  the  equation 
only  belongs  to  a  curve,  instead  of  a  surface.  This  extraordinary  result,  as  be  calls 
it,  ^still  ne\er  looking  to  see  whether  the  duplicity  of  the  conditions  was  not  implied 
in  the  fundamental  equation,)  he  proceeds  to  verify,  by  attempting  to  construct  a 
surface  of  the  given  kind  in  the  form  of  a  connecting  surface  of  a  family  of  spheres. 
The  result  of  this  investigation  is  that  the  radius  of  the  moving  sphere  is  always  =0, 
which  reduces  the  surface  again  to  a  curve* 
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Let  these  be  substituted,  and  the  method  in  page  19*7  fdlowed,and  it  will 
be  found  that 

(cz + k,y+  (cy + *,)«+  icx+ Af)«=  1, 

which  is  the  equation  of  a  sphere. 

I  now  give  a  professedly  incomplete  djsmonstratipn  of  the  method  of 
drawing  the  shortest  line  between  two  points  of  a  given  surface :  that  i? 
to  say,  incomplete,  inasmuch  as  the  considerations  here  laid  down 
must  be  much  developed  and  made  more  rigorous  in  form,  before 
conviction  could  be  brought  by  them  to  the  mind  of  a  beginner.  The 
subject  will  be  more  fully  treated  in  the  next  chapter. 

First ;  if  a  tangent  be  drawn  through  a  given  point  of  a  curve,  and 
also  a  very  small  chord,  the  plane  of  the  chord  and  tangent  may  be 
brought  as  near  as  we  please  to  the  osculating  plane.  For  if  the  curve 
had  not  two  curvatures  (page  413)  that  plane  would  be  the  osculating 
plane  itself;  and  the  smaller  the  arc  taken,  the  smaller  is  the  effect  of  the 
second  curvature,  or  the  more  nearly  does  the  .plane  of  the  tangent  and 
chord  coincide  with  the  osculating  plane. 

Secondly;  if  a  very  small  chord  be  drawn  to  a  curve  which  lies  on  a 
given  surface,  the  shortest  line  which  can  join  the  ends  of  that  chord  on 
the  surface  must  be  that  which  is  nearest  to  the  chord  itself,  the  latter 
^ing  the  absolute  least  distance  between  the  two  points.  The  smaller 
the  chord,  the  more  nearly  is*  this  line  situated  in  a  plane  which  passes 
through  the  normal  of  thp  surface. 

Thirdly ;  if  the  shortest  line  be  drawn  from  A  to  B  on  a  surface,  and 
if  C  and  D  be  any  intermediate  points,  however  near,  then  CD  must  be 
the  shortest  line  on  the  surface  between  C  and  D :  for  if  a  shorter  line 
could  be  drawn  between  C  and  D,  it  is  obvious  that  a  shorter  path  could 
be  made  from  A  to  B. 

Hence,  if  the  arc  CD  be  made  infinitely  small,  the  plane  of  its  chord 
and  tangent,  which  by  the  second  consideration  is  normal  to  the  surface, 
is  by  the  first  the  osculating  plane  of  the  curve :  or  the  osculating  planes 
of  the  shortest  line  between  two  points  are  at  all  points  perpendicular 
to  the  tangent  platies  of  the  surfaces  drawn  through  those  points. 

Thus  much  being  admitted,  the  equations  of  the  shortest  line  readilj 
follow.  Let  Sy  the  arc  of  the  curve,  be  the  variable  in  terms  of  which 
X,  y^  and  z  are  expressed)  so  that  op'=dx:dSy&c.  Let  ^(x,  y,  z):^0 
be  the  equation  of  the  surface,  ^x>  &c.  being  the  partial  diff.  co.  of  <b. 
Then,  since  the  curve  is  on  the  surface,  we  must  have  ^a.jZ+^^.y' 
+  0,.2'=O,  while  the  expression  of  the  tangent  plane  of  the  surface  at 
the  point  (x,  j/,  z)  being  perpendicular  to  the  osculating  plane  of  the 
curve  is  obviously  *,.,r//-|-*,.y,;4-^««2//=0,  (page  407  and  409,  and 
A.  G.  p.  219),  or 

(^,  /'  -  *.  f)  x'+  (*.  a:"-*,  ^'O  y'+ (O,  y"-%  j/0  z'=0. 

But  since  $«.y+&c.=0  and  ^\.v'+&c.=0,  it  follows  that<2/,  y',  and 
i'  are  in  the  proportion  of  *j,y  —  *,y",  &c.  If,  then,  *ya/'— ♦.y^ 
=0/,  we  must  have  ^^j?" — ^,  ?"=ory'  and  *,^ — 4>^y=cit«',  whence 
the  last  equation  gives  a (j/*+*y'*+a:'v  =  0,  or  aX  1=0,  or  «=0.  Tliat 
is,  the  diff.  equ.  of  the  shortest  line  drawn  from  one  point  to  another 

*  X  have  iatioduced  this  here  that  the  student  may  try  to  9ee  it :  it  is  not  demoi^ 
strated. 
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OQ  the  f^ur&ce  ^(r,y,^)==0,  e^ibjted  in  an  unabbreviated  form,  are 
any  two  of  the  three 

d*  iFz  _d*  d'y     d^  eFx  ^dib  (Pz      d*  d^y  ^d^  d^x 
dy  d«*  "^ 4z   dsf*    dz  ds^  '^dx  ^s**    dx  df  '^dy  d^' 

I  say  any  two  of  the  three,  because  either  of  the  preceding  is  a  necessary 
consequence  of  the  other'  two.  These  may  be  reduced  (if  *=0,  give 
2=^  (x,y))  to  the  form 

d*.r        <Pz  d*!/         dfz  d*y        d^x 

d^+Pl^=''  dl+«drf=^'    P5?-?5?=''- 

Whjsn  the  surface  is  one  of  revolution  ^l^ouf  ^he  axis  of  2,  we  liave 

z=r0(j;*-f  y*),  pr  j^y— .gi==0:  and  substifution  in  the  third  pquation 

gives 

(Py        dfx 
x-r^  "^y  ;7J=^;  or  ^dy  --ydx^cds,  or  r^dd^cds ; 

r  and  0  being  the  polar  coordinates,  in  the  plane  of  xy^  of  the  point 
(■r,y).  Hence,  if  the  shortest  liue  between  two  points  on  a  surface  of 
revolution  about  the  axis  of  z  be  projected  on  the  plane  of  xy,  and  if  a 
point  moving  along  it  described  equal  arcs  in  equal  times,  the  radius  of 
the  projection  of  that  point  would  describe  equal  areas  in  equal  times. 
Let  the  surface  be  a  sphere,  so  that  the  shortest  line  between  two  points 
is  an  arc  of  a  circle,  and  its  projection  is  an  arc  of  an  ellipse  concentric 
with  the  circle.  I  leave  to  the  student  to  show  from  what  well  known 
properties  of  the  ellipse  the  preceding  assertion  may  be  verified.*  He 
may  also  show  that,  in  every  surface  of  revolution,  the  angle  made  by 
the  shortest  path  between  two  points  with  the  generating  curve  has  a 
sine  which  is  always  inversely  as  the  radius  of  the  projected  point. 

I  shall  conclude  this  chapter  with  the  consideration  of  the  ex- 
pressions for  the  arc  of  a  curve,  the  volume  inclosed  by  a  surface,  and  the 
area  of  a  surface,  for  which  we  have  employed  the  expressions  (say  j,  V, 
and  S) 

s=f^(dj^+dy*+dz%     Y=:ffzdxdy,     S==ffjil+p'fq')dxdy. 

Jha^  some  connecting  axiom  must  intervene  between  our  con- 
sideration of  purely  algebraical  formulae,  and  their  application  to  space- 
magnitude,  is  sufficiently  clear  from  the  total  difference  of  the  subject- 
matters  of  arithmetic  and  geometry :  but  whether  any  new  axioms 
are  necessary  to  the  application  of  the  differential  calculus,  or  whether 
those  which  are  employed  in  the  previous  application  of  arithmetic  and 
algebra  will  be  sufficient,  is  now  the  real  object  of  inquiry.  Looking  at 
Chapter  VII I.,  we  might  be  led  to  suppose  that  one  or  the  other  suppo- 
sition might  prove  correct,  according  to  the  nature  of  the  question :  thus 

*  Very  simple  mechanical  considerations  would  g^To  a  general  verification. 
Granting  that  a  material  poinf^  acted  on  by  no  forces  brtt  those  which  constrain  it  to 
move  on  a  given  surface,  must  move  uniformly,  and  must  describe  the  shortest  line 
>>etween  any  two  points  in  its  course:  then,  the  whole  constraining  pressure 
being  normal,  and  the  normal  alwiiys  passing  fliroygh  the  axis  of  x,  it  Ibllows  that 
the  component  of  the  constraiding  ibrde'  in  the  plane  of  xy  always  passes  through 
the  origin ;  or  the  projection  of  ('x,  y,  x)  on  the  plane  of  xu  descrrbeft  ec^uai  areas  in 
equal  timek.  - 
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the  consideration  of  area  (page  141,  142)  requires  no  new  arithmetical 
relation  of  geometrical  magnitudes  to  he  assumed ;  while  that  of  length 
(page  140)  requires  the  assumption  that  the  arc  PQ  (page  136)  is 
greater  than  the  chord  PQ,  and  less  than  the  sum  of  PT  and  TQ. 
What  is  the  reason  of  this  difference  in  the  character  of  the  two  investiga- 
tions ? 

Area  (and  also  volume,  or  solid  content)  is  a  magnitude  of  such  a  kind 
that  portions  of  it,  even  when  curvilinear,  can  he  tdcen,  such  as  have  been 
considered  in  elementary  geometry.  Thus  the  area  of  a  curve  (page  141) 
can  be  subdivided  into  a  succession  of  rectangles,  and  another  succession 
of  curvilinear  triangles  each  of  which  is  as  much  unknown,  so  far  as  an 
algebraic  expression  for  it  is  concerned,  as  the  whole  area  itself.  But 
by  continuing  the  subdivision,  the  sum  of  all  the  curvilinear  triangles 
diminishes  without  limit,  while  the  sum  of  the  rectangles  does  not  The 
rationale  then  of  the  method  by  which  the  difficulty  is  avoided  is  as 
follows :  the  result  required  is  compounded  of  ZA,  which  can  be  attained, 
aud  ZB,  which  cannot;  it  is  in  our  power  to  make  a  supposition  by 
which  i.B  diminishes  without  limit,  consequently  the  limit  of  2A  is  the 
result  required. 

But  when  we  come  to  consider  the  arc  of  a  curve,  or  the  area  of  a 
curved  surface,  the  case  is  entirely  altered.  No  subdivision  of  either  of 
these  is  of  a  more  simple  kind  than  the  whole :  a  small  arc  is  still  an  arc, 
as  different  in  species  from  a  straight  line  as  a  large  arc ;  and  the  same 
of  a  small  curved  area  with  respect  to  a  plane.  A  new  axiom,*  therefore, 
becomes  requisite,  and  the  following  will  be  found  sufficiently  easy,  aud 
perfectly  adequate. 

If  two  finite  and  variable  lines  or  surfaces  perpetually  approach  to 
coincidence,  the  lengths  or  areas  perpetually  approach  to  a  ratio  of 
equality.  To  understand  what  is  meant  by  approach  to  coincidence, 
through  every  point  of  each  line  or  surface  imagine  a  line  drawn  parallel 
to  a  given  plane  and  meeting  the  other.  If,  then,  the  lines  or  aurfaces 
remain  finite  throughout  the  variation,  perpetual  approach  to  coincidence 
means  that  all  the  parts  of  these  parallels  intercepted  between  the  lines 
or  surfaces  diminish  without  limit.  But  if  the  lines  or  surfaces  diminish 
without  limit,  approach  to  coincidence  requires  that  the  parts  of  the 
parallels  should  diminish  without  limit  in  their  ratio  to  the  lengths  of  the 
lines  or  the  lengths  of  the  boundaries  of  the  figures.   The  plane  to  which 

*  Some  vriters  hasten  forward  io  the  actual  investigation »  with  what  looka  like  a 
feelings  of  unwiUiiiji^ness  to  state  theii  axiom :  some  are  explicit  on  the  easier  cases, 
and  abandon  the  harder  ones  with  an  *'  in  the  same  manner  it  may  be  proved,  ftc." 
Others  make  assumptions  which  require  long  trains  of  investigation  to  produce  the 
mokt  Kimple  consequences.  Others  again  consider  that  they  remove  the  difficulty 
by  adoptmg  the  language  and  hyiH>thest>8  of  the  infinitesimal  calculus,  forgetting 
that  such  language  is  not  admissible  instead  of  axioms,  but  that  on  the  cmtrary 
it  is  to  the  distinct  conception  of  axioms  and  their  couvequences  that  the  infinite- 
simal phraseology  pwes  its  title  to  be  used  in  an  accurate  treatise. 

It  would  be  invidious  to  produce  instances  of  the  first  manner  above  mentioned : 
for  the  second,  compare  Lagrange,  Theorie  det  FonefiVuM,  pp.  218  and  300  :  for  the 
third,  see  Lacroix,  vol.  ii.  p.  198,  (aoitt):  and  for  the  fourth,  see  the  text  of  the  same 
note. 

It  is  not  professed  that  the  axiom  proposed  in  the  text  contains  less  of  assump* 
tion  than  is  involved  in  those  of  preceding  works :  its  recommendation  is  the  univer- 
sality of  its  application  and  the  distinctness  with  which  the  whole  point  asaumed  is 
seen.  I  apprehend  that  the  same  amount  of  assumption  and  no  more  will  be  found 
in  Newton*8  first  section. 
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the  parallels  are  drawn  need  not  be  fixed,  but  may  preserve  a  fixed 
relation  to  one  of  the  lines  or  areas. 

The  axiom  is  most  undeniably  true  when  the  lines  or  figures  remain 
finite ;  its  truth,  of  course,  eludes  the  senses  when  the  figures  diminish 
-without  limit.  But  here  it  may  be  made  perfectly  clear  that  the  defini- 
tion of  approximate  coincidence,  as  applied  to  diminishing  lines  or 
figures,  is  a  necessary  consequence  of  the  same  in  the  case  of  those  which 
remain  finite,  provided  we  admit  that,  however  pmall  a  figure  may  be,  we 
can  conceive  figures  of  any  size,  perfectly  similar  in  form.  With  such 
an  admission,  suppose  that  while  (the  lines  or  figures  diminish  without 
limit,  other  lines  or  figures  are  formed  which,  always  remaining  similar 
to  the  diminishing  lines  or  figures,  do  not  diminish  without  limit.  If, 
then,  for  example,  p  be  the  length  of  one  of  the  lines  (diminishing)  and 
w  one  of  the  intercepts  between  the  two  lines,  drawn  as  above,  and  if  P 
be  the  corresponding  length  in  the  finite  picture  of  the  diminishing 
system,  and  II  the  corresponding  intercept,  approach  to  coincidence,  if 
it  take  place  in  the  finite  figures,  requires  that  II :  P  should  diminish 
without  limit.  But  by  the  similarity  of  the  figures  n :  P=^ :  p,  whence 
vr :  p  must  diminish  without  limit.  And  in  the  notion  of  the  similarity 
of  the  figures,  distinctly  conceived,  it  is  implied  that  if  the  axiom  be 
admitted  as  to  the  finite,  it  must  be  admitted  as  to  the  diminishing,  figures. 
From  the  preceding  it  immediately  follows  that  the  arc  of  a  curve  tends 
to  a  ratio  of  equality  with  its  chord,  even  supposing  that  no  arc  of  the 

curve,  however  small,  is  plane.    Let  AB  be  a  small 

QJC  ^^»  ^^  ^  portion  of  its  tangent  at  A,  and  BC  a  line 

^     I     drawn  parallel  to  a  given  plane.    Through  every  point 

-^^— =^=^P   P  of  the  curve  draw  a  plane  PQR  parallel  to  that 

plane,  meeting  the  tangent  and  chord  in  Q  and  IL 
By  the  way  in  which  the  tangent  is  drawn,  both  PQ  and  QR*  may  be 
made  as  small  as  we  please  with  respect  to  AR  and  to  AB,  by  beginning 
with  an  arc  sufficiently  small.  Hence,  when  B  approaches  without 
limit  to  A,  there  is  a  continual  approximation  to  coincidence  between 
AB,  the  arc  AB.  and  AC.  If,  then,  we  take  a,  so  that  the  arc  AB,  Us, 
shaU  be  =ABx  (l+a),  we  see  that  a  and  AB  diminish  without  limit 
together,  whence  lAs  or  2V(^**+Ay'4-A2")«(l  +  flf)  has  the  same 
limit  as 

2V(Aj*+V+^«*)>  or  8rzfj(dai'+dy*+dz*y 

Next,  let  P  be  a  point  in  a  surface,  and  PA  and 
PB  being  parallel  to  the  axes  of  x  and  y,  let  PA 
and  PB  be  Aj*  and  Ay.  Hence  PRQS  is  the  por^ 
tion  of  the  surface  which  stands  over,  and  is  pro- 
S  jected  upon  the  rectangle  on  the  plane  of  jry,  whose 
area  is  Ax.  Ay.  The  corresponding  portion  Prqs 
of  the  tangent  plane  obviously  approaches  to  coin- 
cidence with  PRQS ;  for  if  lines  be  drawn  through 
every  point  of  PRQS  perpendicular  to  the  plane  of 
xi/f  the  intercepted  deflections  (as  they  were  called) 
as  PA  and  PB  diminish,  diminish  without  Umit  as 


*  This  must  be  proved :  that  in,  it  must  be  shown  that  a  line'pasnng  through  the 
points  (x,^,g)  and  (d?4*Ar,y+Ay,  s+At)  approaches  without  limit  to  the  tan- 
gent as  A^r,  &c.  are  aiminished  without  limit. 
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compared  with  PA  or  PB,  and  tberewith  with  Pr  and  Ps.  tt,  then,  we 
say,  let  PRQS=Pr9^  (l  +  a),  a  mtist  diminish  without  limit,  or 
2  (PHQS)  and  2  (prqs)  have  the  same  limit,  the  first  heing,  when  the 
summation  is  made  between  the  given  limits,  the  required  area  of  the 
surface.  Let  d  be  the  angle  made  by  the  tangent  plane  with  that  of  j^  ; 
then,  by  a  well  known  theorem,  (A.  G.  p.  200.)  P^*co8©=i*BCA 
=Ar.Ay ;  and,  the  equation  of  the  tangtot  plane  being  f — jt=p  (J— Jr) 

■f  9  i^'~y)f  ^e  have  cos  0=(1  +p*+9*)    »  neglecting  the  sign.     Hence 

Pgrf=V(l+?^+9*).AtAy;  area  required  =:ff4/(l+p^+f)dxdy^ 

the  expression  already  used. 

The  expression  for  the  volume  contained  by  a  portion  of  the  surface, 
the  plane  of  xy,  and  all  the  planes  which  project  the.  boundary  of  the 
former  on  the  latter,  has  been  already  shown  to  htffzdx  dy,  it  may 
also  be  represented  thus,  ffjdxdydz*  If  upon  the  elementary  rect- 
angle ^  Ay  we  erect  'ordinates  at  the  foiir  corners,  we  have  a  figure 
which  would  be  a  prism  if  the  uppei*  Surface  were  not ,  curved.  If  z  be 
divided  into  any  number  of  parts,  each  Ar,  we  have  in  this  prismatic 
figure  a  number  of  right  solids,*  each  naving  the  content  of  2^  Ay  A2 
cubic  units,  together  with  a  £giire  which,  as  2  diminishes  without  limit, 
diminishes  without  limit  as  compared  wfth  the  sum  of  the  preceding. 
Hence  the  expression  above  given  for  the  solidity  is  derived. 

Previously  to  entering  upon  the  application  of  our  subject  to  mechanics 
it  will  be  desirable  to  treat  of  the  Calculus  of  Variations^  to  which  I 
accordingly  proceed. 


Chapter  XVI. 
ON  THE  CALCULUS  OF  VARIATIONS. 

A  eHAPTBR  on  this  subject  must  be  introduced  before  anything  like  a 
general  view  of  the  application  of  the  differential  calculus  to  meehanies 
can  be  given.  It  must  be  remembered  that  hitherto  we  have  considered 
only  differentiations  of  one  species.  It  is  triie  that  in  fiilidiont  of  more 
variables  than  one,  we  have  treated  tpgether  of  differentiations  made  with 
respect  to  the  different  variables.  Thus  xXo^y  has  two  diff.  co.,  logy 
and  X :  y^  according  as  we  stippose  x  oxy  io  vary.  But  we  have  never 
yet  supposed  two  increments  independently  given  to  t,  arising  from 
different  circumstances  of  variation,  and  requiring  the  simultaneous  con- 
sideration of  differentials  dx  and  £jr,  essentially  differing  in  the  notions 
from  which  they  are  derived.  If,  indeed,  we  consider  x  as  a  function  of 
two  variables,  v  and  w^  and  ireprestot  by  dx  and  ix  the  differentials  of  x 
taken  from  the  variation  oft?  only  in  the  first  case  and  w  in  the  second, 
we  might  make  a  science  closely  resembling  the  calculus  of  variations. 
But  the  problems  which  will  require  consideration  under  this  head  are 
those  in  which  dx  and  Ix  are  purely  arbitrary,  and  independent  of  all 
functional  connexion  between  x  and  other  variables. 

*  I  use  this  ttocm  in  pr^ferencs  to  ihk  longer  ohe,  rectac^lar  panllelopiped.   See 
Faballklopxtsd,  in  the  Fennjf  tyclopmdm. 
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With  regard  to  the  term  calculus  of  variations ,  it  is  ohviously 
improper  as  distinctive  of  this  particular  branch  of  the  subject,  since  all 
that  has  preceded  is  certainly  a  calculus  of  variations.  It  is  only  when 
by  variation  we  agree  to  understand  a  new  and  distinct  sort  of  differ- 
enlial^  that  the  word  is  significantly  introduced :  and  it  would  be  more 
proper  tb  say  that  the  differential  calculus  is  a  calculus  of  variations,  but 
that  the  particular  part  of  it  now  under  consideration  is  a  calculus  of 
essentially  different  and  independent  species  of  variations,  in  which  the 
same  quantity  is  considered  as  an  independent  variable  in  two  or  more 
distinct  points  of  view. 

For  example,  in  every  problem  of  equilibrium  there  is  no  change  of 
place  consequent  upon  mere  lapse  of  time ;  nevertheless  such  problems 
are  solved  by  consideration  of  the  variations  which  a  system  would 
undergo,  if  an  infinitely  small  change  of  place  were  made,  such  as  the 
connexion  of  the  parts  will  allow.  This  small  change  of  place  need 
not  be  supposed  to  be  made  in  time ;  it  would  do  equally  well  if  it  were 
instantaneous :  and  if  the  impenetrability  of  matter  did  not  forbid,  it 
might  be  simply  supposed  that  a  second  system,  perfectly  similar  to  the 
first,  was  placed  infinitely  near  to  it,  without  any  notion  of  the  one 
system  moving  into  the  place  of  the  other.  Again,  in  dynamics,  the 
actual  motion  of  a  system  is  the  subject-matter  of  the  problem ;  that  is 
to  say,  the  aggregate  of  actual  successive  infinitely  small  variations  of 
place  which  occur  in  the  successive  lapses  of  infiiiitely  small  portions  of 
time,  accumulated  by  the  integral  calculus.  But  every  problem  of 
motion,  of  which  the  circumstances  are  known,  may  be  reduced,  as  we 
shall  see,  to  one  of  equilibrium :  that  is  to  say,  the  properties  of  the 
actual  variations  which  do  take  place  may  be  investigated  by  means  of 
the  simple  changes  of  place,  without  reference  to  time,  which  might  be 
made  in  a  system  at  rest.  Here,  then,  enters  a  science  of  comparison 
of  different  species  of  variations,  or  a  calculus  of  variations,  technically  so 
called. 

This  calculus  is  essentially  one  of  differentials,*  not  of  differential 
coefficients.  The  latter  do  not  change  with  the  species  of  variation,  as 
long  as  the  connecting  relation  of  the  variables  remains  the  same.  If, 
for  instance,  y=«*,  and  it  be  convenient  in  one  point  of  view  to  increase 
s  by  the  infinitely  sinall  quantity  dr,  and  in  another  point  of  view  by 
Bx^  and  if  dy  and  ^y  be  the  corresponding  infinitely  small  variations  of 
y;  it  follows  that  (2^= 2jre^  and  Jy=2y5j:,  and  rfy  :dr=^y:^x=2<r. 
Similarly,  if  a  function  of  ^rj,  x,,  x^,  &c.  be  increased  hjFidxi+Ptdx^ 
+  ....,  when  X|,  Xj,  &c,  become  JTi+dxi,  Xa+rf-r,,  &c.,  it  will  be 
increased  by  Pi^jj+Pa^x^ +...,,  when  Xi,  j?j,  &c.  become  «ri+ 3 j?|. 

To  form  a  primary  notion  of  the  distinction  between  differentials  and 
variations,  let  y=:<i>x  be  a  relation  existing  between  y  and  jf,  aiid  let  the 
curve  be  drawn,  of  which  it  is  the  equation.  If  x  increase,  and  if  the 
continuance  of  this  relation  be  the  condition  by  which  the  corresponding 
increase  of  y  is  determined,  the  ratio  of  the  changes  of  y  and  x  is  deter- 
mined by  common  differentiation;  or  dy:=.^^x.dx.  By  an  increase  of 
X  and  y,  then,  we  move  from  point  to  point  of  the  curve  whose  equation 
is  iftx.     Next,  let  us  consider  another  8t)ecies  of  change,  in  which,  when 

*  The  most  rigid  opponents  of  differentials  have  never  attempted  to  present 
the  notation  of  the  calculus  of  variations  in  a  manner  conformable  to  their  own 
general  principles. 
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X  is  increased  by  5t,  the  value  of  y  is  altered  by  an  infinitely  small 
quantity  iy  which,  though  it  be  a  function  of  x  and  5x,  is  not  determined 
by  ^y=:0'jr.Sj,  but  by  a  totally  different  relation,  in  such  a  manner  that 
x+Ex  and  y+Sy  must  be  coordinates  of  another  given  curve,  infinitely 
near  to  that  of  y=<f>x. 

Let  PC  be  the  curve  of  y^^fpx,  and 
Vc  the  last  mentioned  curve,  and  letp 
and  q  be  the  points  of  the  second  curve 
corresponding  to  P  and  Q  of  the  first. 
We  have,  then,  the  following  relations 
between  the  variations  and  the  differ^ 
eniials  of  x  and  y : 

PR=dj,  PA=Si',  QR=<fy,  hq-=^. 

By  Z  dx  is  meant  the  change  which  dx 
undergoes  when  P  and  R  are  changed  by  variation  to  p  and  r :  or 
pr — PR.  And  by  d  Ix  is  meant  the  change  produced  in  hx  by  changing 
the  position  of  P  on  the  curve  y^<t>x;  or  QH — PA-  But  QH — PA 
=RB-PA=AB— PR=pr-PR;,  or  Ux=^dix.  Similarly,  Sdy  is 
9?"  — QR,  and  d'^y  is  qVl  —  jjA,  whence  diy:=z^dy.  And  the  same  may 
be  proved  of  any  function  of  x  which  remains  unaltered :  thus  i0x 
=<j(»'j?.^x,  and  rf^0jc=<j>"j'.dj?^x-j"0'j?.cf5x,  and  (f<j>x=0'x.djr,  while 
Bd  0a?=r  (f}''x  ix  dx + <p'x  Idx ;  whence  M  <t)Xz=:  dS  (/}x. 

It  easily  follows  that  lfydx=:fh(ydx).  Let  fydx:=iz\  whence 
ydx=:dz  and  i  {ydx)=iMz^dBz,  Integrating  both  sides,  we  have 
fB  (ydx'y^ilg^Jydx.  We  have  here  but  repeated  theorems  which 
we  have  already  proved  in  pages  161  and  197.  The  whole  of  this 
subject  may  be  connected  with  the  calculus  of  several  variables  pre- 
viously explained  in  the  following  manner.  Let  j:=  a  (£,»),  y=y8  (£,  v), 
where  a  and  fi  are  such  functions  as  will,  when  t;=:a,  give  the  required 
relation  y=<f><r  by  elimination  of  £. 

Thus,  let  x=a(f,o)  give  £=«""*  (i,  a) ;  it  is  required,  then,  that 
fi  {a~^  ^x\a)fa}  shall  be  identical  with  ^x.  If  (  only  vary,  x  and  y 
will  therefore,  when  i;=a,  vary  in  such  manner  that  dyz=i<f/x,dx:  but 
if©  vary,  and  become  a-\-da,  x  and  y  will  vary  in  a  totally  different 
manner.  To  compare  this  view  of  the  subject  with  the  preceding,  we 
have 


dK 


da 


da 


dSx=:  -z — ;.  da  d{,   Srfx=:  -—it  <f  J  c2a,  &c. 


dadi 


d^da 


This  latter  view  of  the  subject,  though  instructive,  is  unnecessary  in 
its  details,  partly  because  it  is  really  but  another  way  of  expressing  the 
complete  independence  of  dx  and  $t,  and  partly  because  the  present 
state  of  the  calculus  of  variations  will  require  us  only  to  consider  the 
first  orders  of  variation  (^x,  ^y,  &c»,  and  not  ^*x,  ^,  &c.)  There  are, 
in  truth,  but  two  great  problems  in  this  subject,  one  general,  the  other 
mostly  applied  in  mechanics.    We  pass  on  to  further  details. 

Let  it  be  required  to  express  ^y,  ^y",  ^y"',  &c.,  y,  y",  &c.  being 
diff.  CO.  of  X  with  respect  to  y.  Let  P  be  a  function  of  x,  and  P  its  diff.' 
CO. ;  we  have  then 
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WP      dF.Mx     d.5P     dP  dhx 


'-<£) = 


dx  dr*  dx        dx    di 


=i  O-S-)  -S-- 


or  aP'— P"aj?=D  (aP— P'Sj),  where  D  atands  for  the  diff.  co.  of  the 
function  to  which  it  is  prefixed.  Apply  this  succeMively  to  y\  y'\  &c., 
and  we  have 

ay  -y"ai=D(ay  -y'  Ix) 

ay  -y'"aj=D  (ay  -y  aj)=D'  (ay-y'ao:) 
ay'-y^aj?  =d (ay'-y"aj?)=D* (ay -yax),  &c. ; 

from  which  ly\  lyf'^  &c.  may  be  easily  expressed.  We  may  thus  find 
the  variation  of  any  function  of  the  form  ^  ( j?,  y,  y,  y" , . . . . ),  by  substi- 
tution in 

which  may  be  made  to  depend  upon  Ix^  ay— y'aj?,  which  call  w,  and  the 
diff.  CO.  of  w.  It  remains  to  express  in  the  most  simple  form  iffp^dx^ 
^  being  such  a  function  as  that  just  described. 

a/0  rfx=/a  {<t>dx)=:fm  dx+4>^dx) 

==/a0  dx-\-f^  dlx:=:<l)lx'\-f(t(j>  dx^d^  Zx). 
Let  4>,  which  is  a  given  function  of  x,  y,  y  y',  &c.  be  completely 

differentiated,  and  let  the  partial  diff,  co.  ~,  -r^,  -7^,  &c.  be  X,  Y,  Yy, 

dx   dy  dxf  ' 

Yffl  &C. ;  then,  remembering  that  the  same*  relation  exists  between  the 

variations  as  the  differentials,  we  have 

d4>^Xdx-^Ydy+Y,  rfy+Y^dy'4- Y;,,(iy"+ .... 

Z4>-xdx  +  Yay  +Y,ay'  H-Y^^ay"  +  Y;,;  ay"+ .... 

d(t)  dx  -  dfp  ax=  Y  (ay  dx—dy  ax) + Yy  (ay  dx—dy"  ax)  + . . . . 

But  dy-^y'  dx,  dt/^ii/'  c2x,  &c.,  whence 

a0  (/x-cf(^ ax=  Y  (ay  -y'ax)  dx+ Y, (ay'—y  ax)  dx+ 

=  (Y«+Y,oi'+Y,^i.i"+Y^,oi'"+....)^; 
therefore    a/0dx=0ar+/(Y«+  Y/ «'+ Y^,  w"+ )  dx. 

The  expression  remaining  under  the  integral  sign  is  now  to  be 
integrated  as  far  as  it  is  practicable,  while  the  relation  of  y  to  x  remains 
indeterminate.  This  may  be  facilitated  by  the  following  theorem,  which 
follows  immediately  from  successive  integration  by  parts,  and  of  which 
John  Bernoulli's  theorem  (page  168)  is  a  limited  case.  Let  Vi=J*vdx^ 
v^=ijvi  <ir,  &c.,  no  constants  being  addedt  in  integration  after  v^,  then 

*  That  is,  because  the  manner  in  which  ^  depends  on  jr,  y,  &c.  remains  unaltered : 
but  it  must  be  carefully  remembered  that  the  manner  in  which  y  depends  on  », 
and  therefore  the  form  of  y',  y^^,  &c.,  undergoes  an  alteratiun,  which  gives  infinitely 
small  alterations  of  value. 

t  The  student  may  endeavour  to  explain  how  all  the  constants  would  really  be 
reduced  to  one  only,  if  they  were  added.    If  m  be  a  rational  function,  and  v  be  1^ 
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ju  dv^=^uv  -—fu'  vctrss  uo  —  «'  i?i + fu"  Vx  dx 
r=  u© — t/ 1?! + u"  Vt—fu"^  Tg  dx 

Thus    /Y,  «'rfa:=Y,oi-./Y/a>dr 

/Y,,a*"(ir=Y,,oi'  -Y^o)  +/Y;'«rfa: 

/Y,,a)'"dx=Y,,a,"  -Y,>'  -f  Y;>-/Y,/"«ciP 

/Y,,  «'Mi?==  Y.,  1^' '  -  Yj  V' + Yi/iu' +  Y,/'' i.i-/Yl>cir ; 

and  so  on  :  in  which  it  is  to  be  understood  that  by  Y/,  for  instance,  or 
dYfidx  is  not  meant  a  partial  diff.  co.  of  Y„  but  one  formed  on 
the  implicit  supposition  that  x  enters  both  directly  and  through  y. 
Substituting  these,  we  have 

a/^d*=0^j+(Y,-Y;/+ Y J'- . . . . ) «+(Y,,-Y,,/+Y,/-- . ...)«' 
+  (Y,,,-Y,/+Y/'-.  • . .)  («"+(Y|.-Y/+Y^"-.. . .)  ^^ 
+ . . . .  +/(Y- Y/+ Y/  ^y,/'+ . . . .)  ««ix. 
This  we  may  denote  as  follows : 

8/0dr=0ax4-/(Y)oa»dx+(Y)i«+(Y).«'+(Y),«"+. . . . 

If  0  be  also  a  function  of  z,  2^,  s^\  &c.,  z  being  another  fdnction  of  x, 
the  consequence  will  be  that  terms  s  milar  to  those  depending  on  y,  y', 
&c.  will  be  added  to  the  variation  of  fi^dx^  so  that  if  Z(fz+Z,cLt/-t* . . . 
be  the  terms  introduced  into  e20,  and  if  (Z)^,  &c.  be  formed  from  them 
in  the  same  manner  as  (Y)^,  &c.  from  y,  we  have,  making  I^T=.lz^z'l9^ 

a/0(te=03x+/(Y),  «(ir+/ (Z)o  Wj?+(Y)i  «  +  (Z)i  f  +  . . .  • ; 

and  in  the  same  way  for  any  number  of  fimctions. 

[Let*  0,  besides  x,  y,  y\  &c.  be  a  function  of  an  integral  v=/*y(2r, 
where  "^  is  another  function  of  j,  y,  y',  &c.  If,  then,  d0:(it?=V,  we 
have  {i4>=(its  former  value)  •\-^di)y  whence  lj4>dx  receives  the  accession 
of  the  term  PV  (hv  dx—dv^x).  But  dv  ox  hf^dxzzyj0Sx+f  {^dx 
—  d^Jj),  ana  dv=fdXf  whence  the  accession  is  J*{YdxJ'(^'^dx 
— dT^^j)},  or,  integrating  by  parts, 

p^dx^filyf^dx-dflx)  -  /{/Vdx.C^f  (ir— dV^^j)}. 

Lett    dV^  =  Pdy+P,dy'+P;,(fy"+ ,   and    let    /Vdr.P=n, 

y*Vfir.P/=n^ /vdj.P,,=n,^,  &c. :  then,  resuming  the  preceding 
process  with  each  of  the  terms  just  written  down,  and  forming  (P)o,  (P)i, 
&c.,  (n)o,  (n)„  &c.,  we  have 

a/0cir=0aj?+/(Y),oi(£r+(Y),oi  +  (Y),«'+ .... 

+/VAr./(P),«(ir+/Vctr.(P).«+/Vdr.(P),«'+..- 

-/(n)o«(ix-(n)»«-  (n).ai'- .... 

If  y  itself  contained  another  integral  function,  the  process  might  be 

cos  aXf  sin  oaf,  &c.,  this  theorem  gives  the  readiest  mode  of  actually  performing  tha 
intef^ration. 

•  The  student  may  omit  the  pages  in  brarkets,  at  the  first  reading. 

t  Omit  the  term  arising  from  d^  :  dx,  if  there  be  one,  since  it  does  not  appear  in 
the  result. 
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repeated :  and  the  terma  might  easily  be  written  down  which  arise  from  ^ 
containing  ar,  y  &c. 

The  following  may  serve  to  throw  light  upon  the  general  method, 
though  in  any  complicated  case  the  reductions  required  would  be 
practically  impossible. 

In  finding  ^U  from  U=y^  dx,  we  have  presumed  that  U  is  the  solu- 
tion of  a  diflF.  equ.  dV  :  dx=<t).  Let  us  now  suppose  that  U  is  connected 
with  y  and  j?  by  the  more  complicated  diff.  equ. 

P.,  &c.  and  0  being  functions  of  j?,  y,  y,  &c.  If  this  be  Y=0,  we  have 
^=0  upon  the  supposition  that  the  dependence  of  U  upony,  j,  &c. 
remains  unchanged.  If  we  take  one  of  the  terms,  for  example,  Pj  U", 
we  have  a(P,UO=U"5P,+P,5U",  or  U"«P,+P,D«(aU-U'aa:) 
+  P,U'"^ar;  that  is,  one  term  containing  3U,  namely  P,D*5U,  and 
others  containing  5a?,  ^P^  &c.,  but  not  ^U.  We  may  then  exhibit  ^  in 
the  following  form, 

P.D".5U  +  P,_,D-\5U+....+P,D.aU+P,5U+*=0, 

*  not  containing  5U.  Let  the  preceding  be  multiplied  by  X,  a  function 
of  all  but  W :  then  if  we  integrate,  as  in  page  208,  (a  process  which 
has  been  in  fact  already  repeated,)  we  find 

/{X*+ (XPo- (XPO'+  (XP,)"  -....)  5U}  dlr 

+(xp,-(xp,y+(xp.)"-. . . .)  au 

+  (XP,-(XP,y+....)D.W+....+XP,D-»,5U=0. 

Let  X  be  so  taken  that  XP,— (XP»)'-l-&c.=0,  a  diflF.  equ.  of  the  nth 
degree.  If  its  complete  integral  can  be  exhibited,  with  n  arbitrary 
constants,  then  n  particular  solutions  can  be  formed,  each  containing 
one  constant  only,  and  each  one  a  sufficient  factor  for  the  preceding 
purpose.    We  have  then  n  results  of  the  form 

A..I  D^»  5U+ A,_,D-'  5U  + . . . .  +  Ao  aU+/X*  dxszO; 

from  which  the  n — 1  diflf.  co.  can  be  eliminated,  and  5U  found  from  the 
resulting  equation,  with  the  n  arbitrary  constants  which  it  ought  to  have. 
For  instance,  let  the  diflf.  equ.  be  PiU'+P«U+0=:O,  of  the  first 
d^ree.    We  have  then 

PiDau+Po5U+u'(aPi-p»Dax)+uaPa+50=o. 

To  find  X  we  have  XP^— (XPO'=0,  which  gives  X=Pr'g^^,  A  being 
Po :  P].     Multiplication  and  integration  gives 

e^^aU+/Pr»  e^^  {U' (5Pi-Pi  D5j?)+  UaPo+8t^}  dx^iC ; 

which  being  reduced  by  the  process  already  given  will  express  dU, 
though  only  by  means  of  U  itself. 

We  shall  now  proceed  to  express  ^J'J</>  dx  dy^  <l>  being  a  function 
of  z  and  its  diflf.  co.,  both  with  respect  to  x  and  y.  Let  the  diflfl  co. 
of  z  be  jp  and  q  of  the  first  order,  7*,  j,  and  t  of  the  second,  u,  v,  to,  m  of 
the  third,  the  following  table  showing  what  differentiations  are  made,  and 
how  often,  in  each. 
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? 

X 

r 

x^x 

u 

Xy    Xy    X 

9 

y 

s 

',y 

V 

x.Xyy 

t 

y»y 

w 
m 

yyy^y 

Thus  tt7= 


d*z 


dxdy^' 


Let  4>  be  a  function  of  x,  y,  r,  p,  g,  &c.,  and  let  c{0:dr=X,  &c.t 
80  that 

d(l>=Xdx+Ydy'^Zdz+Vdp'\'Qdq+Rdr'{-Sds+T(U'h 

Also       dz  =^pdx + qdy^    dp = rdx  -f  sdy^    dq=:  sdx  +  tdy^ 

dr=:udx  +rrfy,     ds=:vdx+tDdyj    dt::^wdx-i'fndyf    &c. 

The  development  of  ^//^  <^<v  c^y  is  made  as  follows : 

hfff)  dx  dy^ff  I  (0dj?  dy):=^ffm  dxdy+ <^dy  dax+  ^dx  dZy) 

=:ffSfpdxdy+f<l)dydx~  I   j  ^5j?(ixdy+/0dr5y— j    i^hfdxdy 


^f4>  dy  lx^-f<t>  dx  %+  CC^^^^ 


^•*s«_^-* 


j  dx  dy. 


dx         dy 

It  is  here  assumed  that  ^x  depends  on  x  only,  and  hy  on  y  only,  a 
supposition  which  will  be  sufficient  for  our  purpose.  To  point  out  the 
metnod  of  performing  one  of  the  integrations,  take  ff  <f>dy  dBx^  which  is 
fdyf4>dlx,ox 

fdy  {<t>^X'^f^xd^}y  or  f(pdydx —  j    I  -p  Ixdxdy. 

In  d.(t>\dx  and  d.(t>:dy  remember  the  implicit  supposition  that  0 
is  a  function  of  x  and  y  through  z  and  its  diff.  co.,  as  well  as  directly. 
Now  from  {f^,  as  above  given, 


d.^_ 


dx 


=  X+Zp  +  Pr+Q»4-.. 


ay 


a0=X5.r+ Y^y+Za^-f  P^p+Q^9+ 


whence    8^  — -p  dx—  -^  8y = Z  (5«  —pdx — qdy)  +  P  (2p — rS-r— »8y) 

Now  let  V  be  a  function  of  x  and  y,  and  V„  Vy,  &c.  its  diff.  co. 
We  have  then 

...    .dv    dav    dV  dax 

d  dV  dV 

it  being  supposed  that  hy  is  not  a  function  of  x.    This  gives 


av.-v„  ax-v^  ^y=^(5v-v.  ax  -  v,  ay). 


r 
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Let  ^z — pix — qly=zbi ;  we  have  then,  by  reasoning  similar  to  that  in 
page  449, 

«,         -  dui      *.        ^         ^        ^w 

op — rex  — scy=r-r-     ^Q — scx—tcyrz--— 

ax  ay 

or-^udx — r^y=—     h — c^j— tc^yrr-T—r-,     &c. ; 

whence,  by  substitution, 

iff  <|>  dx  dyssj<p  dx  ^y +/0  dy  ^^-^ff  ^dxdy 

dx        dy        djfi        dxdy        dy* 

To  perform,  as  far  as  practicable,  independently  of  all  relation 
between  z,  *,  and  y,  the  integrations  in  fj9  dx  dy^  let  Vw^  he  the 
term*  which  contains  doT  dy*  in  the  denominator  of  a  diff.  co.  of  « :  we 
have  then  (V,  V„  V",  &c.  being  diflf.  co.  of  V) 

/Voi:dy=Voir-.-v,oir_.+V;,air_,- ....  ±v„_,a,"qi/v.co«dy. 

Multiply  each  term  by  dx,  and  integrate  with  respect  to  a?,  which  gives 

//VwrcbdfyrrVw'Zl-V'w^l'+V'aiTl-.  •  ±  V"-*w^x  +  /V"'«^i  dx 

+v^«:ij-. ...+ 

±  V..1 01— »:p  V',_j  01— 'If ....  ±  V—»  uf  ±  f\Z.i  ^dx 
Tfdy  {V.o,-»-V'.«--+  ....  ±Vr»o,T/V:o>dr} ; 

that  is  to  say,  ff\b)^dxdy  is  a  collection  of  terms  of  the  form 
dfc  Vf  «rril?  for  every  possible  combination  of  values  of  k  and  I  from  0  up 
to  m  and  n,  both  inclusive,  negative  erponenis  reckoning  as  integrals 
of  the  whole  terms;  the  sign  +  being  applied  when  ^+/  is  even,  and 
—  when  it  is  odd.  To  find  ff^dxdy^  let  [«i,n]  stand  for  the 
coefficient  of  oi^  in  O :  if  then  we  wish  to  select  the  coefficients  of  o;J, 
we  must  in  every  allowable  way  make  m — 1 — ^=p,  n  — 1  — /=^,  or 
m— Ar=p  +  1  and  n— /=g+l,and  neither  m  nor  n  must  be  <  — 1,  nor 
k  nor  /<0.  The  admissible  values  of  ^  and  /  being  0,  1,  2,  &c.,  we  find 
p+1,  p-h2,  &c.  for  those  of  m  and  7  +  I,  g+2,  &c.  for  those  of  n,  ^nd 
any  value  of  m  may  be  combined  with  any  value  of  n.  Hence  the 
following  expression  is  the  coefficient  of  ta\ : 

[p  +  l,^+l]X-[p  +  l,g  +  2]?+[p+l,g+3]S-[p+l,9+4]S+ 

-[p+2,9+l];+[p  +  2,g+2]l-[p  +  2,9+3]l+ 

+  [p  +  3,9+l]J-[p  +  3,9+2]!+ 

-[p+4,9  +  l]J+ 

The  meaning  of  the  symbol  [a,  6]i  may  be  described,  from  its  origin, 
as  follows : 

[a,  6]J=diiF.  co.  of  ^  with  respect  to    ,  ,  ,  ^ 

•  We  here  use  exponents  without  brackets,  for  simplicity,  to  denote  differeniiations 
with  respect  to  x. 
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r     Al»  — ^!!^!![?l^l  i^P^^^^y »  [^»  ^]o  containing  x  and  y  directly,  and 
la,  6J,—  ^^,  ^^  I  through  z, «',  z,,  2",  z/,  2,;,  &c 

Hence  dff<pdxdy  contains,  1.  The  integrals  f<t>dxSy+f(pdydT, 

2.  Terms  completely  free  of  the  integral  sign,  namely* 

{ii;-2ij-i2;+3i;+22i+i3;-....}«;+{2i;-3ii-22?+...}«; 

+  {12;-22j-13?+..-.}a>!+{31J-41i-32j+....}ai; 

+  {22J-32j-23?+  . .  •  • }  «1+{13J--23J-14;+ . . . .}  w5+  . . . . 

3.  Terms  depending  on  single  integrals,  (p  or  q  being  —1,)  it  being 
remembered  that  the  negative  exponent  of  01  denotes  the  integration  of  the 
whole  term, 

{oij-ii;-o2?4-2i;+  121+03J- . . } «?»+ {02;-.i2i-03;+ . . . }  «r* 
+{03;-i3j-04;+....}«r*+ 

+  {10;-20{-  ll?+30;+21}+  IBS-  . .  }«it+{20J-.30i-2l?+  . . }«'-! 
+  {30j-40J-31?+....}«li+ 

4.  One  double  integral  term  ip  and  q  both  ~1). 

{00X-10J-0i;+20j+ll}+02S-.  . . .  }crl. 

The  preceding  may  serve  as  an  exercise  in  that  adaptation  of  symbols 
by  which  complicated  selections  and  arrangements  are  reduced  to  a 
mechanical  process :  for  all  useful  applications  it  will  be  sufficient  to 
suppose  that  0  is  a  function  of  x,  y,  2,  p,  7,  r, .«,  and  t^  including  no  diff. 
CO.  of  a  higher  order  than  the  second.  If  then  we  take  d^r=Xdx-\-Ydy 
+  Zdz'^Fdp'{-Q,dq+Rdr-\-Sds+Tdt^  we  have 

OOjsZ,  10J=P,  Oi:=Q,  20J=R,  li;=S,  02;=T: 

all  the  rest  being  =0.     This  gives  for  dJJ*<t>djcdy,  ia  being  dz—plx 

"  9^y9 

S«  -{-f^dx  ly  +y  0  dy  Ix 


+ 


/(«-i^-'^)-^r(-^"-f)-» 


We  have  not  limited  the  result  by  proceeding  as  if  ^x  were  a  function  of 
X  only,  and  ^y  of  y  only,  for  it  might  be  shown  that  the  wider  suppo- 
sition of  ^  and  ^y  being  both  functions  of  x  and  y  would  lead  to  pre- 
cisely the  same  result :  but  a  complete  elucidatiouf  of  this  point  would 
be  beyond  an  elementary  work.] 

The  applications  of  the  calculus  of  variations  which  are  of  most 
importance  are 

1.  Given  any  number  of  points  (x^,  y^,  21),  (jt^  yn  ^)>  &c.,  and  any 
number  of  equations  Vi=0,  Va=0,   &c.   between  their  coordinates, 

*  To  save  room  I  have  omitted  bracket»  and  commas,  that  23}  stands  fur  [2, 3] J. 
f  The  advaDced  tiudeat  ihould  read  on  this  point  the  Memoir  of  Poisson  on 
the  Calculus  of  Variations,  in  the  twelfth  volume  of  the  Memoirs  of  the  Institutob 
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required  the  relations  which  must  exist  between  Xi,  Yi,  Z»  X,,  Yt,  Z<, 

&c.  given  functions  of  the  coordinates,  in  order  that  the  equation 

X»5xi+Yi3y,+Zia3ri+X,aj?,+Y,  3^8+2,^2,+ =0 

may  be  true  for  every  possible  value  which  3x,  ^y,  ^2,  &c.  can  have, 
consistently  with  V|=0,  V«=0,  &c.  being  true  both  of  (j?i,  y„  ;r,),  &c., 
and  (JC|+  JjTi,  yy  +  ly^,  z^ + ^2i),  &c. 

2.  Given  any  integral,  in  which  the  integration  cannot  be  performed 
because  it  contains  variables  which  are  related  to  one  another,  but 
between  which  no  relation  is  assigned,  required  that  relation,  or  those 
relations,  which  being  substituted,  and  the  integral  taken  between  given 
limits,  the  result  is  the  greatest  or  least  'which  is  possible ;  that  is,  greater 
or  less  when  the  required  relation  obtains  than  it  could  be  under  any 
other  possible  relation. 

To  give  a  simple  instance  of  the  first  class  of  questions,  suppose  two 
points  in  a  plane,  (xi,yi)  and  (xt,ys)>  which  always  preserve  the  same 
distance  a:  under  what  relations  between  x^^  &c.  will  the  following 
equation  be  always  true  ? 

J",  ^JTi+yi  Syi+oj,  5j,+y,  ^y.=0 (1). 

The  equation  (<ri— Xa)*+(yi — y^yz=a*  gives 

(xi-jj-t)  (^Ji— ^J?i) +(yi— y«)  (^1— ^yi)=o (2). 

In  the  first  substitute  the  value,  say  of  iy«,  from  the  second ;  the 
result,  cleared  of  fractions,  is 

(jTiyi— j?,y,)  &ri+(yj— yi)  5y,+  (j.yi— Jiy*)  ^x^=iO ; 

and  this,  which  is  to  be  true  independently  of  ^x^,  ^y^,  and  hx^ 
requires  that 

*iyi— J?tys=0,  y!-yj=0,  Tjy,— Jiy8=0 (3)^ 

which  are  satisfied  by  yi=y»  o-jcrj?!,  or  by  yi=  — y„  j;j=r— x,.  The 
first  is  inconsistent  with  (j?!  — JPt)*+(yi— Va)*=a*,  but  the  second  is  not, 
and  gives  4j?|+4yi=:a'.  The  answer  then  is  that  the  two  points  may 
be  the  opposite  extremities  of  any  diameter  of  a  circle  whose  centre  is 
the  origin,  and  whose  radius  is  i^a. 

The  following  method  is  particularly  connected  with  this  class  of 
problems,  as  well  as  with  some  varieties  of  the  other.  There  is  an 
equation  between  jr,  &c.,  Bx,  &c.,  say  U=:0,  which  is  not  to  be  absolutely 
true,  but  only  for  such  values  of  ^x^  &c.  as  make  V=0.  This  we  can 
express  by  one  equation,*  U-f  AV=0,  where  A  may  be  any  function  of 
J",  y,  &c.  independent  of  ^jt,  &c.  For  the  preceding  equation  expresses 
that'll  is  or  is  not  =0,  according  as  V  is  or  is  not  =0.  If  then  we 
make  each  coefficient  in  U  +  AU  separately  =0,  we  have  one  more 
equation  than  we  had  before,  but  at  the  same  time  we  have  one  more 
undetermined  quantity  A.  The  elimination  of  A  will  reduce  the  number 
of  equations  by  one,  and  will  give  precisely  the  results  of  the  common 
mode  of  operation.  If  we  multiply  (2)  by  A,  add  it  to  (1),  and  then 
equate  each  coefficient  to  0,  we  have 

*  Many  other  forms  might  be  given,  but  all  are  either  reducible  to  the  one  here 
giYen.  or  else  they  introduce  (^)«,  &c.  while,  since  3a?,  &c.  are  all  to  be  taken  as 
diminishing  without  limit,  theie  terms  of  the  second,  &c  orders  are  useless. 
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j?i+A(dri-xO=0,^,-A(j:i-j?,)=0,  yi+A(yi-yO=0,  y,-A(yi-y,)=0, 

and  elimination  of  A  will  give  equations  (3). 

To  generalize  the  preceding  process,  let  there  be  n  points,  and  Sn 
coordinates,  one  equation  U=0,  or  Xi^Xi+Yi  ^yi4*  •  • .  .=0,  and  p 
relations  between  x,  y,  &c.,  V,=0,  V|=0  ....  Then  we  have  5V|=0, 
which  gives,  say   ^\  ^Xi  +  rj\  5yi-f  f 'i  3zi+  . . . .  =  0 ;    also  ^Vt=0,  or 

5"i^J?i+V'i^yi+ =0,  and  so   on.     And  U+Ai  V,+A«V»+ 

expresses  that  U=0  when  V„  V,,  &c.  are  each  =0.  Equate  the  co- 
efficients of  3^1,  &c.  separately  to  0,  which  gives 

X»+A,T,+A,£"i  +  .  ...=0,    Y|+A»Vi+A,V'i+....=0,       . 
Z|  +  A,^,+A*J"i+.  ...=0 , 

and  so  on :  giving  Sti  equations  between  3n  +p  quantities.  Elimination 
of  Ai,  A  J,  &c.  will  reduce  these  to  3n— p  equations  between  Sn 
quantities,  and  the  p  equations  Vi=0,  &c.  finally  leave  us  with  3n 
equations  between  3n  quantities,  unless  it  should  happen,  which  it 
frequently  will,  that  all  the  3n  final  equations  are  not  independent,  in 
which  case  the  problem  is  not  determinate.* 

[The  following  problem  contains  a  most  material  portion  of  the 
purely  mathematical  part  of  the  statics  and  dynamics  of  a  rigid  body. 
Let  there  be  a  number,  r;,  of  points  (j"i,yi,2i),  {^»yu^t)i  &c.  immove* 
ably  connected  with  one  another ;  that  is,  the  distance  between  any  two 
remains  unchanged  during  variation.  Supposing  the  whole  system  to 
undergo  an  infinitely  small  change  of  place,  required  the  relations  which 
must  exist  between  P|,  Qi,  Ri,  &c.  and  Xi,  yi,  :si,  &c.»  in  order  that  for 
every  such  infinitely  small  displacement  we  may  have 

Take  a  new  origin  of  coordinates,  (a,  6,  c,)  and  a  new  set  of  co- 
ordinate planes  attached  to  the  system  of  points  just  mentioned,  and 
moving  with  it.  Let  £,  rj,  f  be  the  coordinates  of  (t,  y,  z)  with  respect 
to  the  new  planes,  and  (A.  G.,  p.  224)  let  the  new  and  old  coordinates  be 
so  related  that 

Consequently,  since.  J, »;,  f ,  &c'.  do  not  vary  with  the  system,  (for  the 
new  coordinate  planes  move  with  it,)  ^i=^a+ i^a-{-rj^fi+  (^y^  &c.,  and 
substitution  obviously  gives  (2P  meaning  Pi  +  P,+  . . . .,  &c.) 

2P.aa+2P£.aa+IP»,.a/3+2Pf.ay+2Q.a6  +  2Q£.aa'+2Q,.a/J' 

+  ZQf.V+2R.5c+SR|.>a"+2:Ki7.ai8"+2Rf.a/=0. 

Now  a,  fit  &c.  are  connected  together  by  six  equations^t 

A        «•+«'•+ «"•=!         /5y+^V+i8V=0 

B        /3*+^'«+i8"«=l         ya+ya'+yV-O 

C         y«+/'  +  y"*=l  a/3+a'i8'4-a")8''=0 

*  The  student  may  omit  the  part  in  brackets  at  the  first  reading, 
t  It  must  be  remembered  that  these  are  also  equivalent  to 

.OT+^'t+^/i-l  «  •'  +/J  A'  +y  •  =0. 


A' 
B' 
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Take  the  variations  of  these  equations,  and  add  them  to  the  equation 
preceding,  after  multiplying  them  by  the  arbitrary  multipliers  written 
opposite  to  them.     This  gives 

+  {2Pf+Aa+C'/3+B'y}«a-l-{2;Pi7+B/3+AV+C'a}5/3 
+  {ZPf +Cy+B'a+A'/3}  ^y+&c.=0 ; 

where,  in  the  terms  included  under  +  &c.,  we  must  change  P  into  Q,  and 
write  cz'  for  oe,  &c.  for  a  second  set,  and  change  P  into  R,  and  write  ex!^  for 
Oh  &c.  for  a  third  set.  If  we  now  equate  each  of  the  coefficients  to  0,  we 
have  2P=0,  2Q=0,  2R=0,  and  nine  other  equations,  in  which  are 
the  six  multipliers  and  the  nine  quantities  a,  P,  &c. :  but  between  these 
there  are  six  equations ;  altogether,  then,  fifteen  equations  with  fifteen 
arbitrary  quantities.  So  that  it  should  seem  at  first  as  if  we  might 
satisfy  these  fifteen  equations  by  values  given  to  the  arbitrary  quantities 
without  any  new  relation  between  the  data  of  the  question,  Pj,  P„  j-,,  x^ 
&c.,  and  I  have  introduced  this  example  to  show  how  little  we  must 
depend  upon  conclusions  drawn  from  the  mere  number  of  equations  to 
which  a  question  can  be  reduced,  without  examination  of  their  structure. 
The  fact  is  that  the  fifteen  equations  cannot  be  rendered  simultaneously 
true,  unless  three  other  equations  between  the  data  of  the  question  only 
are  satisfied. 

Let  (ha)  be  the  abbreviation  of  *  coefficient  of  da,'  in  the  preceding 
equation.     From  (3a)  =  0,  (3/3)  =0,  (3y)=0  deduce  a'(3a)+)8'(3/3) 

+y'(^r)=o,or 

2  {P(a'£  +  i8'n+yO}+Aaa'+Bi8^'+Cyy'+A'(y/y+/3yO 
4-B' (ay  +  yaO  +  C  (i3a'+cx/y)  =  0. 

Now  form  a(5«^)+/3(3i30  +  y  (SyO^O,  and  we  shall  have 

2{Q(a5+)8,,+yO+Aaa'+B)8i8'+.. .  .(as  before)=0, 

in  which  last,  the  accented  letters  were  in  the  coefficients,  and  the  un- 
accented letters  are  from  the  multipliers.     Consequently, 

2P(a'£+^'i?+y'0 -2Q(«£+/3'?+yO=0, 
or  2P(y-6)  =  2Q(x-a),  or  2Py-6IP=2Qx-aIQ,  or  2Py=2Qx; 

and  similarly  it  may  be  shown  that  ZQ:r=^Ry,  IRjzzSP?.  These 
six  equations,  2P=0,  &c.,  2Py=ZQx,  &c.  are  therefore  necessary :  it 
remains  to  show  that  they  are  sufficient. 

For  this  purpose,  remark  that  «=«+  a£+&c.,  &c.  give,  by  the  aid  of 
the  equations  of  condition, 

£=a(dP-a)  +  a  (y-6)+a" («— c),   ,,=)3 (j:-a)+  . . . ., 

f=y(x-a)+ 

Form  a(a«)+tf'(8a')+a"(3a")  =  0,  which  gives,  by  aid  of  the 
equations  of  condition,  A  +  Sf  (Pa+Qa/+RO=0,  whence  A  is 
obtained,  and  B'  and  C'  can  be  also  obtained  from  y(3a)  +  y  (3a') 
+  y  (3c/')  =0  and  p  (^a)  +  &c.=0.  By  the  three  corresponding  equa- 
tions ^  (3j3)+&c.=0,  y  (3/})  +  &c.=0,  a(3/3)+&c.=0,  B,  A',  and  C 
can  be  determined,  and  C,  B',  and  A'  from  the  three  equations  corre- 
sponding to  (3y),  &c.     Thus  A',  B',  and  C  are  determined  twice  over ; 
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the  equations  which  give  them  are  therefore  incongruous  unless  the  two 
values  of  A'  agree,  and  likewise  those  of  B'  and  of  C^  If  for  £,  17,  and 
(  he  Buhstituted  their  values  ahove,  it  will  be  found  that  the  six  equa- 
tions 2P=:0,  &c.,  2P^=2Qxy  &c.  will  make  these  values  agree,  and 
that  no  other  relations  will  do  so,  as  long  as  the  equations  of  condition 
between  0^  a\  &c.  exist.] 

In  order  to  explain  the  second  class  of  problems,  it  will  be  advisable, 
dropping  for  a  time  the  progress  made  in  pages  449,  450,  in  finding  the 
variations  of  integral  forms,  to  take  a  simple  question  and  go  through  the 
whole  process  from  the  beginning.  Let  the  question  be  as  follows :  to 
draw  the  shortest  line  from  one  curve  to  anothert  without  assuming  that 
a  straight  line  is  the  shortest  distance  between  two  points. 

When  we  consider  the  variation  of  an  algebraical  function,  V,  we  know 
that  its  arithmetical  minimum  is  0,  if  any  value  of  its  variable  can  be 
found  wliich  makes  V=:0.  But  this  is  not  necessarily  an  algebraical 
minimum,  since,  if  the  value  of  V,  in  passing  through  0,  change  its  sign, 
it  is  increasing  or  diminishing  both  before  and  after  passing  through  0. 
Now  it  is  to  be  borne  in  mind,  throughout  the  following  investigations, 
that  the  results  sought  are  algebraical,  and  not  arithmetical,  maxima  and 
minima.     For  example,  let  the  two  curves  be  as  marked  in  the  figure, 

-^t^^^^^  the  arrow  points  denoting  that  the  branches  there 

i^^sT/N  discontinued  go  on  ad  infinitum.    Arithmetically 

A     AsJ  speaking,  there  are  absolute  minima  at  P,  Q,  and 

^2_\    ^ni\B  ^  ^^^  "^  maxima ;  for  between  any  two  points, 

B  ^C  \^\^  one  on  each  curve,  a  line  of  any  length,  however 
y  ]  ^^~^\  great,,  may  be  drawn.  Algebraically  speaking, 
^  P,  Q,  and  R  are  not  minima :  for  if  we  agree  to 
measure  arcs  of  intercepted  curves  from,  say  PAQBR  itself,  then  such 
lengths  when  they  pass  through  P,  Q,  or  R  change  their  signs.  The 
lower  curves  in  the  figure  are  so  placed  that  certain  straight  lines  AB 
and  DC  can  be  drawn,  one  of  which  would  seem  to  be  a  minimum,  while 
in  the  upper  curves  it  may  be  made  obvious  that  AC  and  BD  are  not 
minima.  It  may  seem  certain  that  CD,  in  the  lower  curves,  is  a  minimum : 
that  is,  the  points  C  and  D  being  (however  little)  displaced  on  their 
curves,  no  line,  straight  or  curved,  so  short  as  CD,  can  be  drawn  between 
their  new  positions. 

The  fact  is  that  these  problems  of  the  calculus  of  variations  involve 
two  questions;  the  first  completely  and  satisfactorily  answered,  the 
second  left  in  a  very  imperfect  state.  These  questions  are,  as  to  the 
instance  before  us,  1.  What  is  the  character  of  the  line  which  is  the 
shortest  distance  between  two  curves,  when  there  is  such  a  shortest 
distance  ?  Is  it  straight*  or  curved,  and  if  the  latter,  what  is  its  law  of 
curvature  ? 

2.  Two  curves  being  given,  can  such  a  minimum  distance  be  found  ? 
or  can  two  points  be  found,  one  on  each  curve,  such  that  the  line  whose 
character  is  shown  when  the  first  question  is  answered,  being  duly 
drawn  from  one  of  these  points  to  the  other,  is  really  the  algebraical 
minimum  distance  of  the  two.     We  now  proceed  to  the  problem. 


*  It  if  no  doubt  partly  pioTed  and  partly  assumed,  long  before  the  reader  com^e 
to  this  point  of  his  studieM.  that  the  line  in  queition  is  straight:  but  we  will  suppose 
that  this  is  not  proved,  and  has  not  been  assumed,  in  order  to  avail  ouneWet  of  this 
very  simple  problem  as  an  illustration. 
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Let  AB  and  CD  be  the  two  curves 
between  which  the  shortest  line  is  to  be 
drawn.  Draw  a  curve  cutting  the  two, 
and  let  x  and  y  be  the  coordinates  of  any 
point  in  it.  At  V  let  a:=Xo,  y=y<h  at  W 
let  x=ar„  y^yxy  and  lety^rsf  ^o,  yi=yi^i 
be  the  equatiuns  of  AB  and  CD.  We 
want  then  to  find  a  relation  between  x  and 
y,  together  with  the  position  of  V  and  W, 
80  that  VW  may  be  the  shortest  line ;  or  to  make  fj  (1  +y'*)  dx  from 
jF=jr^  to  «=J?|  the  least  possible.  Pass  to  a  new  curve,  wr,  by 
changing  x  and  y  for  every  point  of  VW  into  x+hx  and  y-^-ly*  I-«et  Q 
be  the  point  corresponding  to  P;  and  let  vW  be  a  curve  made  by 
changing  x  and  y  into  x—lx  and  y  —  ly.  It  is  to  be  remembered  that 
at  the  limiting  curves  we  must  have  yo+^yo— Y'oC'^o+^-ro)  ^"^^  yvV^Vi 
=  f^i(Ji+ij'i);  also  yo-^yo=Y'o(^o— ^^o)  andyi— 5yi=yi(j?i— ^Ji). 
These  last  four  equations  are  not  compatible  with  each  other,  strictly 
speaking,  on  any  but  a  straight  line ;  if,  however,  Ix^  &c.  be  infinitely 
small,  they  are  true  together  as  far  as  small  quantities  of  the  first  order. 
Let j/  become  y'+^',  then  substituting  in  j»J(\  +^0  cir,  it  becomes, 
by  Taylor's  theorem, 

which,  between  the  given  limits,  is  the  length  of  vir,  and  its  excess  over 
V  W  is,  to  tenns  of  the  second  order, 

and  du^tfdx  gives  ^y'dx^dhy—yfdlx.  Now,  since  VW  is  the  least 
possible,  wc—VW  must  be  positive,  as  must  also  t/w/— VW,  and  v'w'  is 
obtained  by  changing  the  signs  of  Zx  and  h/y  and  consequently  of  dZx 
and  dZy :  whence  ly'dZx  and  (^yO*  retain  the  same  sign  in  both  cases. 
Moreover,  since  every  element  in  the  first  integral  is  of  the  same 
order  as  dZx^  and  in  the  second  as  h/dlxy  the  second  integral  must,  when 
ex  and  ly  are  diminished  without  limit,  diminish  without  limit  as  com- 
pared with  the  first  If,  then,  the  preceding  be  K|  +  K«  for  vtr,  it  is 
— Ki+K«  for  v't£7' :  and  since  Ki  is  greater  in  numerical  magnitude  than 
Kf,  the  latter  must  have  different  signs,  whereas  they  should  be  both 
positive.  The  only  way  of  avoiding  this  is  by  supposing  that  coefficients 
vanish  in  K„  so  as  to  make  it  identically  =0,  mdependently  of  ly  and 
Jx.  Both  rio— VW  and  i/w/— VW  then  become  =K„  and  if  this  be 
positive,  when  taken  between  the  given  limits,  the  required  condition  is 
attained.  This  reasoning,  which  applies  in  every  case,  is  the  ordinary 
reasoning  in  problems  of  maxima  and  minima. 
Substitute  as  above  for  ly^dx^  and  Ki  becomes 


or 


n      dlx  \/dly    \ 
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which,  mtegrated  by  parts,  gives 


''I{^'ii:j(j^^^^ 


which  is  to  be  taken  from  x=iXo  to  j;=-ri.  Let  (1  +y''")"»=o',  and  let 
3^09  ^09  ^li  <''i>  &C'  clenote  the  values  of  y,  o-,  &c.  at  the  limits :  we  have 
then  finally  for  Ki=0 

^i(?A+yi^yi)-^o(^^a+y'o8yo)+/iSyV(ay-y'^x)dr=o. 

The  first  terms  depend  only  on  the  values  of  y^,  &r,  and  dy,  at  the 
limits,  but  the  integral  depends  among  other  things  on  the  values  of  ^y 
and  ^x  at  every  point  of  V  W^  and  contains  in  fact  two  arbitrary,  though 
infinitely  small,  functions  of  x  and  y ;  namely,  ^x  and  ^y.  It  is  impos- 
sible, then,  that  the  last  term  should  always  (for  all  forms  of  3j?  and  hy,  for 
the  line  required  is  to  be  shorter  than  any  other  line)  make  the  preceding 
equation  true  :  nor  can  this  equation  be  true  unless  the  arbitrary  term  is 
made  to  vanish  by  a  supposition  not  affecting  ^x  or  Sy.  The  only  sup- 
position on  which  this  condition  is  fulBlled  is  y''=0,  which  amounts  to 
supposing  VW  to  be  a  straight  line,  since  it  gives  y=:ar+6,  y'=a> 

<r=:  (l+a*)"».     We  have  then  to  satisfy 

^Xi-\-a^yi — i^Xo+a^yo)  =0. 

« 

Before  we  proceed,  however,  it  will  be  necessary  to  remember  that  our 
only  reason  for  equating  the  terms  of  the  first  order  to  0,  by  means  of 
coefficients,  is  to  prevent  our  having  a  term  which,  being  the  largest  of 
all,  may  be  made  to  take  either  sign,  whereas  in  the  case  of  a  minimum 
it  must  be  alwavs  positive.  The  necessity  of  this  supposition  as  to  the 
indeterminate  mtegral  is  easily  shown ;  for  in  f^f?  (^y — y^'^x)  dx 
there  are  the  arbitrary  functions  iy  and  3x,  which  are  altogether  in  our 
power  except  at  the  limits,  so  that  the  integral,  if  positive  in  one  case, 
may  be  made  negative  in  another.  Nor  can  the  other  terms  prevent 
this  term,  if  allowed  to  exist,  making  the  terms  of  the  first  order  some- 
times negative :  for  when  the  varied  curve  begins  and  ends  at  the  original 
curve  VW,  (as  in  one  of  the  dotted  lines  of  the  diagram,)  we  have  ^x©, 
^yo,  5^1,  and  5y„  each  =0,  so  that  if  y"  have  any  finite  value,  we  may 
make  the  whole  of  the  terms  of  the  first  order,  in  certain  cases,  negative. 
Hence  y"=0  is  a  necessary  condition.  But  if  we  look  at  the  part 
0*1  (^«'i+y'i^yi)"-&c.,  which  becomes  (y"=0,  i/^a) 

(l-l-a«)-4  {^x,+a^y,^(^Xo+ady,)}, 

it  is  not  obvious  that  this  portion,  unless  made  =0,  may  have  any  sign 
we  please,  for  ^x©  and  ^y©  are  connected  by  an  equation,  and  also  Sx,  and 
ly^;  since  (x^^+^x©,  yo+^y^),  &c.  are  two  points  each  on  a  given  curve. 
All  that  is  necessary,  then,  is  that  the  preceding  should  be  positive : 
and  if  we  add  Kt,  we  find  for  the  complete  variation  as  far  as  terms  of 
the  second  order, 

gxi-h%t— (axp-haSy^^)       pM  a^adhx         (go)'(/x  \ 
V(l  +  a«)  +J  Ml+a')  ■*"2(H-a')l'' 
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where  Ba  is  constant  or  variable,  according  as  tTu;  is  a  straight  line  or  a 
curve  (VW  being  made  a  straight  line,  since  y"=:0). 

The  preceding  must  be  positive.  Now  suppose  that  our  axis  of  x  had 
in  the  first  instance  been  made  parallel  to  the  straight  line  we  wish  to 
consider,  which  can  always  be  done.  Then  a=:0,  and  the  preceding 
becomes 

where  3X|  and  Bxo  are  independent,  and^  (3a)*  dx  independent  of  both. 
If  x^'^Xif  as  we  have  supposed,  the  last  term  is  essentially  positive,  and 
the  whole  will  be  positive  if  Sj©  must  be  negative  and  Bxy  positive.  The 
only  cases  in  which  this  is  true  are  represented  in  the  follo.wing  diagram, 
in  which  the  straight  line  drawn  being  parallel  to  the 


-N 


I 


^ 


w^ 


H 


w^ 


^ 


yv  w 


axis  off,  and  x  being  measured  positively  towards  the  right,  we  see  that, 
(^09  yo)  being  V,  and  (xi,  y i)  being  W,  ixo  must  be  negative  if  we  pass 
to  an  adjacent  point,  and  ox^  must  be  positive.  Consequently,  a  line  is  a 
minimum  distance  between  two  curves  when  two  perpendiculars  being 
drawn  at  its  .extremities,  neither  perpendicular  passes  through  its  curve 
so  as  to  have  the  curve  on  both  sides  of  it  Another  case  (answering  to 
CD,  p.  458)  need  not  be  discussed :  the  object  being  merely  to  show  the 
insufficiency  of  the  common  method,  and  also  its  tendency  to  redundancy. 
The  application  of  the  preceding  reasoning  generally  to  3/!^  dx  is 
rendered  extremely  difficult  by  the  complexity  of  the  terms  of  the  second 
order.  The  only  cases  in  which  we  can  easily  proceed  are  those  in 
which  we  know  beforehand  that  there  is  a  maximum  and  no  minimum, 
or  a  minimum  and  no  maximum.    Then,  taking 

S/VdjF=0aj?+/(Y)oOi£ir+(Y),6i+  (Y  ),«'+(¥),«"+ .... 

+ terms  of  second  order  +  . . . ., 

we  may  make  (Y)o=0,  for  a  reason  similar  to  that  shown  in  the  last 
problem,  and  we  then  know  from  the  nature  of  the  case  of  what  sign  the 
terms  of  the  second  order  must  be.  It  remains  to  ascertain  how  the  line 
determined  by  (Y)o=0  must  be  placed,  in  order  that  the  value  of  the 
integrated  part  of  the  expression  taken  between  the  limits,  or 

*i  ^J?i-0o 8*0+  ((Y)i),  <^i-((Y)i)^<.io+  ((Y).)i  ^i  -  ((YO)o «'o+  •  • . . 

may  always  have  the  same  sign  consistently  with  every  variation  which 
the  conditions  at  the  limits  will  admit,  and  that  sign  belonging  to  the 
maximum  or  minimum,  as  required. 

Before  proceeding  to  some  examples,  let  us  examine  the  equation 
(Y)o=0,  or 

Y-Y/+Y,/'-  . .  .=0,  where  d(^=X(ir+Yrfy+Y,(fy'+Y^y'+. . . 

If  X=0,  or  a'function  of  a?;  that  is,  if  ^  either  do  not  contain  x  at 
all,  or  in  such  a  manner  that  it  has  the  form  0  (y,y'.  •  •  O+Y^-^*  then, 
page  208,  it  is  obvious  that  Y=Y/  — Y, /'•♦-... .  is  precisely  the  con- 
dition necessary,  in   order  that  Xdr+Ydy-f ,  or  (Xda?+Yy'4- 

Y^y"+ . . . .)  <^  shall  be  integrable  per  «e,  so  that  we  have 
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i/>=fXdx+  (Y,-  Y,;+ ....  ).y'+(Y„-Y,,;+  ....)y"+ (^) ; 

80  that  the  diff.  equ.  (Y)o=0  admits  cf  one  iutegration.  For  example, 
let  <t>  contain  only  y  and  y',  then  X,  Yy„  Y^^„  &c.  are  severally  =0,  and 
we  have  Y— Y/=0,  for  (Y)^=0  ;  or,  by  the  preceding,  ^=C  + Y,y . 
Now,  Y^  containing  y',  Y/  contains  y",  and  Y— Y/=0  is  of  the  second 
order ;  but  0=C+ Y,  i/  is  of  the  first 

Let  0  contain  ^,  y,  y",  and  ^'\  with  x  in  an  independent  term. 
Then 

0=/X(f:r+(Y,-Y;+Y,/)y'+(Y,,-^Y,,/)y+Y,^Sr. 

Let  it  be  required  to  find  the  curve  on  which  a  material  point,  acted  on 
by  gravity,  and  descending  freely,  shall  fall  in  the  shortest  time  from  a 
given  point  to  a  given  curve.  If  a:  be  horizontal,  and  y  vertical,  this 
amounts,  by  the  principles  of  mechanics,  to  making  jW{}'\-y^*)  •  Vy}  ^^ 
a  minimum.*     We  have  then 

0=Y,/+C  give.  ^(1^)  =;^.yj+c. 
or  l=:C«y(l+y'«) 

J=  VCaS-y)    *=±Kven.-|W(2Ky-yO+L: 

2K  being  1 :  C*,  and  L  a  new  undetermined  constant.  Let  us  suppose 
the  fixed  point  from  which  the  descent  begins  to  be  the  origin ;  then, 
since  x  and  y  vanish  together  in  the  curve,  L=0,  and  we  have  the 

equation  of  a  cycloid,  whose  cusp  is  at  the  oriein  O, 
and  the  radius  of  whose  generating  circle,  which  rolls 
on  the  axis  of  jt,  is  K.  According  as  the  upper  or 
lower  sign  is  taken  the  cycloid  is  placed  with  its  ordi- 
nates  negative  (as  in  OA)  or  positive  (as  in  OB). 

We  have  also  (Y).= Y;,  (Y)t=0,  &c.,  whence  the 
integrated  part  of  y<f)dx  is 

Taking  this  between  the  limits,  we  have,  Xi  and  yi  being  coordinates 
of  the  required  point  in  the  given  curve  PQ  at  which  the  descent  is  to 
end,  and  cx^  and  2yo  being  each  =0, 

yi"*(i+y'!)"*(^j'.+yiJyi), 
yr*(i+yr*(«-.+(^^).a3..); 

putting  for  y'l  its  value  in  the  last  factor :  it  being  remembered  that  y'l 
is  to  be  taken  as  positive  when  the  point  comes  in  the  first  half  of  the 

*  From  the  nature  of  the  problem,  a  maximum  ii  iroponible :  by  making  the 
curve  sufficiently  near  to  a  level  at  ita  commencement,  the  time  might  be  autfmcnted 
without  limit. 


or 
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cycloid,  and  negative  in  the  second.  Let  y{=zyitxy  be  the  equation  of 
the  curve  to  which  the  cycloid  is  to  be  drawn  :  the  sign  of  the  preceding 
then  depends  on  (1+y  iV^J^i)  ^J?i,  so  that  in  every  case  in  which  ^xi 
can  he  either  positive  or  negative,  we  must  have  l  +  ^'i  ^^'.TiIzO,  or  the 
cycloid  must  cut  the  curve  at  right  angles.  But  if  there  be  a  cusp  so 
situated  that  ^Xi  and  hy^  are  necessarily  positive,  and  that  the  cycloid 
drawn  from  the  origin  to  the  cusp  meets  the  cusp  in  a  point  of  its  first 
half,  that  cycloid  is  a  line  of  shortest  descent :  and  also  if  it  be  so 
situated  that  Ixi  is  positive  and  ^yi  negative,  and  that  the  cycloid  meets 
the  cusp  in  its  second  half. 

Sometimes  a  further  integration  mav  be  made  in  (0)  :  thus,  if  0 
contain  only  y'  and  y",  we  have  Y/— Y,/'=0  gives  Y^ — Y^/=const.=C, 
whence,  if  X=0,  (0)  becomes 

^=c+Cy'+Y,,y". 

For  example,*  let  0=(l+y'*)*:y",  the  limits  being  two  fixed  points 
in  the  axis  of  <r,  and  one  of  them  the  origin.     We  have  then 

in  which,  since  c  and  C  are  arbitrary,  2  may  be  struck  out.  Let 
y'=tan/3,  y"dx  =  (l+tau*/3)c//3,  and  we  have 

<ir=:(cco8*/3+Ccos/3sin/3)rf/3,     dy=(ccosi38in/3+Csin«/J)4/3 

4jp=2(?)8  4-cBin2i8-.Cco82i8+K 
4y=2C)8-Csin2^— ccos  2fi  +L; 

which  may  be  shown  to  belong  to  a  cycloid.  The  integrated  part  of 
the  variation  is 


5j+(Y  ~YV)«+Y,y,  which  gives  Y,,. o^',- Y,;, «\, 

since  ^.r  and  <>>  or  ^y  —  ySx  vanish  at  both  limits.  And  w'=Sy' — y"  ^x 
gives  Y^yt^y't — Y^ii^y'i  for  the  above.  If  ^,  and  therefore  y',  be  given 
at  the  limits,  this  vanishes  of  itself,  and  the  arbitrary  character  of  the 
constants  r,  C,  K,  and  L,  is  no  more  than  sufficient  to  enable  us  to  make 
the  cycloid  pass  through  the  given  points  with  given  tangents  at  those 
points.     But  if  y'  be  undetermined  at  the  limits,  we  have 

y «  y  I 

in  which  the  power  of  giving  different  signs  can  only  be  avoided  by 
making  the  coefficients  of  ^fi^  Bnd^fii  severally  =0.  That  is,  the  radii 
of  curvature  at  the  extreme  points  are  both  =0  ;  which  in  the  cycloid 
only  happens  at  the  cusps.     Hence  if  A  and  B  be  the  given  points, 

every  such  figure  as  that  in  the  diagram  gives  an 

\V^"V'^^l^     algebraical  minimum :  that  is  to  say,  any  slight 

^     variation  of  the  upper  curves  with  a  corresponding 
variation  of  the    lower  evolutes  would  increase  the   area  contained. 

*  Let  the  itudent  show  that  this  answers  to  the  follow ing  problem:  between 
two  given  points  to  draw  a  curve  which  with  its  extreme  radii  of  curvature,  and 
their  intercepted  are  of  the  evolute,  contains  the  least  area.  And  let  him  show 
that  the  problem  may  be  susceptible  of  a  minimum,  but  not  of  a  maximum. 
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There  is  no  absolute  arithmetical  minimum;  for  by  sufficiently  in- 
creasing the  number  of  revolutions  of  the  generating  circle  we  might 
diminish  the  whole  area  without  limit. 

Let  it  be  required  to  draw  on  a  surface  the  shortest  line  from  one 
curve  to  another,  both  curves  being  on  the  given  surface. 

Let  dz^r^pdx-^-qdy  be  the  differentiated  equation  of  the  curve 
surface ;  the  function  to  be  made  a  minimum  is  then 

«r=/V{l+y'-+(p+gy'V}^=/*^; 

p  and  q  being  both  functions  of  x  and  y.    We  have  then 

Make  a  itself  the  independent  variable,  and  for  p+^y'  write  {dz:do) 
X  {da :  dx\  remembering  that  d<r :  dx=i<p.     We  have  then 

dz  d<r  /    dx       dy\  ^  d   f^V  .     ^^\  ^ 

da'  dx  \   da       da  J      da  \da       da  J  dx 

dz  (   dx       dy\^d^y       d^z      dz  f   dx  dy^ 

da  \   da       da  J      da^       da*      da  \  da  da/ 

d}y       d^z  ,  d^x  d*z 

might  be  deduced  by  combining  this  with  the  equation  of  the  surface, 

or  else  by  altering  f<t>dx'm\o  f(^*-\'\-{-{fx''{-qy)^dy^  and  repeating 
the  process,  on  the  supposition  that  x  is  a  function  of  y.  The  integrated 
part,  0^jr4-YyCii,  is  subject  to  the  remarks  already  made  in  the  pro- 
blem of  page  459.  If  x,  y,  and  z  be  expressed  as  functions  of  r,  the 
preceding  equations  (page  158)  become  (x  being  dxidv^  &c.) 

c/  (y"+92")~^  (y'+7^)=0,     a'  (j/'+;,z")-c/'  (J?'+P20=0, 
or  (/+7^") :  (^"+p2")=(y'+90 :  (j^+p^O  i 

which  is  nothing  more  than  the  expression  of  the  property  that  the 
osculating  plane  of  the  curve  must  be  everywhere  perpendicular  to  the 
tangent  plane  of  the  surface,  partly  proved  in  page  442. 

Hitherto  we  have  not  supposed  the  function  0  to  contain  the  limits  of 
integration  directly,  as  constants.  If  this  be  the  case,  and  if  x^  j?|,  yt, 
^19  y  V  y'i9  &c*  ^c  ^^6  values  of  x,  y,  j/y  &c.  at  the  limits,  we  shall  have 
to  add  to  the  variation  of  J*(l>dx  the  series  of  terms . 

(  -7-  ^Xo+  7-  ^J?i+  • . . .  )  dx.  or  ^Xq  -7—  cb+^T,  I  -r-  dx+  . . . ., 
J  \dTo  dx,  J  J  dxo  J  dx, 

remembering  that  ^To*  ^^a  &c.  are  constant  throughout  the  integration. 
The  general  form  of  (Y)o=0  is,  therefore,  not  affected,  and  &e  only 
change  which  is  required  is  the  consideration  of  the  new  terms  annexed 
to  the  integrated  part.  Also  if  the  quantity  to  be  made  a  maximum  or 
minimum  were  of  the  form  K+fydr,  K  being  a  function  of  limiting 
values,  the  only  alteration  requisite  would  be  the  addition  of  2K  to  the 
integrated  part. 

Thus,  if  in  the  question  of  the  brackystochron^  or  line  of  quickest 
descent,  page  462,  we  suppose  the  line  is  required  to  be  drawn  from  one 


ON  THE  CALCULUS  OF  VARIATIONS,  465 

corve  (yo,  of,)  to  another  (yi,»i),  the  velocity  at  any  point  depends  upon 
the  height  of  the  point  on  the  first  curve  from  which  it  feU,  and  the 
expression  to  be  minimized  is 

in  which,  as  it  happens,  d0:</yo=  ~^0- ^y  =— Y=— Y/,  since 
Y-Y/=0.  Hence  ^yof  W:dy,)  dx=:-Y,^yo,  or -{Y^.-Y^^^yo 
between  the  limits.     Consequently  the  integrated  part  is  now 

-  (Y/i  -  Y,o)  ^0+01  ^r,-<f>,  ajo+ Y,,  (^y.-i/,  ^x,)-Y^  Gyo-y'c  Sxo). 

But  since  0  =  Y^y'+C  at  all  points,  the  preceding  becomes 

C^x.^Cdr.-'Y^  dyo+Yn  ^yi- 

If  yj=:Y^,X|  and  yo=Y'o^ohe  the  equations  of  the  curves;  substitution 
gives 

(C+Y,»Yr'»xOar,-(C+Y,,Y^o^o)^i?o; 

and  assuming  each  coefficient  =0,  we  deduce  Y^iJ?i^^o^o9  or  the 
points  at  which  the  cycloid  passes  through  the  curves  have  their 
tangents 'parallel ;  while  from  the  former  process  it  appears  that  the 
cycloid  has  its  cusp  on  the  higher  curve,  and  cuts  the  lower  one  at  right 
angles.*  A  cusp  on  one  of  the  curves  might  offer  an  exception,  as  before. 
Let  it  now  be  proposed  to  find,  not  the  independent  maximum  or 
minimum  of  an  integral,  'fixixy  but  that  which  exists  under  the  con- 
dition that  J^^dx  shall  remain  constant,  as  in  the  following  question : 
Of  all  curves  of  a  given  lengthy  what  is  the  curve  of  quickest  descent 
from  one  given  point  to  another?  In  this  case  we  do  not  require 
lj*<t>dx  to  be  always  positive,  or  always  negative,  but  only  in  such  cases 
as  also  satisfy  lffdx=.Q.  Let  i/^=^(2j;  +  H(/y-f  H/  dy-^- . . . . ,  and, 
consequently,  as  in  page  450, 

^/'0da?=0^24./(y)owdj:+(Y)i«+ , 

whence  the  following  conditions:  1.  (H)o=0  must  make(Y)o=0.  2. 
Y'l  ^JTi— Y^o  5^0+ ....  =0  must  make  0i  Ix^  —  <{>o ^^0+ .  •  •  •  nJJ*"**  in  the 
case  of  a  Sil'SS- 

To  satisfy  the  first  condition,  it  is  sufficient  that  there  should  be  any 
one  constant  quantity  a,  such  that  ay^(0+aV^)  ^=0;  for  then,  since 
a/'i^dar+aa/VcLrrrO,  Zfyffdx=-0  gives  lf^dx=iO.  To  satisfy  the 
second  condition  it  is  sufficient  that  for  the  same  quantity  a  we  should 

have  ^1  ^Xi— 00  ^J^o  -f-  ••••+«  (V'l  ^X\ — Vo  ^-^0+ )  always  positive 

or  always  negative.     Hence  it  follows  that  if  we  proceed  as  in  making 

J^  {<(}'{' ayft)dx  a  maximum  or  minimum,  and  then  determine  a,  so  that 

J^dx  may  have  a  given  value  c,  we  shall  give  J'(/>dx  the  greatest  or 

least  value  which  it  can  have  consistently  with  the  condition  yVcij=c. 

*  Having  in  the  fint  three  questions  taken  notice  of  the  limitations  and  excep- 
tions which  sometimes  occur,  I  shall,  in  the  remaining  problems,  simply  ascertain 
the  conditions  under  which  the  variation  of  the  integral  is  nothing:.  But  the 
student  mtlst  remember  that  the  results  require  further  examination,  except  when  a 
maximum  or  minimum  resembling  that  indicated  by  the  residt  is  known  to  exist 
d  priori, 

2  H 
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For  example^  it  is  required,  on  a  given  line  AB= A«  with  ACB  a  cvnre 

of  given  length  to  inclose  the  greatest  possible 

C  area:  here  the  maximum  obviously  exists,    and 

>.         there  is  no  minimum.     Here   /"Jyrfj?   is  to   be 

\     maximized,  while  yj^^  (l+y'^dj  =  c,    or  we 

A  R    must  proceed  as  in  making 

7*{y+«V(^+2^*)}  dxz=:f<t>dXy  a  maximum. 
We  have  then  ^=Y/y'+C,  which  gives 

Sf+aV(l+y'«)=;^^^^^+C,or{y-OV(I+yO=-«,       " 

7  =t  =V(«'-^-C)»)'  (-K)-+(J^-C).=^ ; 

or  the  curve  is  circular.  By  properly  assuming  the  three  constants^  we 
may  find  the  circular  arc  which  passes  through  A  and  B»  and  has  tlie 
length  c :  this  arc  is  the  curve  required.  The  integrated  part  vanisfaeB 
of  itself,  since  the  limits  are  fixed. 

A  curve  of  given  length  is  to  be  drown  between  two  given  carves  in 
such  a  way  that  its  centre  of  gravity  may  be  at  the  least  possible  dis- 
tance from  the  axis  of  x.  This  distance  iaf yds :  S,  S  or  J*ds  being  the 
whole  length:  consequently  ^fyds  is  to  be  a  minimum,  fiU  b^ng 
constant,  or  we  must  proceed  as  in  making  J^Cy+a)  ds  a  minimum  ^ 
or 

f<i>d3z=f(y^ayi\+^')  dx,     ¥,=  (^+0)^:^(1+2/*) 
0=Y. 5/4- C  gives  y+cr=CV(l+y),    Y,=Cy' 

t^li^'^y    *+K=Clog(y+a+V((y+a).-C-) 

2(y+a)=g  c  +C»5~"  c  . 

the  equation  of  a  catenary,  or  of  the  curve  in  which  the  strings  would 
hang  if  the  axis  of  x  were  horizontal  Now  take  the  integrated  part, 
derived  from  0a:r+Y,«,  or  (^-Y^y')^^ +Y^ay,  or  Ca^-fY/Sy, 
which  gives 

and  this  is  to  be  always  positive^  or  nothing.  Substituting  ^5^=^rjr|  Ix^ 
and  hf^^yff'^x^lx^,  we  find,  to  make  the  preceding  sOindepeBdently 
of  Ixi  and  Ix^  the  equations 

or  the  catenary  must  be  perpendicular  to  both  curves.  But  (C  being 
positive)  let  there  be  a  pair  of  cusps,  one  in  each  curve,  so  that  3r,  must 
be  positive,  Ix.  negative,  and  y\  ^ly,  positive,  and  y'o  h^  negative,  as  in 

the   figure.     There  will    then    be  the  minimimi 

t  I  t  I    required,  if  the  string  hang  in  a  catenary  from  these 

\A  1/     points. 

\  If  the  distance  were  required  to  be  a  maximum^ 

" — "**  the  process  would  appear  to  be  the  same,  and  to 

^ determine  the  same  curve.     But  it  must  be  re- 
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membered   that  K  is  arbitrary,  ami    that    by  so  assuming  it  that 
K :  C=L :  C+»^(  —  1),  the  equation  of  the  catenary  takes  the  fonn 


»+L 


M+L 


I  have  placed  the  curve  downwards  in  the  diagram,  as  the  problem 
obviously  requires,  and  it  would  have  been  placed  the  other  way,  if  the 
maximum  had  been  required.  Such  circumstances  as  these  must  be 
determined  by  the  apparent  necessity  of  each  case,  until  the  integrals 
answering  to  K*  in  page  459  can  be  satisfactorily  examined.  This  has 
not  yet  been  done  in  any  manner  which  is  sufficiently  complete  and 
elementary  for  the  learner.* 

I  shall  now  give  some  examples  of  the  more  extensive  methods  in 
pages  450,  &c.    The  following  was  solved  by  James  Bernoulli,  in  the 

early  days  of  the  differential  calculus.  On 
a  given  line  AB  to  draw  a  curve  of  given 
length  ACB,  in  such  manner  that  NP,  the 
ordinate  of  another  curve,  being  a  given 
function  of  the  arc  AS,  the  area  APB  shall 
be  the  greatest  possible. 

Ijet  AN= X,  NS=y,  AS=r,  let  PN=S 
(a  fimction  of  t;),   and  J'Sdx  is   to  be  a 
maximum,  while  y^fl+y^)  ^  i*  constant, 
between  the  fixed  limits.     We  have  then  (page  465) 

(page  450)  PrsO,     P;=s/(l4-y«)-*     Y=0,     Y,=ay'(l+y")"*, 


V= 


rft?' 


arf 


Jr-f 


— l<«»de4 


oy 


Vd+y-) 
y' 


V(i+y") 

from  the  formula  in  page  450,  which  givea  (Y)o=Y— ¥/=:— T/,  Ac. 
Taking  all  the  integrated  part  between  the  fixed  limits,  all  those  terms 
disappear  which  contain  ix  or  w  free  of  the  integral  sign.  Also  TYds 
is,  relatively  to  the  integration  of  arbitrary  Tariatious,  an  undetermined 
eonatant,  which  we  may  call  H.    We  have  then 


'fHl-7>^) 


(fVdx. 


^(1+y^) 


)'} 


"W(i+y^/ 

(odx; 


*  The  itudent  who  requires  more  problems  may  consult  Woodhonse's  most 
valuable  treatise  on  Isoperimetrical  Problems,  which  is,  in  fact,  a  richly  exemplified 
and  referenced  history  of  this  calculuH  from  the  time  of  the  Jtoperimeiriea/  pro^ 
bienu,  as  they  were  called,  to  our  own.  Also  the  tract  by  Mr.  Airy,  in  his  Mathe- 
matical IVacts,  and  Mr.  Abbatt's  Treatise  on  the  Calculus  of  Variations. 
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and^  equating  the  coefficient  of  tadx  to  0,  and  integrating,  we  have 

«y+(H-/Vdx)y'=CV(l+y'0....(H) 


Ydv,  or  —  dt?=-^~5— ,     S = K 


7.  y  = 


<i»"       y"    '    y'     '     K— S 


V(C*+(K-S)«)'  ^(C«+(K-S)«)' 

from  which  y  and  a?  are  to  be  found  in  terms  of  S,  and  by  elimination  y 
in  terms  of  x.  There  are  four  arbitrary  constants,  C,  K,  and  the  two 
introduced  in  integration ;  three  are  expended  in  making  the  curve 
ACB  of  the  given  length,  and  passing  through  the  given  points  A  and  B. 
But  the  fourth  constant  is  undetermined,  a  circumstance  to  be  explained 
as  follows.  The  curve  APB  would  remain  a  maximum  if  all  its  ordi- 
nates  were  lengthened  by  Aa,  as  in  apb :  that  is,  no  curve  of  the  same 
length  (ending  at  a  and  b)  can  inclose  so  great  an  area  as  Aapb3. 
Hence  the  problem  is  so  far  indefinite  that  the  function  S  and  S — K 
(R  being  any  constant)  must  give  the  same  form  of  the  required  curve. 
The  preceding  result  expresses  the  degree  of  indeterminateness  which  is 
thus  admissible  into  the  function  S,  by  presenting  S  always  accom- 
panied by  an  arbitrary  constant.  The  given  conditions  must  then  be 
satisfied  by  the  three  remaining  constants,  and  K  allowed  to  remain : 
the  resulting  curve  APB  will  make  /*(S  —  K)  dx  a  maximum. 

Before  exemplifying  the  remainmg  method  (page  451),  it  may  be 
shown,  in  the  manner  of  Lagrange,  that  all  the  unconnected  methods 
given  in  this  chapter  may  be  reduced  to  one  only.  Let  0  be  a  function 
of  J?,  y,  i/^  y'\  &c.,  «,  z',  z'\  &c.,  &c.  We  have  then  as  before  («  being 
hy  —y'hx  and  f  being  Iz^  z'lx)^ 

^f4>dx=<l^^x+f{(Y\iu  +  iZ\i}dx+(Y)yu,+  (Z),i: 

+  (Y).a,'+(Z).r+.... 

In  order  that  if^dx  may  be  always  of  one  sign,  we  must  have,  as 
already  explained,  (Y)ow+(Z)of=0;  and  if  y  and  «  be  independent, 
(Y«)=0,  (Z)o=0.  But  if  y  and  z  be  connected  by  an  equation,  say 
L=:0,  we  find  that  it  is  sufficient  that  there  should  be  any  one  function 
X,  for  which  ^f<pdx-^^J'\hdx  is  always  of  one  sign,  since  then  the 
condition  L=:0,  /\L(ic= const.,  ^  (const) =0,  shows  that  the  per- 
manence of  sign  of  Ifffidx  is  only  simultaneous  with  L=0.     If,  then, 

XL  be  a  function  of  the  same  quantities,  and  if  Y,  Y„  Z,  Z^  &c.  denote 

ite  partial  diff.  co.  with  respect  to  y,  y',  &c.,  z,  z\  &c.,  and  if  (Y),,  (Z)« 
represent  abbreviations  similar  to  ( Y)©,  (Z)o,  &c ,  we  have 

a/(0+XL)  cii:=(0+XL)^j:+/{(Y)o+(Y)o}a.d:r 

+/{(Z)o+(Z)o}^(ir+{(YX  +  (Y),}a,  +  {(Z),+  (Z),}  f+ 

If,  then,  we  eliminate  X  between 

(Y).+  (Y),=0,    (Z;.+  (Z),=0, 
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(which  are  necessary,  since  cii  and  Z  are  now  independent),  we  have  an 
equation  hetween  y,  2,  and  j?,  which  with  L=0  will  determine  hoth 
y  and  z  in  terms  of  Xj  if  the  integration  can  he  effected. 

But  the  preceding  process  may  he  materially  simplified  hy  showing 
that  the  ultimate  use  of  L=0  will  allow  us  to  proceed  as  if  X  were 
a  function  of  x  only,  and  not  of  y,  y'  y",  &c.     For  we  have 

^PdJdx=f(L\.d^x•{•\.^h.da!^{•L.^\.dx) 

=LX^jF-j-/  (^Ldx—dI2x)  X+/(5Xdr-dXJj)  L ; 

of  which  the  first  term  finally  hecomes  nothing,  and  the  third  constant, 
when  L=0.  So  far  as  the  integral  part  is  concerned,  L=0,  and 
hXdx — cfX8j=0,  produce  the  same  effect  on  the  result,  but  the  latter 
would  happen  identically  if  X  were  a  function  of  x  alone. 

In^e  simple  case  in  which  L  is  a  function  of  j?,  y,  and  z  only,  we 

have  Y,=0,  2^=0,  &c.,  so  that  (Y)o=XY,  (ZX=XZ,  and  (Y),+xY=0, 

(Z),+XZ=0,  give* 

(Y)o  Z-  (Z)o  (Y)=0,  or  ^  (Y)o-^  (Z)o=0. 

Let  z^=ifyffdx^  yfr  being  a  function  of  jc,  y,  y,  &c. ;  or  let  the  equa- 
tion L  be  r'— Y^=0,  whence  XL=X2'— Xy^.  Consequently  Z=0, 
Z^=rX,  Z^=0,  &c.,  and  Y,  Y;,  &c.  are  all  derived  from  —\f.  Hence 
(Z)o=  —X'.     Again,  if  <(»  be  a  function  of  z  only,  and  not  of  2',  z'\  &c., 

(which  is  the  case  in  page  450,)  we  have  (Z)o=:Z,  whence  (Z)o+(Z)o 
=0  becomes  Z— X'=0,  or  X=y"Zctr— H,  H  being  a  constant.  Sub- 
stitute this  in  (Y)o+(Y)o=0,  which  then  becomes 

Y- Y/  + . ...     J-  {K—fZdx)  P-{(H-/Zdj)  P,}'+  ....       =0; 

a  form  similar  to  which  might  be  deduced  from  page  450,  in  the 
manner  of  the  example  in  page  467 ;  d^ff  being  Pdy  4-  Pi  e/y'+  •  • .  • 

The  following  problem  will  illustrate  every  part  of  the  preceding 
method. 

Required  the  curve  of  quickest  descent,  from  one  given  limiting  curve 
to  another,  in  a  resisting  medium,  the  resistance  being  R,  a  function  of 
the  velocity.  Let  x  be  measured  positively  downwards  in  the  direction 
of  the  action  of  gravity,  we  have  then,  by  the  principles  of  mechanics, 
V  being  the  velocity,  ^'^^(l+y'O'dJp:  v  to  be  minimized,  and 

r^=g-R^,  or:c'+2R^(l+y'«)-2(7=0, 

where  z=v^  and  R,  being  a  function  of  v,  is  a  function  of  z.  Here, 
then, 

^^^(Hj^^    XL=X2'+2XRy(l+y'»)-2X^ (1), 

*  Let  the  student  deduce  from  theee  equations  that  of  the  ihortest  line  between 
two  pointi  on  a  giv«n  surface. 
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Y"=o    y—     ^^^        Y  =0  &c 


Z=2XRV(l+y'"),  Z,=X,  Z,,=0,  &c. 
Here  R'  stands  for  dR :  dz.     We  have  then 

^^*(^Hj:^-^ho » 

(Z)o+(Z)o=--^^^i=^+2XRV(l+jr)-V=0. . .  .(3); 

from  which  three  equations,  X,  z^  and  y,  must  be  obtained  in  terms 
of  X. 

Now  (2)  gives  «-*+2XR=  A^"'  (1 +y'*)*,  and  (dR :  dt:=zB!z') 
{-iz"i+2XR'}^'+2RX'=-Ay'y^(l+j^)-*; 
or  (3),  (1),    X'(l  +yT*  (2g-2R  (1  +y'«)*)+2RX' 

or    2gV(14-3r)"*=-AyY""(l+y'')"*,  or  2^V=  - A^y-* ; 

whence  2gX=Ay'-'+B.  and  z-*+^lt??^R=Ml+y!? (4). 

gy  V 

From  this  equation,  R  being  a  function  of  2,  z  can  be  obtained  in 
terms  of  y,  say  z^yf.    Then  (1)  gives 

/y'.y'+2RV(i+y'0-2^=« (5); 

a  di£f.  equ.  from  which  y  is  to  be  found  in  terms  of  op.  If  there  be  no 
resistance,  or  R=0,  the  equation  of  the  cycloid  (page  462)  can  easily  be 
found. 

As  to  the  equations  at  the  limits,  we  have 

(0+XL)  Ix,  or  03j  (since  L=0)=:z"*  (l+y'»)*.^r 

(Y)i=z-*3/(l+yr*,  (Y),=2XBy'(lfy'«)-*,  (Z)|=0,  (Z).=X; 
whence  the  part  to  be  taken  between  the  limits  is 

«"*(l+Sf^)*^+(2-*+2XR)y'll+yT*(^~y'^«)  +  X(a«-/3^); 

or  «"*(l+y'«)* Ix^-ki^ly-^ylx^Wlz - {2X^-2XR (1  +yO*}  Ix ; 

or  Ay-*  (1+y")  aa?+Aay— Ay'^j?+X5z-2Xgaj; 

or  (Ay-*  -  2Xg)  aj7 + A5y + \lz. 

There  are  four  arbitrary  constants,  A,  B,  and  the  two  introduced  in 
integration  of  (5).  Two  of  these  are  expended  i|i  making  the  curve 
pass  through  the  proper  points  of  the  limiting  curves ;  by  a  third  we 
may  make  the  initial  velocity  what  we  please,  say  a  given  function  F  of 
the  coordinates  of  the  limiting  curve  at  the  commencement ;  but  the 
fourth  seems  superfluous.*    We  shall,  however,  find  that  it  is  deter- 

*  Many  problems  in  this  calcolus  present  inore  constants  than  can  at  first  sight 
be  made  determinate  by  the  conditions,  and  until  the  theory  is  generalised  (which 
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miaed  by  the  following  circumstance.  At  the  first  limit,  ^Zo  is  F'^.rc 
+  ¥^h^  P  and  F|  being  partial  di£f.  co. ;  but  at  the  second,  ^Zi  must 
be  determined  from  2i=:/y'i,  giving  5«i=/'y'i.^yV  Now  ^y'l  is  in- 
determinate, since  it  depends  on  the  iteration  of  the  angle  at  which  the 
curve  cuts  the  second  limiting  curve,  an  alteration  which  in  no  way 
depends  on  the  variation  of  the  coordinates  at  the  limits.  Hence  hi  is 
indeterminate,  and  therefore  when  the  whole  is  made  =0,  independently 
of  variations,  we  have  X|  =  0,  or  Ay'r*  +  B  =  0,  whence  2gX 
=A  (y-* — yTO»  *Dd  one  arbitrary  constant  is  lost.  Letyc=Y^o^» 
and  ^1=: Y^t  'i  be  the  equations  of  the  limiting  curves ;  we  have  thai, 
writing  AyT*  fw  Ay'"'— 2gX,  and  writing  for  5xp,  ^jti,  Ac,  and  hz^ 
their  values,  the  following  conditions  necessary  to  the  complete  vanish- 
ing of  the  variation,  independently  of  ^j^  and  Sxi, 

Ay'r'+AV^,j:.=0. 

The  second  shows  that  the  curve  must  cut  the  second  limit  at  right 
angles.  If  y:=:^(jr,  A,  B,  C|,C|)  be  the  integral  of  (5),  we  have  the 
two  equations  just  obtained,  with 

^.  x.= «  (afo.  A,  &c.),    Vi  JPi= *  (J^i,  A,  Ac), 
^    A+By'o         AVa+3/» 

yo  y. 

five  in  all,  to  determine  x^y  Xt,  A,  Cj,  and  C*;  while  B  is  already 
determined  in  terms  of  A. 

Let  us  suppose  a  given  velocity  at  the  outset,  independent  of  the 
position  at  starting:  we  have  then  F=con8t,  F'=0,  F^=0,  and 
y'r'+'^o'o^^O;  from  which,  and  y*r'+V^iJ^i=^  ^«  deduce  Y^oT, 
=^i  ^u  or  the  tangents  of  the  limiting  curves  at  the  extremities  of  the 
line  of  quickest  descent  are  parallel.  But  if  we  suppose  that  the  initial 
velocity  is,  whatever  the  point  of  starting  may  be,  to  be  that  acquired  in 
falling  from  a  given  height,  say  from  the  axis  of  y,  we  have  z^=2gXo 
=F,  whence  F'=2^,  F,=0;  and 

Ayr+AV^'oj'a+2gX«=0,  or  Ay'oJ,+Ay-'=0; 

whence  the  curve  abo  cuts  the  first  limiting  curve  at  right  angles.  All 
these  conditions  are  independent  of  the  law  of  resistance,  and  are  true 
if  R=  0 ;  we  have  already  seen  some  of  them  in  this  case,  (page  462.) 

I  shall  now  take  an  instance  in  which  there  are  two  independent 
variables.  Looking  back  to  the  formula  in  page  454  we  may  see  that 
if  if(t>dxdy  IS  to  preserve  the  same  sign  independently  of  w,  the 
coemcient  inside  the  doable  integral  sign  Jy  must  vanish  :  for  in  every 
other  part  of  the  expression  an  integration  has  been  made,  either  with 
respect  to  j;  or  y ;  those  other  parts  are  therefore  to  be  taken  between 
limits,  and  w,  ia :  cLr,  Ac,  have  only  the  restricted  values  derived  from 

it  Bsvir  win  be  until  great  progren  is  maile  tn  the  solution  of  diff.  eqn.)  the  meaning 
of  die  ioperfluoua  constants  must  be  collected  from  the  eircnmstances  of  each  pro-* 
blem.  ^agiange  merely  says  that  9b ^  m  indetenninate,  but  does  not  jy^e  aav 
reason  ;  if  he  meant  that  it  may  be  made  indeterminate  because  another  condition  wiU 
be  thereby  introdocedto  determine  the  fourth  constant,  his  reasoning  is  not  sound. 
It  ia  remarkable,  that  Wovdhoose  and  Lacroiz  both  emit  this  part  of  the  problem 
in  silence. 
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the  conditions  of  the  limits.  But  the  tenn  with  the  double  sign  J  J 
depends  upon  all  the  values  of  oi  intermediate  to  the  limits,  and  may  be 
made  to  change  its  sign  by  changing  the  sign  of  oi,  as  in  page  459. 
The  nature  of  the  function  which  makes  hJ^^dxdy^O^  d0  being 
Xdx-\'Ydy'\-Zdz  +  Pdlp+Qdq'{-Rdr+SdS'\'Tdt,  is  to  satisfy  the 
diff.  equ. 

d.P      d.Q      d».R      d».S       ^-T_ 

dx        dy        dr*       dx  dy       di^  ""    * 

z  being  implicitly  a  function  of  x  and  y.  But  the  conditions  relative  to 
the  limits  have  had  no  progress*  made  in  their  solution  which  it  would 
be  worth  while  to  present. 

What  is  the  nature  of  the  surface  which  mider  a  given  volume  con- 
tains the  least  possible  superficial  content,  the  volume  being  contained 
by  the  surface  itself,  by  cylinders  whose  projections  are  given  on  the 
plane  of  xy^  and  by  the  plane  of  j[^,  in  the  same  manner  as  in  pages 
390,  &c.  We  have  then  to  m9keJjjJ(l-\-j]^+(f)dxdy  a  minimum, 
on  the  supposition  thht  J[f  2  dx  dy  remains  constant.  Hence  we  must 
proceed  as  in  minimizing 

//(V(l  +P"+7*)+a«)  dx  dy^ff^  dy, 
Z=a.     p=;,(l+p«+^)-»     Q=g(l+p*+90-*     R=0,&c., 

^=i(l,+p«+g«)-*-(y(p,+gO  (l+pJ+5«)-|; 
whence  Z  —  (rf.P :  dx)  —  (d.Q : rfy)=0  gives 

or  (1  +9«)  r-2pg*+(l  +?«)  t-a  (1  +p*+9')*. 

Substitute  this  value  of  {\-\-q*)r-\-&c,  in  the  equation  (page  435) 
by  which  the  radii  of  curvature  of  the  surface  are  determined,  and  then, 
p  being  one  of  these  radii,  we  have, 

(r«-^p*-a(l+p*+9*)V  +  O+P*+9^*=0. 

Let  p^  and  p,y  be  the  radii  of  curvature,  derived  from  the  preceding 
equation,  we  have  then  p,-\-p,/=ap,p,fy  or  in  every  surface  which 
under  a  given  volume  contains  the  least  area,  the  sum  of  the  radii  of 
curvature  is  in  a  constant  ratio  to  their  product,  or  the  sum  of  the 
curvatures  is  constant.  This  property  is  evidently  true  of  the  sphere. 
Again,  if  rl^s^^O,  or  if  the  surface  be  developable,  (that  is,  if  p,  be 
infinite,)  we  find  —  cp,,+  l=0,  or  p„  is  constant:  so  that  the  common 
circular  cylinder  is  another  surface  which  satisfies  the  equation. 

If  we  make  the  conditions  independent  of  a  given  volume ;  that  is,  if 
we  ask  for  the  surface  which  under  a  ffiven  contour  contains  the  least 
possible  area,  we  simply  mimmizt  JjsJ (I  ^p*-\-q^  dxdjf,  or  make 
a=0  in  the  preceding.    We  find  then  the  equations 

*  The  paper  of  Poisson  already  dted  may  be  referred  to  on  this  point;  bat 
aller  all,  it  is  very  little  which  hai  been  done. 
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Consequently  the  surface  of  least  area  must  have  its  radii  of  curvature 
equal  in  length  and  of  contrary  signs,  except  only  in  the  case  of  a  plane 
in  which  the  equation  is  satisfied  by  r,  f,  and  ^severally  vanishing. 

The  following  method  will  frequently  integrate  an  equation  of  the 
preceding  form  Rr+S*+T<=0,  where  R,  S,  and  T  are  functions  of  p 
-  and  q.     Assume  x  and  y  to  be  each  a  function  of  two  new  variables  v 
and  w.     We  have  then  (z„  meaning  dz :  dv^  &c.) 

or  if  p=: — X ;  Z,  q=i — Y :  Z,  these  become 

Xj,+ Yy.  +  Z5r,= 0,     Xx„+ Yy^-j-Zz^^O ; 
which  are  satisfied  by 

X=y,«,»— y»  z„,     Y=«„x^— 2,,  r„,     Z=j?.y^— jr^y,. 
Again       z^  =  (rx,  +  ^.  )  J:.  +  isr,  +  ty^ )  y,  +pr„  +qy^ 
«n. = (.rr„ + syj  a?,  +  (sx^  +  tyj)  y.  +px^  +  qy^ 
z^=i(rx^+syj  x„+(sx^  +tyj)  y»+px^^+qy^. 

Substitute  —  X  :  Z  and  — Y  :  Z  for  p  and  g,  and  let 

Xi-^^- Yy^+Z;jr„=  (VV),   Xx^+&c.=  (VW),  Xx^+&c.=(WW). 

We  have  then 

rxl+2sx,y,  +tyl  =(VV).Z- 

rx^x^+s  (ar,y»+J:„yO  +  <y.y,=:(VW).Z- 

rxi+2Jj?,y.  +tyl  =:(WW).Z" ; 

from  which,  by  solution  or  verification,  may  be  proved 

r={    yl(W)-  2y.y.(VW)+     y;(WW)}.Z- 

-*=Ky.(VV)-(T.y„+x„y.)(VW)+x.y.(WW)}.Z- 

t={     j1(W)—  2x,x^(VW)+     jr;(WW)}Z-». 

These,  substituted  in  Rr+Sj+T^=0,  give 

{Ryl--&r,,y.+Tj4}(VV)-{2Ry.y,.--S(a?„y.+j:,y.)+Tj'.J7,.}(VW) 

+  {Ry;-Sx.y.+T4:;}  (WW)=0. 

In  this  equation,  something  is  left  arbitrary,  since  an  infinite  number 
of  ways  can  be  assigned  of  producing  any  given  relation  between  x,  y, 
and  i,.from  three  equations  of  the  form  z=^(VyW),  x=/(i;,t(7), 
y  =  F  (v,  to).  Two  of  these,  then,  may  be  assumed  in  any  manner  which 
will  simplify  the  resulting  equation.  Suppose,  for  example,  as  in  the 
given  equation,  that  R=l  +  9%  S=:  —  2pg,  T=  1+p*,  or 

RZ«=Y»+Z«,    SZ«=:-2XY,    TZ«=X«+Z«, 

(Ryi-  Sjr.y,,+Tii)  Z«=(Yy,+  XxJ'+Z«  (yi+ai) 

Proceeding  thus,  and  substituting  in  the  preceding  equation,  we  find 

(ji+yi+4)(VV)-2(j:.x.+y,y,.  +  a:.*.)(VW) 
+  (^+y:+x:)(WW)=0. 


'-1 
'—I 
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Now  (VW)=0  is  satisfied  by  jr„=0,  y^=0,  ««=0,  or 

and  the  remaining  terms  of  the  equation  yanisb  identically  if 

But  since  fiV  is  a  function  of  ^|V,  &c.,  we  do  not  restrict  our 
solution  by  writing  v  and  w  for  0|  v  and  0gtr,  whence  if 

x=rt7-f-i^9     y=yiV+yflt^>  it  follows  that 

the  elimination  of  v  and  i£7  will  give  the  equation  of  the  surface  required. 
Since  there  are  two  arbitrary  functions,  this  is  the  most  general  solution. 
From  its  form  it  would  appear  to  be  impossible ;  but  it  must  be 
remembered  that  the  elimination  between  equations  involving  ^(^1) 
does  not  necessarily  give  that  symbol  in  the  result.  The  preceding 
equations  are  useful  as  showing  the  nature  of  the  problem,  namely,  that 
it  cannot  be  completely  solved  without  elimination  between  equations 
containing  indefinite  results  of  integration. 

It  is  required  to  ascertain  whether  any  surface  of  revolution  can  have 
the  radii  of  curvature  at  every  point  equal,  and  contrary  in  sign.  Let 
the  axis  of  z  be  that  of  revolution,  and  ;r=r  0  (dc'+y*)  the  equation  of  the 
surface ;  we  have  then 

p=2axt/,     q—2y4>\    r=4af«0^'  +  2^',     i^ixytt^'^,     <=4y'0"+20'. ' 

Substitute  these  in  (1+g*)  r— 2p9*+(l+p*)  ^=0,  and  we  find 

(a:»+y«)  0''+0'+2  (:r*+y«)  0^'=:O. 

Write  X  for  j^'+y*,  y  for  ^,  and  we  have 

Changing  the  independent  variable,  as  in  page  153.  Multiply'  by 
1 :  j:,  and  let  dx :  xdy:=:v^  which  gives 

-;-  =-,  or  2<ir=j*t*dr,   and  v^j.  /[  C— -  I 
dy      X  yj  \       xj 

dx  Q 

Subtract  the  constant  (2:^C)log.iyC,  and  make  2:^=a, 

y=alog(V(jf-a«)+Vj?)  +  C'; 
whence  the  only  surface  of  revolution  which  satisfies  the  conditions  is 
^=«log{V(^+y'+a«)+V(^'+y')}  +  C'. 
The  equation  of  the  generating  curve  is 

«=a  log  {x  +  V(J^-«') }  +  C' ; 
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which  is  that  of  the  cateDary,  the  axis  of  revolution  heing  the  well- 
known  directrix,  the  property  of  which  is  that  the  abscissa  of  any  point 
is  the  length  of  the  chain  whose  weight  represents  the  tension  at  that 
point 


CHAPTsa  XVII. 
APPLICATION  TO  MECHANICS. 

Our  object  is  here  not  to  deduce  any  laws  of  matter  from  experiment, 
nor  to  inquire  into  the  truth  or  falsehood  of  any  propositions  relating 
to  material  bodies,  but  only  to  show  the  mode  of  applying  the  prin- 
ciples of  the  differential  calculus  upon  the  supposition  of  laws  previously 
established. 

The  aim  of  the  science  of  mechanics  is  the  discovery  of  the  relations 
which  exist  between  motions  and  their  producing  causes.  These 
causes  of  motion  might  never  have  been  considered  separately  from  the 
motions  themselves,  except*  in  a  purely  mathematical  point  of  view,  if 
it  had  not  happened  that  any  cause  of  motion,  prevented  from  pro- 
ducing its  efifect  by  direct  human  agency,  gives  to  the  individual  agent 
the  notion  of  pressure  or  resistance.  Hence  in  pre&sure  we  have  a  cer- 
tain antecedent  of  motion,  which  will  begin  to  take  place  the  moment 
the  opposition  to  the  pressure  is  removed :  and  the  pressure  being  one 
thing,  and  motion  another  and  a  distinct  thing,  the  investigation  of  the 
manner  in  which  the  former  produces  or  affects  the  latter  is  one  science, 
under  the  name  of  dynamics ;  and  the  investigation  of  the  method  in 
which  pressures  may  act  upon  a  material  system  so  as  to  counter** 
balance  each  other  and  produce  no  motion  is  another,  under  the  name 
oi statics.  There  is  a  real  distinction  between  the  two:  for  in  the 
second  it  is  not  necessary  to  consider  any  laws  of  connexion  between 
pressure  and  motion;  whereas  in  the  first,  such  connexion  must  be 
made,  and  its  laws  either  laid  down  hypothetically  for  future  veri6cation, 
or  deduced  from  actual  experiments. 

Any  one  pressure  may  be  caused  or  counterbalanced  by  the  weight  of 
a  body :  hence  weight  is  made  the  measure  of  pressure ;  and  pressure, 
force,  resistance,  attraction,  repulsion,  tension,  &c.  are  all  terms  of  the 
same  meaning,  with  differences  expressive  of  the  source  from  whence 
pressure  is  derived,  or  the  manner  in  which  it  is  communicated.  And 
whereas  bodies  of  very  different  bulks  are  found  to  possess  the  same 
weights,  it  is  assumed  that  the  bulk  of  the  larger  body  is  the  con- 
sequence of  a  wider  distribution  of  the  actual  matter  contained  in  it,  so 
that  bodies  of  the  same  weight  contain  the  same  quantities  of  matter. 

Tlie  fundamental  laws  of  motion  are  three  in  number,  as  follows :— * 

1.  A  material  point,  moving  with  a  certain  velocity,  will  not  change 
its  velocity  nor  the  direction  of  its  motion,  without  some  cause  external  to 
itself. 

2.  If  two  causes  of  motion  act  in  two  directions  upon  a  material 
point,  neither  cause  in  any  way  alters  effect  of  the  other.     That  is, 

*  That  is  to  say,  we  probably  should  not,  but  for  our  tensatioDS  of  pressure, 
have  eomideied  ourteWes  ai^  treating  of  cause  and  effect,  in  investiffatiog  the 
ralationa  of  di£  co.  and  their  functions :  which  is  what  we  do  in  mechanics. 
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if  the  point  A  be  acted  upon  by  one  pressure  in 
the  direction   AB,   such  as  would  in  a  given 


/        time  cause  it  to  describe  AB,  and  by  another  in 

J.      ^  the  direction  AC,  which  would  in  the  same  time 

cause  it  to  describe  AC,  it  will  between  the  two 
be  found  at  the  end  of  the  time  in  the  position  D,  at  the  opposite  comer 
of  the  parallelogram  formed  by  AB  and  AC. 

3.  Action  and  reaction  are  equal  and  contrary.  Action  is  a  relative 
term  to  be  explained  as  follows.  When  pressure,  continued  for  a  cer- 
tain time,  produces  a  certain  velocity  in  a  mass  of  matter,  it  is  found 
that,  for  the  same  mass,  the  velocity  produced  is  greater  or  less  in  the 
same  proportion  as  the  pressure  is  greater  or  less :  but  the  same  pres- 
sure acting  on  different  masses,  produces  velocities  which  are  inversely 
as  the  masses ;  that  is,  less  or  greater  in  the  same  proportion  as  the 
masses  are  greater  or  less.  If  then  P  and  P',  two  pressures,  acting  for 
the  same  time  upon  masses  M  and  M',  produce  velocities  v  and  1/ ; 
that  is,  if,  upon  the  sudden  discontinuance  of  the  pressures  at  the  end  of 
the  time,  the  masses  then  proceed  with  the  uniform  velocities  v  and  1/, 
we  may  prove  that  P :  P' : :  M» :  M  V,  as  follows.  Since  P  acting  on 
M'  produces  the  velocity  1/,  it  would  in  the  same  time  have  produced 
in  M  the  velocity  t/M' :  M,  and  P  would  produce  a  velocity  which  is  to 
the  preceding  as  P :  P.  But  P  produces  r,  whence  v :  (r'M' :  M) 
: :  P :  P'  or  vM  :  t/M' : :  P :  P'.  Now  vM  is  called  the  momentum  of 
the  mass  M  moving  with  the  velocity  v,  and  this  word  momentum  is 
but  a  synonyme  for  action  in  the  preceding  principle,  which  may  be 
thus  stated :  momentum  is  never  produced  in  one  mass  by  the  action 
of  matter  upon  it,  without  the  destruction  elsewhere  of  as  much  mo- 
mentum in  that  same  direction,  or  the  creation  of  as  much  in  the  con- 
trary direction. 

We  may  then  write  the  equation  PrrrcMr,  where,  as  long  as  the 
units  of  mass,  velocity,  and  pressure,  remain  the  same,  c  is  a  constant 
The  value  of  this  fundamental  constant  is  determined  by  measuring  the 
motion  produced  by  the  species  of  pressure  with  which  we  are  best 
acquainted,  namely,  weight.  And  since  the  mass  of  a  body  is  pro- 
portional to  its  weight,  we  must  have  M=A:W,  W  being  the  weight  of 
the  mass,  and  k  a  constant  depending  on  the  units  employed.  Hence 
P^zckWv;  that  is,  if  such  a  mass  as  at  the  earth  would  weigh  W 
(pounds,  ounces,  or  whatever  the  unit  may  be)  were  deprived  of  its 
weight,  and  subjected  to  the  action  of  a  pressure  P,  such  as  would,  in  a 
given  time,  produce  in  it  the  velocity  v,  the  equation  P=citWt;  would 
be  true  for  certain  values  of  c  and  A:,  which  depend  only  on  the  units 
employed,  and  not  on  the  numbers  of  units  in  P,  r,  and  W.  But  if  P 
be  the  weight  itself,  and  if  the  number  of  feet  per  second  measure  the 
velocity,  and  if  one  second  be  taken  as  the  time  during  which  the  weight 
acts,  it  is  found  that  r,  the  velocity  produced,  is  32*1908,  which  we 
call  g.     Hence  W=cA: Wg,  or  ck=l  :g,  whence  Pr=: Wu  : g,' 

The  following,  however,  is  the  more  usual  mode  of  stating  the 
equation.  Let  one  given  substance  (usually  pure  water  at  a  given 
temperature)  be  assumed  as  the  standard,  and  let  the  density  of  every 
substance  be  the  number  of  times  or  parts  of  times  by  which  the  weight 
of  a  cubic  unit  of  it  contains  a  cubic  unit  of  water.  Let  the  unit  of 
mass  be  a  cubic  unit  of  water,  then  k  is  the  mass  of  a  cubic  unit  of  the 
substance  whose  density  is  A,  and  if  V  be  the  volume  or  number  of 
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cubic  units  in  a  mass,  kY  is  the  number  of  units  of  mass,  or  M:=:^y. 
Hence  P=cA:Vt7,  where  c  depends  upon  the  unit  of  P.  Let  the  unit  of 
pressure  be  that,  which  acting  uniformly  upon  one  cubic  unit  of  the 
substance  whose  density  is  I,  would  produce  a  velocity  of  one  linear 
unit  in  one  second.  Then  l=cxlxlxli  or  c=l,  and  P=^Vv,  or 
Mv.  This  is  the  tacit  supposition  as  to  units,  upon  which  the  common 
equation  P=Mt'  must  rest.  If  the  pressure  be  the  weight  itself,  we 
have  W=Mgj  but  only  upon  a  supposition  similar  to  the  preceding. 

The  application  of  our  science  to  mechanics  does  not  consist  in  the 
solution  of  isolated  problems,*  but  in  the  investigation  of  general 
methods.  The  most  convenient  foundation  is  the  well-known  pro- 
position of  the  parallelogram  of  forces,  namely,  that  any  two  pressures 
acting  upon  a  point,  and  represented  in  magnitude  and  direction  by  the 
sides  of  a  parallelogram,  are  equivalent  to  a  third  pressure  represented 
by  the  diagonal  of  that  parallelogram,  both  in  magnitude  and  direction. 
From  which  it  is  easily  proved,  in  the  usual  way,  that  three  pressures 
acting  upon  a  point,  represented  in  magnitude  and  direction  by  three 
straight  lines  not  in  the  same  plane,  are  equivalent  to  a  pressure  repre- 
sentol  in  magnitude  and  direction  by  the  diagonal  of  the  parallelopiped 
constructed  upon  those  straight  lines. 

Let  P  represent  a  pressure  exerted  on  a  material  point  whose  coor- 
dinates are  x,  y,  z,  and  directed  towards  another  point  whose  coordinates 
are  a,  6,  c.  Let  the  distance  from  (j,  y,  «)  to  (ff,  A,  c),  or  ^yKx — a)* 
+(y  — ^)'+(2— 0'}»  ^6  called  p.  Now  p  is  the  diagonal  of  a  rect- 
angular parallelopiped  whose  sides  are  -r  — fl,  y  — 6,  and  z — c,  con- 
sequently P  is  the  equivalent  (or  resultant,  as  it  is  called)  of  three 
forces  applied  to  the  point  (x,  y,  z)^  in  the  directions  of  the  three  axes, 
and  expressed  by  P  (.r  — a)  :  p,  P  (y — 6)  :  p,  and  P  (ar— c) :  p.  And 
these  formulae  will  express  the  sign  as  well  as  magnitude  of  the  com- 
ponents, if  we  agree  that  a  pressure  is  to  be  considered  as  positive  when 
it  tends  to  move  the  point  in  the  direction  in  which  the  coordinates 
are  measured  positively,  and  the  contrary. 

Again,  the  value  of  p  gives 


dp      X— a      dp  ^^y — 6      dp 


z — c 


dx         p         dy         p         dz         p 

dp       dp  dp 

whence  P  -7-,  P-r-,  and  P—  are  the  components  above  deduced.     If, 
dx      dy  dz  '^ 

then,  we  suppose  a  number  of  forces  P|,  Ps,  &c.,  applied  to  the  point 

(x,y,  z)^  and  severally  tending  to  the  points  (^i,  61,  cj,  (sg,  6^,  c^),  &c. 

distant  by  pt,  pc,  &c.  from  (a?,  y,  z),  it  follows  that  all  these  forces 

together  are  equivalent  to  one  whose  components  in  the  directions  of 

X,  y,  and  z  are 

^•1:*^'t*^'  ''.|+-.t+*'-  ■'■t+''-t+*»- 

Call  these  X,  Y,  and  Z.  The  resultant  is  then  of  the  magnitude 
4/(X*+Y*+Z*);  andif  P|,  P„  &c.  equilibrate  each  other,  so  that  the 
resultant  is  =0,  we  must  have  X=0,  Y=0,  Z=rO.  Consequently 
X(ix+Yrfy+Zd«=0,  independently  of  the  proportions  of  rfj,  dy,  and 
dz.    This  gives 

*  No  student  who  is  totally  ignorant  of  the  commoo  elements  of  mechanies 
should  attempt  to  read  this  chapter., 
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p/^cb+^dy+^rf5V&c.=0,   or  Pidpi+P,cfp,+&c=:0. 

This  last  equation  expresses  the  simplest  case  of  what  is  called  the 
principle  of  virtual  velocities.  If,  taking  forces  acting  in  one  plane  to 
simplify  the  figure,  we  suppose  one  of  them  to  be  directed  towards  A, 

and  if  the  point  P  on  which  the  force  acts 

be  removed    to  Q«    the   distance  PA  is 

j^  shortened  by  PK,  QK  being  an  infinitely 

J^^^^.^-":^^^^'^         small  arc  of  a  circle,  or  a  perpendicullo-  let 

fall  from  Q  upon  AP.  If  PB  be  the 
direction  of  another  force,  BP  is  shortened 
by  PL.  Hence  if  PA=|Oi,  PB=pt»  we 
have  dp,  =  -  PK,  (fp.=  -  PL.  Here  if  P  be 
supposed  to  move  to  Q  over  PQ=d9  in  the  time  dl^  and  with  a  velocity 
ds :  dt^  then  dpi :  dt  is  the  velocity  with  which  that  part  of  the  motion 
takes  place  which  is  directly  towards  A,  and  dp^ :  dt  the  velocity  with 
which  the  point  begins  to  move  towards  B.  As  the  point  does  not  actually 
move,  but  a  different  position  is  taken  for  it,  simply  to  examine  geome- 
trical, not  mechanical,  consequences  of  the  change,  this  motion  is  called 
virtual,  and  the  velocity  with  which  the  point  begins  to  move  from  or 
towards  each  point  of  direction  of  a  force,  is  called  the  virtual  velocity  of 
the  point  with  respect  to  that  force ;  or,  for  abbreviation,  the  virtual 
velocity  of  the  force.  Again,  P,  being  a  force,  and  dpidt  its  virtual 
velocity,  the  product  'P^  x  (^dpi :  dt)  is  called  the  moment  of  that  force. 
Each  moment,  according  to  our  preceding  equations,  is  positive  when  its 
virtual  velocity  is  positive,  or  when  the  virtual  velocity  is  opposed  in  direc- 
tion to  the  force,  and  negative  in  the  contrary  case :  but  it  would  do  equally 
well  to  make  the  moment  positive  when  the  force  and  its  virtual  velocity 
conspire  in  direction,  and  the  contrary.  When  the  terms  virtual 
velocity  and  moment  are  fully  understood,  the  equation 

Pi  dp,+P.rfpi+  ....  =0,  or  P|  ^+P.  ^+  ....  =0 

may  be  expressed  as  follows :  if  any  number  of  forces  applied  to  a 
point  equilibrate  one  another,  then  for  every  possible  smul  motion 
which  can  be  given  to  the  point,  the  sum  of  itkt  moments  of  all  the 
forces  is  equal  to  nothing. 

Let  us  now  suppose  a  second  point,  acted  only  by  forces  Qi,  Q.,  &c. 
in  directions  also  tending  towards  fixed  points,  distant  from  the  second 
point  by  (Ti,  <y^  &c.  Moreover,  let  the  distance  between  the  first  and 
second  points  be  r|,t,  and  let  a  force  Ti,«  be  applied  to  the  first  point, 
tending  towards  the  second,  and  let  another  of  the  same  magnitude  be 
applied  to  the  second  point  tending  towards  the  first.  If  these  points 
be  both  in  equilibrio,  we  have  the  equations  {^Pdp  meaning  Fidpi 

XPrfp+T,.,d,r,,,=0,     ZQd<r+T|.,d,ri.,; 

where  by  rfiTi,,  we  mean  such  a  variation  of  ri,t  as  takes  place  when 
the  first  point  only  varies  its  position,  and  by  d,ri,t  the  same  when  the 
second  point  only  varies.  If  both  vary  together,  we  have  dri.t=sdiri,i 
+  «?i»'i,«>  80  that  from  the  preceding  equations  we  have 

2Pdp+2Qd(r+T|,,dri,,=0. 
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The  same  reasoning  might  be  applied  to  any  number  of  points,  and  the 
result  is  that  if  ^Pdp  represent  the  sum  of  the  moments  of  all  the 
forces  applied  independently^  and  if  T^,.  represent  the  action  of  the  mth 
point  upon  the  nth,  (or  of  the  71th  upon  the  mth,)  and  r^»  the  distance 
from  the  mth  point  to  the  nth,  we  have 

the  second  £  referring  to  every  combination  of  values  of  m  and  n  which 
refer  to  points  supposed  to  be  connected.  If  the  distances  be  invariable 
in  the  system,  and  if  such  motions  only  be  supposed  as  are  consistent 
with  the  invariability,  we  have  dr^^^szO,  in  every  case  in  which  it 
appears  in  the  equation,  whence  ZP(fp=0,  or  the  sum  of  the  moments  of 
the  forces  of  any  invariable  system  is  =0,  whence  we  see  that  the 
principle  of  virtual  velocities  applies  also  in  this  case. 

It  will  be  desirable  to  collect  together  the  principal  theorems  by  which 
the  differential  calculus  is  made  useful  in  the  application  of  this  prin- 
ciple, whether  to  statics  or  dynamics. 

If  L=:0  be  the  equation  of  a  surface,  L  being  a  function  of  jr,  y,  and 
z,  then  if  from  a  point  (x,  y,  z)  on  the  surface  we  pass  to  another  point 
{x+^Xj  y+^yt  9-\-^z)  infinitely  near  to  the  former,  but  not  on  the 
surface,  the  perpendicular  distance  from  the  new  point  to  the  surface  will 
be  3L:iy(L'+L*+L^,  L«  being  dLidr^  &c.  The  equation  of  the 
tangent  plane  being  L^  (£ — ^)  +  &c.=0,  we  employ  the  general  theorem, 
that  if  to  the  plane  Aj?+By+Cz  +  H=0  we  drop  a  perpendicular  from 
the  point  (•v't  y',  zQ,  the  length  of  that  perpendicular  is  (Aa/+&c.) 
:^(A'+B'+CO-  Applying  this,  knowing  that  at  the  ffiven  point 
£— j:=^j,&c.,  we  find  (L,^r-f-&c.)  :  i^(LI+4cc.),  or  ^L:  v(LI+&c.). 
The  perpendicular  drawn  on  the  tangent  plane  can  only  differ  from 
that  drawn  to  the  surface  by  quantities  of  the  second  and  higher  orders. 

A  riffid  system  makes  an  infinitely  small  rotation,  ^(/>,  about  an 
axis,  of  which  the  equations  are  (f  — o):A  =  (iy — 6)  :B=(C— c):C. 
It  is  required  to  find  the  variations  of  the  coordinates  of  the  point 

(^.y»*). 

First,  suppose  the  axis  of  rotation  to  pass  through  the  origin,  giving 
{:  A=:7/:B=4^:C.  Through  (j?,  y,  2)  draw-  a  plane  perpendicular  to 
this  axis,  the  equation  of  which  is  A(£  — x)4-B  (1?— y)  +  C  (f— «)=0. 
This  plane  meets  the  axis  in  a  point  whose  coordinates  are  determined 
from 

A  ""  B  ""  C  ""  A«+B*+C«  ' 
which  gives  (£— ap)(A*+B«+C*)=A(By+Cz)-(B«+C*)^, 

with  similar  equations  fur  17— y  and  (—z.  Add  the  squares  of  these 
together,  and  kt  p  be  the  perpendicular  distance  from  (^r,  y,^)  to  the 
axis,  or  V((^""*)'+^<5)>  *^^»  dividing  by  A*+B'+C",  we  have 

p*  (A»+  B«+ C«)= (Bi?  -  Ay)»+ (Cy-B2r)«+  (A«— Cx)«. . 

Let  (f,  y,  2),  in  consequence  of  the  rotation,  come  to  (j7+^«r,  y-^hf^ 
z+^z);  whence  since  its  second  position  is  in  the  plane  A  ((— x)  +  &c. 
s=0,  we  have  Adx+BBy  +  Chz:=0:  also  the  distance  from  the  origin, 
or  r,  remainmg  unaltered,  we  have  r^r = 0,  or  x^x  -f- ySy  -f  zdz = 0 :  from 

which  equations  it  follows  that  dx,  ^y,  and  ^2  are  in  the  proportion  of 
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Cy  — Bz,  Az— Cr,  and  Bx—Ay,  But  the  sum  of  the  squares  of  ^r, 
&c.  is  the  square  of  the  infinitely  small  arc  of  rotation,  or  f>*  ^^*.  From 
this  it  follows  that 

Conversely,  if  ^x,  &c.  be  in  the  proportion  of  Cy—  Br,  &c.,  the  motion  of 
(x,  y,  z)  is  an  infinitely  small  rotation  about  the  axis  whose  equation  is 
£:A=i7:B=f:C. 

If  the  axis  do  not  pass  through  the  origin,  let  its  equations  be 
(£— a):A={iy — 6)  :  B=(C— c)  :C,  then  ar— a,  &c.  must  be  substi- 
tuted for  Xy  &c.  throughout  the  preceding  process,  and  (—a,  &c.  for  £. 

Every  infinitely  small  motion  of  a  rigid  system  may  be  compounded 
of  one  motion  of  translation,  in  which  all  the  points  move  through  equal 
and  parallel  straight  lines,  and  one  motion  of  rotation  about  an  axis. 
The  axis  of  rotation  may,  by  properly  assuming  the  motion  of  translation, 
be  made  to  pass  through  any  given  point  of  the  system.  Suppose,  for 
instance,  that  the  whole  motion  brings  the  points  P,  Q,  &c.  into  the 
positions  P',  Q',  &c.  Assume  that  the  axis  of  rotation  shall  pass  through 
P ;  and  first  give  the  whole  system  the  motion  of  translation  PP',  so 
that  all  the  motions  shall  be  equal  and  parallel  to  that  of  P.  Let  P,  Q, 
&c.  thus  be  removed  to  P',  Q",  &c.  Then  there  must  be  another 
motion  by  which,  P'  remaining  fixed,  Q'^  &c.  may  be  simultaneo\isly 
brought  into  the  positions  Q',  &c.  Take  the  points  Q"  and  R"  into 
which  Q  and  R  are  brought  by  the  translation,  and  through  the  lines 
Q"Q'  and  R'R'  draw  a  pair  of  parallel  planes.  The  axis  of  rotation 
must  be  perpendicular  to  these  planes,  and  must  pass  through  V ; 
hence  a  line  drawn  through  P'  perpendicular  to  these  planes  is  the  axis 
of  rotation.  As  the  conception  of  the  theorem  that  every  small  motion 
of  a  system  in  which  there  is  one  fixed  point  is  a  motion  of  rotation 
about  an  axis  passing  through  that  point,  is  not  by  any  means  easy  to 
the  beginner,  the  following  mode  of  illustration  is  given.  Let  P,  the 
fixed  point,  be  made  the  centre  of  a  sphere,  immoveably  connected  with 
the  system.  It  follows  then  that  we  show  the  existence  of  an  axis  of 
rotation,  if  we  show  that  for  every  possible  motion  of  the  sphere  about 
its  centre,  there  is  one  point  of  it.  A,  which  does  not  move ;  for  if  V  and 
A  be  both  fixed,  the  line  P'A  is  fixed.     Let  a  small  motion  take  place 

which  removes  the  circle  BFC  into  the  posi- 
tion DFE :  either  then  F  has  remained  fixed, 
and  P'F  was  an  axis,  or  the  circle  BGC  has 
slipped  as  well  as  revolved,  so  that  G  has 
come  to  F.  This  last  supposition  implies 
that  the  sphere  has  had  a  motion  of  rotation 
about  HK,  the  axis  of  BC,  as  well  as  about 
P'F.  Let  LM  be  the  axis  of  DE :  then  since 
GK  moves  into  the  position  FM,  the  point  A 
ImTjc^  ^^^  ^^^  move  at  all,  or  P'A  is  an  axis  of 

rotation. 
The  existence  and  position  of  this  axis  of  rotation  may  now  be  shown 
algebraically,  as  follows.  Let  the  original  axes  of  coordinates  be  fixed 
in  cpace,  and  let  there  be  another  set  attached  to  the  system,  and  moving 
with  it.  Let  x,  y,  z  and  (,  17,  Z  be  the  coordinates  of  a  point  with 
respect  to  these  systems;  the  latter  being  unaltered  by  the  motion. 
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Let  (X,  Y,  Z)  be  the  origin  of  the  new  system,  referred  to  the  old  one, 
and  let 

y^a'^+iS'^+y^+Y  (1) 

where  a  is  the  cosine  of  the  angle  made  by  f  and  r,  &c.     We  have 
also 

a*  +y8*  +/  =1,         a' «"+/?' /3"+/y"=0 

«'*  +i8''  +y«  =  1,  a"a  +/3"/3  +y"y  =0  (2) 

«"'+)8'''+  /•=  1,         aa'+fiiy+y-/  =0 

Let  the  Bystem  move  so  that  (X,  Y,  Z)  becomes  (X+2X,  &c.),  and 
s  becomes  «+Sar,  &c. ;  in  consequence^  of  which  the  point  (x,  y,  z) 
becomes  (x+^x,  &c.)-    We  have  then 

il=lda  +ijJ/3  +^07  +SX 

2y ={?«'  +  ,?/?'  +  f  2-/  +  SY  (3) 

Now,  looking  at  the  equations  (2),  which  give 

«?«+/M/3+r5y=0,    «'aa"+/3'S/3"+y'ay'=-(a"ca'+/5"^/8'+y"ay'), 

&&,  &c.,  let 

«'  8«"+/3'  8i3"+y  sy"=  -  (a'V  +/3"a^'  +y  V)=<^- 

a"ia  +i3"?y3  +y"Sy  =  -(«  S«"+/3  2/3"+y  5/')=':' 
«  S«'  +/3  2/3'  +y  07/  =  —ia'Sa  +/3'2/3  +y'2y  )=^-". 

To  express  ^,  Ac.  in  terms  of  (z— X),  &c.,  we  have 

5=a  (.«-X)+«'  (y-Y)+a"  (s-Z) 
,=/3(x-X)+/8'(y-Y)+/3"(*-Z)  (4) 

C=y(*-X)+y'(y-Y)+y"(s-Z) 

Substitute  these  in  (3),  and  we  shall  have 

J  ix-X)=^  (2-Z)-r''(y- Y) 
8(y-Y)=ic"(*-X)-e(s-Z)  (5) 

S(^-Z)=«(y-Y)-«'(x-X); 

which  show  (page  480)  that  the  real  excess  of  the  motion  above  the 
motions  of  translation  2X>  ^Y,  ^Z,  common  to  all  the  points,  is,  for 
every  point  (jt,  y,  ;r),  a  motion  of  rotation  about  an  axis  passing  through 
(X,  Y,  Z),  and  inclined  to  the  original  axes  at  ang}es  whose  cosines  are 
proportional  to  i:,  k\  k'. 

If  we  wish  to  find,  in  the  most  simple  manner,  the  position  of  the 
41X18  of  rotation  with  respect  to  0, 17,  {f,  we  must  remember  that  the  points 
of  this  axis  have  only  the  motion  of  translation,  or  for  every  one  of  them, 
^x=^Xy  hy=hYy  ^2=:^Z.     Hence  equations  (3)  give 

/   ?Sa+i?a/5+f5y=0,     5?a'  +  &c.=0,     5?a"+&c.=0  (6). 

But  between  a,  a't  &c.,  we  have  the  equations 
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/3«+/3'«  4-/3""= 1,        /3y+/3y  +/yV'=0  (7) 

/+y+y'"=i,     ya+ya  +yV'=o 

Whence  a^oc  +a'^c/  +a"5a"s=0 

Assume  fidy+fi'W+fi"h"--iy^fi'^'/^^'+y^'^fi")-  -P^ 

aai8+«'^i8'+rt''a)8"=  -  (fila^^'lol+ filial')- -Tdt 

dt  being  the  time  in  which  the  small  motion  is  made.  Multiply 
equations  (6)  by  a,  a',  a",  and  add,  which  gives  riy— ^^=0.  Multiply 
by  )8,  &c.,  and  by  y,  &c.,  and  we  thus  have  three  equations, 

which  are  the  equations  of  a  straight  line  inclined  to  0,  ii,  and  {  at 
anglds  whose  cosines  are  proportional  to  p,  g,  and  r. 
The  following  equations  may  be  deduced  from  (2),  as  in  page  499 

following. 

)8=:/a"-a'y",     i8'=y'«— a"y»     i8"=ryrt'-ay  (9). 

y=a'i8"-i8'a",     y =a")8 -i8"a,     y'  =  ai8'«i8«'. 

To  the  order  of  which  the  following  is  the  key. 

Properly  speaking,  the  preceding  should  be  4:a=/8'y'— y'/8",  &c., 
the  sign  depending  on  the  manner  of  measuring  £,  &c.  positively  and 
negatively,  with  reference  to  the  manner  of  measuring  x.  Take  a  point 
on  the  axis  of  (,  so  that  17=0,  ^sO.  We  have  then,  if  both  sets  have 
the  same  origin,  x=:a£,  ^=af£,  z:=a''li;  so  that,  £  being  positive,  a,  a/, 
and  a/'  must  have  the  signs  of  x,  y,  and  z.  And  it  can  be  shown  that, 
according  as  oe  is  iSy— y^S"  or  yfi" — jS^y",  so  fi  is  y'a"— a/y  or 
(iy"—yoi\  and  y  is  a'/?'— )8V'  or  iSV— a^)8",  &c.  Hence,  by  proper 
selection  between  the  two  ways  of  measuring  £,  17,  and  ^,  the  equations 
(9)  may  always  be  made  true  as  above  written. 

The  quantities  (z,  c/,  &c.  are  nine  in  number,  connected  by  six 
equations  (for  the  set  (7)  is  deducible  from  (2)).  They  can,  there- 
fore, be  expressed  by  means  of  three  quantities  only,  and  the  most 
simple  way  of  doing  this  is  as  follows.     Through  the  origin  of  t,  y,  z 

draw  lines  parallel  to  the  axes  of  £,  tiy  (. 
Draw  a  sphere  with  the  origin  as  a  centre, 
and  let  X,  Y,  Z  and  X',  Y',  Z'  be  the 
points  at  which  the  several  axes  emerge 
from  the  sphere,  and  let  N  be  the  point  at 
which  the  great  circle  in  the  plane  of  £i| 
cuts  that  in  the  plane  of  xy.  Let  X',  Y',  Z' 
be  each  joined  with  X,  Y,  and  Z,  and  let  the 
angles  subtended  by  ZZ',  NX,  and  NX'  at 
the  centre  be  0,  Y^,  and  0.  Then,  making  arcs  the  symbols  of  angles 
subtended  at  the  centre,  and  denoting  by  [a,  6,  c]  the  cosine  of  the  third 
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side  of  a  spherical  triangle  whose  other  two  sides  are  a,  fr,  and  their 
included  angle  c,  we  have  (remembering  that  Z  and  U  are  the  poles  of 
XY  and  X'Y',  whence  <XNX'=e) 

a  =:cos  X'X=  [^,  y,  6]  =:cos  6  sin  <j>  sin  y +co8  0  cos  y 

/8  =cosYTl=:J  0  +  -,  Y^,  0  |=:coB6co8  0sinY'— sin^cosY^ 

y  =:cosZ'X=l  I^Y^*!"-^  |=sin^smY^ 

a' rrcosXTsj  0,  V^+-,  6  |=:co8  6sin0co8Y«'— cos^sin^^ 

;B'=:cosY^=l  0+riy+o»^  |=:cos6cos0cosY^4-sin0sinYf 

y'=cosZ'Y=r|,  y+|,  ^-o"j=Bin^cosY^ 

a"=:cos  X'Z= r*,  |,  ^  +  e"]  =  —sin  0  sin 0 

/J"=co8rZ=:r0+^,  |,  |+0l=-sinecos0 

y*  =co8  Z'Z  =     cos  0. 

From  these  we  easily  get 

la  ^     ^  l(ii'\'ol  5^4- a"  sin  -^  U 

^y  =  y^f  4-y"sinY^ae 

la!  =  i6'  a0--  a  aYr+  a"  cos  \[f  lO 
Sj8'  =  -a'  50— j8  gf+iS^cosY'Se 
ly  z=:  -  y  ^Y^  +  y"  cos  Y^  l9 

la"-     fi''l<l>  -y"sin0a^ 

lp"T=i^a"H  -y"  cos  0^0 

ay"=  ~       sin  0^0 

)8Sy+)8'ay+i8'V'=(i8y'— yi803f+{y"{i8sinY^H-)8'cosY^)-)8"sin6}5e 

a^y+a  2y'+a  V  =(ay-aV)^+  {/'(asinY^ +a'cosY^)— tf"sina}3d 
)88a+;8'^a'+)8"aa"=8^  +  ()8a'-.i6'a)  5y^ 

-h  {a"08  sin  Y^+ j8'  cos  Y^) -i8 V  sin  0}  5©. 

Write'  "pdt^  qdt^  and  rcf^  for  the  first  sides,  and,  after  using  equations 
(9),  substitute  the  values  of  «",  )3",  and  y\  with  those  of  p  sin  Y^ 
-f.  ^' cos  Y^  and  a  sin  Y^+ a/ cos  Y^,  which  will  bs  found  to  be  cos  ^  cos  0 
and  cos  6  sin  0.     This  gives,  after  reduction, 

pc/^=8in  0  sin  6  l^jf — cos  0 16 
qdl=:  cos  0  sin  Olyjf^  sin  0  50 
rrf<=  50— cos  e  l^lf 

The  preceding  results  are  of  such  fundamental  importance  in  the 
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application  of  our  subject  to  dynamics,  that  it  will  be  worth  our  while  to 
explain  them  at  length.  A  simple  rotatory  motion  is  easily  conceived ; 
an  axis  remains  fixed,  and  all  the  invariably  connected  points  describe 
circles  about  that  axis,  with  an  angular  velocity  which,  however  it  may 
vary  from  moment  to  moment,  is  the  same  for  all  the  points  at  any  oue 
moment.  But  any  number  of  rotatory  motions  may  be  given  to  a  system 
at  once.     Suppose  A,  B,  the  pivots  of  the  first  axis,  to  rest  in  a  frame 

which  it  itself  supported  by  another  axis 
CD.  If,  then,  the  spheroid  in  the  diagram 
be  made  to  revolve  about  AB  at  the  same 
time  that  the  frame  revolves  about  CD,  the 
points,  of  the  spheroid  will  take  a  motion 
compounded  of  both  rotations,  the  nature  of 
which  we  have  now  to  investigate.  Again, 
if  CD  were  attached  to  a  frame,  which 
itself  was  connected  with  a  third  axis,  a 
^  third  motion  of  rotation  might  be  given,  and 
so  on.  At  the  first  instant,  these  rotations,  however  many,  produce 
the  effect  of  one  rotation,  if  the  axes  all  pass  through  the  same  point ; 
and  the  axis,  or  the  instantaneous  axis  as  it  is  called,  may  be  found  as 
follows. 

First,  let  two  rotations  be  made  round  two  axes  which  meet  at  O,  as 
OA  and  OB.     Then,  both  axes  being  in  the  plane  of  the  paper,  all 

points  in  that  plane  begin  to  move  per- 
C  pendicular  to  it,  from  both  rotations. 
Also,  in  one  of  the  angles  made  by  BO 
and  BA,  each  point  aforesaid  will  be 
elevated  by  both  rotations,  in  the  oppo- 
site angle  they  will  be  depressed  by 
both,  while  in  the  remaining  two  angles 
they  will  be  elevated  by  one  and  depressed  by  the  other.  I^et  BOA  he 
one  of  this  last  pair  of  angles,  and  let  the  points  in  it  be  elevated  by  the 
rotation  about  OA,  and  depressed  by  the  rotation  about  OB :  also  let  a 
and  fi  be  the  angular  velocities  of  these  rotations.  Then  any  point  P, 
distant  bv  PM  and  PN  from  OAand  OB,  would  by 'the  several  rota- 
tious  be  elevated  by  FM.adt^  and  depressed  by  F^fidt,  in  the  first  in- 
finitelv  small  time  dl  of  the  motion.  Take  PM.a=PN.)8,  and  the 
point  P  is  therefore  not  moved  at  all,  or  the  double  rotation  (O  being 
also  unmoved)  produces  oue  single  rotation  about  OP  as  an  axis.  Take 
OA  and  OB  proportional  to  the  angular  velocities  a  and  ;6,  and  describe 
the  parallelogram  OABC :  it  is  then  easily*  proved  that  for  anv  point 
P  in  the  diagonal  OC  (or  OC  produced)  PM.0A=PN.6b,  or 
PM.a=PN./J.  Again,  since  the  point  B  (which  is  on  the  axis  of 
one  rotation,  and  therefore  only  affected  by  the  other)  only  receives  the 
elevation  BQ .  adt,  let  d  be  the  angular  velocity  with  which  the  system 
besrins  to  revolve  round  OC;  whence  BQ.adl=^BP%>.Odty  or  BQ.a 
r=BR.^.  But  BQ.OA=BR.OC,  whence  a:^;:OA:OC,  or  OC 
represents  the  angular  velocity  about  OC.  That  is  to  say ;  if  upon  two 
axes  of  rotation  lines  be  laid  down  representing  the  angular  velocities, 

*  If  with  any  point  as  a  vertex,  triangles  be  formed  which  have  for  their  hues 
the^  contermiDuiis  bides  aud  dia}runal  of  a  parallelogram,  the  greater  of  the  three 
triangles  is  equal  to  the  sum  of  the  other  two.  When  the  point  is  on  a  side  or  on 
the  diagonal,  one  triangle  vanishes,  and  the  remaining  two  become  equal. 
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in  such  manner  that  the  intervening  points  shall  hegin  to  move  in 

contrary  directions :  the  resulting  motion,  at  the  first  instant,  will  be 

one  of  rotation   about  the  diagonal  line  of  the  parallelogram  formed 

on  the  first  lines  as  an  axis,  with  an  angular  velocity  represented  by 

the  length  of  that  diagonal.     Moreover,  the  resulting  rotation  will  be 

in  such  a  direction  that  points  intervening  between  the  diagonal  and  the 

axis  of  elevating  rotation  will  be  depressed,  and  vice  versd.     From  this 

it  may  easily  be  proved,  in  a  manner  similar  to  that  employed  in  com- 

jiding  motions  of  translation,  that  three  such  motions  of  rotation  may  be 

|x)unded  into  one,  by  laying  down  on  the  three  axes  lines  propor- 

^  ^  |b1  to  the  angular  velocities,  and  finding  the  diagonal  of  the  paral- 

I,    .     piped  constructed  on  these  three  lines,  which  diagonal  will  be  in 

,v     i  axis  of  the  compound  rotation,  and  will  represent  its  angular  velocity. 

^  (^    '^  (ence  any  rotation  abotkt  a  line  drawn  through  the  origin  of  x,  y,  z 

' '    V  I  be  decomposed  into  three  rotations,  one  about  each  axis.     Let  a 

t^     tive  rotation  about  the  axis  of  x  be  that  which  tends  to  move  the 

jf  <i     tive  part  of  the  axis  of  y  towards  that  of  z ;  similarly,  let  positive 

„     Mons  about  the  axes  of  y  and  z  be  those  which  move  the  positive 

;v        %  of  5  towards  those  of  x,  and  of  x  towards  y:  all  which  may  be 

'^^       iy  remembered  by  j:y2,  yzx,  ziy.    Then  a  rotation  about  the  line 

"^^    hh  makes  angles  a,  )8,  y  with  the  axes,  the  angular  velocity  being  A, 

J'     "^  be  decomposed  into  A  cos  (z,  A  cos  yS,  A  cos  y  round  the  several 
^ofjr,  y,  «,  or  else  into  — Acosa,  —  Acos)8,  — A  cosy,'  according 
•  vt^  direction  of  the  rotation  A. 

"jtbondly ;  let  the  axes  of  rotation  be  parallel  to  one  another,  and  per- 
^j'^  Macular  to  the  plane  of  the  paper,  and  let  them  pass  through  A  and  B. 
;^V  "  •!  JjCt  them  be  said  to  be  in  the  same 

•*'^     *^ _^,j^'^'^"'^      direction  when  A  and  B  begin   to 

— ----^^'^^^*"'*^^^'^^-~^ — —  , _^      move    in    contrary    directions,    and 

A  i^  rice  vtTsdk,     If  then  the  rotations  be 

of  equal  angular  velocity,  and  contrary  in  direction,  the  result  of  the 
two  motions  of  rotation  will  be  one  motion  of  translation,  in  the  direction 
perpendicular  to  AB.  For  each  of  the  points  A  and  B  only  moves  in 
virtue  of  the  rotation  round  the  other :  but  the  angular  velocities  being 
equal,  and  the  directions  contrary,  the  initial  velocities  of  A  and  B  are 
equal  and  in  the  same  direction,  whence  AB  is  cairied  without  change 
of  direction  in  the  direction  perpendicular  to  AB.  In  any  other  case, 
take  infinitely  small  lines  described  by  A  and  B  in  the  time  dU  each  of 
which  is  therefore  proportional  to  the  angular  velocity  round  the  other 
axis.     Thus,  let  Aa=AB.i8(f<,  B&=BA.ad/,  whence  a  and  h  will 


» ^i 


—  "  ^\ 


represent  the  'positions  of  A  and  B  at  the  end  of  the  time  dL  Tlie 
pcyint  O,  which  remains  at  rest,  and  is  therefore  a  point  in  the  axis  of 
the  compound  rotation,  is  determined  by  OA :  OB  :  AB  ^d^  AB  .ad^,  or 
0A.a=0B.i8. 
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1.  When  the  rotations  are  in  contrary  directions,  that  round  A  being 
the  greater,  the  axis  of  compound  rotation  is  on  the  side  of  A,  and 
0A.a=(0A+AB))8,  or  0A=AB)8:  (a— )8),  OB=AB«:(a— i8). 
The  angular  velocity  gives  the  angle  Aa:  OA,  or  AB.fidt :  (AB.iS ;  (a— /8)), 
or  (a — fi)  dt  in  the  time  dt^  and  is  a — )8. 

2.  By  similar  reasoning,  if  the  directions  be  contrary^  that  round  B 
being  the  greater,  we  have  0A=AB.)8 :  ()8 — «),  OB=AB.a:  (/8 — a)y 
and  h — a  for  the  angular  velocity. 

3.  If  the  directions  be  the  same,  we  have  0A=AB)3 :  (a+i^), 
OB=ABa :  (a+)8),  and  a+)8  for  the  angular  velocity. 

If  three  rotations  be  communicated  round  axes  parallel  to  one 
another,  two  of  them  must  be  compounded  by  the  preceding  rules,  and 
the  result  compounded  with  the  third. 

Thirdly ;  let  the  two  axes  of  rotation  neither  meet  nor  be  parallel, 
the  result  is  a  motion  of  translation  and  one  of  rotation  combined.  Let 
the  axes  be  AK  and  BL,  and  let  AK  and  BL  be  proportional  to  the 

angular  velocities.  Take  any  point  O,  and  axes 
passing  through  it  parallel  to  AK  and  BL.  About 
OM  impress  two  equal  and  opposite  motions  of  rota- 
tion, of  the  same  magnitude  as  that  about  AK :  and 
about  OP  impress  two  others  equal  and  opposite,  and 
the  same  in  magnitude  as  that  about  BL.  The 
motion  of  the  system  is  not  altered  by  this  intro- 
duction of  new  motions  which  destroy  eacb  other. 
And  the  motion  about  AK  with  the  equal  and  con- 
trary motion  about  OM  produces  a  motion  of  translation  only :  as  does 
that  about  BL  combined  with  the  contrary  motion  about  OP.  The 
whole  motion,  then,  is  equivalent  to  two  translations  and  two  rotations 
about  axes  passing  through  O :  of  which  each  pair  may  be  compounded 
into  one  of  its  kind.  The  same  reasoning  may  be  extended  to  cases  of 
more  rotations  than  two :  and  hence  follows  the  theorem  already  alge- 
braically proved,  namely,  that  any  motions  whatever,  translations  or 
rotations,  how  many  soever,  are  at  every  instant  equivalent  to  one  motion 
of  translation  and  one  of  rotation :  also  that  the  axis  of  rotation  may  be 
made  to  pass  through  any  point. 

When  a  rotation  is  made  round  one  of  the  coordinate  axes,  it  is  con- 
venient  to  call  it  positive  or  negative,  as  previously  described ;  but  when 
the  axis  of  rotation  passes  obliquely  through  the  origin,  though  two 
rotations  may  be  made  round  this  axis,  in  opposite  directions,  and  there- 
fore relatively  to  each  other  positive  and  negative,  yet  there  is  no  reason 
for  ass  gning  -f  to  either  rather  than  to  the  other.  This  ambiguity  pre- 
sents itself  in  formu^  by  the  appearance  of  a  square  root  with  an 
undetermined  sign. 

If  we  now  return  to  page  480,  and  call  X,  /i,  v  the  angles  made  with 
the  axes  by  the  line  £:A  =  »7:B=f:C.     We  have  then 

^x=  (z cos /i — y  cos  v)  ^0,     hyz=i(x cos  v — z  cos \)  ^^, 
^5:=  (y  cos  \ — X  cos  fi)  Z(f). 

The  signs  here  are  not  the  same  as  in  page  480,  being  changed  to  suit 
the  hypothesis  as  to  positive  and  negative  rotation  laid  down  in  page 
485.  Thus,  if  the  whole  rotation  were  about  the  axis  of  2,  we  should 
have  X=Jr,  /a=Jb',  y=0,  or  5jr:=— y50,  ^y=xS0,  2r=0.     If  30  be 
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G«itive,  dj7  has  the  sign  contrary  to  that  of  y^  and  hf  has  the  sign  of  of. 
ence,  as  may  readily  he  seen,  this  positive  value  of  S0  moves  the  posi- 
tive part  of  the  axis  of  <r  towards  that  of  y :  which  was  required  to  be 
the  case. 

Let  CT  be  the  angular  velocity  of  rotation,  and  «j„  isXy,  cr,,  the  three 
rotations  round  the  axes  of  x,  y,  and  2,  of  which  the  rotation  about  the 
given  axis  maybe  compounded.  We  have  then  S0=iir(f^,  tj^rztj.cosX, 
&c.,  whence 

If  the  coordinates  (,  97,  and  Z  had  been  employed,  we  should  have 
obtained  similar  equations.  In  page  481,  equations  (6),  suppose  that 
we  consider  a  point  which  is  not  on  the  axis.    We  have  then 

a  (j?— X)={aa+i?^i84.fjy,  &c. ; 

which  equations,  multiplied  by  «,  «',  and  J\  and  added,  give 

«,5(a?-X)+a'a(y-Y)  +  a"5(«-Z)=(gf-.ri,)  dt,  &c. 

We  have  supposed  the  axes  of  £,  17,  i^  to  move  with  the  system.  But 
if  we  now  suppose  a  set  of  axes,  coinciding  with  these  at  the  com- 
mencement, to  remain  immoveable,  so  that  the  coordinates  of  a  point 
attached  to  this  system  vary,  we  shall  have  (page  481,  equations  4) 
SfsraS  (j:— X)+a'^  (y— Y)  +  o/'3  (2 — Z),  whence  the  preceding  equa- 
tions give 

ii=:(qi:-^Tn)  dt,   BriT=z(:ri-pOdt,   K-(jpv-q^dt, 

which,  compared  with  the  preceding,  show  us  that  p,  g,  and  r  are  ar„ 
tffgy  and  iff„  the  angular  velocities  of  the  three  rotations  about  the  fixed 
uses  of  £,  97,  ^,  into  which  the  single  rotation  of  the  system  and  its 
moving  axes  about  the  axis  £ :  ^=97 :  g=  ^ :  r,  may  be  resolved. 

The  values  of  /?,  g,  and  r  have  (page  483)  been  deduced  in  terms  of 

dtl) :  dt^  &c. :  a  geometrical  confirmation  of  this  connexion  may  easily  be 

given,  now  that  we  know  the  most  simple  meaning  of  p,  g,  and  r,  as  follows. 

A  change  in  0  only,  or  NX',  6  and  Y^,  or  ZXNX'  and  NX  remaining  the 

^  same,  would  obviously  be  nothing  but  a  small 

rotation  about  the  axis  which  emerges  at  Z', 
or  the  axis  of  ^.  Hence  $0  is  wholly  a  part 
of  rdt.  If  6  alone  were  increased  by  ^,  X' 
and  Y'  would  move  perpendicularly  to  NX'Y' 
through  arcs,  the  angles  of  which  are  sin^.cfO 
and  sin  (^TT-f  ^)^0,  or  sin^^O  and  cos  ^^6. 
These  angles,  since  X'Y'  is  a  quadrant,  belong 
to  corresponding  rotations  about  the  axes  of  Y'  or  17,  and  of  X'  or  £ ; 
but  the  second  must  be  called  negative,  since  its  ^ect  is  to  move  Y' 
from  Z'  (page  485).  Hence  —  cos0^d  and  +  sin  036  are  the  terms 
arising  in  pdt  and  qdt  from  the  change  of  6,     Finally,  let  f  be 
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increased  by  ^fy  4>  &i)d  6  remaining  the  same ;  and  let  nx^y'  be  tbe  new 
position  of  NXT'.  Then,  since  the  angles  XNX'  and  Xtw/  are  equal, 
the  internal  angles  at  n  and  N  are  together  equal  to  two  right  angles : 
but  this,  when  true  of  the  angles  of  a  spherical  triangle,  is  true  of  their 
opposite  sides;  therefore  NK+Kn  is  two  right  angles,  or  KN  and  Kn 
are  both  infinitely  near  to  one  right  angle.  Hence  X'v:=:N<.C08<{>  and 
y't£?=N£sin0  are  either  true,  or  only  erroneous  by  small  quantities  of 
the  second  order;  it  being  remembered  that  since  nK^x't/^  we  have 
Ky'=/u/=0.  Hence  we  see,  1.  A  rotation  about  Z'  of  the  magnitude 
nty  or  cos^.^Y^,  and  negative,  since  Y'  [is  moved  towards  X'.  2.  The 
rotation  X'u  about  Y^  which  is  Nf.cos0,  or  cos^sind^Y^,  and  positive, 
since  Z'  is  brought  towards  X'.  3.  A  rotation  wY'  round  X',  which  is 
N^sin<3^,  Of  sin0sin0^Yr,  and  positive,  since  Y'  is  moved  towards  Z'. 
Hence  arise  the  terms  of  pdt^  qdty  and  rdt^  which  depend  on  ^Y^. 

The  preceding  formulae  are  adapted  to  one  position  of  the  figure, 
which  is  that  adopted  by  all  writers  as  the  principal  case.  As  in  other 
problems,  every  modification  of  the  figure  requires  modifications  of  the 
signs  of  the  letters  whose  values  determine  the  relative  positions  of  the 
parts. 

The  preceding  results  relate  entirely  to  what  takes  place  at  the  first 
instant  after  the  system  has  been  abandoned  to  the  effect  of  two  or  more 
rotations.  Let  us  now  suppose  the  combined  rotations  to  continue,  it 
being  supposed  that  each  axis  takes  the  motion  of  rotation  round  the 
other  axis.  The  axes  themselves  are,  therefore,  continually  changing 
their  positions ;  and  the  instantaneous  axis  of  rotation,  the  position  of 
which  is  always  given  relatively  to  the  other  axes  when  the  rotations 
are  uniform,  changes  with  them.  It  is  difficult  at  first  to  see  what  can 
be  meant  by  a  line  of  rest  which  changes  its  place,  but  a  description 
in  other  words  will  make  it  clear.  The  motion  of  any  system  about  a 
fixed  point,  however  many  the  rotations  of  which  it  is  compounded, 
must  always  have  some  one  axis  at  rest  fur  the  instant,  and  as  the  motion 
proceeds,  one  axis  after  another  becomes  quiescent,  the  quiescence  not 
continuing  any  finite  time.*  .  And  instead  of  saying  that  axis  after  axis 
is  successively  brought  to  a  state  of  rest,  we  say  that  the  axis  of  rest,  or 
the  instantaneous  axis,  changes  its  place. 

That  the  student  may  more  clearly  comprehend  the  necessity  of  there 
being  always  an  axis  at  rest,  I  shall  show  that  any  change  of  place 
which  a  system  can  undergo,  one  point  only  remaining  stationary,  is 
capable  of  being  made  by  one  rotation  about  one  axis :  or  that,  for  any 
given  finite  change  of  position  whatsoever,  some  one  point  remaining  at 
rest,  some  one  axis  may-f  remain  at  rest.  Or  thus,  one  point  remaining 
fixed,  it  is  impossible  to  give  change  of  place  to  all  the  lines  of  a  system 
at  once.  This  may  be  proved  either  geometrically  or  algebraically,  as 
follows.  About  the  fixed  point  as  a  centre,  describe  a  sphere,  and  let 
the  motion  bring  PQ,  an  arc  on  this  sphere,  into  the  position  P'Q'. 
Through  V  and  V,  the  bisections  of  PP'  and  QQ',  draw  great  circles 

*  Wbea  a  ball  is  thrown  up  into  the  air,  there  is  an  instant  at  which  it  can 
neither  be  said  to  be  rising  nor  falling,  and  it  is  then  said  to  be  brought  to  rest;  but 
it  does  not  rest  any  finite  time,  however  smuU. 

\  Not  mu»t :  the  following  proposition  is  a  parallel.  Any  given  change  of  plact 
of  a  point  may  be  made  by  moving  it  along  a  straight  line ;  but  it  may  also  be  made 
along  an  infinite  number  of  different  curves. 
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VR  and  V'R,  perpendicular  to  QQ^  and  PP',  meeting 
inR.  Then  we  have  RP=RF  and  RQ=RQ',  go 
that  if  the  angles  P'RP  and  QHQ  be  equal,  a  rota- 
tion round  a  diameter  passing  through  R  would  bring 
PQ  into  the  position  P'Q'.  But  these  angles  are. 
equal:  for  the  triangles  PJ{Q  and  P'RQ',  having  their 
sides  severally  equal,  have  their  angles  equal ;  whence 
i:P'RQ'  =  ZPRQ.  Add  Q'RP  to  both,  and  Z P'RP  =:ZQ'RQ.  A 
similar  proof  may  be  given  for  every  one  of  the  varied  alterations  of 
position  which  the  figure  will  admit  of.  Hence,  since  every  change 
of  place  may  involve  a  quiescent  axis,  every  infinitely  small  cliange  may 
be  considered  as  actually  doing  so :  but  it  does  not  follow  that  the 
quiescent  axes  of  two  successive  infinitely  small  changes  are  the  same. 

The  algebraical  proof  of  the  proposition  will  be  as  follows.  Let  j-, 
y,  z^  be  coordinates  fixed  in  space,  and  {,  77,  (,  coordinates  fixed  in  the 
system,  and  let  j:=AS  +  Bij  +  Cf,  y=A'4-i-&c.,  &c.  be  the  relations 
existing  at  the  first  position,  and  j:=a£+6i/  +  cf,  y  =  fl'£+&c,&c. 
those  at  the  second  position.  If,  then,  there  be  a  line  of  the  system 
which  belongs  to  both  positions,  jt,  y^  and  z  will  in  that  line  remain 
unchanged  when  the  system  has  been  removed  from  one  position  to 
another.     Consequently  we  shall  have 

(A-a)$+(B-/0'?  +  (C-c)f=0,     (A'-aO{  +  &c.=0,^ 

(A"-a'0£+&c.=0. 

Eliminate  17 : 1  and  ^ :  {,  and  we  have 

(A-  a)(B'-6')(C"  -  c'O  +  (B  -  6)(C'  -  c')(A"-  a'') 
+  (C-c)(A'-a')(B"-«>") 
-(C-c)(B'-i^O(A"-a")-(A-a)(C'-cO(B"-yO 
— (B-i)(A'— o')(C"-c") 

which  must  be  universally  true,  if  the  'proposition  asserted  be  so.  The 
terms  resulting  from  these  products  may  be  classed  as  those  which  contain 
three  capital  letters,  three  small  letters,  one  capital  only,  and  one  small 
letter  only.  Also  (page  482)  wehave  A=B'C"-C'B",&c.,or  A=C'B" 
— B'C",  &c.,  the  sign  being  indifierent,  provided  the  proper  order  be  ob- 
served. The  terms  of  the  first  class  give  A  (B'C-  C'B'0+B(C'A"-  A'C'O 
+  C(A'B"-B'A").  or  A»+B«+CS  or  1:  those  of  the  second  give 
-a(6'c"-c'6")-6(c'a"-aV')— c(a'6"— 6V0,  or  -a"-6«-c%  or 
—  1 :  all  these  terms  then  disappear.*  The  terms  containing  A  with  two 
small  letters,  make  A(6V— c'  h'*)^  or  Aa;  that  containing  a  with  two 
capital  letters  is  —  a  (B'C" — C'B"),  or  —  Aa:  these  terms,  therefore, 
destroy  each  other.  In  a  similar  way  the  remaining  terms  of  the  third 
and  fourth  classes  destroy  each  other,  and  the  identity  of  the  equation  is 
proved.t 

•  It  may  be  asked,  why  not  adopt  the  order  AB,  BC,  CA,  in  expressing  A,  &c., 
in  terms  oi  the  rest,  and  6a,  aCt  cby  in  expressinf?  a,  &c.,  which  may  certainly  be 
«lone,  consistently  with  the  equations  of  condition  ?  The  answer  is,  that  if  this  were 
done,  it  would  be  equivalent  to  supposinp^  Xj  &c.  after  the  change,  to  be  the  same  as 
before,  but  with  the  signs  changed,  so  that  we  should  have  (A+a)^+&c.=0,  &c., 
which  would  give  the  same  results  as  in  the  text. 

f  The  ease  of  this  demonstration  will  illustrate  the  advantage  of  symmetry  in 
mathematical  processes.    Euler,  {Jheor*  Mot,  Corp.  Biffid.,)  having  proved  the 


1=0, 
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We  have  shown,  page  483,  how  to  express  a,  )3,  &c.  in  terms  of  three 
angles ;  the  following  method  of  determining  six  of  them  in  terms  of  the 
remaining  three  is  due  to  Monge,*  and  will  give  an  easy  method  of  deter- 
mining the  axis  of  rotation  just  shown  to  exist 

Let  the  three  data  he  the  angles  made  hy  x  and  (,  hj  y  and  17,  and  by 
z  and  f,  or  their  cosines  a,  fi^  and  y'.  These  being  given,  the 
position  of  the  axes  of  £,  17,  and  ^,  with  respect  to  Xy  y^  and  jt,  is  also 
given.    We  have  then 

y*=l— y«-y'«=l— a«— )8«,  or  a'+Z^izy'^+y"* 
=  1— o^-jS'^+y*;  whence  jS'+a^zsl— «*— )8'*+y"«. 

But  y^afi'—fiol,  or  2)8a'=2or;8'-2y",  whence  we  have 

C8-«0*=(l  +  /)«-(«+)8')', 

whence  fi  and  »'  are  found  in  terms  of  the  data.  Proceed  in  thid  way, 
and  the  conclusions  are  as  follows.     Let 

fi+a'=^(tn       «"4-y=Va«"),       y'+fi':=sf(i'n 

fi  "«'=^/(TO      «"-y=V(TO.      y-i8''=V(T0 ; 

whence  the  remaining  six  are  determined  in  terms  of  a,  fi\  and  y^. 
The  ambiguity  of  the  signs  will  always  put  a  serious  practical  difficulty 
in  the  way  of  using  these  results  for  particular  purposes. 

Let  it  be  required  to  find  the  axis  round  which  the  system  must 
revolve,  so  that  the  axes  of  x,  y,  z  may  come  into  the  position  of  £,  17,  (»^ 
We  have  then  jr=£,  &c.  for  every  point  in  that  altis,  or  a:=aa:+)8yH-yz, 
&c.     This  givest 

(a— l)a?+)8y+y«=:0 

oi!x-\-(fi'-l)y+'/z=:0 

a"j?+)8"y+(y""l);r:=:0, 

equations  of  which  the  coexistence  has  been  proved.  Taking  the  first 
pair,  we  find  that  jt,  y,  and  2,  must  be  in  the  proportion  of 

fi-Z—yfi'+y,     ra'-«y+y',  and  (a-l)()8'-l)-)8«', 

or  a"+y,  /S'M-y',  and  l  +  y'-a-)8',  or  V(«"),  V(*V'),  and  ^',  or  V<, 
^Ji!,  and  V^'.  Hence  there  is  this  restriction  upon  the  data,  that  <,  fy 
and  <''must  be  all  positive  or  all  negative;  but  t+i^-^t'\  or  3  — a — fi' 
—  y"  cannot  be  negative,  whence  a,  fi\  and  y  must  be  so  taken  that 
one  more  than  either  must  be  greater  than  the  sum  of  the  remaining 

propCTty  in  question  geometrically,  professes  himself  unable  to  give  an  al^braieal 
demonstration :  Nemo  facile  ttupendum  hiMC  iaborem  in  te  tuteipere  voiet  are  his 
words  (as  cited  by  Sr.  Plola).  In  vol.  xxii.  of  the  Memoirs  of  the  Italian  Society 
of  Modena,  Sr.  Gabrio  Fiola  has  conquered  Euler's  difficulty  in  sixteen  quarto 
pages  of  calculation  and  description :  the  whole  difficulty  arising  from  the  loss  of 
the  view  of  general  properties  consequent  upon  preferring  simplicity  to  symmetty. 

*  Or  rather  the  results  to  Monge  and  the  demonstration  to  Lacroix. 

f  These  are  the  unsymmetrieal  equations  referred  to  in  the  preeeding  note. 
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ones.  Hence  the  cosines  of  the  angles  made  by  the  required  axis  of 
rotation  with  those  of  or,  y,  and  z  are 

Resuming  the  equations  in  pages  481,  &c.,  let  all  the  rotations  which  are 
to  take  place  simultaneously  be  reduced  to  77,  7,  and  r,  round  the  axes  of 
(,  77,  and  ^,  which  move  with  the  system.  However  these  rotations  may 
vary,  either  as  to  amount  or  position  of  their  axes,  we  have  seen  that 
their  effects  may  at  any  one  instant  be  confounded  with  those  of  an  in- 
finitely small  rotation  round  each  fixed  axis. 

Given  the  position  of  the  system,  and  the  values  of  p,  q,  and  r  at  a 
given  instant,  required  the  velocities  of  'a  given  point,  parallel  to  the 
axes  in  space,  and  to  the  axes  in  the  system.  We  must  first  express 
Zoh  ^fi»  &c*  ^^  terms  of  p,  q,  and  r.     To  do  this  we  have  (page  482) 

fi^a+fi'^a'+fi''^a"=:rdt,     y^a+Acsr  -^rf/,     a^a  +  &c.=0. 

Multiply  by  )6,  y,  and  a,  and  add,  which  gives  (page  481,  equations  (2)) 
^a=^irfi~qy)dt;  multiply  by  ^8',  •/  and  « ,  and  by  fi'\  y,''  «'',  and  we  get 
similar  expressions  for  da!  and  da'*  Proceeding  in  tliis  way  with  the 
other  equations  (1)  and  (8),  (page  482),  we  find  the  following  set : 

^a-{rP^qy)dt,     da'=(rfi^ -qV)  dt,     la" -(xfi^—q-^'^dt 
dfi^py  -  ra)  dt,     Bfi'=z  (py'-ra')  dt,     W = ipy"  -  ra")  dt 
dy=iqa  -pfi)  dt,     ly^^iqa'-pfi)  dt,      V=(9a"  -jpyS")  dL 
.  dx      day.dfi        dy        dy      dol 

Hence  the  velocities  in  the  direction  of  x  are  expressed  in  terms  of  {, 
&c.  To  find  them  in  terms  of  x,  &c.,  substitute  5=otr+a'y+c/'«,  &c., 
which  will  give,  making  use  of  a=i8y — y'/8",  &c.,  (page  482), 

dx 
.^=(pa'+9^'+ry')  r-(pa"+9)8"+ry'Oy 

^=:(pa"+r^^"+ry")«r-(pa  +9^8  +»>  )« 

-^^(P^  +9fi  'hry)y'^ipa'  +qfi'  +ry')x; 

whence  it  appears  (page  480)  that  rotations  p,  &c.  round  (,  &c.  are, 
for  the  instant,  equivalent  to  pa+qfi+ry,  &c.  round  a?,  &c. :  a  result 
which  may  easily  be  shown  to  agree  with  that  in  page  481. 

Lastly,  to  find  the  velocities  in  the  momentary  directions  of  £,  &c.,  we 
must  suppose  a,  &c.  to  remain  constant,  and  {,  &c.  to  vary,  which 
gives 

§=.(l«J+tc.)+.'(^J+*c.)+..(^.H»c.) 


L. 


492  DIFFERENTIAL  AND  INTEGRAL  CALCULUS. 

And  thus  we  get 

dr=^^"-^'  5^='"^"?^^'  sj^^p'/-^?^ 

As  an  instance,  let  us  suppose  /?,  9,  and  r  to  be  constants.    To  find  a,  ^, 
and  y  we  have  to  integrate  the  simultaneous  equations 

da      ^  dfi  ^y  a 

-=:r^-9y,    ^=py-ra,    ^=9«-p^. 

Differentiate  the  first,  substituting  from  the  second  and  third,  and  we 
have 

But  pda + r/rf^  +  rdy^  0,  whence  (/^  +  ry=  K —pa.    Let  p' + g*+r* = k\ 
and 

— ~  +  A-««=7;K,     a=aco8Ari+A8inA:^+^ 

Similarl V,  )6 = &  cos  A:^ + B  sin  A:/  +  ~- 

kr 

rK 
yr=c  cos  ^i+  C  sin  fti+  -7- 

Here  are  seven  constants,  where  from  the  original  equations  it 
appears  that  three  only  should  enter.  But  pa+9/8  +  ry=K,  and* 
cp  -l-)8'+y'=l>  which  will  be  found  to  require  the  five  equations 

po+96+rc=:0,    pA+9B+rC=0,    aA+6B+cC=0, 


a«+6*+c*=A'+B«+C«=l 


k 


%' 


These  Jive  equations  between  seven  constants  leave  only  two  con- 
stants arbitrary;  whereas  the  complete  solution  of  the  equations  would 
require  three.  But  it  must  be  remembered  that  in  assuming  <t-^fi\ 
+  y*=l,  we  have  already  obtained,  and  given  a  definitive  value  to,  one 
of  the  constants ;  since  o?-\-^^-\-  y*  =  L  will  equally  satisfy  the  diflF.  equ., 
L  being  arbitrary. 

In  a  similar  manner,  we  may  find  a^=^a*  cos  ^i+  A'  sin  kt-^pK! :  ife*, 
&Cm  with  similar  relations  between  the  constants.  This  shows  how  to 
express  «,  &c.  as  functions  of  the  time :  but  since  pa+9)8-hry,  &c.  are 
constants,  being  K,  &c.,  the  preceding  values  of  dx :  dt^  &c.,  with  page 
491,  show  us  that  the  system  does  nothing  but  revolve  about  an  axis 
fixed  in  space,  making  angles  with  the  fixed  axes  whose  cosines  are  pro- 
portional to  K,  K',  and  K". 

There  are,  however,  some  important  cautions  to  be  given  connected 
with  the  subject  of  rotation.  If  we  suppose  the  system  always  to  have  the 
velocities  of  rotation  p,  q^  r,  about  axes  which  are  perpetually  varying 
in  consequence  of  those  motions,  the  effect  is  not  the  same  in  a  given 
time  as  if  we  suppose  the  whole  rotation  belonging  to  that  time  first 
communicated  about  one  axis,  then  about  the  second  as  it  stands  afler 

*  Let  it  be  particularly  noted  that  this  is  a  consequence  of  the  equations  them* 
eelves,  which  give  «k/«+0c//3+>^>=O,  and  therefore  ft^^-jS'+^'sconat. 
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the  first,  and  then  about  the  third  as  it  stands  after  the' second  rotation. 
For  the  actual  motion  in  space  depends  not  only  on  the  rotation  but  on 
the  position  of  the  axis,  and  the  effect  of  an  infinite  number  of  infinitely 
small  motions,  made  round  an  axis  which  changes  its  position  at  the  end 
of  each,  is  not  the  same  as  it  would  have  been  if  the  axis  had  preserved 
its  position. 

Again,  if  a  motion  of  rotation  round  a  fixed  axis  passing  through  the 
origin  be  continued  for  an  infinitely  smaQ  time  dU  >vith  an  angular 
velocity  P,  a  point  at  the  distance  p  from  the  axis  will  describe  an  arc 
which  belongs  to  the  circular  sector  \^^dt.  The  rotation  may  be 
resolved  into  three  others,  round  the  axes  of  j:,  y,  and  jt,  and  the  area 
just  mentioned  may  be  projected  into  three  others,  on  the  planes  oiyz^ 
zx^  and  jy.  But  the  projected  areas  are  not  necessarily  the  areas  made 
bv  the  resolved  rotations,  and  must  not  be  confounded  with  them.* 

I  now  come  to  another  subject,  namely,  the  consideration  of  those 
integrals  depending  solely  on  the  constitution  and  arrangement  of  the 
parts  of  a  system,  which  are  required  in  the  investigation  of  its  motion. 
Let  the  whole  system  be  divided  by  planes  parallel  to  the  coordinate 
planes,  as  follows :  parallel  to  the  plane  of  xyy  and  distant  from  each 
other  by  dz^  let  an  infinite  number  of  planes  be  drawn,  and  the  same 
parallel  to  the  plane  of  yz,  distant  from  each  other  by  rfj,  and  to  the 
plane  of  zx,  distant  from  each  other  by  dy.  The  whole  system  is  then 
divided  into  an  infinite  number  of  parallelopipeds,  each  having  the 
volume  dx  dy  dz.  If,  then,  p  be  the  density  at  the  point  (i',y,  r),  which 
may  be  a  function  of  x,  y,  and  Zy  the  mass  of  an  clement  contiguous  to 
( J,  y,  z)  is  pdx  dy  dzy  and  the  whole  mass  is  fffpdx  dy  dr,  taken  over 
the  whole  extent  of  the  solid.  It  is  usual  to  write  pdx  dy  dz  as  dm, 
thus  making  the  common  symbol  of  a  differential  of  the  first  dimension 
stand  for  one  of  the  third :  in  this  manner  fxdm  is  made  to  denote  a 
triple  integration,  since  it  stands  for  fff'^'p  dx  dy  dz. 

If  the  system  were  to  consist  of  a  finite  number  of  material  point8,t 
having  the  masses  mj,  tn^,  m^,  &c.,  and  if  x^^  y„  Zi  be  the  coordinates  of 
the  first,  &c.,  the  sum  mi  Ji+wij ^4+  . . . .  or  2rm  must  be  substituted 
for  fxdm  in  all  equations  connected  with  the  motion  of  the  system.  In 
fact,  2xm  and  fxdm  only  differ  in  the  supposition  as  to  the  distribution 
of  the  system,  the  first  becoming  the  second  when  the  number  of  masses 
is  infinitely  great,  each  being  infinitely  small,  and  the  whole  forming  one 
continuous  mass. 

If  we  change  the  coordinates,  an  integral  of  the  form  fffPdx  dy  dz 
takes  the  form  fffUd^ dri di ;  and  it  is  important  to  show  that  in  the 
change  from  rectangular  to  other  rectangular  coordinates  no  other 
change  is  requisite  except  substituting  in  P  for  x,  y,  and  z  their  values 
in  terms  of  {,  17,  and  ^,  and  changing  dx  dy  dz  into  di  drj  di^.  Now 
first  observe  that  a  complete  change  of  coordinates  may  be  made  by  three 
successive  changes,  at  each   of  which  one  axis  remains  unchanged. 

*  On  the  subject  of  rotation  generally  there  U  an  excellent  pamphlet  by 
M.  Poinsot,  of  which  the  title  is  "  Theurie  Nouvelle  de  la  Rotation  des  Corps/' 
Paris,  Bachelier,  1834.  Nothing  but  the  press  of  matter  more  closely  connected 
with  the  application  of  the  (UffereiUial  ctUcu/ttt  has  prevented  my  inserting  the 
whole  of  that  pamphlet  in  the  present  chapter. 

f  The  material  jtoiMtj  a  common  supposition  of  physical  writers,  should  rather  be 
sin  infinitely  small  mass  of  matter:  though  there  is  no  mathematical  impropriery 
in  supposing  a  point  to  be  endowed  with  the  weight  of  a  given  mass,  or  with  any 
other  proptity,  the  conception  of  which  does  not  depend  on  that  of  bulk. 
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Fint,  let  the  axes  of  x  and  y  reTolve  roond  the  axis  of  z  until  the  plane 
of  zx  includes  the  axis  of  ( ;  in  which  case  the  axis  of  y  becomes  per- 
pendicular to  that  of  £•  Secondly,  the  axis  of  y  retaining  its  new 
position,  let  those  of  z  and  x  revolve  round  it  until  the  axis  of  x  coin- 
cides with  that  of  ( :  the  axes  of  i|,  ^,  y^  and  z  will  then  be  all  in  the 
same  plane.  Thirdly,  the  axis  of  x  remaining  in  coincidence  with  that 
of  £,  let  the  axis  of  y  revolve  until  it  coincides  with  that  of  if,  in  which 
case  the  axis  of  z  will  also  coincide  with  that  of  f .  If,  then,  we  can  show 
that  the  theorem  is  true  of  one  of  these  changes,  it  follows  that  it  remains 
true  kfter  any  number  of  them. 

Now  the  axis  of  z  remaining  fixed,  let  those  of  .r  and  y  revolve 
through  an  angle  0,  and  let  j/,  y,  and  z'  be  the  coordinates  of  the  point 
whose  coordinates  were  or,  y,  and  2.  We  have  then  2=z',  y=x*mB 
+y'  COB  0^  x=  a/  cos  6 — y'  sin  6,  If  we  now  write  ///  P  dxdydx  in  the 
form*  fdz  {  ffPdxdy},  it  being  remembered  that  dx^  dy^  and  dz  are 
independent,  and  return  to  page  394,  we  see  that  j/  and  y'  stand  in 
place  of  u  and  v,  and  that  to  transpose  ffPdxdy  into  the  form 
jfVdafdy'^  we  must  substitute  for  x  and  y  their  values  in  P,  while 
tor  dx  dy  we  must  write 

±(S>  %  -%  ^^^y-  •"  +(sin-0+cos«e)  dJdy,  or  dr'd/. 

taking  the  positive  sign.  Hence  f  JF  dxdy^zff  F' djf  dy' ^sjid  pat- 
ting daf  for  dzj  we  have  fffPdx'  Jy'  d£  for  the  integral  express^  in 
terms  of  the  new  coordinates :  no  other  changes  being  required  than 
those  expressed  in  the  enunciation  of  the  theorem.  The  same  is  still 
true  after  the  second  and  third  changes  are  made,  which  are  requisite  to 
bring  the  axes  of  «r,  y,  z  into  coincidence  with  those  of  {,  17,  4^. 

There  is  a  point  in  every  system  which  takes  the  name  of  the  cenirt 
of  gravity y  from  the  remarkable  properties  which  it  possesses  in  con- 
nexion widi  the  conditions  of  equilibrium,  when  the  weight  or  gravity  of 
the  system  is  one  of  the  acting  forces.  This  point  possesses  properties 
as  remarkable  in  connexion  with  the  laws  of  motion  of  the  system,  inso- 
much that  if  it  were  allowable  to  attempt  to  disturb  any  established 
term,  the  present  would  be  a  most  legitimate  occasion  for  the  use  of 
such  permission.  Retaining  however  the  established  phrase,  I  proceed 
to  point  out  the  geometrical  properties  of  this  point,  by  means  of  which 
its  mechanical  properties  are  found. 

Let  there  be  points,  n  in  number,  (xi,  yi,  Zj),  {Xf^y^z^j  &c.  Take  a 
point  (X,  Y,  Z),  whose  distance  from  each  of  the  coordinate  planes  is  the 
mean  distance  of  all  the  n  points  from  such  planes,  or  assume 

n  n  n 

The  point  thus  obtained  has  the  property  that  its  distance  from  any 
other  plane  whatsoever  is  the  mean  distance  of  the  points  from  that 
plane.  Let  the  new  plane,  whatever  it  may  be,  be  taken  as  a  new 
plane  of  fy,  so  that  the  distances  of  the  points  from  that  plane  are  the 

*  For  actual  integration  this  form  would  be  useless  unless  the  limits  of  r  were  tbe 
same  for  all  values  of  9  and  y ;  but  it  must  not  be  forgotten  that  a  perfect  con- 
ception of  the  summations  of  infinitely  small  elements^  in  the  order  which  the  form 
given  implies,  is  attainable  in  every  case. 
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new  coordinates  of  2.  Let  the  point  {x,  y^  z)  be  (j/,  ^  z')  in  the  new 
system,  and  let  (X,  Y,  Z)  be  (X',  Y',  Z').  If  then  x—aa^+fiy^^yz\ 
&c.,  we  have  «'=y^+r'y+y'2,  &c.,  andj  Z'sryX+'/Y+'/'Z.  Con- 
sequently, the  mean  value  of  s!  or 

—  isy— +y^+y"~,  or  yX+/Y+y"Z,  or  Z'. 
n  n  n  n 

The  preceding  supposes  that  the  new  plane  passes  through  the  origin  : 
if,  however,  it  should  subsequently  move,  remaining  parallel  to  its  first 
position,  no  alteration  would  be  made  in  the  truth  of  the  theorem,  since 
each  sf  and  also  7J  would  alter  by  the  same  length  :  so  that  the  altered 
value  of  Z'  would  still  be  of  the  mean  of  the  altered  values  of  z'. 

If  the  plane  just  supposed  pass  through  the  point  (X,  Y,  Z),  we  have 
Z'=:0,  or  ZZ=0,  or  the  sum  of  the  distances  of  the  points  on  one  side  of 
the  plane  is  the  same  as  that  on  the  other. 

Now  let  any  niunber  Ati  of  those  points  be  supposed  to  coincide  at 
(•^it  ^19  2i)»  ftlso  k^  at  (x,,  ^s,  jT^,  &c.  Then,  counting  (x,  y^  z)  as  a  col- 
lection of  ^1  points,  &c.,  the  centre  of  mean  distances  {n  being  2A;)  has 
the  coordinates  ^kx :  £Ar,  ^SJcy :  2^,  and  ^kz :  J,k. 

Next,  let  each  of  these  points  be  supposed  to  have  the  mass  fx :  then 
at  the  first  point  is  collected  the  mass  ki  /jl  (=mi),  at  the  second 
ksii{^=fn^y  &c.  Multiply  the  numerators  and  denominators  of  the 
preceding  coordinates  by  fi,  and  we  have 

Zm  Zm  Zm 

for  the  coordinates  of  the  centre  of  mean  distance,  on  the  supposition 
that  each  point  counts  for  a  number  of  points  proportional  to  the  mass 
there  collected.  The  centre  of  mean  distance,  on- this  hypothesis,  is 
what  is  called  the  centre  of  gravity.  If  the  system  be  one  of  which 
the  mass  is  continuous,  we  have 

^"JdHi'      ^^  fdm'  Jdm' 

dm  standing  for  pdxdy  dz. 

There  are  six  other  integrals,  of  which  it  will  be  necessary  to  consider 
the  connexion ;  namely, 

Jjr'dm,     fy^dmy    fz^dm^    fyzdm^    fzxdm^     fxydm; 

or         2mx%       2my',       2,mz\      ^myz^       ^mzXy      ^mxy; 

according  as  the  system  is  continuous  or  discontinuous.  Of  these  it 
may  be  shown  that  the  theory  is  so  intimately  connected  with  that  of  the 
ellipsoid^  that  a  competent  knowledge  of  the  properties  of  that  surface 
should*  be  an  indispensable  preliminary  to  the  study  of  dynamics. 

Let  X,  <r/,  x^^  &c.,  ^,  y/,  y,iy  &c.,  z^  2/,  2^,  &c.  be  three  independent 
sets  of  quantities,  positive  or  negative.     Let 

*  By  this  I  mean  that  the  long,  isolated,  and  inelegant  investigations  which 
usually  fill  up  the  chapters  of  works  od  dynamics  which  treat  of  rotatory  motions 
might  be  almost  entirely  avoided,  if  the  student  were  supposed  to  have  that  know- 
ledge of  the  ellipsoid  which  he  is  supposed  to  have  of  the  elUpse  before  he  reads  oa 
the  theory  of  gravitation. 
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Lemma  1.  The  three  quantities  AB— C'*,  BC— A^  CA— B'«,  are 
necessarily  positive.  The  first,  AB-C*  or  Sx'.Sy'— (2:«y)%  is  the 
sum  of  every  possible  variety  of  terms  of  the  form  a-JL-yl""  (^y)**  (^)«* 
where  (xy)p  denotes  t,  yp,  and  m  and  n  denote  numbei-s  of  subscript 
accents.  When  m  and  n  are  equal,  these  terms  destroy  one  another; 
and  all  the  cases  in  which  m  and  ii  are  unequal  can  be  collected  in 
couples  of  the  form 

•rlyI-(«^)-.(^y)«+j:yi-(j?y)«(^)m,  or  (j«,y«— jr.yj'. 

Hence  AB— C*  being  2  ix^yn—^nym)-  is  necessarily  positive  ;  and  the 
same  of  the  other  two. 

Lemma  2.    The  expression  following  is  necessarily  positive : 

ABC+2A'B'C'-AA'«-BB'*-CC\ 

This  expression  is  a  collection  of  all  possible  terms  of  the  form 

xl^lzl + 2(y  2)„(5T)«(  jy)p  -  Jl(y2)»(y2)p  -  ylizx)X2x\  -  3rl(^),(xy  V 

Each  term  in  which  m,  77,  and  p  are  equal  vanishes ;  and  so  do  the 
terms  which,  when  two  •  are  equal,  arise  from  the  term  above  with  the 
same  accents  varied  in  position.     Thus 

^l.ylzl+&c,+xlylzl^&c,+xlylzl+&c,=iO. 

But  if  m,  77,  and  p  be  all  different,  and  if  the  term  be  called 
{m//p},  and  if  we  collect  the  six  terms  answering  to  the  preceding 
with  the  order  of  m^  7i,  p  varied,  and  nothing  else ;  that  is,  if  we  form 

{711717?}  +  {7imp}  +  {7ipm  }  +  {mpn}  +  {pTiin}  +  {pim}, 

we  shall  find  the  result  to  be  a  perfect  square,  namely, 

{^m  Xn  y,—^m  2«  yp+ ^m  y«  Xp  -  z^  y,  ^p+ym  «.  ^,  -ym  ^n  *,}* ; 

whence  the  expression  given  is  the  sum  of  squares,  and  is  positive. 

These  results  are  equally  true  if  for  x  we  write  sjm,x^  for  j,,  tjm*x\ 
&c.,  or  if  A =2)777 j:*,  &c.,  A'z=2)7ny5,  &c.  And  being  independent  of 
the  number  of  quantities,  and  of  the  magnitude  of  tti,  they  are  still  true 
if  A=/j:'dm,  &c.,  \!^=:fyzdm^  &c. 

I  now  proceed  to  point  out  the  method  of  establishing  those  pro- 
perties of  the  ellipsoid*  which  will  be  required.  The  coordinates  being 
rectangular,  let  the  equation  of  a  surface  be 

Ai^+By«+C;5«+2A'y2+2B'zj:+2C'jy=M (1). 

Retaining  the  origin,  change  the  directions  of  the  coordinates,  and,  if 
possible,  let  a,  )9,  &c.  be  so  taken  that  A',  B',  and  C',  in  the  new 
equation,  shall  vanish.  Let  this  new  equation  be  K£*-f-KV+K.''i* 
=M,  and  let  £  =  ofj;+)8y4.y2,  i|=«'j:+&c.,  ^=a"i'+&c.     Substituting 

*  For  the  general  treatment  of  the  surface  of  the  second  degree,  in  the  same 
manner,  the  advanced  student  may  consult  a  memoir  on  the  general  equation  of 
surfaces  of  the  second  degree,  published  in  the  fifth  volume  of  the  Transactions  of 
the  Cambridge  Philosoplucal  bociety. 
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these  values  in  tlic  last  equation,  and  making  the  result  identical  with 
(1),  we  have 


A=Ka«  +  K'«'«  +  KV'«,    A'=Ki8y+K')8V+K")8V 
B=ig8*+K'/8'»4-K"/8"«,     B'=Kya  +  K'yV+KV«' (2). 

Multiply  the  first  by  a,  the  last  by  fi^  and  the  last  but  one  by  y,  which 
gives 

Aa+C';B+B'y=Ka,  or  (A-K)cr+C'i8+B'y=0. 

And  by  similar  processes  we  obtain  C'a+  (B— K)  i84- A'y=0 

Ba+A')8  +  (C-K)y=0. 

The  truth  of  these  equations  wiU  remain  unaltered  if  we  accent  all 
the  four,  K,  a,  fiy  y,  once,  or  twice.  Eliminate  fi  :  a  and  y :  a  from  these 
three  equations,  and  there  results 

( A-K)(B-K)(C-K)+2A'B'C'  -  (A  -  K)  A'«-  (B -K)  B'*  -  (C  -  K)  C'*= 0, 

while  the  same  equation,  with  K'  or  K"  substituted  for  K,  would 
result  from  eliminating  fi' :  a,  &c.  or  fi"  :  a"  from  the  second  and  third 
set  just  mentioned.  Hence  it  follows  that  K,  K',  and  K''  are  the  roots 
of  the  equation 

K"-.(A+B+C)K«+(BC-A'«+CA— B'«+AB-C'*)  Kl         ,3. 

— (ABC+2A'B'C'— AA'*-.BB''-C(r«)=0  T  *    ' 

The  roots  of  this  equation  are  all  possible,  as  will  be  presently  proved. 
In  the  mean  time,  we  may  determine  cv,  )6,  &c.  in  terms  of  K,  K',  and 
K",  as  follows.  The  equations  aa'+)8/J'+yy'=0,  aa"+i8/8"+yy"=0 
show  us  that  a,  fi,  and  y  are  in  the  proportion  of  yS'y"  —  y  ;8",  ya" — ay' » 
tLTkdafi^'^fi'a".  But  a*+^*  +  y*=:l,  and  the  sum  of  the  squares  of 
the  last  quantities  will  be  found  to  be 

(a'«+^'«+y'')(«'"+i8"«+y"«)-(aV'+)8'i8"+yV)%  or  1. 

Hence  a  is  either  fiY-yfi"  or  yfi"-fi'y\  &c.  It  docs  not  signify 
>hich  we  now  assume,  as  our  present  investigations  will  only  contain 
squares  or  products  of  these  quantities.  By  help  of  these  theorems, 
we  may  obtain  from  (2),  by  actual  calculation,  the  following  equations, 

BC  -  A'«=  K'KV+K"Ka*+KK  «"* 

B  +  C=(K'+K")«*  KK"  +  K)a'»+(K+K')a"* 
B'C— A  A'= R'K"i8y + K"K  fi'y' + K  K'  fi'Y 

-A'=(K'+K"))8y+(K"+K)i8V  +  (K+K'))8V; 
which,  with  «•+««+«""=  1,  fiy+fi'y+fi"y=0,  give 

,_BC-A^'-(B  +  C)K+K'  _  BC— AA-fAK 

'**'"       (K-K')(K— k")      "•    ^^'"  (K-K')(K-K"y 

In  which  a*  and  fi*y  may  be  found  by  interchanging  K  and  K',  and  a"* 
and  fi"y"  by  interchanging  K  and  K".  By  similar  equations  may  also 
be  found 

CA->-B^«-(C+A)K+K«         _  C^A^-BB^+B^K 

2K 
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^__AB-C^*— (A+B)  K+K«  A^B^-CC^-f  C^K 

"^^        (K— KO(K-K")       *    '^^■"(K-KOCK-K*)' 

from  ivhich  yS'*,  &c.  may  be  fouud  by  similar  interchanges. 

One  of  the  roots  of  (3)  must  be  possible,  let  it  be  K,  and  if  it  c^an  be, 
let  K' and  K''  be  impossible;  that  is,  of  the  forms  X+ziVf""^)  *°** 
\^fiij{—l).  Then  it  will  be  found  that  a  is  possible,  while  J  and  a' 
are  of  the  forms  just  written ;  whence  a!a"  is  the  sum  of  two  squares. 
It  may  be  similarly  proved  that  fi*fi^'  and  y'y''  are  each  the  sum  of  two 
squares:  whence  aV'+)8'y8"+'/y"  is  the  sum  of  six  squares.  But  it 
is  =0,  which  contradicts  what  has  just  followed  necessarily  from  two 
of  the  roots  being  impossible.  Hence  this  last  is  not  true,  or  all  the 
roots  are  possible. 

If,  in  (3),  A+&C.,  BC— &c.,  and  ABC  +  &C.  be  all  positive,  the 
three  roots  are  obviously  positive ;  and  this,  M  being  positive,  shows  the 
original  equation  to  belong  to  an  ellipsoid,  since  it  can  be  reduced  to 
K£*+  KV+K'T=M.  Hej-e  M :  K,  M :  K',  and  M :  K"  are  the  squares 
of  the  semiaxes,  which  can  be  found  from  (3)  :  and  their  position  can 
be  ascertained  f^om  the  equations  last  given. 

Let  there  now  be  a  given  system,  continuous  or  discontinuous,  so  that 
fji^  drriy  &c.,  or  2mj?',  &o.  are  quantities,  the  value  of  which  is  deter- 
mined as  soon  as  the  position  of  the  axes  is  given.  Let  A= J*j:*  c£ni,  &c., 
A^=zfyzdmy  &c.,  and  let  M=I.  Let  X,  Y,  and  Z  be  the  coordinates 
of  any  point  in  a  surface  determined  by  the  following  equation, 

fa^dm.X*'\'Jy'dm.Y^+fz*dm.Z'+2fyzdm.YZ 
+2fzrdm .  ZX + 2jxydm .  XY = 1 . 

Now  with  reference  to  any  one  fixed  point  of  the  .surface  just 
described,  the  integration  being  made  over  the  whole  of  the  system  from 
which  jj^  (2971,  &c.  are  obtained,  we  may  treat  X,  Y,  and  Z  as  constants, 
and  the  preceding  obviously  becomes 

/(xX+yY+rZ)«dm=l. 

The  surface  must  be  by  an  ellipsoid,  for  A,  B,  C,  are  positive,  whence 
A+B+C  is  BO,  and  the  lemmas  in  page  496  establish  that  BC — A'* 
+&c.  and  ABC+2A'B'C'  — &c.  are  positive.  Let  R  and  r  be  the  dis- 
tances of  the  points  (X,  Y,  Z)  and  (jr,  y,  z)  from  the  origin,  and  let  Q  be 
the  angle  made  by  R  and  r :  also  let  (Rjt),  &c.,  (rx),  &c.  be  the  angles 
made  by  R  and  r  with  the  axis  of  r,  &c.  We  have  then  j=rco8  (r*), 
&c.,  X=RcosRr,  &c.,  whence 

a:X+yY+a:Z=rR{cos(rj:).cos(Rr)  +  &c.}=rRcos0; 
whence  /r*  R*  cos*  8  dm=  1,  or  R"  Jr*  cos*  6  dm = 1 . 

This  new  integral  fr*  cos*  dd/n  is  the  sum  of  all  the  elements  of  the 
mass,  each  multiplied  by  the  square  of  r  cos  0,  the  projection  of  its  dis- 
tance from  the  origin  upon  the  line  on  which  R  is  measured.  If  this 
line  were  a  new  axis  of  j:,  this  would  be  the  new  value  of /a^dm,  if  it 
were  anew  axis  of  y  or  ar,  it  would  be  the  new  value  of  fy/» dm  or 
f:^  dm.  And  the  equation  J  (r  cos  oy  dm=R""  expresses  the  follow- 
ing remarkable  theorem.  If  any  system  be  given,  and  also  a  point 
through  which  axes  are  drawn,  and  if  any  one  axis  whatsoever  be  called 
the  axis  of  p,  (meaning  of  x,  y,  or  z,  as  the  case  may  be,)  there  must 
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always  exist,  in  a  fixed  position  with  respect  to  that  system,  an  ellipsoid, 
which  has  the  property  that  J7}*dm=R"*,  R  being  the  radius  vector  of 
the  ellipsoid  drawn  from  the  origin  to  the  surface  upon  the  line  p.  And 
the  magnitude  and  position  of  this  ellipsoid,  the  latter  with  respect  to 
given  axes,  depends  solely  upon  the  values  of  the  six  integrals  A,  B,  C, 

A',  B',  a. 

If  in  the  equation  /a:'rfm.X*+&c.=l  we  substitute  X=aX'+fl/Y' 
+J'Z\  Y=)8X'+&c.,  &c.,  we  shall  find  that  it  is  reduced  to 

/{ar(aX'+a  Y'+a"ZO+y  ifiX'+&c,)+z  (yX'+&c.)}'=  1, 

or    fiaa:+fiy+yzydm,X'*'\'f(Jx+&c.ydm.V+&c.,  &c.  =  l. 

Let  d/,  y',  zf  be  the  coordinates  of  the  point  (<r,  y,  z)  in  the  new 
■yitem :  we  have  then  j/={xJr+  % +yz,  &c.  Hence  the  last  equation  is 

/j?''dm.X'»+/y"dm.YH&c.=:l; 

or  the  equation  of  the  ellipsoid  contains  integrals  of  the  same  form  in  the 
same  manner,  whatever  axes  may  be  taken. 

The  integrals  /vi'dm,  &c.  are  not  so  much  used  as  others  derived  from 
them,  which  are  called  moments  of  inertia.  By  the  moment  of  inertia 
of  any  system  with  respect  to  an  axis  is  meant  /p*  <fm,  where  p  is  the 
perpendicular  distance  of  the  element  dm  from  that  axis.  If  R  be  the 
radius  vector  of  the  ellipsoid  measured  on  the  axis,  and  r  and  0  as  before, 
we  have  p^-=^i*  sin*  6=:r* — r*  cosP^,  tmd  /  p*  dm^i^if  r*  dm— Br*,  Now 
fr*dm  is  a  given  quantity,  depending  on  the  system  only  and  the 
point  chosen  through  which  to  draw  axes,  since  the  distance  of  a  point 
from  the  origin  is  independent  of  the  position  of  the  axes  of  coordinates. 
Hence  the  moment  of  rotation  with  respect  to  any  axis  can  be  readily 
determined  from  the  ellipsoid. 

It  is  obvious  that  if  R  be,  for  instance,  on  the  axis  of  or,  we  have 
p*=ry*-f«*  and  f  p*dm=if  (t^+^)  dm.  If  we  had  started  with  the 
equations 

/(y*+2*)dm.X*+&c.+&c.— 2/yrdm.YZ— &c.— &c.=  l, 

we  ahould  by  the  same  reasoning  have  found 

/  {  (xY-.yX)«+  (yZ-2Y)»+(2rX  -  j?Z)-}  dm=l ; 

and  the  same  substitutions  as  before  would  have  given  J"  R*  r*  sin' 0  dm  =  1 
or  /p'dmssR-".  It  might  also  have  been  shown  that  in  this  case  we 
have  an  ellipsoid,  having  its  principal  axes  in  the  same  directions  as 
those  of  the  former  one.  But  the  first  ellipsoid  is  more  conveniently 
derived,  and  equally  useful  in  the  exposition  of  results.*  I  shall  in 
future  call  the  first  of  the  two  the  m>omental  ellipsoid,  as  being  that  by 
means  of  which  we  prefer  to  deduce  the  properties  of  moments  of 
inertia,  though  the  name  would  apply  more  directly  to  the  second,  if  it 
were  employed  for  the  same  purpose. 

Let  the  axes  in  which  the  principal  diameters  of  the  momental  ellip- 
soid lie  be  called  the  principal  axes.     Let  a,  6,  and  c  be  the  principal 

*  The  wcond  ellipsoid  may  be  geometrically  deduced  from  the  first  by  the  follow- 
lag  theorem.  If  there  be  two  surfaces  in  which  the  sum  of  the  reciprocals  of 
the  squares  of  the  radii  drawn  from  a  fi^iven  point  in  the  same  direction  is  constant* 
and  if  either  be  an  ellipsoid;  having  its  centre  in  the  given  point,  the  other  is  the 

2K2 
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semidiameterSf  whence,  the  principal  axes  being  the  axes  of  coordinates, 
we  have  for  the  equation,  * 

X*     Y*     Z* 

—-  +-7  H — r=l,  which,  compared  with  / x^  rfm.X*+&c.=  l,  ' 

a*      6"      c'  '' 

gives  fyzdm^O^  fsxdm:=^Oy  J"jrydm=0.  The  disappearance  of  these 
integrals,  at  the  origin  chosen,  can  only  take  plade  for  this  one  set  of 
(rectangular)  axes,  since  there  is  no  other  for  which  the  equation  of  th6 
ellipsoid  assumes  the  preceding  form. 

Let  a  be  the  greatest  of  the  semiaxes,  b  the  mean,  and  c  the  least. 
The  moments  of  inertia  for  the  three  axes  are  fr*  dm — a"',  /r*  dm  —  6~*, 
fj^dm — c"*,  of  wliich  the  first  is  the  greatest,  and  the  last  the  least,  for 
fr*dm'-*Br*  increases  with  R.  And  the  axes. of  greatest  and  least 
moment  of  all  those  which  pass  through  a  given  point  are  the  principal 
axes  on  which  the  greatest  and  least  semiaxes  of  the  ellipsoid  are 
found. 

Let  a  new  axis  make  with  the  principal  axes  angles  a,  fit  snd  y. 
Then,  R  being  the  radius  of  the  ellipsoid  on  this  axis,  and  fr*dm  being  G, 

cos'a   ,  COs'iS   ,  cos'y        1        ^,,.        -a.        .n/> 
-^  ^-y  +-^  =-^>     G(co8«a  +  co8»i8  +  co8*y)=G: 

and  calling  M«,  M»,  M^,  and  Mr  the  mpments  of  the  principal  axes  and 
of  the  new  axis,  we  have,  by  subtracting  the  first  from  the  second, 

MrSsM,  cos'  a+Mi  COS*  fi  +  tAc  cos*  y, 

which  may  easily  be  verified  from  M«=J'(y"+*')dm,  &c. 

The  locus  of  axes  of  equal  'moment  passing  through  a  given  point  is  a 
cone  whose  vertex  is  the  given  point,  and  whose  generating  lines  pass 
through  the  intersection  of  the  ellipsoid  with  a  sphere  of  which  the  given 
point  is  the  centre,  and  the  radius  of  which  depends  upon  the  value  of 
the  moment  common  to  all  the  axes.  If  themomental  ellipsoid  be  one  of 
revolution,  all  axes  equally  inclined  to  the  axis  of  revolution  have 
equal  moments :  if  it  be  a  sphere,  all  axes  whatsoever  have  the  same 
moments. 

Let  us  now  consider  the  moments  of  two  axes  parallel  to  one  another. 
Let  axes  of  af^  y ,  z'  be  taken  parallel  to  those  of  j*,  y^  r,  having  their 
origin  in  the  point  Q/,  /t,  k).  Then  «=ar'+fi'»  y=y+^  z=r'+^, 
and  we  have 

/  (a'+y*)^'w=/(«^"+y'*)  dm+2gfx'dm+2hfy'dm+(jg''{^h:^fdm. 
If  (^'>  y'>  O  ^  ^^c  centre  of  gravity,  this  is  reduced  to 

Now  the  first  integral  is  the  moment  of  rotation  about  the  axis  of  2, 
(which  may  stand  for  any  axis;)  the  second  is  that  about  an  axis 
parallel  to  it  passing  through  the  centre  of  gravity:  and  ^*+/»'  is  the 
square  of  the  distance  between  the  two  axes.  Hence,  of  all  axes  parallel 
to  one  another,  that  which  passes  through  the  centre  of  gravity  has  the 
least  moment,  that  of  an  axis  distant  from  it  by  p,  having  a  moment 
greater  by  p*  M,  where  M  is  the  whole  mass  of  tlie  system. 

Having  seen  that  every  motion  of  a  system  is,  for  any  one  instant, 
compounded  of  one  motion  of  translation  and  one  of  rotation,  it  bec6mes 
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e3^)edieDt  to  ascertain  in  what  manner  the  elBciency  of  a  pressure  is  to 
he  estimated,  m  causing  one  or  the  other  species  of  motion.  The  former 
has  been  already  done,  (page  476,)  and  it  appears  that  a  pressure  which 
may  be  represented  by  a  weight  W  acting  upon  a  mass  which  belongs 
to  the  weight  W,  will  create  in  one  second  a  velocity  Wg :  W,  g  being 
32*1908  feet.  In  order  to  consider  the  latter,  let  there  be  a  system 
which,  if  it  move  atall,  can  only  revolve  about  a  fixed  axis  passing 
through  O,  and  perpendicular  to  the  plane  of  the  paper.  Any  pressure 
appliwi  to  a  point  of  this  system  is  wholly  ineffective  in  producing  rota- 
tion, if  applied  parallel  to  the' axis,  or  in  a  line  passing  through  the  axis. 
Moreover,  if  the  point  of  application  of  the  pressure  be  altered  by  a 
simple  revolution  about  the  axis,  the  line  of  direction  of  the  pressure 
revolving  also,  no  alteration  is  produced  in  the  effect  of  the  pressure. 

At  the  point  A,  distant  by  OA  from  the  axis,  let 
the  force  AP=P  be  applied  perpendicularly  to 
OA,  and  let  OA=a.  is' o  difference  in  the  effect 
of  the  force  will  be  caused  if  we  apply  it  at  B 
instead  of  A,  in  the  direction  BP,  B  being  any 
point  in  AP  or  AP  produced.  Let  Z  BOA=©,  and 
applying  P  at  B,  decompose  it  into  two  forces,  one 
P  sin  0  in  the  direction  BO,  the  other  P  cos  0  in  the 
direction  perpendicular  to  BO.  Let  the  perpendicu- 
lar drawn  from  O  to  the  direclion  of  a  force  be  called 
the  arm  at  which  the  force  acts :  then  since  the  part 
in  the  direction  BO  has  no  tendency  to  produce  rotation,  and  since  P  sin  d 
and  P  cos  6  are  together  in  all  respecte  equivalent  to  P,  we  see  that  P 
acting  at  the  arm  a  is  of  the  same  rotatory  power  as  P  cos  6  at  the  arm 
OB,  or  a :  cos  6.  And  since  P  x  a= P  cos  6  x  (a :  cos  0),  we  see  that  two 
■  forces  are  of  the  same  rotatory  power  when  the  product  of  the  forces  and 
arms  are  the  same.  The  product  of  any  force,  and  its  arm  of  rotation, 
is  called  the  moment  of  rotation  of  the  force.  This  investigation  may 
serve  to  explain  the  manner  in  which  the  product  just  mentioned 
acquires  the  importance  which  it  is  soon  seen  to  possess  in  all  problems 
connected  with  rotation. 

The  principle  of  virtual  velocities,  like  all  other  fundamental  theorems, 
has  had  no  proof  given  of  it  in  the  admission  of  which  all  writers  agree. 
From  its  universality  and  simplicity  it  may  be  supposed  to  be  rather  the 
expression  of  some  axiomatic  truth  than  the  proper  consequence  of  first 
principles  by  means  of  a  long  course  of  regular  deduction. 

I  have  here,  however,  only  to  suppose  the  truth  of  the  principle,  and 
to  show  how  to  use  it.  In  page  479,  when  it  was  proved  in  the  case  of 
'  a  rigid  system,  we  supposed  every  force  to  tend  towards  a  point,  and  esti- 
mated the  virtual  velocity  by  means  of  the  approach  to  or  recess  from 
that  point,  of  the  point  to  which  the  force  is  appUed.  This,  however, 
is  not  absolutely  necessary,  since  if  A,  the  point  of  application  of  a  force 

in  the  direction  AK,  move  to  B,  AC 
may  be  considered  as  the  part  of  the 
motion  which  is  in  the  direction  of  the 


r-^- r.    force,  as  well  as  the  differential  of  AK. 

^  •  The  principle  may  then  be  stated  as 

follows  :  if  any  number  of  forces  P„  P„  &c.  act  upon  a  system,  and  if 
any  infinitely  small  motion  which  can  be  given  to  the  system  (such  as 
the  connexion  of  its  parts  will  allow)  give  to  the  points  of  application  the 
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motions  ^p^,  ipf^  &c.,  in  tbe  lines  of  direction  of  the  forces,  then  if  the 
system  be  in  equilibrium,  2P?p=0,  provided  that  Sp  be  in  every 
case  called  positive  or  negative,  according  as  it  is  in  the  direction  of  ita 
force,  or  in  the  opposite  direction.  And  conversely,  if  2P2p=0  for 
every  possible  small  motion  of  the  system,  it  must  be  in  equilibrium. 

Let  us  first  suppose  a  rigid  system ;  that  is,  oneof  which  the  distance  of 
any  two  points  remains  unaltered.  It  is  the  characteristic  of  the  motion 
of  such  a  system,  that  it  may  always  be  reduced  to  one  motion  of  trans- 
lation and  one  of  rotation.  Let  a  motion  be  given  to  the  system,  and  let 
it  amount  to  moving  the  point  (X,  Y,  Z)  to  (X+3X,  Y+3Y,  Z+^Z), 
and  at  the  same  time  giving  a  rotation  ^0  about  an  axis  which  passes 
through  (X,  Y,  Z),  and  makes  angles  X,  /x,  and  y  with  the  axes.  We 
have  then  for  the  motion  of  the  point  (x,  y,  z),  as  in  page  481, 

5j?=oX+{co8/i(2; — Z)— cosv  (y — Y)}  S^ 
gy=gY+{co8  y  (x—X)  -cos  X  («— Z)}  50 
5r  =:5Z  +  {cos  \  (y— Y)  -  cos  /x  (x-X)  }  i<f> 

For  hp  write  3^^^+;^  ^y+ j^  ^*>  ^d  P^  becomes,  when  we  put  for 
^x,  &c.,  their  values 

Pap=P$SX+P^?2Y+P$2Z 
ax  ay  dz 

+{(y-Y)P|-  «-Z)p|}j0.cosX 

+{(,_z)pg-(,-x)p|}a0.cos;. 

Whei)ce,  remembering  'that  X,  Y,  and  Z  enter  in  the  same  manner  in 
every  term,  we  have,  writing  P„  P,,  and  P.  for  P  {dp :  dx),  &c., 

f    2P. .  5X-  (  Y2P,-Z2:P,)  ^  cos  X+2(yP.-2P,) .  ^  cosX 

[1  {Pcp)=}  +2P,.iY-(Z2P,-X2P.)  j0cos/x+2(;rP.-^P.).5^co8M 

I + XP. .  aZ  ~(X2P^- YZP,)  5^  cos  y  +2(arP,-yP.) .  5^  cos  v 

Now  in  order  that  we  may  have  2  (P5/})  =  0,  independently  of>X, 
^Y,  and  ?Z,  c(^cosX,  o0cos/li,  and  5<^ cos  v,  which  arc  six  arbitrary*, 
quantities,  we  must  obviously  have 

2P,=0,   2P,=0,  2P.=0.  2(yP.-;.Pi)=0,  2  (2P,-jP.)=0, 

2(j?P,-yP.)=0. 

If  the  direction  of  P  make  the  angles  «,  /8,  and  y  with  the  axes,  we 
have,  from  page  477,  P,=Pcosa,  Py=Pcos)8,  P.rrPcosy,  and  the 
preceding  are  the  six  well-known  equations  of  equilibrium  of  a  rigid 
body.     The  full  development  of  the  meaning  of  these  equations  belong 

♦  Though  COSX,  co8^  and  co8  y  are  connected  by  an  equation,  yet  the  multipU- 
cation  by  5^,  which  ia  arbitrary,  givea  three  arbitrary  products. 
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to  professed  treatises  on  the  subject.  I  shall  here  only  give  one  instance 
of  the  manner  in  which  conditions  which  restrict  the  motion  of  the 
system  are  shown  to  be  equivalent  to  the  introduction  of  other  forces. 

Let  one  point  of  the  system  be  obliged  to  be  always  upon  a  point  of  a 
given  surface,  which  amounts  to  supposing  that  the  surface  can  always 
exercise  in  either  direction  the  force  necessary  to  prevent  the  point  from 
leaving  it  either  way.  Let  L=:0  be  the  equation  of  the  surface ;  whence 
it  is  only  requisite  that  2  (P^)  should  be  =0  for  such  motions  of  the 
system  as  are  consistent  with  «L=:0  being  true  of  the  changes  of  coordi- 
nates of  the  given  point.  This  (page  455)  is  equivalent  to  the  suppo- 
sition that  for  some  one  quantity  T,  which  may  be  a  function  of  all  the 
variables  of  the  problem,  we  have  2P^;j+T5L=0,forany  motion  of  the 
system,  the  given  point  being  no  longer  restricted  to  move  on  the  surface. 
For  the  preceding  fully  satisfies  the  condition  that  when  3L=0, 
ZP5p=0.  Let  a  small  distance  perpendicular  to  the  given  surface, 
contained  between  the  surface  and  the  point  whose  coordinates  are 
x+^j:,  &c.,  be  &r;  we  have  then  (page  479)  ^L=^(Li+LJ+LI).5r, 
L«  being  dh :  dx^  &c.,  and  we  have 

2P^;?-hTV(L:+LJ+L;).Sr=0. 

Now  this  is  precisely  the  equation  which  we  should  have,  if,  in  addition 
to  the  other  forces,  we  had  a  new  force  T>y(Li+&c.)  acting  perpendicu- 
larly (as  pointed  out  by  the  direction  of  ir)  to  the  surface,  the  com- 
ponents in  the  directions  of  jr,  y,  and  z  being  TL^  TL^  and  TL.. 

The  science  of  dynamics  opens  a  wider  field  for  the  application  of  the 
differential  calculus  than  that  of  statics.  The  first  problem  in  it  will 
be ; — ^given  the  motion  of  a  system,  that  is,  the  curve  described  by  every 
particle,  and  the  velocity  of  the  particle  at  every  point  of  its  curve, 
required  the  forces  which  will  produce,  and  no  more  than  produce,  that 
motion  of  the  system,  in  such  manner  that  every  mass  may  be  acted 
upon  by  the  forces  which  are  just  sufficient  to  produce  the  motion,  with- 
out any  communication  to,  or  reception  from,  the  other  masses  of  the 
system. 

Let  us  consider  one  of  the  particles,  at  which  say  a  mass  m  is 
collected.  Let  the  equations  of  the  curve  which  it  describes  be  implied 
in  the  expression  of  the  three  coordinates  of  any  point  in  terms  of  a  fourth 
variable  u :  and  let  i?,  the  velocity  at  any  point,  be  known  in  terms  of  x, 
y,  and  z  ;  that  is,  in  terms  of  u.  Let  (x,  y,  z)  be  the  point  of  the 
curve  at  which  the  moving  point  is  found  at  the  end  of  the  time  t 
elapsed  from  an  arbitrary  epoch,  (usually  the  commencement  of  the 
motion.)  The  reasoning  of  pages  143 — 46  may  be  thus  briefly  con- 
densed, using  the  language  of  infinitesimals.  Looking  at  the  motion 
in  the  direction  of  j?,  we  see  that  at  the  end  of  the  time  t-\-dty  the 
abscissa  will  be  x-\-dXy  and  at  the  end  of  a  further  time  dU  or  at  the  end 
of  ^+2£fi,  the  abscissa  will  be  J? -l-2cir-hd*jc:  the  increments  described 
in  the  successive  times  dt  and  diy  are  dx  anddr+d'wr,  and  the  velocities 
KTtdxidt  and  d^t :  dt-^d^x :  dt.  There  is  then,  in  the  second  infinitely 
small  time  d/,  another  velocity  than  in  'the  first,  differing  by  (Px :  dt ; 
and  if  this  acceleration  of  velocity  were  to  take  place  in  every  dt 
throughout  a  second,  (if  seconds  be  the  units  of  time,)  the  whole  acce- 
leration in  a  second  would  be  d"x :  rf/«.  Let  W  be  the  weight  of  »i, 
(removed  to  the  earth's  surface,)  then  (page  476),  .the  pressure  in  the 
direction  of  x^  which  is  actually  apphed  to  the  mass  m,  at  the  moment  at 
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'which  we  are  speakihg,  is  (W :  ^)  X  (d*x :  d(^.  To  suppose  any  less  pres- 
sure is  to  suppose  an  effect  without  a  cause :  and  any  greater  pressure, 
a  cause  without  an  effect.*  Upon  proper  suppositions  as  to  the  unitSy  we 
may  make  m  itself  the  representative  of  W :  ^,  and  m  (cPx :  di*)  thai  of 
the  pressure  in  the  direction  of  <r.  This  supposes  us  to  choose  units  of 
mass  and  pressure  in  such  manner  that  a  unit  of  pressure  acting  during 
one  unit  of  time  upon  a  unit  of  mass,  would  produce  a  unit  of  velocity, 
(page  477).  If»  then,  more -pressure  were  actually  applied  in  the 
system  of  which  m  is  a  part,  the  surplus  must  have  been  removed,  by 
the  connexion  of  the  parts  of  the  system,  and  carried  to  other  masses : 
if  less,  the  mass  in  {question  must  have  received  pressure  from  other 
masses.  And  m  (d^x :  dt*)  is  called  the  effective  force  in  the  direction  of 
X :  being  that  from  which,  and  no  other,  the  motion  actually  taking  place 
is  produced.  Similarly,  m  (d^ :  di^)  and  m  (d^z :  d(^)  are  called  the 
effective  forces  in  the  directions  of  y  and  z,  and  d^x :  eft',  &c.,  may  be 
called  the  effected  accelerations.t 

To  find  these  effected  accelerations  when  the  motion  is  fully  given, 
remember  that  x,  y,  and  2r,  as  well  as  v  (which  h  dszdi)  are  expressed 
in  terms  of  u ;  let  dx :  durzx!^  &c.,  whence  jt',  j/',  yf  y",  &c.  are  given 
functions  of  u.    We  have  then  (*'= V(^+y''+^'*)) 

dx  ^jdx  ds        dx  ^vJ 

dt  ""57  dt^^ds  """7 
d^x  ^  d    fdx\  ds  ^    d   fdx\  ^ds  ^v    /vx^ 
d^'~ds*\juj'dt^^dii  \dtJ'du^Y  \7) 

Change  x  into  y  or  r,  and  we  have  the  effected  accelerations  in  those 
directions.  Each  effected  acceleration  is  made  up  of  two  parts,  the 
separate  cousidcrution  of  which  will  be  worth  while.  The  first  term 
obviously  contains  that  part  which  is  necessary  to  the  mere  maintenance 
of  V  at  its  present  value ;  for  if  v  were  =0,  that  is,  if  v  were  constant, 
it  would  be  the  only  term.  Now  if  the  curve  were  a  straight  line,  no 
pressure  would  be  required  to  maintain  v  at  its  present  value,  since  the 
constitution  of  matter  gives  it  the  power  (if  it  be  right  to  call  it  a  power) 
of  maintaining  its  velocity  in  a  straight  line.  It  is  then,  we  must 
suppose,  in  the  maintenance  of  the  velocity  in  the  curve  that  the  part  of 
the  effective  force  which  produces  this  acceleration  is  expended,  which 
would  make  us  suspect  that  it  must  depend  for  its  value  upon  the 
curvature:  and  this  will  turn  out  to  he  the  case.  If  for  <'*and  ss"  we 
write  jf'*+y*+r'*andj:V+yy'+«V',  we  find  for  the  three  effected 
accelerations,  (so  far  as  they  are  now  considered,) 

^'(^y-yX.)    v'(^z^-^xj    rUyV-*^yJ. 

^'^■^"■V^'""^'""^'^""***^'*^"^  W^^^H^i^i^a^^H^^^^k^^v^^^  ^^^mm^^^m^^m^^^^^^^^^^         * 

*  The  student  must  not  take  these  wortls  as  a  reason,  but  only  as  remindinit 
him  of  a  reason  already  proved  by  experiment,  the  results  of  which  are  enunciated 
in  pages  475,  &c. 

t  It  is  usual  to  call  tnd^xidfl  the  monmff  force,  aud  tl^x :  dt*  iht  aeeeiertaimf 
force.  The  word  force,  when  used  to  signify  both  the  pressure  which  produces 
acceleration,  and  the  acceleration  itself,  has  always  been  a  stumbling-block  to 
beginners. 
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where  jr„=yV'-*y',  &c.,  as  in  page  409.  Now  (page  410)  if  {,  ly, 
and  ^  be  the  coordinates  of  the  centre  of  curvature,  and  p  the  radius,  we 
have 


8* 


whence  «y,— y'a:^  =—  (?—'^)>  &c.,  and  the  effected  accelerations  here 
considered  are 


»«    .      .     t?«  .    t;« 


-7(5— -r),   —  (,,— y),  -(^-2); 
P  9  P 

which  being  proportional  to  J — or,  &c.  have  a  resultant  in  the  direction 
of  the  radius  of  curvature,  the  value  of  which  being  the  square  root  of 
the  sums  of  the  squares  of  the  preceding,  is  v' :  p.  Hence  the  pressure 
9710* :  p,  directed  towards  the  centre  of  curvature,  is  all  that  is  necessary 
to  the  maintenance  of  uniform  velocity  in  a  curve :  and  is  that  force 
which  is  required  to  oppose  the  tendency  of  matter  to  maintain  its 
velocity  in  a  straight  line. 

If  we  now  look  at  the  remaining  parts  of  the  effected  accelerations, 
we  see 

wV :  A    vVy' :  y»,  '  vv'z' : »'«, 

proportional  to  .r',  y',  z' ;  whence  the  pressure  that  is  required  to  pro- 
duce them  is  in  the  direction  of  the  tangent  of  the  curve,  and  is  the 
square  root  of  the  sum  of  the  squares  of  the  preceding,  or  vv:s. 
Now 

ds  (Ps  '  dv  ^dv  du  ds  ^vv 

dt^^*    d^^dt^duds    di'^T' 

Whence  m  (d^s :  d^)  is  the  effective  pressure  which  produces  the 
requisite  alteration  in  the  velocity,  depending  upon  the  function  which 
the  arc  is  of  the  time  according  to  precisely  the  same  law  as  if  the  arc 
were  a  straight  line :  the  first  considered  force  providing  (if  we  may  so 
speak)  all  that  is  necessary  on  account  of  the  curvature. 

If  the  system  consist  only  of  a  single  point  P,  at  which  the  mass  m  is 
collected,  the  impressed  pressures  are  altogether,  effective  in  producing 
motion,  since  there  is  no  other  mass  in  connexion  with  the  one  to  which 
they  are  applied.  If,  then.  A,  B,  and  C  be  the  pressures  applied  in  the 
direction  of  x^  y,  and  r,  the  accelerations  produced  in  these  several 
directions  will  be  A:w?,  Brtn,  C:m^  which,  being  wholly  effective, 
we  have  (calling  the  latter  X,  Y,  and  Z) 

cPx  dSt  d^2 

5?=^'  d?=Y'  d?-=2 <^>' 

three  equations  between  x,  y,  r,  and  t,  from  which,  if  they  can  be 
integrated,  x,  y,  and  z  may  be  found  in  terms  of  t.  This  integration 
ynW  mtroduce  six  constants,  and  so  many  are  necessary  to  the  complete 
determination  of  the  problem.  For  one  starting  point  must  be  given, 
and  the  three  velocities  at  that  point  in  the  direction  of  the  three  axes: 
that  is,  at  one  given  time,  x,  y,  s,  dx:  dt,  dy :  dt^  and  dz :  dt  must  be 
known.  The  six  constants  are  then  expended  in  giving  the  required 
values  to  these  quantities  for  a  given  value  of  L 
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The  preceding  equations  give  (v  being  the  velocity) 

^■^'=''(§  +%  +1; )=2(X«ir+Yrfy+Zdz)  ; 

the  first  side  of  which  is  integrable,  without  reference  to  the  depend- 
ence of  or,  y,  and  z  on  t.  If,  then,  Xdx+Ydy  +  Zdz  be  integrable, 
(say  =d.<p  (jT,  y,  ;j)),  we  can  determine  the  velocity  without  knowing 
anything  of  tiie  manner  in  which  x,  &c.  are  functions  oi  t:  and  we  have 

r,* ^  V« = 20  ( J,  y,  ;r)  -  20  (a,  6,  c) (2) ; 

it  being  supposed  known  that  at  the  point  (a,  &,  c)  the  velocity  is  V. 
Hence  it  appears  that,  when  Xdx+Ydy+Zdz  is  integrable  per  w,  and 
the  velocity  at  the  starting  point  is  given,^the  velocity  at  any  other  point 
is  a  function  of  the  initial  and  terminal  coordinates  only,  and  of  the 
initial  velocity,  and  does  not  depend  at  all  upon  the  manner  in  which  the 
point  moves  from  one  to  the  other.  But  this  is  not  necessarily  the  case 
when  the  preceding  function  is  not  integrable. 

If  we  substitute  in  (1)  the  values  of  d*x :  dfy  &c.  from  page  504,  we 
have  three  equations  of  the  form 

v*s'-\af'+vs'-*  (tjV-w")  j:'=X,  &c (3)  ; 

and  if  these  be  multiplied  by  x,^  y,,,  and  z^^  and  added  together,  the  result 
is  (since  ir'j^,+&c.=0,  a/'j^^+&c.=0,  as  in  page  409) 

Xa?,,+Yy,+Z;r,=0 (4); 

» 

whicn  is  one  of  the  equations  of  the  point's  path.  Again,  if  we  remem* 
ber  that  the  equation  of  the  resultant  of  X,  Y,  and  Z  is  (i — x)  :  X 
=  (»? — y)  :  Y=(f — «)  :  Z,  and  that  the  equation  of  the  osculating  plane 
is  (£ — x)  j?^^+&c.=0,  we  may  see  that  the  preceding  equation  expresses 
the  following  theorem : — the  resultant  of  all  the  forces  at  any  point  lies 
in  the  osculating  plane  of  the  curve  at  that  point.  Hence,  since  the 
osculating  plane  always  passes  through  the  tangent,  we  see  that  at 
every  point  of  the  motion,  the  osculating  plane  passes  through  the 
tangent,  and  the  resultant  of  the  forces  acting  at  that  pouit.* 

If  Xdx-h&c,  be  integrable,  so  that  (2)  can  be  obtained,  t^  can  be 
expressed  as  a  function  of  x^  y,  and  z,  so  that  any  two  of  the  equations 
(3)  will  be  two  equations  of  the  path  of  the  curve.  Four  constants  will 
be  introduced  in  the  integration ;  a  fifth,  V,  has  already  entered,  and  the 
sixth  will  appear  in  finding  t  from  dl=ds:  v.  But  if  Xdx+ftc.  be  not 
integrable,  we  must,  from  any  two  of  the  equations  (3)  find  t?*  and  w' ; 
then  since  the  second  is  half  the  diff.  co.  of  the  first,  we  equate  the  value 
of  2vv  to  the  diff.  co.  of  the  value  of  v\  This  gives  an  equation  of  the 
third  degree  of  differentiation ;  and  the  last,  and  (4),  are  two  equations 
to  the  path  of  the  curve.  Their  integration  introduces  five  constants ; 
and  the  sixth  is  found  in  integrating  dt^^ds :  9. 
•    It  thus  appears  that  the  elimination  of  t  between  the  three  equations 

*  Henee,  if  a  point  mo?e  upon  a  surfoce  unacted  on  by  an^r  forces  except  the 
reaction  of  the  surface,  which  is  normal  to  it,  the  osculating  plane  must  always  pass 
through  the  normal  of  the  surface.  Consequently  (page  442)  the  curve  in  which 
the  point  passes  from  one  point  to  another  is  the  shortest  line  which  can  be  drawn 
on  the  surface  between  those  two  points. 
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(1)  is  always  possible:  but  there  are  very  few  cases  in  wliich  we  can 
completely  integrate  the  resulting  diff.  equ.  I  now  show  the  process 
by  which  the  equations  most  convenient  for  astronomical  purposes  are 
obtained. 

Let  r  and  0  be  the  polar  coordinates  in  the  plane  of  xy  of  the  pro- 
jection of  (jp,  y,  z)  on  that  plane,  and  let  u  be  the  reciprocal  of  r.  We 
have  then  x=rcos0,  y:=:rsin0.  Let  the  forces  X  and  Y,  which  act  in 
the  plane  of  xy^  be  each  decomposed  into  two,  one  directed  towards  the 
axis  of  z,  and  the  second  perpendicular  to  the  first.  If  these  forces  be 
P  and  T,  we  have  (P  and  T  being  supposed  positive  when  their  eflfect  is 
to  increase  r  and  Q) 


T=Ycose— X8Jne= 


r  \   dl* 


(Page  345,  equ.  20)  P=^-r  -^ 

Let  f*dO :  rf<=H,  then  dH :  d<=Tr  and  the  preceding  give 
HrfH  =Tr»  do,  or  H'=  ^» + 2/  Tr»  dd ; 
h  being  the  value  of  H  at  the  commencement  of  the  integral. 

dr  ^      1    du^      1    do  dii^         du 


Also 


di 


tt»    dt         u*  dt'  dd 
d«u  de     dK  du 


d^r 

dF^"^  de'  dt 


dt    dS 


do 
(Pu      T  du 


deF     u  de 


d^r^   d^ 
5?    '^dt 


P     T   dt* 


or 


d^u 


-.+-, 


u 


u 


8 


de 


(a.+2J'1  de) 


=0. 


(u): 


a  diff.  equation  which  is  here  exhibited  in  a  useful  form  for  approxima- 
tion when  T  is  small.  Take  the  third  of  the  equations  (1),  and  let  rr  be 
the  tangent  of  the  angle  which  the  line  joining  (t,  y,  z)  with  the  origin 
makes  with  its  projection  on  the  plane  of  jy;  whence  2 =ro'=o';  ?*. 
We  have  then 


dz  ^\    dfr  de      €t  du  de'^jj  f  ^  ^    ^\ 

dt  "■  w"  50  di  "^w«  55  ST""    \^de    ""TeJ 

d^z      dH  /   da        du\     „de  /   dV 

rf?=d^  (,^d0""5s;+"d"/ v"5^"' 


de^ 

d^ 
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whence       Z=T  --j-.  -(r—  •:7S+H*M»:j5-(yH*tt»-r--. 

dd        u    d0  d^  dQ^ 

■«        >.  X  Tx«   •  <^t*      T   du        __.        „ 

From  W,  IVu*  -  +-  -=-.ffu»-.P; 

whence  H«u«  (^+er)+p^+T^=Z 

F(r~Z     T  rfjr 

or  dff^'^^'^~ ^^ ^"^  ^'^^* 


_(*-+2jI  *) 


If  (u)  and  ((r)  can  be  integrated,  exactly  or  approximately,  we  have 
ne  means  of  determining  two  equations  between  x,  y,  and  z  from  the 

expresBions  of  u  and  cr  in  terms  of  0 :  since  ti=:(j?"-j-y")~',  tan  d=y :  x, 

7=z(j^+^)~«.  The  path  is  thus  determined,  and  the  time  at  which 
the  moving  point  is  at  (j?,  y,  z)  is  found  by  integrating 

..     de  de 

Absolute  velocities  are  rarely  required  for  any  aatronomical  purple, 
and  angular  velocities  supply  their  places.    And  dBidtiM  Hu\  while 

^'^  — f^  —  — w  t^ 
di'^de'dt'^       de' 

All  that  precedes,  excepting  only  the  equation  (2),  page  506,  is  equally 
true,  y/YieihtrXdx+Ydy-^Zdz  be  an  exact  di£ferential  independently  of 
relation  between  x,  ^,  and  z,  or  not  But  in  all  problems  of  physics, 
the  former  is  the  case ;  and  the  consequence  is  that  a  great  degree  of 
simplification  is  introduced  into  the  details  of  operation  as  far  as  regards 
the  mode  of  expressing  decompositions  of  the  acting  forces.  The  follow- 
ing investigations  will  show  in  what  manner. 

I^t  Q  be  the  function  of  x,  y,  and  r,  of  which  Xdx+Ydy+Zdz  is  the 
differential.  Hence  {dQidx  being  written  Q,,  &c.)  we  have  Q^ssX, 
Qj,=Y,  Q,=Z.  Let  a  new  set  of  axes  be  taken,  such  that  T^cc£+fiy 
-f  yz,  y=:ax'+&c.  &c.,  and  let  R,  the  resultant  of  X,  Y,  and  Z,  make 
with  the  axes  angles  whose  cosines  are  (a),  (a  )«  ftnd  (O*  Then  the 
cosine  of  the  angle  made  by  R  and  x  is  («).«+(«')  a +(«")•  a^  which 
multiplied  by  R  gives  aX+a  Y+ff'Z,  wUch  is  the  component  of  R  in 
the  direction  of  x.    But 

X«+Y«  +Za  -__+__  +^  ^  ^_, 

whence,  if  in  Q  be  substituted  for  x,  &c.,  their  values  in  terms  of  x',  &c., 
and  if  the  resulting  functions  of  x^,  &c.  be  differentiated  with  respect  to 
afy  the  diff.  co.  Q^  is  the  component  of  R  in  the  direction  of  x' :  and 
similarly  of  the  other  coordinates.  And  if  (x,  y,  z)  change  to  (x-^-dx^ 
y-^dy^  z+dz),  the  resulting  differential  dQ  is  the  moment  of  the  force 
R  which  is  used  in  the  principle  of  virtual  velocities. 
Next,  let  r  cos  0  and  r  sin  6  be  substituted  for  x  and  y,  r  being  the 
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projected  radius  yector,  and  0  the  angle  it  makes  with  x.    We  have 
then 

dQ     dQ  dx     dQ  dy    ^        n  .  /^    •    ^ 

dQ^dQdx^dQdy 

de  ""dx  dd'^dy  dd'^^''^'^^'^' 

It  will  be  found  that  if  R  be  decomposed  into  three  forces,  one 
parallel  to  Zy  one  perpendicular  to  z  passin^;^  through  the  axis,  and  one 
perpendicular  to  the  two  former,  (the  Z,  P,  and  T  of  the  preceding 
problem) ;  Q,  is  the  second,  and  Q«  the  moment  of  the  third  to  turn  the 
system  about  the  axis  of  7,  or  Tr.  But  if  at  the  same  time  we  put 
o* :  u  for  2,  cos B : u  for  i*,  and  tinOiu  for  y,  we  have 

dQ  _dQ  dx     dQ  dy     dQ  dz        ^ 
du      dx*  du      dy  du     dz   du         (  n  —    ^       ^  ^ 
cos^  rfQ      sin 6  dQ     tr  rfQ{  ^"""""w*  ~  w* 


In0  f(Q_^  rfQ( 
«■     dy     w*  dz  ] 


u*     dx       «■     dy 

U  W  M  U  U 

p  ff  T  1 

Hence  ~t= Qr-Q«,    —  =— 5Q,,    Z=mQ,; 

t*  u  vr      u 

which»  substituted  in  the  equations  (v),  ((r),  and  (O9  give 

^+„+Jfli!£__ !i_=o 

5fli+  '+~"^ ^^^ ^ -^ 


(h*+2C^,Ci,dd\u* 


d9 
dl= 


These  are  the  equations  used  by  Laplace  in  his  theory  of  the  moon : 
the  function  Q  will  be  hereafter  noticed. 

I  now  come  to  the  equations  connected  with  the  motion  of  a  system. 
If  the  connexion  of  the  parts  of  a  system  were  given,  with  the  curve 
described  by  each*  of  its  points,  together  with  the  velocity  at  each  point 
of  each  curve,  and  the  time  at  which  the  system  is  in  some  one  position, 
the  whole  motion  would  be  completely  given:  and  the  accelerations 
actually  taking  place  at  each  point,  at  any  one  moment  of  time;  being 
calculated  as  in  page  504,  the  pressures  simply  sufficient  to  produce  such 

*  The  equations  of  the  cuives  of  thcee  of  its  points  would  be  sufficient  if  the 
ejstem  were  rigid. 


m 
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accelerations  on  the  masses  supposed  to  be  collected  at  the  di£ferent 
points  might  also  be  calculated.  Thus  what  are  called  the  efftcUve 
forces  might  be  found.  But  the  forces  impressed  at  the  moment  in 
question  may  be  very  different  from  the  effective  forces :  for  if  to  the 
latter  we  add  any  number  of  mutually  destroying  forces,  which  will  pro* 
duce  no  effect,  the  combination  of  these  with  the  effective  forces  may 
produce  an  infinite  number  of  systems  of  forces,  which  being  only  the 
effective  forces  combined  with  other  of  no  effect,  may  be  the  forces 
actually  employed  to  produce  the  effect.  Thus  the  problem,  *'  given  the 
motion,  to  find  the  forces  which  produce  it,''  is  altogether  indeterminate ; 
though  the  following,  '^  given  the  motion,  to  find  the  forces  which  will 
just  produce  it,  without  any  forces  superfluous  and  mutually  destructive 
of  each  other,"  is  determinate,  and  has  been  solved.  It  is  to  the  inverse 
problem,  '*  given  the  forces  impressed,  required  the  motion  produced," 
that  our  attention  is  now  to  be  turned. 

The  system  and  the  connexion  of  its  parts  being  given,  let  the  masses 
collected  at  Ai,  As,  &c.  be  mi,  mt,  &c.,  at  which  act  such  pressures,  in 
the  directions  of  x,  y,  and  jt,  as  would,  if  allowed  to  act  uniformly  for  one 
second,  produce  velocities  Xj,  Y|,  Z|,  Xs,  ¥«,  Z,,  &c.  in  the  several 
masses  and  in  the  three  directions.  Then  m^  is  acted  on  by  pressures 
which  may  be  represented  by  m^  Xi,  mi  Yi,  mi,  Z|,  on  condition  that  the 
unit  of  pressure  is  in  all  cases  that  which  would  produce  in  the  unit  of 
mass  a  unit  of  velocity,  if  allowed  to  act  uniformly^for  one  second.  The 
effected  accelerations  (Pxi :  df^  <Py{ :  d^^  &c.  are  now  unknown  quan- 
tities, as  are  m^d^Xii dt^y  &c.  the  effective  forces.  This  only  is  knovm, 
that  the  impressed  forces  may  be  resolved  into  1.  The  effective  forces. 
2.  A  system  of  forces  which  destroys  itself,  or  would  if  applied  alone 
to  the  system  at  rest  not  disturb  the  equilibrium.  Any  other  supposition 
would  lead  to  the  result  that  the  forces  proper  to  produce  a  motion, 
being  applied,  do  not  produce  that  motion.  For  the  effective  forces  are 
so  called  because,  being  deduced  from  the  actual  motion,  they  would  of 
themselves  produce  that  motion  :  if  the  remaining  forces  could  produce 
any  motion  they  would,  so  that  the  motion  of  the  system  would  be  that 
which  it  is,  and  that  due  to  the  forces  just  called  remaining  besides : 
which  is  absurd.  Hence  the  impressed  forces  (I)  may  be  resolved  into 
the  effective  forces  (£),  and  an  equilibrating  system  (Q). 

If,  then,  the  velocity  of  all  the  parts  of  the  system  were  instantaneously 
destroyed,  and  at  the  same  moment  were  applied  systems  (E')  and  (Q'), 
consisting  of  forces  severally  equal  and  opposite  to  those  of  (E)  and  (Q), 
the  state  of  rest  thus  arbitrarily  created  would  continue :  for  (E)  and 
(Q)  balance  (E')  and  (Q'),  and  (I)  is  equivalent  to  (E)  and  (Q). 
Hence  (I)  balances  (E')  and  (Q')  :  of  which  (Q')  balances  itself,  so  that 
(I)  balances  (F) :  or,  a  system  of  forces  composed  of  the  impressed 
forces,  and  the  efiective  forces  ^with  all  their  directions  diametrically 
changed,  must  be  in  equilibrium.  This  is  known  by  the  name  of 
D^AlemherVs  principle^  and  reduces  every  problem  of  motion  to  one  of 
equilibrium  (page  447). 

The  force  impressed  on  mi  in  the  direction  of  x  is  mi  X,,  and  the 
opposite  of  the  effective  force  is  »mi  (d^x^ :  df\  and  so  on.  Henee  the 
forces  applied  to  m|  when  (I)  and  (£')  are  applied  are 

,(x,-^\  ».,(v.-^-)  ».(z,-^-)  ^ 
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If,  then,  we  give  the  system  any  small  motion»  (either  the  one  which 
it  was  going  to  take  when  the  velocity  was  destroyed,  or  any  other 
which  is  consistent  with  the  connexion  of  its  parts,)  and  apply  the 
principle  of  virtual  velocities,  we  have,  supposing  that  from  the  motion, 
whether  actual  or  virtualy*  X|  becomes  Xi+^jTi,  &c., 

j{„(^'-x),4+.{„(fi-Y)»,}+l(«.@-z),.}=«, 

in  which,  for  convenience,  the  sign  of  every  term  has  been  changed.  In 
this,  remember  that  (Po^i :  dt\  &c.  are  all  supposed  to  be  obtained  from 
the  actual  motion. 

Let  us  now  suppose  the  system  to  be  rigid ;  the  six  equations  deduced 
in  page  502  become 

J.m(  -Tji—  X  ]=0,  or  2Tn-j3=2mX,  &c. 

.{».(g-v)-.,(f-x)}=., 


or 


2mU^— y  ^j=2w(j?Y-yX),  &c. 


Let  x^y  y^,  z^  be  the  coordinates  of  the  centre  of  gravity,  and  let 
^v»  y,9  ^/  ^  tl^e  coordinates  of  (x,  y,  z)  referred  to  the  centre  of  gravity 
as  an  origin,  and  aies  parallel  to  the  former  ones.  We  have  then 
(page  495) 

j:^j.2m=:2wM?,    yo-^wrzZmy,    ZQ.^m=2mz, 
ar=jPo+j^p  y=yo+yn  5:=«o+^r 

The  first  set  gives  — ~^.  2m=2m-r-5-,  &c.,  whence  we  find 

dr  at 

(Pxq  _lmX     <Py^  _2mY     £^  _lmZ  ^ 
df  ■"  2m  '      dt^   *"  2m  *      (iP   ~  2m  ' 

or,  the  actual  motion  of  the  icentre  of  gravity  is  that  which  a  point  would 
have,  if  all  the  masses  were  collected  in  it,  and  all  the  impressed  pres- 
sures constantly  applied  to  it.     Again 

°  de 


If  these  be  summed,  remembering  which  terms  are  common,  we  have, 
writing  for  <Py^:df  its  value, 

But  x=Xq+x^  gives  2ma;=Xo.2m+  2mi?,,  and  since  ^mx:^x^ 2m,  we 

*  Actual,  that  which  was  about  to  take  place ;  virtual,  any  other  which  we  may 
require  to  be  supposed  ia  the  application  of  the  principle  of  virtual  velocities. 


I 
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have  Imi-sO.  Similarly,  2my^=0  and  2m(<i»y/.  dO==0.  The 
middle  terms  of  the  preceding,  therefore,  disappear,  and  if  we  inter- 
change X  and  y,  and  subtract  the  result,  we  have,  as  before  shown,  an 
expression  equal  to  2m  (j?Y— yX),  or 

^o2wiY-yo2mX+2m(^x,  ^'-y.  -^t")-^^  (^VK)  Y-y'^+yiX), 

from  which  we  get  the  first  of  the  following  equations,  and  correspond- 
ing processes  give  the  others, 

^"^  (*'  S  ~y'  1?')= ^"^  ^■''^~y'  ^^' 

These  are  the  equations  which  would  be  obtained,  if  the  centre  of 
gravity  were  a  fixed  point,  so  that  its  translation  should  be  impossible : 
that  is  to  say,  the  motion  of  the  system  about  its  centre  of  gravity  is 
altogether  independent  of  the  motion  of  translation  of  that  centre,*  the 
forces  which  act  being  the  same. 

Since  any  axes  may  be  chosen,  let  us  take,  at  the  end  of  the  time  /, 
the  system  of  axes  of  J,  ly,  f ,  which  moves  with  the  system  :  but  during 
each  time  dt^  let  a  set  of  such  axes  remain  in  its  position,  while  other 
axes  move  with  the  system,  the  angular  velocities  of  rotation  being  p,  9, 
and  r.     On  this  supposition,  in  page  487,  wc  obtained 

jr^^-^'^^  5^=^«-K,  di-^p"-^^ (A>- 

In  these  equations  we  do  not  see  dp,  cfg,  or  dr,  because  the  motion  of 
the  system  during  the  first  dt  is  round  an  instantaneous  axis  of  rotation, 
with  velocities  which  change  only  by  small  quantities  of  the  second 
order.  But  if  we  consider  a  second  dt^  this  instantaneous  axis  under- 
goes an  infinitely  small  change  of  position,  generally  spealdng,  and  p, 
&c.  become  p-^dp,&c.  Hence  in  forming  d?l:dL\  &c ,  we  must 
consider  77,  &c.  as  varying,  as  well  as  £,  &c.  And  of  all  the  axes  which 
can  pass  through  the  given  point  the  most  convenient  are  the  principal 
axes,  for  which  SmJ/yrnO,  Swiiy^rsO,  2wfJ=0,  using  the  symbol  2 
belonging  to  a  discontinuous  system.     We  have  then 

*  If  the  centre  of  the  earth  were  suddenly  to  he  fixed,  this  principle  shows  that 
the  rotation  would  continue  as  before.  But  the  precession  of  the  equinoxes  would 
not  continue  of  the  same  magiiitude)  for  the  sun,  &c.  not  acquiring  the  same  posi- 
tions relatively  to  the  eartli  which  would  have  been  acquired,  the.  forces  which  cause 
the  prece8>ion  would  nut  be  the  same  as  they  would  have  been  if  the  motion  of 
the  centre  had  continued,  and  difierent  amounts  of  precession  and  nutation  would 
be  created  in  aoy  given  time.  But  if,  when  the  centre  of  the  earth  was  fixed,  the 
actual  motions  uf  the  heavenly  bodies  were  altered,  so  that,  relatively  to  the  earth, 
they  should  move  in  the  same  manner  as  they  do  when  the  earth  roovtss,  all  pbe- 
nomena  connected  with  the  earth's  rotation  would  be  unaltered.  This  principle 
simplifies  all  problems  connected  with  the  motions  of  bodies  about  their  centres 
of  gravity,  by  requiring  us  only  to  consider  the  motion  of  translation  so  for  as  it 
aff«cts  the  magnitude  of  the  impressed  forces. 
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di*      ^  dt      ^  dl  ^^dt       ^dt 

2»'f  ^^qr 2wi  J4:+P7  2mi«-  {f^-r^)  ^m J„+~  Im^-^^  2m £^ 

Interchange  ^  and  i;,  /?  and  g,  observing  that  the  first  two  equations 
(A)  are  not  then  interchanged,  unless  p,  7,  and  r  be  made  to  change 
sign,  and  we  have 

'^  5p-=9P  ^^'^  -5;^  ^Ifwij' 

Let  M^,  Mil,  My  be  the  moments  of  inertia  (page  499)  with  respect 
to  these  principal  axes,  or 

M.=2t^(i,*+r),    M,=2m(r+s^),     M,=Zm  ({«+,,•);     ' 

and  let  N|,  N*,  Nj  be  the  values  of  2m  (£H— jj57),  &c.,  the  impressed 
pressures  on  the  point  (J, »?,  O  being  m^,  mil,  wiZ,  in  the  directions  of 
the  axes.  We  have  then  the  first  of  the  following  equations,  and  the 
others  are  obtained  by  similar  processes. 

M5-j^+(M,-M5)p7=N5 
M«^+(M|-M5)rp=N, (B). 

M5^+(M^~M«)9r=N5 

As  the  impressed  forces  can  generally  be  made  functions  of  the 
position  of  the  system,  we  may  consider  N^,  &c.  as  functions  of  a,  /3, 
&c  ,  or  (page  482)  of  0^  <f>,  and  Y^.  If  yve  were  to  substitute  from  page 
483  the  values  of  p,  q,  and  r,  in  terms  of  6,  &c.,  we  should  have  here 
three  equations  between  d,  ^,  Y^,  and  /,  each  of  the  second  order :  these 
being  integrated,  the  values  of  0,  0,  and  yjr  are  obtained  in  terms  of  t 
Six  arbitrary  constants  are  introduced  in  integration  ;  three  of  which  are 
expended  in  giving  the  system  the  initial  position  assigned  to  it  by  the 
conditions  of  the  problem,  and  three  more  in  giving  it  the  initial  motion 
belonging  to  three  given  initial  values  of  p,  g,  and  r.  Thus  the  problem 
of  finding  the  motion  of  any  system,  acted  on  by  any  forces  whatever,  is 
reduced  to  that  of  the  integration  of  three  simultaneous  diff.  equ. :  but 
these  can  seldom  be  completely  integrated. 

It  must  be  observed  that  all  that  precedes  is  both  necessary  and 
svfficient  for  the  determination  of  the  motion  of  a  rigid  system,  or  one 
the  position  of  which  is  given  when  that  of  three  points  not  in  the  same 
line  is  given :  and  necessary,  but  not  sufficient^  to  the  determination  of 
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the  motion  of  any  other  Bjstem.  For  if  a  syetem  be  not  rigid,  the  equi- 
librium of  the  counter-impressed  and  effectiye  forces  must  still  be  true : 
and  in  applying  the  laws  of  equilibrium  every  virtual  motion  which  is 
possible  in  a  rigid  system  is  possible  in  one  which  is  not  rigid,  and 
other  motions  besides.  So  that  among  the  conditions  which  express  that 
'ZVdp=zO  for  every  motion  which  a  system  of  variable  form  may  take, 
must  be  found  all  those  which  express  the  same  for  every  motion  which 
the  system  could  take  without  varying  its  form. 

The  two  most  useful  cases  are  the  extremes ;  namely,  a  rigid  system, 
in  which  variation  of  form  is  altogether  impossible,  and  a  system  of 
separate  masses,  supposed  to  be  collected  in  points,  and  wholly  uncon- 
nected with  each  other,  except  by  an  attraction  or  repulsion  existing 
between  every  pair,  which  either  attract  or  repel  each  other  with  equal 
forces.  If  our  object  here  were  mechanical,  and  not  mathematical,  it 
would  be  easy  to  show  that  the  first  is  an  extreme  case  of  the  second : 
but  it  will  now  be  sufficient  to  point  out  some  common  properties  of  the 
two  systems.  Let  each  of  the  two  masses  m^  and  nit  attract  the  other 
according  to  a  law  depending  on  ri,c,  the  distance  between  the  points  at 
which  they  are  supposed  to  be  collected.  Let  the  attraction  of  each  on 
the  other  be  as  its  mass,  and  let  the  two  attractive  pressures  be  equal. 
Then  mi  m,  0ri,t  must  represent  the  attractive  pressure  of  each  on  the 
other,  ^ri.s  being  that  function  of  the  distance  on  which  the  mutual 
attraction  depends :  for  of  no  other  function  of  nii  and  nit  is  it  true  that 
any  alteration  of  mi  or  m«  would  alter  the  function  in  the  same  propor- 
tion. Now  on  the  suppositions  which  make  pressures: mass  X  accelera- 
tion (page  477),  this  pressure,  allowed  to  act  without  alteration  for  one 
second  upon  m^  would  produce  the  velocity  fnt<f)ri^^  and  upon  m,  the 
velocity  m,0ri,  9.*  so  that  each  mass  would  produce  in  the  other,  in  a 
given  time,  a  velocity  altogether  independent  of  the  other  mass,  and 
dependent  only  upon  its  own. 

If  there  be  a  system  of  such  masses,  each  one  acting  on  all  the  rest, 
and  acted  on  by  it,  it  is  obvious  that  the  impressed  forces  would  be 
mutually  destructive  if  the  system  were  made  risid.  Hence  we  have 
the  following  equations,  which  belong  equally  to  the  rigid  system  acted 
on  by  no  forces,  and  to  the  system  before  us. 


^"^yy-d^-'Jr-  2'"(*5i^-'5zO='' ^^\:^-yiiO=''- 

These  equations  might  also  be  readily  obtained  by  the  formation  of 
2mX,  &c.,  2wi  (.tY— yX),  &c.,  which  would  all  be  found  to  vanish. 
It  appears  from  the  first  three  that  the  centre  of  gravity  ( J*©*  Vca  ^o) 
moves  in  a  straight  line,  or  is  at  rest :  for  they  give  Sx^ :  ci^*=0,  &c.,  or 
jT^rza^-f  6,  yQ:=:a't'\-b\  ZQ=ia''t-\-b'\  the  equations  of  a  straight  line,  or 
of  a  point,  if  a=0,  a  =0,  a"=:0.  To  see  the  meaning  of  the  second  set 
of  equations,  let  r  be  the  distance  of  (jt,  y,  2)  from  the  origin,  and  let  r, 
be  the  projection  of  r  upon  the  plane  of  xy.  Let  9,  be  the  angle  made 
by  this  projection  with  the  axis  of  j:,  we  have  then  (page  345) 

^dc   ^de    dt  \^dt  ^dtj'dt  V'  dt/ 
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Subfttitate  and  integrate,  and  we  have 

2mr^~^=C,     2(m/t^de.)=Cr+C', 

and  similar  equations  for  the  other  planes.  Now  rldS^ :  dt  represents 
the  areal  velocity ;  that  is,  the  area  which  would  be  swept  over  by  r.  in 
one  second,  at  the  rate  at  which  the  radius  vector  is  proceeding,  its 
length  being  taken  into  account.  And  r\dOt :  dt  is  to  be  reckoned  as 
positive  or  negative,  according  as  0.  is  increasing  or  decreasing.  Hence, 
since  the  preceding  property  is  independent  of  the  origin  and  coor- 
dinate planes,  we  have  ,the  principle,  which  is  somewhat  improperly 
called  that  of  the  conservation  of  areas^  namely,  that  if  any  point  be 
taken,  and  a  plane  passing  through  it,  and  if  all  the  radii  drawn  from  a 
point  to  the  different  moving  points  of  the  system  be  projected  upon  this 
plane  throughout  the  motion,  the  sum  of  the  areal  velocities,  each  taken 
-with  its  proper  sign  and  multiplied  by  the  mass  of  the  moving  point  to 
which  it  belongs,  will  be  always  of  the  same  value. 

Let  the  constants  above  described  belonging  to  the  planes  of  yz,  zx^ 
and  xy  be  called  A,  B,  and  C.  Take  a  new  set  of  coordinates  |,  17,  ^, 
with  the  same  origin,  (but  also  fixed  in  space,)  and  let  •r=a4+/3i7+yC9 
y=ra(+&c.,  &c.     Calculate  Wij— jydf,  or 

iax + dy + az)  (/3da? + (¥dy+^"dz)  -  (fix-^-fi^y-^fi^'zXadx+ady+a^dz) , 

^rhich,  by  common  development,  ia 

Cafi'-M(xdy^ydx)+(fi'/''yfi')(3fdz'Zdy)  +  iya'''ay'Kzdx''xdz). 

Whence  (page  482)  ( Wiy-iyd?)  :  dt  is  a"A+i8"B +y'C.  This  is  the 
▼alue  of  the  Unction  2.  m  (areal  vel.)  for  the  plane  of  £17 ;  those  for  the 
planes  of  ijf  and  (^  are  aA+/3B+yC  and  a'A+/8'B  +  y'C.  Now  by 
assuming  the  latter  two  equal  to  nothine,  we  find  that  A,  B,  and  C  are 
in  the  proportion  of  fiy — y/5',  yo/— ay»  and  »fi' — fia'f  or  a",  fi*'  and 
y,  whence,  since  a'*+i8"*+y''*=l,  we  have 

«f'- ^ A/^- ?. v"r= — 

^     V(A*+B*+C«)*    ^  ■"V(A«+B«+C«)'    ^      V(A"+B«+C*y 

a"A+)8''B+/C=V(A'+B«+C«). 

And  (aA+&c.)"+(a'A+&c.)«-f  (a"A+&c.)«  is  always  =A*+BHC» 
If,  then,  we  take  for  a  new  axis  of  z  the  line  whose  equations  are 
d;:A=:y:B=z:C,  the  projected  areal  velocities  on  any  plane  passing 
through  this  line,    always  fi^ve  Sm  (areal  vel.)=:0,  and  they  give 
V(A*-f  B*+C*)  for  the  plane  perpendicular  to  this  line. 

To  dwell  upon  the  numerous  applications  of  these  principles  which 
are  requisite  for  the  complete  elucidation  of  their  physical  bearings 
would  be  to  write  a  treatise  on  mechanics :  in  the  preceding,  we  see  the 
manner  in  which  the  differential  calculus  is  applied  to  general  problems. 
I  now  go  on  to  the  general  treatment  of  the  fundamental  equation  in 
page  511,  which  was  reduced  to  a  system  by  Lagrange.  One  important 
•tcp,  lately  supplied  by  Sir  W.  Hamilton,*  renders  the  theoretical  ex- 
pression of  a  large  class  of  dynamical  problems  in  terms  of  the  differential 
calculus  perfectly  complete,  and  leaves  only  purely  mathematical  diffi- 

*  In  a  paper  beaded  "On  a  general  method  iu  Dynamics^"  Phil.  Trans,  for  1834. 
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culties,  namely,  those  involved  in  the  determination  of  one  particular 
function  depending  upon  the  data  of  the  problem. 
The  equation  in  page  511  may  be  thus  written  : 

J..m(j^dx+^Sy+'^Jz^=:l.m(XSx+Y^y+Ziz) (1). 

In  all  the  cases  which  occur  in  practice,  the  second  side  is  a  complete 
differential,  say  5U.  If  the  variations  3j?,  &c.  be  actual,  or  those  which 
the  motion  of  the  system  is  itself  about  to  produce  (page  511)  so  that 
^x=c/x,  &c.,  the  first  side  becomes 

2m^rf^.J+&c.\  or  ilmd.(^+&c\  orrf.(Pmt^); 

« 
V  being  the  actual  velocity  of  the  point  (x,  y,  «).    The  second  side  is 
dU,  whence  integration  gives 

i2mt?«=U+H,  and  i2»ii;«— i2mi;?=:U  -Uj (2) ; 

t?!  being  the  value  of  v  at  the  beginning  of  the  motion,  and  Ui  the  value 
of  U.     This  equation  answers  to  (2)  in  page  506. 

The  expression  2.mr%  the  sura  of  the  products  of  each  mass,  and  the 
square  of  its  velocity,  is  called  the  vis  viva*  or  living  force,  of  the 
system.  If  no  forces  act,  that  is,  if  X=0,  Y=rO,  &c.,  we  have 
U— Ui=0,  or  2mi>*=2mrJ;  that  is,  the  living  force  of  the  system 
always  remains  the  same.  This  is  called  the  principle  of  the  conserca" 
Hon  of  living  force. 

In  all  physical  problems,  the  values  of  X,  Y,  Z  depend  entirely  upon 
the  positions  of  the  particles  acted  upon,  and  not  upon  the  time  at  which 
those  positions  are  attained.  Hence  U  is  a  function  of  coordinates  only, 
and  not  of  the  time ;  that  is,  not  directly,  but  only  through  coordinates : 
the  coordinates  themselves  are,  from  the  nature  of  the  question,  functions 
of  the  time.  From  this  it  follows  that  2.ml;^the  living  force  at  the 
expiration  of  the  time  t  from  the  commencement  of  the  motion,  is  a 
function  of  the  initial  living  force,  and  of  the  initial  and  terminal  coor- 
dinates of  the  system.  If,  then,  any  position  be  given  to  the  system, 
such  as,  consistently  with  the  connexion  of  its  parts,  it  can  occupy,  the 
living  force  belonging  to  that  position  can  be  found,  whether  the  system 
could  ever  arrive  there  or  not,  under  the  given  circumstances.  For,  the 
initial  position  and  velocities  being  given,  Ui  and  S.mrf  are  given,  and 
for  any  other  assigned  position  (possible  or  not)  U  can  be  calculated : 
hence  2mi>*  or  2mvf-f  2  (U— Ui)  can  be  found ;  being  the  living  force 
which  the  system  must  have  if  it  pass  through  the  assigned  position : 
and  there  is  nothing  in  the  preceding  mode  of  calculating  2.mr^  to 
point  out  whether  the  system  can  pass  through  the  assigned  position  or 
not.  Consistently  with  preceding  nomenclature,  the  value  of  2. wo' 
belonging  to  any  position  which  the  system  docs  take,  might  be  called 
the  actual  living  force ;  that  belonging  to  any  other  position,  the  virtual 
living  force.  This  distinction  must  be  remembered,  whetlier  it  be  con* 
veyed  in  words  assigned  to  the  purpose  or  not. 

If  the  living  force  mv*  of  the  particle  whose  mass  is  m  continue 

*  The  meaning  of  this  function,  Smv*,  is  of  the  greatest  importance  in  a 
mechanical  point  of  view :  here,  howeveri  we  have  only  to  consider  it  as  a  pure 
result  of  calculation. 
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uniform  during  the  time  /,  the  product  mo*^  is  called  the  acft'on  of  the 
particle  during  that  time.  But  if  v  vary^  then  mv^dt  is  the  action 
during  the  time  dt ;  and  mft^dty  taken  hetween  any  limits,  is  the  action 
during  the  interval  between  those  limits;  and  J,,Tnfv'^dt  is  the  action  of 
the  whole  system  during  the  same  time. 

But  it  is  more  useful  to  consider  the  action  over  a  given  portion  of  the 
motion,  without  any  hut  indirect  reference  to  the  time.  For  dt  write 
ds:v^  ds  being  the  element  of  the  path  of  the  particle  m,  which  gives 
^,mfvds ;  and  this,  taken  between  any  limiting  positions,  is  the  action 
of  the  system  in  passing  from  one  position  to  the  other.  And  if  we  dis- 
tinguish the  path  which  the  system  does  describe  from  any  other,  we 
may  calculate  the  action  in  either,  and  distinguish  the  actual  action  from 
the  virtualy  in  the  same  manner  as  we  have  distinguished  the  actual 
living  force  from  the  virtual. 

Let  us  now  suppose  the  initial  position  of  the  system  to  be  altered, 
and  also  the  initial  velocities,  in  the  manner  pursued  in  the  calculus  of 
variations.  Let  the  final  positions  be  altered  in  a  similar  manner,  and 
let  the  intermediate  path  be  varied,  so  that  ^,m(vds  is  altered  by 
^2 .  mfvdSf  or  2  •m^Jvds,  For  each  particle,  ^fvds  is  JCSi; .  ds + vdis\ 
which,  df  being  vdt,  and  ds.dh  being  dxddx-^r&c^  gives 

Make  the  integration  by  parts,  take  the  integrated  part  between  the 
limits,  and,  ^,  &c.  being  dx :  dt^  &c.»  let  ^i,  &c.  be  the  initial  values  of 
j^,  &c.    Hence 

^-  fivlv-af'lx-y"ly--z"Zz)  dt. 

Multiply  by  m,  perform  the  same  operations  for  ever}'  other  particle, 
add  the  results,  and  observe  that  equation  (2)  gives 

2fnr2y=:2mi?iSri+^U— 3Ui;  whence 

+  /{2mi;,?t?i-aUi+aU-27n  (x'^hx+y^'iy+z^'cz)}  dt. 

In  the  integral  part  the  last  two  terms  vanish  by  equation  (1),  and  the 
preceding  pair  being  independent  of  <,  we  find  that  ^.2mjrd5  is  com- 
pletely integrated,  as  follows,* 

dl.mfvdsr=J,.m  (/ajF+&c.)— 2.m  Cr/Sjri+&c.) 
+(2.mr,5tJi— 8Ui).< (3). 

One  case  of  this  equation  has  been  long  known ;  namely,  that  in 
which  the  virtual  path  of  the  system  (or  that  supposed  to  be  made  by 
the  variation)  begins  and  ends  in  the  same  positions  as  the  actual  path, 

*  This  equation  was  first  noticed  by  Sir  W.  Hamilton,  (in  the  paper  cited,)  who 
proposes  to  call  tlic  relation  which  it  enunciates  the  /aw  ofxarying  action.  He  also 
calls  lm/vd»  the  character'iMtic  funciitm  of  the  motion,  and  U  ihe  force-function.  He 
has  also  altered  the  phrase  *'  principle  of  least  action^  into  the  more  correct  one 
«  principle  of  stationary  action :"  and  has  used  the  English  term  '<  living  force" 
instead  of  the  Latin  "  vi>  v'wa!^ 
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the  initial  velocities  being  the  same  in  both.  This  gives  SjtssO,  Ac.* 
dxi=rO,  &c.,  ^r|=0,  &c.,  ^'hence  $Ui=0,  and  every  term  on  the  second 
side  disappears.  Hence  ^,J.fnfvds=::0,  and  this,  which  may  indicate 
that  the  real  action  between  any  two  positions  of  the  real  path  is  a  maxi- 
mum or  minimum,  was  assumed  always  to  indicate  such  a  conclusion ;  an 
error*  of  generalization  perfectly  similar  to  those  already  considered  in 
pages  458,  &c.  Hence  the  result  was  called  the  principle  of  leasi 
action  ;  a  maximum  being  apparently  impossible  from  the  nature  of  the 
question.  The  true  statement  is,  that  if  a  path  be  made  between  two 
positions,  varying  infinitely  little  from  the  real  path,  and  beginning  and 
ending  with  the  given  positions,  the  variation  of  itnfvds  will  be  an 
infinitely  small  quantity  of  a  higher  order  than  the  variations  of  the 
coordinates.  ! 

The  object  of  this  chapter  being  to  show  the  student  how  to  gene- 
ralize those  notions  with  which  the  study  of  elementary  problems  is  pre* 
sumed  to  have  made  him  familiar,  I  proceed  to  the  general  treatment  of 
the  fundamental  equation  (1).    Let  there  be  n  distinct  particles,  having 
the  masses  mi,  mf . .  .in.,  and  let  the  points  at  which  the  particles  are 
at  the  end  of  the  time  t  from  some  fixed  epoch  be  (^ruyis  ffi)..  •• 
(<^ii>  Pny  O*     And  since  the  repetition  of  the  same  functions  of  cr,  y,  and 
zja  unnecessary,  let  2  stand  for  summation  with  respect  to  coordinates 
as  well  as  masses:  thus  2mx  means  mi{Xi+yi+Zi)'^fnt(x^+yt+z^ 
+  &C.    The  equation  (1)  then  becomes  2m  («"— X)  ^x=0,  which  is 
to  be  true,  not  for  every  value  of  each  ^jt,  necessarily,  but  for  evexy  set 
of  values  which  is  consistent  with  the  mutual  connection  of  the  parts  of 
the  system.     Suppose,  for  instance,  that  mi  is  attached  to  a  surface  on 
which  it  moves  freely,  but  which  it  cannot  leave:  let  L=0  be  the 
equation  of  this  surface,  whence  L=0  must  be  true  of  Xi,  yi,  and  Zi,  and 
L»i  J«^i+Ly,  ^yi  +  L«|S*i=0  niust  be  true  of  dxt,  ^yi,  and  izi.     Hence 
^1  and  ^yi  are  arbitrary,  if  we  please,  provided  dzi  be  made  to  depend 
upon  them  in  the  manner  preceding.     Substitute  in  (1)  for  hzi  its  value, 
and  there  will  remain  3/1—1  variations  of  coordinates ;  and  if  for  ^i  be 
substituted  its  value  from  L=0,  there  will  be  3/i — 1  coordinates  remain- 
ing.    If  the'  coefficient  of  each  variation  be  then  made  to  vanish,  we 
have  Sn  —  l  diff.  equ.,  each  of  the  second  order,  to  be  Jntegrated.     If 
there  had  been  p  conditions,  Li=rO,  Ls=0.  • . .  L,=0,  we  might  in  the 
same  way  have  eliminated  p  variations,  leaving  3n — p  distinct  and 
arbitrary  variations  in  the  equation  (I),  and  as  many  distinct  coordinates 
in  the  coefficients.     Hence,  making  each  coefficient  vanish,  we  have 
3n— p  diff.  equ.  between  3/i— p  coordinates  and /,  by  means  of  which, 
when  integration  is  x>ossible,  these  coordinates  can  be  expressed  in  terms 

*  The  asiumption  that  A  is  a  maximum  or  minimum  when  c{A:=0  has  occaviooed 
many  errors,  and  the  greatest  writers  have  .their  full  share  of  them.  Among  other 
thin^,  it  is  frequently  stated  that  a  system  acted  on  by  gracvity  only,  is  never  in 
equilibrium  except  when  the  centra  of  gravity  is  highest  or  lowest.  This  is  not 
correct;  it  being  sufficient  to  make  any  position  one  of  equilibrium,  that  the  ten- 
dency of  the  centre  of  gravity  should  be  to  move  horizontally,  or  that  the  tangent  of 
its  path  should  be  horizontal.  Thus  a  system  of  which  the  centre  of  gravity 
describes  a  curve  which  has  a  cusp  or  point  of  contrary  flexure  with  a  honcontal 
tangent,  has  axorresponding  position  of  equilibrium.  With  regard  to  the  point  on 
which  this  nute  is  written,  it  must  be  noted  that  in  most«  if  not  all,  of  the  cases 
which  actually  occur,  the  value  of  the  integral  between  two  pobitions  of  the  system  is 
really  less,  for  the  actual  path,  than  for  any  other. 
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of  i :  and  the  same  can  be  done  with  the  remaining  p  coordinates,*  by 
means  of  the  p  conditions,  Li=0,  La=0,  &c. 

If,  however,  we  prefer  the  process  described  in  pages  455,  456>  we 
must  alter  the  equation  (1)  into 

2m(a^'— X)  8j?+PiaLi+P,SL,+ ....  +Pp5Lp=0. . . .  (4), 

which  contains  3n  arbitrary  variations,  and  Sn+p  quantities  to  be  deter- 
mined, namely,  the  3n  coordinates,  and  P|,  Ps. . .  .Pp.  The  elimination 
of  the  p  last-named  quantities  (the  diff.  co.  of  which  do  not  occur) 
between  the  3n  equations  leaves  3n  —p  diflF.  equ.,  from  which,  with  the 
p  conditions,  Li=0,  &c.,  the  3n  coordinates  can  be  determined  in  terms 
of  ^.  In  whichever  way  we  take  it,  a  system  of  n  particles,  moving 
under  given  forces,  and  subject  to  p  conditions,  leads  to  Sn^p  diff,  equ. 
of  the  second  order,  which  introduce  2  (Sn—p)  arbitrary  constants  in 
integration.  The  manner  in  which  these  constants  are  found  for  any 
particular  case  is  as  follows :  since  there  are  p  conditions  between  3» 
coordinates,  only  3n  -  p  of  them  are  independent ;  this  number  of  them 
may,  at  the  commencement  of  the  motion,  be  made  to  have  given  values, 
and  made  to  begin  with  siven  first  diff.  co.    • 

It  happens,  however,  for  the  most  part,  that  the  coordinates  by  means 
of  which  the  fundamental  equations  are  most  readily  expressed,  are  not 
those  which  it  is  desirable  to  use  in  the  resulting  equations.  There  must 
be  3n — p  independent  quantities ;  and  it  may  be  desirable  that  all  the 
Sn  coordinates,  or  any  functions  of  them,  should  be  expressed  in  terms 
of  8n — p  quantities,  which  may  be  either  simple  coordinates,  or  any 
other  magnitudes  determiniug  positions.  Of  these  it  will  be  only  neces- 
sary to  specify  one,  say  £ :  so  that  when  we  say  that  x,  &c.  are  functions 
of  £,  &c.,  it  is  meant  that  each  of  the  3n  quantities  jti,  yi,  z^,  x^,  y^  Xg, 
&c.  is  a  function  of  one  or  more  (it  may  be  all)  of  the  3n—p  quantities 
£i«  Cff)  &c.     The  following  theorem  will  now  be  necessary. 

Let  the  function /(x,  y,  &c.,  a/,  y',  &c.,  j/',  y\  &c.)»  Jp'.  ^\  &c.  being 
diff.  CO.  of  X  with  respect  to  U  &c.  be  changed  into  0  ({,  17,  &c.,  {',  ?/>  &c., 
f",  17",  &c.),  by  substituting  for  each  of  j?,  y,  &c.  its  value  in  terms  of 
f,  iy,  &c.  Let  ^ff'dt  and  ^f<p,dt  be  found  by  the  main  process  of  the 
calciilus  of  variations,  between  corresponding  limits:  that  is  to  say,  if 
a?=y  ({,  &c.),  and  we  find  f<t>,dt  from  J=£o  to  {=fi,  we  then  take 
ff'dt  between  a?r=jro'  and  jr=ri,  x^  being  rry  (Jo,  &c.),  and  Xi  being 
Y'(£i,  &c.).  Let  the  results  be  h+fP.dt,  and  A+/nrf/,  abbrevia- 
tions of  the  results  corresponding  to  those  in  page  450.  Then  the 
theorem  in  question  is  that  L=  A  and  P=  IT,  subject  to  the  relations 
between  or,  {,  &c.  That  is  to  say,  P  would  become  identically  =11  if 
Y^  (f ,  &c.),  were  substituted  for  x,  &c. 

It  is  certain  that  L+fPdt=A+fndt  orf  /(P-D)  cf/rrA— L: 
the  second  side  of  this  last,  as  far  as  variations  are  concerned,  depends 
only  on  limiting  values,  while  the  first  side  also  depends  on  the  manner 
in  which  Jx,  5£,  Ac.  are  connected  with  <,  x^  £,  &c.  between  the  limits. 
Consequently,  the  value  at  the  limits,  and  therefore,  the  second  side, 
remaining  of  one  value,  the  value  of  the  first  can  be  altered  ad  libitum. 

*  It  is  necessary  that  the  p  conditions  should  contain  more  than  p  coordinates : 
for  otherwise  they  would  either  be  contradictory,  or  else  sufficient  to  determine 
some  coordinates  absolutely,  without  reference  to  the  rest. 

f  In  these  equations  suppose  for  x,  &c.  their  values  in  terms  of  ^  &c.  to  be  sub- 
stituted^: they  mast  then  oecome  identically  true. 
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Tlie  equation  last  written,  then,  cannot  be  true  if  P— H  and  L— A 
have  any  values:  but  it  must  be  truej  therefore  A=:L  and  P=n. 
Let  the  function  to  Nvhich  tliis  is  to  be  applied  be 

T==im.(^+y'?+^'f)+i«.(^'I+!/!!+^.)+&c-=2:imx'', 

2  denoting  summation  both  with  respect  to  coordinates  and  particles. 
In  page  449,  if  ^^^y'*,  we  have,  using  the  notation  there  explained, 
X=0,  Y=0,  Y;=»ny',  Y|^=0,  &c.,  whence  the  iDdeterminate  part  of 
f(t>dx  is  fCO—(my^^wdxy  where  w=^y-y'3jr.  To  adapt  this  to  the 
present  case,  we  must  write  x  for  y  and  i  for  ccy  and  ([since  t  is  not 
varied,  or  5<=0)  Sr  for  w.  The  preceding  then  becomes /(—mx"5x)<i^, 
and  by  applying  the  same,  reasoning  to  every  term  of  zl^rnx'\  we  find 
that  the  indeterminate  integral  part  of  Ij'Z^mx'^.dt  is  —fZmx^'Sx.dt^ 
or  fFdL  But  if  we  now  consider  a:,  &c.  as  functions  of  {,  &c.,  then  x**; 
&c.  will  become  functions  of  (,  &c.  and  £^  &c. ;  so  that  the  indeterminate 
integral  part  o^  f^\mjf^.dt  will  consist  of  as  many  parts  as  there  are 
quantities  in  the  set  £,  &c.  Let  Z^7/ix''=T,  after  the  substitutions; 
we  have  then  for  the  indeterminate  integral  part 

n/rfT       d  dT\^^     /dT      d   di:\,^  \,  -    ,, 

Equating  P  and  11, 

The  equation  (1)  then  becomes,  after  substitution  in  U, 

/d   dT      dT      dl!\ 

^VdFdf  "d{  "dT;  *    ^^' 

If,  then,  we  suppose  d,  ^t,  &c.  to  be  independent  of  each  other,  we  have 
the  equations 

dt  di\  d(   d^r  '  dt  di^^di^  dir  '   ^^' 

as  many  in  number  as  there  are  independent  coordinates. 

For  example,  let  there  be  one  particle,  moving  freely,  acted  on  by 
forces  X,  Y,  and  Z  in  the  directions  of  the  three  coordinates.  I^et  the 
mass  be  unity,  and  let  Xax+Y^y+Zaz=aU.  Let  the  transformation 
required  be  as  follows :  z  remaining  the  same,  x  and  y  are  to  be  ex- 
pressed in  terms  of  r  and  (?,  as  in  page  507 ;  we  have  then  x=rco8^, 
y=r8in(?;  (ir«+dy*+c/2'=dr*+r*d^+dz*;  whence 

T=i  (y«+y«+2'»)= J  (r^+r«0'«+2'«) 

dU      d\]         ^     dll 

■^=  ^.cos(?+— .sin(?=Xcose  +  Ysin(9 

rfU         d\]     .    ^     fiU 

-^=— ^r8me+  —  rcoBO=r(Ycos©— XsiaO). 
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These  last  results  were  P  and  rT  in  page  507.  The  final  equations  are 
(d?-' :  dt  being  /',  &c.,  and  T  having  the  meaning  of  page  507,) 

r''-re;"-P=0,     (r*0')'— Tr=0,     «"— Z=0, 

as  in  page  507. 

This  method  of  deducing  the  equations  (5)  and  (6)  is  the  second  of 
those  given  by  Lagrange,  and  is  the  most  general  mode  of  treating  the 
question.  The  following,  the  first  of  the  two,  is  more  simple  in  prin- 
ciple, as  avoiding  the  formal  calculus  of  variations. 

It  readily  appears  that 

If  the  transformation  into  terms  of,  say  f,  y^,  &c.  give  rfa'=Ad0+Brf^ 
+  &c.,  &c.,  we  have  j/=Af'+Bf'+&c.,  and  aj7=Aa£+BSY^+&c. 
Again,  since  x'^j7+&c.  is  symmetrical  with  respect  to  dx  and  hxy  &c., 
the  equivalent  of  this  function  must  take  the  form 

FJ'SJ + G  {glytf + -^Jf)  +  HY^^Y^ + &c.= P, 

and  changing  i  into  d\  and  dividing  by  2dt^  we  change  j^).7+&c.  int 
j^  (a?'"+  &c.)    This  last  then  is 

iF{'»+  GiY+iHf  •+&c.=Q. 
If  we  now  form  3Q  and  P',  we  shall  have 

iaF.r+FWr+G{'aY''+GV''S£'+^G.?V^+i5H.'^'«+&c.=aQ 
(FO'^J+FPS£'+(GO'2V^+G$'af'+(GY^')'^£+GV^«4'+&c.=P'. 

The  first  subtracted  from  the  second  gives  x"S.r+y"8y+«"^2=: 

(FO'a{-i«F.fH(Gr)'^f-aG.£>'+(GY.'y;^?-iaH.v^'»+&c,; 

in  which  F,  G,  &c.  being  functions  of  £,  &c.,  and  not  of  T,  &c.,  it 
follows  that  S£',  &c.  do  not  appear  in  ^F,  &c.  Now  the  last  result 
maybe  obtained  from  ^Q,  as  appears  from  observation  1.  By  changing 
the  sign  of  every  term  of  JQ  in  which  I  precedes  unaccented  letters.  2. 
By  obliterating  the  accent  wherever  Z  precedes  an  accented  letter,  and 
differentiating  all  the  rest  of  the  term  with  respect  to  t,  or  accenting  it. 
Thus  in  SQ  we  see  i^F.^,  and  in  F-^Q  we  see  -i^F.^";  m  the 
former  we  see  F£'5£',  and  (F5')'^5  in  the  latter.     But 

make  the  changes  just  mentioned,  and  we  have 

Multiply  both  sides  by  m,  repeat  the  process  for  every  term  of  T,  and 
add  the  results,  which  shows  that  (5)  follows  from  (1). 

It  is  thus  shown  that  the  expressions  T  and  U,  transformed  into 
terms  of  any  coordinates,  may  be  immediately  made  to  give  those 
equations  of  motion  of  a  system  which  depend  upon  the  coordinates 
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used.  ThiB  completes  the  theory  of  the  mathematical  expression  of 
dynamical  conditions ;  and  the  complete  solution  of  every  proUem  is 
reduced  to  that  of  diff.  equ.  of  the  second  order.  But  it  can  also  be 
shown*  that  the  determination  of  Z .  mfvds  from  the  beginning  of  the 
motion  through  any  time  U  in  terms  of  the  initial  and  final  coordinates 
and  of  H,  the  initial  value  of  T-~U>  leads  to  a  complete  solution  of  Uie 
equations. 

Let  f ,  &c.  be  the  independent  coordinates,  n  in  number,  in  terms  of 
which  dT,  &c.  cao  be  expressed.  Let  subscript  units  denote  initial 
values,  as  before ;  let  2 .  m  {p^ix + &c.)  be  changed  into  2 .  m  (P^{ + &c. ), 
and  let  J,. mfvds  be  called  Y.  The  equation  (3),  page  ,  517  then 
becomes 

2V=2;.m  (P^{+&c.)— 2.W  (Pia{»+&c.)+<5H. 

In  which  each  of  P,  &c.  is  a  known  function  of  |,  &c.  and  (',  &c.,  the 
relations  between  j;,  &c.  and  ^,  &c.  being  known.  If  then  V  be  given 
or  determined  in  terms  of  {,  &c.,  (i,  &c.,  and  H,  we  have  the  equations 

V=0  (?,  &c.,  {„  &c.  H),  SV=^  ii+  &c.+^  2j,+&c.+^  aH ; 

where  d(f> :  (/£,  &c.,  and  d^ :  dH  are  given  functions  of  £,  &c.,  f i,  &c., 
and  H,  as  obtained  by  differentiation.  The  two  values  of  ^V  must  be 
identical,  and  we  thus  have 

d0        „    d(i> 
n  equations  of  each  of  the  forms  — =wP,  ;jj-=  — mPi.  •  .(A  and  A,), 

d(t> 

one  equation  more  j5=^«  •  •  •  (fi)* 

oil  ~ 

Now  we  are  to  remember  that  0  contains  the  initial  values  of  £,  &c., 
but  not  of  (',  &c. ;  it  has  also  been  supposed  that  J?,  &c.  can  be  expressed 
in  terms  of  (,  &c.,  without  the  initial  values  of  ?y  &c. ;  which  is  but 
saying  that  the  dependence  of  the  coordinates  on  each  other  is  wholly 
independent  of  time  and  velocity.  Hence  neither  (A)  nor  (B)  contain 
the  initial  values  of  l\  &c. ;  and  if  between  these  n+l  equations  we 
eliminate  H,  and  remember  that  (B)  introduces  i^  we  have  n  equations 
between  (,  &c.,  £',  &c.,  and  t^  containing  n  constants  {|,  &c.;  which  are  n 
first  integrals  of  the  equations  of  motion.  But  if  we  eliminate  H 
between  (Ai)  and  (B),  remembering  that  the  equations  (A,)  do  not 
contain  (',  &c.,  we  get  n  equations  between  £,  &c.  and  i^  containing  2/t 
arbitrary  constants  (i,  &c.  and  ('i,  &c.  Hence  each  of  (,  &c.  may  be  ex- 
pressed in  terms  of  /  and  constants,  or  the  problem  is  completely  solved ; 
the  solution  of  a  dynamical  question  being  the  expression  of  everything 
which  varies  with  the  time,  in  terms  of  the  time  and  of  constants  depend- 
ing on  initial  position.  Consequently  the  solution  of  the  problem  of  the 
motion  of  a  system  under  given  forces  is  reduced  to  differentiation  and 
elimination,  as  soon  as  V,  or  ^. mfvds,  or  what  has  been  called  the 
action  of  the  system,  is  expressed  hi  terms  of  initial  coordinates,  variable 
coordinates,  and  the  initial  value  of  the  living  force.f 

From  what  precedes  it  appears  that  the  integration  of  simultaneous 

*  Th'iB  is  the  step  made  by  Sir  W.  HamiltoD,  alluded  to  io  page  515. 
+  Since  H=Ti-  Ui  and  Ui  is  a  function  of  |',  &c.,  any  function  of  |,  &c.,  ^o&c, 
and  U,  is  also  a  function  of  ^  &c.,  {p  &c.|  and  Tp 
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diff.  equ.  of  the  second  order  is  the  sole  difficulty  which  we  meet  with  in 
the  solution  of  dynamical  problems  of  which  tne  data  are  known  with 
accuracy.  In  many  most  interesting  questions,  the  absolute  solution  (A 
the  equations  has  not  been  attained,  and  approximation  must  be  had 
recourse  to :  fortunately  it  happens  that  most  of  the  problems  connected 
with  the  theory  of  the  solar  system  have  circumstances  connected  with 
them  which  facilitate  approximation  to  the  required  integrations.  The 
theory  of  this  process  has  been  generalized  and  methodized  by  Lagrange, 
and  it  is  now  my  object  to  present  the  peculiar  manner  in  which  the 
resources  of  the  differential  calculus  are  applied  to  the  approximate 
development  of  the  alterations  which  must  be  made  in  a  solution,  in 
consequence  of  certain  minute  alterations  in  the  data  of  the  question. 

The  principles  on  which  we  are  to  proceed  have  been  already  laid  down 
in  a  particular  case  (page  155).  As  in  page  189,  <f>  (j?,  c),  a  function 
of  X  and  e,  may  be  changed  into  any  function  of  x  and  C,  by  substituting 
instead  of  c  the  proper  function  of  ^  and  C.  If,  then,  ^=0(x,  c)  be 
the  solution  of  any  one  diff.  equ.  (A),  it  may  be  changed  by  substitution 
into  that  of  any  other,  (B).  It  is  always  open  to  us,  then,  to  solve  (B) 
by  investigating  what  substitution  for  one  of  the  constants  in  the  solu- 
tion of  (A)  will  give  that  of  (B) :  and,  in  certain  cases,  as  in  page  155, 
this  is  the  most  direct  road  to  a  complete  Eolution;  in  others,  to  an 
approximate  solution. 

For  instance,  let  there  be  a  couple  of  simultaneous  diff.  equ.  of  the 
second  order,  Ui=0,  Ut=0,  between  x,  y,  and  i.  In  the  complete 
solution  four  arbitrary  constants  enter,  say  a,  6,  c,  e ;  let  the  complete 
solution  be  j?=0(^,a,6,c,c),  y=f(tfa^bjCye),  Let  there  be  two 
other  equations,  Ui=(l|,  Ua=(lsy  Ui  and  Ui  being  the  same  as  before, 
and  Oi  and  Ci^  functions  which  are  always  small  in  value.  If  a,  6,  c,  and 
€  be  made  variable,  we  may,  by  taking  proper  values  of  them  in  terms  of 
t  and  other  constants  (say  their  initial  values)  make  «r=:^  (/,  a,  &c.)  and 
y=Yf  {tj  a,  &c.)  become  the  solutions  of  Ui=iii  and  U,=^.  Moreover, 
since  the  suppositions  Qi=0,  ^=0  destroy  the  variable  parts  of  a,  &c., 
we  may  predict  that  a^  &c.  will  vary  slowly  when  Q,i  and  €lt  are  small. 
That  is,  if  A,  &c.  be  the  initial  values  of  a,  &c.,  and  if 

a= A+a  (^  A,  B,  &c.),        6=B  +i8  {I,  A, B.  &c.),  &c., 

the  functions  a,  fiy  &c.  will  vary  slowly  in  comparison  with  t.  This 
circumstance  is  the  main  point  of  the  approximation. 

The  object  of  investigation  is  now  the  manner  in  which  o,  &c.  must 
be  made  to  depend  upon  t  and  initial  values,  in  order  that  x—<t){t,  a,  &c), 
y=Y' (<>«>&c.),  which  satisfy  Ui=0,  U,=0,  when  a,  &c.  are  con- 
stant, may  satisfy  Ui=(2i,  Ut=:^,  when  a,  &c.  are  variable.  From 
x=0  ity  a,  &c.)  we  find 

dx     d(/>     d(f>  da  "  dfj)  dh     dip  dc     d</>  de  ^ 
dc^dt  '^da  di  '^db  Tt  '^dc  Tt^de   Tt' 

from  which  we  might  find  d^x :  d^  \  and  similarly  we  might  find  dy :  dt 
and  d*y :  d^.  In  these  expressions  da :  d/,  d^a :  dt'^  &c.  are  unknown, 
and  d(t>.:dty  d(/> :  da^  &c.  are  known  functions  of  /,  a,  &c.,  since  U|=0 
and  UgSiO  are  supposed  to  have  beeu  completely  solved.  Substitute 
the  values  of  x  and  y  and  their  diff.  co.  in  Ui=lli  and  Us=Oa,  and  we 
shall  tlius  have  two  equations  between  four  undetermined  functions 
OfbyCyC  and  the  first  two  diff.  co.  of  each.     So  far  then  it  might  seem 
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as  if  we  had  made  no' progress,  having  merely  converted  a  pair  of 
simultaneous  equations  of  the  second  order  into  another  pair  of  the  same 
kind.  But  since  in  the  new  pair  we  have  four  undetermined  functions, 
wiih  only  two  conditions  to  satisfy,  we  can  choose  any  two  others  which 
may  he  most  convenient :  and  thus  we  can  reduce  the  question  to  the 
solution  of  four  simultaneous  equations  of  the  first  order,  l^et  the 
additional  conditions  which  we  are  at  liherty  to  introduce  be  that  the 
parts  of  dx:  dt  and  dy  :  dt  which  arise  from  supposing  a,  &c.  to  vary, 
shall  vanish  by  themselves.     This  gives 

d(b  da      d(h  db    ^        ^        dMf  da     d\U  db     ^        ^  , .  ^ 

reducin(;  -7-  and  -7?  to  -r-  =-77  and  -7-  =-77,  in  which  it  must  be  ob- 
^  dt  dl       dt       dt  dt       dt 

served  that  since  in  dtfi :  dt  and  d^r :  dt,  t  varies  without  a,  &c.,  the  forms  of 
dx :  dt  and  dy :  dt  are  precisely  wliat  they  were  in  the  solutions  of 
Ui=0  and  U£=0.     Again 

rf*J?  _cP0       rf«0    da      d^(p     db       d^<f>    dc      fP<l> '  de 
dF^dF  '^  dt  da*  dt  '^dUb*  dt      dtdc'di  ^dtde'Tt 

« 

with  a  similar  equation  for  dSf :  d^.  Here  <i"0 :  d^*,  d^ :  dt  da^  &c. 
are  known  functions,  so  that  on  substituting  values  of  x  and  y  and  of  their 
diff.  CO.  in  Ui=ili  and  Ut=Og,  we  have,  with  the  equations  marked 
(A),  four  equations  between  a,  &c.,  their  first  diff.  co.,  and  t  It  is  also 
to  be  noted  that  if  any  other  variable  be  more  convenient  than  ty  the 
same  process  may  still  be  applied. 

In  language  borrowed  from  the  planetary  theory,  to  which  this  method 
was  first  applied,  Ui=0  and  Us=0  are  called  the  undisturbed  equations, 
Ui=0|  and  Ut=:£^  the  disturbed  equations,  and  Oi  and  O,  the  disturb' 
in g  functions.  Thus  the  results  above  obtained  may  be  enuntiated  by 
saying  that  the  disturbed  equations  may  be  solved  so  as  to  allow  both 
the  coordinates  and  their  first  difi:  co.  to  retain  their  undisturbed  forms, 
provided  that  the  dements  (as  the  quantities  a,  .&c.  are  called)  which 
are  constant  in  the  solution  of  the  undisturbed  equations,  vary  in  that  of 
the  disturbed  equations  in  such  manner  as  to  satisfy  the  four  simulta- 
neous difi^.  equ.  above  deduced. 

The  preceding  process  is  equally  a  preparation  for  exact  solution 
(when  possible)  or  for  approximation :  in  the  latter  the  method  of 
successive  substitution  alluded  to  in  page  223  must  be  employed.  I 
shall  first  give  a  simple  example  of  this  method,  and  then,  lufter  giving 
an  example  of  the  application  of  the  whole  method  of  vartaUon  of 
elements^  shall  proceed  to  Lagrange's  generalization  of  this  method. 

Let  -j^-^urifiu^  fjt  being  a  small  quantity.     The  solution  of  this 
du 

equation  (pages  155,  210)  is  m=Ccos(^(1— ^).6+E),  C  and  £  being 
arbitrary  constants.     But 

V(l-Ai).0+E=0+E-^,x-|-,.» =:e+E-V, 

V  being  (4fi+T/**+  . . .  t)  6.     Again 
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Ccos(0+E-V)=Cco8(0+E)('l~+  ...A 

+  C6in(e+E)rV-^+&c.\ 

Expand  the  powers  of  V  in  powers  of  /z,  and  we  shall  have 

tt=Cco8(a+E)+iC08m(0+E)-fi+Afi«+B/x'+&c.; 

A,  B,  &c.  being  functions  of  0,  C,  and  E.  Suppose*  now  that  we 
could  not  find  the  complete  solution  of  the  given  equation,  but  that  we 
knew  it  can  be  developed  in  a  series  of  powers  of  fi.  Suppose  also  that 
we  can  integrate  it  completely  when  |x=0.  Perform  this  last  process, 
which  gives  tt=Cco8(6+E).  If  we  substitute  this  value  of  u  in  the 
term  fiu  on  the  second  side  of  the  equation,  we  leave  out  of  u  terms  having 
/i,  fi\  &c.,  or  out  of  fjLU  terms  having  ft*,  /i*,  &c.  We  can  therefore 
make  no  error  in  terms  of  the  first  order  by  so  doing.     But  (page  155) 

— +tt=:/iCco8(04-E)  gives  i/=C'cos(e4.  E')+fiCsin©jcos^.cos 

(e?+E)  de—fi C cose/sin  0 cos  (0  +  E)  dd  =C'cos (0+E')  +  i fx,  C cos 
(6-fE)4-i/x  C0  sin  (0  +  E) ;  where  C  and  E'  are  new  constants :  but  as 
two,  C  and  E,  have  already  been  introduced,  and  no  more  are  allowable, 
wc  must  examine  this  result  further.     Taking  the  result 

M=C'cos(04-EO+i/*Cco3(0+E)+i^C0sin(0+E), 

which  absolutely  satisfies  the  equation  whose  second  side  is  /i  C  cos  (0+E), 
we  have 

— +1/  -/i7/=r^  C  cos  (0+E)— /i  C'cos  (0+E') 

— l/i*Ccos(0+E)-J^*C0sin(0+E). 

if  then  E=E',  and  if  C  be  cither  equal  to  C,  or  differ  from  it  by  a 
quantity  of  the  first  order,  so  that  ^C  — fxC  is  of  the  second  order,  the 
second  side  of  the  preceding  is  entirely  of  the  second  order,  or  the  given 
equation  is  satisfied  as  far  as  terms  of  the  first  order  inclusive.  If 
C^C'=ifiCy  the  preceding  value  of  u  becomes  precisely  the  first  two 
terms  of  the  real  value,  as  found  by  the  exact  solution.  If  we  substitute 
this  value  of  i/,  exact  to  terms  of  the  first  order,  in  /zu,  the  error  will  be 
of  the  third  order,  and  repeating  the  process  of  solution  upon  the 
equation 

— -+tt=:Ccos(0+E)+i/i«C0sin(0+E) 

we  shall  get  a  result  which  is  exact  to  terms  of  the  second  order  inclu- 
sive. We  may  then  repeat  the  process  with  the  new  value  of  t/,  and  so 
on.  It  appears,  however,  that  we  must,  at  the  end  of  every  process, 
know  independently  how  to  determine  the  values  of  the  new  constants. 

Let  the  undisturbed  state  of  a  system  be  as  follows :  a  particle  of 
matter  is  attracted  towards  a  fixed  point  by  a  force  which  varies  inversely 
as  the  square  of  the  distance  from  that  point.     Let  the  disturbance  be  a 

^  These  are  the  conditions  under  which  equatioas  usually  present  themselves  in 
our  present  subject. 
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small  additional  force  directed  towards  the  same  centre.  If  it  were  not 
for  this  distarbing  force,  and  if  the  particle  were  in  the  first  instance 
projected  in  any  direction  except  directly  to  or  from  the  centre  of 
attraction,  it  would  describe  a  conic  section.  It  is  required  to  apply 
the  preceding  principles  to  the  determination  of  its  actual  motion. 

It  might  ^kttly  be  shown*  that  the  particle  must  always  move  in  the 
plane  which  contains  its  first  direction  of  moticm  and  the  attracting 
centre ;  let  the  coordinates  be  taken  in  that  plane,  and  let  u  be  the 
reciprocal  of  the  distance  of  the  particle  from  the  centre  of  attraction  at 
the  end  of  the  time  t.  from  the  beginning  of  the  motion,  and  let  /in* +11 
be  the  accelerationf  belonging  to  flie  attraction  at  the  distance  r,  where, 
fj,  being  constant,  fjiu*  varies  inversely  as  r",  and  n  is  the  acceleration 
arising  from  the  small  disturbing  force.  Returning  to  page  507,  we 
have  here  a  particular  case  of  the  problem  there  proposed,  in  which 
T=0,  P=  — (/itt'+II),  since  the  force  is  supposed  to  be  directed 
towards  the  centre,  ^=0,  ;e=0,  since  the  moving  particle  is  always  in 
the  plane  of  xy.    The  equations  of  motion  become  then 

and  ((t),  page  508,  is  satisfied  identically.  The  second  of  these  equations 
can  be  integrated  when  11=0,  and  gives  j 

«=-^+Bcos(e^i6); 

B  and  fi  being  arbitrary  constants  introduced  in  int^ation,  and  depend- 
ing upon  the  initial  position  and  velocity  of  the  particle.  Again,  since 
t*dB:dl=ihy  the  constant  h  is  determined  by  the  initial  value  of 
t^dO :  dl.  The  equation  last  obtained  is  that  of  a  conic  section,  the 
centre  of  attraction  being  the  focus ;  and  if  we  suppose  it  to  be  an 
ellipse,  of  which  a  is  the  semiaxis  major,  and  e  the  eccentricity,  we 
have 

ii  -       ^  T, i _^ 

At      a(l-e*)'  a(l-0""A*' 

and  fi  is  the  value  of  9  when  the  particle  is  at  its  least  distance  ftom'the 
focus.  We  are  now$  to  apply  these  results  to  the  integration  of  the 
disturbed  equation 

the  disturbing  function  being  11 :  A'  u*. 
The  integral  of  the  undisturbed  equation  being 

*  This  might  be  thown  directly  from  the  theorem  relative  to  the  osculating  plane 
in  page  506. 

f  Meaning,  that  if  the  attraction,  inch  as  it  is  at  the  distance  r,  were  fo  acl 
without  alteration  upon  the  particle  during  one  second,  at  the  beginnioe  of  which  it 
was  at  rest,  it  would  at  the  end  of  that  second  be  moving  at  the  rate  m^+u  per 
second. 

X  The  greater  part  of  the  precedine  paragraph  is  a  recapitulation  of  results  with 
which  the  student  is  supposed  to  be  familiar  from  the  ordinaiy  elements  of  analyti- 
cal dynamics  which  he  is  presumed  to  have  read« 
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^=-^+^co8(e-i8); (u); 

in  which  e  and  fi  are  constants,  let  e  and  fi  now  be  such  functions  of  0 
as  will  make  the  preceding  satisfy  the  disturbed  equation.  We  have 
then 

in  which,  there  being  two  new  indeterminate  functions  e  and  fij  with 
only  one  condition  to  ,be  satisfied  by  them,  we  may  (page  524)  create 
another  condition  by  supposing  the  part  of  du :  dO  which  arises  from 
the  variation  of  e  and  /8,  to  vanish  by  itself.     This  gives 

«.(9-«.|+.«.(.-«.f,=0,      |=-S.i„(.-« 

For  "7^  cos  (0  —  fi)  write  ^—-^t  whence  (11)  gives 

.   ,^     ^^  de  ,  ,^     ^^  dfi       n 

-sm(^-^)^+ecos(^-^)^=-; 

which,  vnth  the  condition  previously  created,  gives 

de  n    .    ,^     ^,        dfi       U        ,^     ^^ 

^=--Bm(fl-^).     e_=_oo.(fl-«. 

If  n  be  a  known  function  of  u  and  0,  substitution  of  the  value  of  u 
from  (u)  in  the  preceding  will  give  two  equations  between  e,  fiy  and  9, 
from  which,  if  by  int^ation  e  and  fi  can  be  determined  in  terms  of  0^ 
the  substitution  of  e  and  fi  in  (t/)  will  give  an  equation  between  u  and  Q 
which  is  that  of  the  path  of  the  particle.  The  equation  (u)  is  that  of  a 
conic  section  when  e  and  fi  are  constant;  that  is  to  say,  pairs  of  values 
of  u  and  0  which  satisfy  tiie  equation  are  all  coordinates  of  points  in  the 
same  conic  section.  And  even  if  e  and  fi  should  be  functions  of  6,  it  is 
still  true  that  every  point  of  the  curve  is  a  point  of  a  conic  section  deter- 
mined by  (u),  though  two  different  points  are  not  on  the  same  conic 
section :  thus,  if  e=:&  and  /S=:6',  the  equation  u=:l  +^  cos  (6— 6*)  is  not 
that  of  a  conic  section ;  but  if  6= a  and  t4=:6  satisfy  it,  the  point  (a,  6)  is 
one  of  the  points  of  the  conic  section  whose  equation  isu=l+acos 
(d— a*)-  We  may  then  say  that  the  path  of  the  particle  is  such  as 
would  be  traced  out  by  a  point  moving  on  a  conic  section,  which  conic 
section  itself  changes  its  dimensions,  varying  its  eccentricity  and  the 
place  of  its  vertex  in  the  manner  indicated  by  the  functions  which  e  and 
p  are  of  0,  and  its  semiaxis  major  in  the  manner  indicated  by  a  (1  — e*) 
=A«:/£. 

It  is  only  in  this  sense  that  planets  and  satellites  can  be  said  to  move 
in  ellipses  about  their  primaries ;  that  is  to  say,  the  ellipse  must  be  con- 
sidered as  continually  varying  its  form  and  position.  At  any  one 
moment  it  is  called  the  instantaneous  ellipse. 

The  advantage  of  this  supposition  will  be  more  clearly  seen  by  a  com- 
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parisoD  with  a  more  simple  case.  When  a  point  moves  in  a  curve,  we 
talk  of  the. different  directions  of  its  motion,  as  if  it  could  at  each  moment 
be  said  to  be  moving  in  a  straight  line.  The  straight  line  chosen  is  the 
tangent  of  the  curve,  in  which,  however,  the  point  can  never  be  said  to 
move,  unless  this  tangent  move  also,  and  vary  its  point  of  contact  with 
the  curve.  Any  other  line  passing  through  the  particle  might  be  chosen, 
and  the  particle  might  be  said  to  move  on  that  line,  if  the  line  itself  be 
also  supposed  to  change  its  position.  The  geometrical  advantage  of 
choosing  the  tangent  in  preference  to  any  other  line  is  shown  in 
page  136 :  the  mechanical  advantage  lies  in  this,  that  the  tangent  at 
any  point  is  the  line  in  which  the  particle  would  continue  to  move,  if 
all  the  forces  were  instantaneously  withdrawn  when  the  particle  reaches 
that  point.  This  amounts  to  considering  the  tangent  as  the  line  of 
undisturbed  motion,  and  all  the  forces  as  disturbing  forces  :*  and  the 
tangent  might  be  called  the  instantaneous  straight  line. 

In  the  preceding  problem  we  have  a  similar  geometrical  and  me- 
chanical advantage  which  arises  from  the  introduction  of  the  instan- 
taneous ellipse.  Since  first  diff.  co.  are  the  same  in  both  the  ellipse 
and  the  curve,  the  former  is  always  a  tangent  to  the  latter,  and  since 
velocities  depend  only  on  first  diff.  co.,  the  actual  velocity  possessed  by  the 
particle  at  any  one  point  of  its  path  is  exactly  that  which  it  would  have  if  it 
had  come  to  that  point  in  revolving  round  the  instantaneous  ellipse.  If 
at  the  point  we  speak  of,  the  disturbing  forces  were  instantly  removed, 
the  particle  would  continue  its  course,  not  in  the  disturbed  orbit,  but  in 
the  instantaneous  ellipse,  allowed  to  remain  as  it  was  at  the  moment 
when  the  disturbing  forces  were  removed.  The  mathematical  advantages 
of  this  use  of  the  instantaneous  ellipse  are  increased  by  the  circumstance 
of  the  disturbing  forces  being  always  small,  the  consequence  of  which  is 
that  the  elements  of  the  instantaneous  ellipse  vary  very  slowly,  so  that 
the  supposition  of  the  orbits  of  planets  and  satellites  bewg  absolute 
ellipses  is  not  far  from  the  truth.  ^ 

To  take  a  particular  case  of  the  example  last  discussed,  let  the  dis- 
turbing force  vary  as  the  inverse  cube  of  the  distance,  and  let  the  whole 
force  be  —  (/itt'-fAu*).     We  have  then 

II       ku       k 
^=-=y.{l-hecos(^-.^)}=Z{H.cco8(a-i8)}; 

k :  A*  being  called  /.  Let  it  also  be  supposed  that  /  is  less  than  unity. 
The  path  of  the  particle,  on  these  suppositions,  can  easily  be  determined 
by  direct  integration;  for  which  purpose  I  have  chosen  it  as  an 
exercise  in  the  method  of  the  variation  of  elements.  Let  d—fi^(p ;  we 
have  then 

*  Let  Y  and  X  be  the  accelerations  in  the  directions  of  y  and  x,  to  that  j/'=sX, 
y"=Y.  The  integprals  of  the  undisturbed  equations  jc^=0^  y"=0  axe  s^ai-^t 
y  =  A/-f  B|  from  which  /  being  eliminated,  we  have  the  equation  of  a  straight  line. 
Treat  this  by  the  gi^neral  method  in  page  524,  and  we  find  for  the  diff.  eqiu  of  the 
disturbed  motion, 

a'/+A'=0,     A'/+B'=0,    t^=X,    A'r=Y; 

X  and  Y  being  each  a  given  function  of  at+b  and  A/+B.  If  these  four  equations 
can  be  integrated,  we  fiud  how  a.  A,  6,  and  B,  the  eiemetd*  of  the  straight  line  of 
undisturbed  motion,  must  vary,  in  order  (hat  x^at^h,  ya^Az-f  B  may  be  ihe 
equations  of  the  line  of  disturbed  motion,  or  of  the  line  to  what  the  straight  line  «if 
undisturbed  motion  is  always  tangent. 
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— =— /8ra0(I+CCO8  0),       e Yl— T|j=ZcO8  0(l+CCOi^). 

Eliminate  ddy  which  gives 

"XT  = : ITTZ 7Ti  or  ec/ef=/(I+eco8  0)d.ecos0: 

a0       £-~/co8  0(l+ecos<s()) 

whence  c*=/  (I  +{? cos  0)*+L.     Let  e cos  0=r,  whence 


flV(l-0+C=c«s-  -^-AfgL_  (page  28,). 

For  V{4^+4(L+0(i-0},  which,  L  being  arbitrary,  is  merely 
an  arbitrary  constant,  write  2M  (1—/),  which  gives 

i?=  j^^+Mco8{0V(l-O  +  C}. 

In  u  or  (ji:h*)(l  +  z)  write  the  value  just  obtained  for  jt,  and  for  / 
put  back  its  value  k :  h*,  which  gives 


ii=  .— ^— ,  H — ^•cos"'^      ^'  ^ 


iV('-i)-«}- 


for  the  equation  of  the  particle's  path.  This  may  be  easily  obtained  by 
common  methods  from  the  substitution  of  ku*  for  n  in  (n),  page  528, 
and  integration.* 

When  u  has  been  found  in  terms  of  0^  the  time  of  describing  any 
angle  is  found  by  integrating  di^dd :  hu\  It  is  also  to  be  noticed  that 
in  the  preceding  example  we  might  express  the  infinitely  small  variations 
of  the  elements  in  terms  of  dt^  by  substitution.     Thus 

is  a  system  of  three  equations,  the  integration  of  which  will  give  0,  e,  /}, 
and  thence  v,  in  terms  of  /. 

From  page  518  I  have  been  endeavouring  to  give  notions  preliminary 
to  the  introduction  of  the  method  of  Lagrange  for  the  variation  of 
elements,  to  which  I  now  proceed,  taking  up  the  subject  from  the  deter- 
mination of  the  equations  (6)  in  page  520? 

To  avoid  indices  let  £,  Y^,  ^,  &c.  be  the  independent  coordinates, 

*  This  is  the  problem  of  the  ninth  section  of  the  Prineipia.  The  result  in  that 
the  path  descrilied  is  that  obtained  by  makiofi;  the  particle  revolve  in  a  given  ellipse 
while  that  ellipse  revolves  about  the  focus  with  an  angular  velocity  which  always 
bears  a  given  ratio  to  the  angular  velocity  of  the  particle  in  the  ellipse.  It  may  be 
worth  while  to  remind  the  readers  of  the  Prineipia,  that  the  ellipse  of  the  nmth 
section  is  not  the  instantaneous  ellipse  of  the  orbit. 

2M 
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instead  of  £t,  £2,  &c.,  and  let  T+  U=Z.  Remember  that  T  is  a  function 
both  of  coordinates  and  their  diff.  co.,  while  U  is  a  function  of  coor- 
dinates only.  Hence  Z  and  T  have  the  same  diff.  co.  with  respect  to 
J*,  Y^',  &c.,  whence  the  equations  (6)  become 

d    dZ     dZ    ^      d    dZ       dZ    ^   , 

When  we  integrate  these  equations,  we  express  £,  y^,  &c.  each  in 
terms  of  t  and  a  number  of  arbitrary  constants  (elements,  as  they  are 
frequently  called)  a,  6,  c,  &c.  twice  as  many  in  number  as  there  are 
equations.  Now  Z  and  its  diff.  cu.  are  all  knoum  functions  of  £,  ff^  &c., 
and  only  unknown  in  the  same  sense  as,  and  so  long  as,  £,  £',  &c,  are  un- 
known in  terms  of  i.  If,  afler  the  integration,  we  substitute  for  £,  (', 
&c.,  their  (now)  known  values,  then  dZ :  d^,  &c.  and  dZ :  d^,  &c. 
become  known,  the  first  can  be  expUcitly  differentiated  with  respect  to 
tj  and  the  preceding  equations  then  become  identically  true,  and  in- 
dependently of  the  values  of  the  elements  a,  6,  &c.  If,  then,  these 
elements  be  changed  intoa+Aa,  6-f  A6,  &c.,  the  equations  still  remain 
true,  and  if  we  denote  by  A£,  A^",  A  {dZ:  d^)^  &c.  the  changes  which 
take  place  in  consequence  of  the  variations  of  these  elements,  we  have 

d  /dZ\     ^dZ     ^      d  f ^dZ\     ^dZ     ^    , 

If  other  variations  be  made,  by  which  a,  &,  &c.  are  changed  into 
a+^a,  h-\-lh,  &c.,  equations  of  the  same  form  may  be  made  by  changing 
A  into  I,  Multiply  the  ^-equations  by  A{,  A^,  &c.,  and  the  A-equa- 
tions  by  S£,  ^,  &c.,  subtract  the  second  results  fh)m  the  first,  and 
add  all  the  results  together,  which  gives 

f        d  f^dZ\     ^    d  f     dZ\  ,dZ     ,.      dZ\ 

2  referring  to  aggregation  of  the  same  functions  of  different  coordinates. 
Now 

^^  d  f^dZ\       d  /^,  ^dZ\     ^di   ^dZ    „ 

Form  similar  results  by  interchanging  A  and  ^,  and  substitute,  which 
gives 

.  {i  (m.  S-«..  I)} 

which,  for  a  moment,  we  call  Si  — Sg+Sg.  If  Aa,  &c.,  So,  &c.  be 
infinitely  small  variations,  each  of  the  terms  is  of  the  second  order ;  but 
it  may  be  shown  that  in  — -Sa+S.  all  the  terms  of  the  second  order 
vanish,  leaving,  as  a  differential  equation,  Si=0.  To  show  this, 
observe  that  (using  our  abbreviated  notation  for  partial  difiierentiation) 
we  have,  Zj  and  Z|#,  Z^  and  Z^i,  &c.,  being  each  a  function  of  every  one 
of  the  sets  {,  ^,  Ac,  £',  V^',  &c.. 
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17^  =Z«  ai+ Z^5V^+  &c.  +Z^ar+Z^  l-^^r  &c.     &c. 

az,,=Zj,,?£+z^+2v^+&c.+z,v^£'+z,,^af'+&c. 
5Z^=z^a{+z^af+&c.+z^{'+z^^af'+&c.  &c. 

Hence  S,  is  entirely  composed  of  terms  of  the  following  forms : 

Z„A£af,    Z,,(Av^a£+A£^Yr),    Z,,,(Ar5V'+At  ^{'), 

Z^(AV^S£'+A4'a¥^'),     Z^,,Ai'a£': 

in  fact.  Si  is  made  by  putting  together  all  such  functions  of  single 
coordinates  as  are  shown  in  the  first  and  last  of  the  preceding  terms, 
and  all  such  functions  of  every  combination  of  two  coordinates  as  are 
shown  in  the  intermediate  terms.  But  in  no  one  of  these  terms  would 
auy  change  he  made  by  using  I  for  A,  and  A  for  ^ ;  now  Sc  is  converted 
into  Sa  by  this  change;  whence  Si=Sa;  or  Si=0.  But  Si  is  a  difii'.  co. 
with  respect  to  t ;  the  quantity  differentiated  is  therefore  independent  of 
ty  or 

2  (  bJ^l  -^— ^0A  ;tz7  )  is  independent  of  i.    (A,  3). 

This  conclusion  is  one  which  it  may  be  worth  while  to  verify  in  a 
particular  case.  Let  there  be  a  particle  moving  in  a  given  plane,  acted 
ou  by  pressures  in  the  directions  of  x  and  y,  the  accelerations  of  which 
are  y  and  x.     We  have  then 

(iU=yda:+jrdy,    U=a:y,    T=i(j/*+y'«),    Z=T+U, 

57=''*      |;=y',and^'=y,y"=:x 

are  the  equations  of  motion,  (a  result  we  might  have  looked  for)  which 
give  a:^'=x,  y*'=y,  or  (page  211) 

a?=:A6'+Br'  +  Ccos/+Esin^ 

y=sA€'+Br^— CcosZ-Esini 
Aa:=AA.€'+AB.€-'+AC.co8/+AE.sinf;    Si'  =  M.€'+&c. 
ax=aA.€'— 2B.r-'— SC.sini+aE.cosi;  Ar'=AA.«'+&c. 

And  we  want  A-r  S  -p  --5j?  A  — ,  or  Ax  cx^hx  Ax' ;  form  this  by  actual 
multiplication  from  the  preceding,  and  we  shall  get 

Ax  3x'— 2;^  A^ =2  (5  A  AB-AA  aB)  +  (AC  aE— 5C  AE) 

+  (aA  AC— AA  aC)(cos  <+sin  0  fi'+(AAaE- aAAE)(co8  <- sinO  f 
+  (ABaE-aBAE)(cos<+sin  06~'+(ABaC-aBAC)(cos/-sin  0^"'. 

Now  observe  that  to  change  x  into  y  we  have  only  to  alter  the  signs  of 
C  and  E,  which  will  change  those  of  AC,  &c.  If  this  be  done,  and  the 
result  added  to  the  preceding,  we  find  that  all  the  portion  depending  on 
i  disappears,  and  part  of  the  independent  portion,  giving 

Ax  J/- ax  Ax  +  Ay  ay- ay  Ay'=  4  (SA  AB  -  AA  aB)  ; 

a  result  independent  of  <,  which  veriBes  the  theorem. 

2M2 
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This  very  remarkable  result,  which  is  perhaps  the  most  characteristic 
specimen  of  the  genius  of  Lagrange  which  could  be  given,  is  the  most 
general  theorem  which  has  yet  been  attained  in  the  mathematics  of 
mechanics,  not  excepting  the  principle  of  virtual  velocities,  or  that  of 
D'Alembert;*  for  while  the  former  gives  a  relation  between  the  efiects  of 
one  virtual  alteration  only,  this  theorem  of  Lagrange  assigns  a  relation 
between  the  effects  of  two  distinct  and  independent  virtual  alterations. 

Returning  to  the  equations  (6)',  page  530,  let  us  now  suppose  such 
disturbing  forces  to  be  introduced  as  add  the  disturbing  function  Cl]jjo 
U,  O  being,  as  shown,  a  function  of  £,  f,  &c.,  but  not  of  £',  Y^,  &c. 
Hence  dZ :  d^^  &c.  remain  as  before,  but  dZ :  d£|  &c.  must  be  increased 
by  d£i :  d£,^  &c. ;  so  that  allowing  Z  to  represent  T+U  as  in  the  undis- 
turbed question,  the  equations  of  the  disturbed  motion  are  found  by 
writing  Z+Q  for  Z,  which  g^ves 

£   dZ      dZ  _dO      £   dZ^      dZ  _dQ 
dt'  dT       d{  ^[di'     dt'  df'  ^df  "^^ 

Let  us,  moreover,  suppose  that  the  formulae  for  the  disturbed  motion 
are  to  be  those  of  the  undisturbed  motion,  except  that  the  arbitrary  con- 
stants become  functions  of  the  time,  and  let  S£,  &c.,  which  are  variations 
arising  from  variations  of  elements  only,  be  those  variations  which 
actually  take  place  in  the  time  dl ;  while  A(,  &c.  arise  from  arbitrary 
and  virtual  variations.  The  theorem  of  Lagrange  still  remains  true,  but 
not  in  the  words  hitherto  used;  for  (A,  J)  (page  531)  now  becomes  a 
function  of  the  time ;  but  this  is  only  through  the  elements  which  it 
contains,  which  were  the  arbitrary  constants  of  the  undisturbed  motion ; 
and  (A,  ^)  is  now  to  be  said  to  be  not  a  function  of  the  time,  except 
through  these  elements.  Moreover,  as  previously  explained,  the  number 
of  elements  by  proper  determination  of  which  we  make  the  undisturbed 
formulae  represent  the  disturbed  motion  being  double  of  the  number  of 
equations  to  be  satisfied,  leaves  it  in  our  power  to  make  it  a  condition  of 
this  determination  that  2{,  S%  &c.  shall  all  vanish,  the  effect  of  which 

(dZ\ 
Af  ^  --rp  ]  is  independent 

of  the  time,  except  through  the  elements. 

Again,  if  we  examine  the  first  of  equations  (O),  or  d.Z|»— Z,.c{< 
=0|.d<,  it  is  plain  that  d.Z^  must  consist  of  two  parts:  first,  that 
which  arises  from  making  t  vary  where  it  enters  explicitly ;  secondly, 
that  arising  from  making  the  elements  (formerly  arbitrary  constants) 
vary  so  as  to  make  the  whole  satisfy  the  disturbed  equation.  But  the 
first  is  the  d.Z^  of  the  undisturbed  question,  and,  therefore,  page  530, 
equations  (6)',  is  equal  to  Zf,dt:  the  second  must,  from  the  hypothesis 
above  made  as  to  the  meaning  of  ^,  be  denoted  by  ZZ^,.    Hence  the  pre- 

*  The  principle  of  D^Alembert  is  perhaps  rather  of  a  metaphysical  than  a 
mechanical  character;  by  which  I  mean  that  its  evidence  depends  rather  on  our 
general  notion  of  cause  and  effect,  than  on  any  conception  particularly  derived  from 
the  cause  which  we  call  force,  or  its  effect,  velocity,  or  the  counteraction  of  effects 
called  equilibrium.  Assuming  that  a  cause  must  produce  its  effect  unless  hindered 
by  the  effect  of  some  different  cause,  it  follows  that  if  a  set  of  causes  A  produce  only 
the  effect  of  another  set  of  causes  B,  A  and  B  can  only  differ  in  that  A  contain 
besides  B,  a  set  of  causes  the  effects  of  which  neutralise  each  other :  these  baiag 
removed,  all  that  is  left  of  A  is  B. 
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ceding  equation  becomes  ^Zp=£l^.dtf  or,  in  common  notation,  and 
extending  the  same  reasoning,  we  have 

.rfZ      dCl  dZ      da 

i^hence  LCl.dt  is  a  function  which  is  independent  of  t^  except  as  t 
enters  through  the  now  variable  elements.  Or  rather,  if  in  the  expres- 
sion 2  {6iiZ^ — ^f  AZ|#),  which  is  certainly  independent  of  <,  we  intro- 
duce Ae  conditions  ^£=0,  ^Yr=0,  &c.,  we  then  find  an  equivalent  to 
^CldU  which  is,  therefore,  independent  of  L  But  we  are*  not  to 
suppose  that  if  we  were  merely  to  find  £1  in  the  most  direct  manner, 
and  thence  £^  di^  that  we  should  produce  this  function  in  the  form  in 
ivhich  it  is  independent  of  t.  The  theorem  may  be  thus  stated :  the 
expression  LQ,  dt — 2. ^£  ^Z^  may  be  made  independent  of  t  directly,  by 
substitution  in  AO  of  the  values  of  O^s  &Cm  furnished  by  the  equations  of 
motion,  (this  is  the  reversal  of  the  last  process,)  and  this  form^  which  is 
independent  of  /,  is  in  value  an  equivalent  to  AO  di^  if  the  equations 
^{=0,  SyrssO,  &c.  be  also  satisfied  by  the  variations  of  the  elements. 

Let  a,  fiy  '&c.  be  the  values  of  ^,  Y^,  &c.  when  <=0,and  X, /i,  &c. 
those  of  Z^,  Z^,  &c.,  in  the  undisturbed  question.  These  quantities, 
twice  as  many  in  number  as  the  coordinates,  may  be  taken  as  the  con- 
stants of  integration ;  since  whatever  constants  integration  may  intro- 
duce, they  may  be  determined  in  terms  of  a,  &c.  and  X,  &c.  But  since 
2  (A£SZ|»— ^£AZ|r)  is  independent  of  ^,  it  might,  in  the  undisturbed 
question,  be  determined  by  making  ^=0,  since  the  value  which  it  then 
has,  it  must  retain.  But  its  initial  value  is  2  (Aa.SX— ^a  AX),  whence, 
remembering  that  the  value  of  the  preceding  is  also  AO.d/,  and, 
substituting  for  £,  ^,  &c.  in  O  their  values  in  terms  of  U  a>  \  &c.,  wp 
have 

^r^^a+^  Ai8  +  &c.+  ^  AX+  &c.V^«^^-2«^^+^i^V-&c-. 
\da  o/i  ttX  / 

in  which  Ace,  A/3,  &c.  are  altogether  indeterminate.     Hence,  then, 

JX=^d<,    la^~dt,  8/.=^««.    a/3=-f^<i<,&c.(8). 
da  d\  dp  dfjL 

*  For  example,  (A/+B)a— (ar+6)  A  is  independent  of  /,  unless  as  contained  in 
A»a,  &c.  But  should  it  hap^ien  that  at+b=0,  we  do  not  become  immediately 
cognizant  of  this  theorem  by  lookin);  at  (Af  4-B)a,  though  we  may  deduce  it  either 
by  using  the  term  (ai+b)A,  or  by  eliminating  /  from  (A/-t-B)a  by  means  of 
ai-^-b^O.  The  student  who  examines  the  Micamque  Analytique,  pp.  333 — 337,  will 
see  that  Lagrange,  when  he  has  proved  the  equation 

An«f/=2  (iQ^.3Z(i-^|AZc'), 

adds  "  On  voit  que  le  second  membre  de  r^quation  pr6c6dente  est  la  mSme  fonction 
que  nous  avons  vu  devoir  8tre  ind^pendente  du  tems  /."  But  he  does  not  venture  to 
add  that  therefore  the/r»/  side  is  indeiiendent  of/,  and  he  cautiousl]|r  abstains  from 
any  use  of  that  firU  side,  except  by  means  of  the  second.  The  fact  is,  that  though 
it  is  possible  to  write  O  in  such  a  form  that  ACldt  shall  be  independent  of /,  yet, 
af^er  the  present  step,  he  does  not  find  it  necessary  to  use  or  refer  to  that  fojm : 
and  it  is  in  fact  never  used  in  practice.  The  difficulty  arises  from  the  j^articulariia- 
tion  of  the  meaning  of  )  being  made  a  little  too  early  m  the  process,  which  is  avoided 
in  the  second  proof  of  the  resulting  equations  presently  given  (page  535). 
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and  80  on.  And  since  SX  is  supposed  to  arise  from  a  change  of  t  into 
t+dtf  as  soon  as  we  pass  to  the  disturbed  question  and  suppose  oe,  X, 
&c.  functions*  of  t^  it  is  not  necessary  to  distinguish  it  further  from  dX, 
a  differential  relative  to  the  time.  We  have  thus  a  number  of  simulta- 
neous differential  equations  sufficient,  if  they  can  be  integrated,  to  deter- 
mine a,  X,  &c.  in  terms  of  t  Neither  is  it  necessary  that  t  should  enter 
directly  in  these  equations;  for  since  £^.dt  m&j  be  exhibited  in  a 
form  which  does  not  contain  U  and  this  absolutely  mdependently  of  the 
values  of  Ao,  &c.,  the  same  thing  is  true  if  all  but  Aa  vanish,  in 
which  case  Ml  di  is  {dH :  da)  Aa  dt,  so  that  (d£l :  da)  dt  will  not 
contain  /,  if  derived  from  the  proper  form  of  £t. 

The  equations  (8)  are  only  particular  cases  of  a  more  general  form^ 
from  which  it  may  be  advisable  to  derive  them.  In  the  general  equa- 
tion 

2  (A{  IZp  -  5£  AZ^)=2  ( Aa  iX—la.  AX), 

which  merely  expresses  that  the  first  side,  not  containing  i  directly,  has 
always  its  initial  form,  substitute  for  A$,  &c.,  AZe*,  &c.  their  dev^oped 
values,  the  elements,  by  variation  of  which  the  variation  A  arises,  being 
a,  X,  &c.     We  have  then  for  the  first  side 

equate  this  to  the  second  side,  then  since  the  equation  must  be  true  for 
all  values  of  A^,  &c.,  we  have  a  set  of  equations  of  the  form 

SX=#  IZ,+  ^  JZ^+  &c.-^^  5{_  ^  s^_  &c. 
da  da  da  da 

Without  making  any  particular  supposition  as  to  the  derivation  of  iy 
repeat  the  process  by  substituting  for  IZ^^  &c.,  their  developed  forms 
in  terms  of  ^a,  ^X,  &c.,  which  must  make  the  preceding  equations 
identical.  The  consequence  is,  that  if  p  and  q  represent  any  two 
whatever  of  the  set  ot,  /3,  X,  /m,  Ac,  we  find 

di   rf^\ 
dq'  dp  J 

to  be  either  -hi,  —1,  or  0 ;+ 1,  if  p  and  qht  a  and  X,  or  /3  and  /i, 
&c. ;  — 1  if  p  and  g  be  X  and  a,  or  /m  and  j3,  &c. ;  0,  in  every  other 
case. 

But  if  in  the  preceding  equations  we  take  I  to  arise  from  the  simple 
change  in  <,  and  make  lot^  &c.  so  that  ^£=0,  h^=:0^  &c.,  we  then  find  as 

*  In  the  undisturbed  question  a.  A,  &c.  are  found  by  making  /«iO.  Bat  the 
student  must  not  therefore  imagine  that  /=0  in  them  when  they  become  functions 
of/.  In  fact  the  question  relative  to  them  is  this:  the  values  of  «,  &c.  are  certain 
functions  of  the  elements  of  the  undisturbed  orbits;  according  to  what  law  do  these 
functions  change  when  the  undisturbed  orbit  varies  its  dimensions  perjietually,  in 
such  manner  that  a  body  movine  in  the  disturbed  orbit  may  also  be  always  in  some 
point  of  the  undisturbed  orliit  ?  And  a,  X,  &c.  are  those  functions  of  the  elements 
which  |,  Z|r,  &c.  are  when  ^=:0,  altered  subsequently  to  this  supposition  by  making 
Uio  elements  take  their  proper  forms  in  terms  of  /. 


rdi    d^J 
\dp'  dq       i 
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before,    from    consideriug    the    fundamental    equations^    that    ^Z|/=r 
(cKl :  di)  dl^  &c.,  whence 

and  thus  we  verify  the  equations  (8). 

Next,  let  the  arbitrary  constants  be,  not  a,  X,  &c.,  but  certain  functions 
of  any  or  all  of  them,  namely,  a,  6,  c,  &c.     We  have  then 

da      da  da  ,  ^      ^  da  dX  .  ^        ^  /"da  dQ,      da  dQ\ 


..c..g^+»e.=  x(| 


dt      da  dt  '     d\  dt  \d\  da       da  d\J^ 

2  referring  to  the  change  of  a  and  X,  into  /3  and  /m,  y  and  v,  &c.  succes- 
sively.    But  this  is 


_  [da  fda  da     da  dh  ^  ^     \      da/dO,  da     da  db     „     \\ 
2^-^(-T--.-+^-^+&c.j-^(^--+^^+&c.j[; 


\d\  \da  da     db    dc 


by  development  of  which,  and  application  of  the  same  process  to  6,  c, 
&c.,  we  get  the  following  result.  Let  p  and  q  be  any  two  whatsoever  of 
the  set  a,  6,  c,  &c.,  and  let 

(p,q)-^  ^  -*  ^^^^  _^  ^+&c.; 
d\  da      da  dX     dfi  dfi     dfi  dfi 

,       .„     dp    ^     ^  da ,  ^   ..  da    ^    ^  da    ^ 

thenw)ll       ^=(P'^)5^+(P»^)7^  +  (P»c)-^+&c.; 

ill  which  for  p  we  may  write  either  a,  or  6,  or  c,  &c. :  it  being  remem- 
bered, however,  that  da :  dp  does  not  appear  in  dp :  d/,  since  (/?,^)  =0 ; 
and  also  that  (p,  5)= — (7,  p). 

This  is  the  generalization  of  the  problem  of  which  a  particular  case 
occurs  in  page  528,  and  we  thus  see  that  if  the  undisturbed  question  be 
solved,  and  the  values  of  (,  &c.  in  terms  of  t  and  constants  be  substi- 
tuted in  O,  we  can  immediately  form  the  differential  equations  by  which 
these  constants  must  depend  on  /,  in  order  to  make  the  undisturbed 
formula  represent  the  solution  of  the  disturbed  question.  Up  to  this 
point  we  have  nothing  but  what  is  common  to  all  dynamical  problems, 
and  the  results,  though  exhibited  in  a  manner  which  is  most  practically 
useful  when  a  is  always  small  in  value,  are  yet  true  whatever  may  be  the 
nature  of  a.  To  proceed  further  would  require  that  we  should  propose 
a  specific  problem,  and  enter  into  its  details,  which  it  is  not  either  within 
the  scope  or  limits  of  this  work  to  do.  I  have  placed  the  student  at  the 
very  threshold  of  the  most  important  problems  of  the  theory  of  gravita- 
tion :  and  each  of  these,  as  he  is  probably  aware,  is  matter  for  a 
treatise,  not  for  a  portion  of  a  chapter.  I  shall  conclude  the  present 
chapter  by  treating  some  remarkable  points  connected  with  disturbing 
functions  as  they  actually  occur. 

The  gravitation  of  one  particle  of  matter  towards  another  is  inversely 
as  the  square  of  the  distance  between  them :  that  is,  if  m  and  171^  be  the 
masses  or  quantities  of  matter  in  two  particles  whose  distance  is  r,  the 
particle  m  exerts  on  mi  an  attractive  force  which  would,  were  it  allowed 
to  act  uniformly  for  one  second,  create  the  velocity  cmr~*9  c  being,  as  in 
page  476,  a  constant  depending  on  the  units  employed.     It  is  usually  said 
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that  this  force  is  mr"',  but  that  is  only  on  the  supposition  that  if  r  were 
=  1,  the  Telocity  created  in  one  second  would  be  m,  which  requires  that 
such  a  unit  of  mass  should  be  taken  that  the  number  of  linear  units  in 
the  rate  of  velocity  created  by  the  action  of  m  continued  uniformly  for 
one  unit  of  time  such  as  it  is  at  the  distance  of  a  unit,  should  be  the 
same  as  the  number  of  units  of  mass  in  m.  In  physical  problems,  it  is 
only  necessary  to  compare  the  ratios  of  different  masses  of  the  same 
kind,  and  this  renders  it  absolutely  indifferent  what  units  are  used, 
and  makes  it  even  unnecessary  that  they  should  be  assigned.  But  the 
student  cannot  safely  proceed  without  a  precise  notion  as  to  the  method 
of  actually  determining  the  force  of  attraction  in  any  particular  case  if 
required ;  and  this  is  done  as  follows.  Suppose  f:=zcmr~?  to  be  the 
formula,  as  above  described.  Let  the  unit  of  length  be  a  foot,  that  of 
time  a  second,  that  of  mass  may,  as  we  shall  see,  be  left  indeterminate. 
Suppose  the  earth  a  sphere  of  the  mass  £,  and  of  a  radius  of  A  feet :  we 
know  that  the  action  of  this  sphere  creates  in  one  second  on  a  mass  at  its 
surface  a  velocity  of  32*1908  feet.  But  a  sphere  acts  on  a  particle  at 
its  surface  precisely  'as  it  would  do  if  all  the  mass  were  removed  to  the 
centre,  and  there  collected  into  one  particle ;  which  in  this  case  would 
amount  to  a  particle  of  the  mass  £  acting  at  the  distance  A.  Hence 
32*  1908=:cEA~',  from  which  c  may  be  obtained,  and  this  being  sub- 
stituted in  the  preceding,  gives 

/=32 -19081.:^*; 

in  which  the  existence  of  the  ratios  m :  £  and  A :  r  renders  it  indifferent 
what  units  of  mass  are  employed,  or  of  distance,  provided  it  be  remem- 
bered that  the  velocity  which  the  result  expresses  is  measured  in  feet  per 
second. 

If  we  adapt  the  units  so  .that /=tnr~*,  and  if  the  coordinates  of  the 
particle  acted  on  be  (x,  y,  jt),  and  if  the  force  tend  towards  a  point  at  the 
distance  r,  whose  coordinates  are  (a,  6,  c),  we  have  r*=(jc — a)*+(y — h)* 
+  (2  —  c)*,  and  the  resolved  accelerations  in  the  directions  of  or,  y,  and  z 
are 

m    a— J?     m   h—y     m   c—z  a^x    _ 

-z ,     -— ,     -^  ;    or  m  ----,  &c. ; 

the  condition  under  which  all  forces  are  represented  being  that  they 
shall  be  called  positive*  when  their  effect  is  to  increase  the  coordinates  of 
their  directions,  and  the  contrary.     But 


X — U  (I — X 


{(*-ix)«+(y-A)'+(2-c)«}*       ^ 


&c. ; 


whence  it  appears  that  the  above  forces  in  the  directions  of  x,  y,  and  z 
are  the  diff.  co.  of  mr~^  with  respect  to  x,  y,  and  z.  If  there  be 
another  particle  m,  placed  at  the  point  (ai,  6„  Ci),  and  if  ri=^((j?— Ci)* 
+  &c.),  in  a  similar  manner  the  acceleration  of  m^  on  a  particle  at 

*  In  page  477;  jt— a,  &c.  are  inadvertently  written  for  a^^Xy  &c 
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C*^)  y»  2)  has  for  its  components  the  diff.  co.  of  mirf*  with  respect  to 
^9  Vt  X'  Hence,  if  a  number  of  particles  so  act,  the  whole  accelerations 
on  a  particle  placed  at  (x,y,  z)  are  the  diflF.  co.  of  2  (mr""*). 

Suppose,  then,  that  a  continuous  mass  acts  upon  a  particle  at  (x,  y^z). 
At  the  point  (a^b^c)  let  pdadbdc  be  the  element  of  the  mass,  as  in 
page  493,  and  let  this  be  called  dm.    If,  then,  we  compute 

V-  r — 


or 


r  r  r pdadbjc 

J  J  J  V{(^-«V+(y-6)'+(^-c)«}* 


throughout  the  whole  extent  of  the  attracting  mass,  the  whole  attraction 
of  the  mass  upon  the  particle  at  ix^y^z)  in  the  direction  of  x  is 
(dV :  dt) ;  and  similarly  for  y  and  z. 

In  the  function  r"  or  (j?— a)*  +  &c.  preceding  we  have 

dr  ^x—a  ^'^"'^      ^    ^^_     ^ — ^  p, 

li  "-"7"'  *''•'     'dT'^^'^  di"      7^'  *""•' 

d^.r-'^      1         J—g   dr_^      1  (j-a)« 

*  This  simple  result  may  be  easily  proved  to  be  true  of  each  of  the 
terms  of  2ywr~*,  how  many  soever ;  it  is,  therefore,  true  of  the  integral 
V  above  noticed,  or  we  have 

dx" '^  dy*'^  dz^        ' 

a  result  which  we  are  now  to  express  when  the  variables  are  r,  0^  and  cr, 
r  being  now  the  distance  of  ( x,  y,  z)  from  the  origin,  6  being  the  angle 
which  r  makes  with  jr,  and  cr  being  the  angle  made  by  the  projection  of 
r  on  the  plane  of  yz  with  y;  so  that  a*=:rcosO,  y:=:rsinOcost<7, 
;c=rsind.sinf7. 

Using  the  abbreviated  notation,  we  have 

and  similar  formulae  for  V^  and  V„ ;  the  second  side  proceeding  on  the 
supposition  that  each  of  r,  0,  and  t?  expressed  as  a  function  of  j?,  y, 
and  z ;  thus 

X  z 

y' 


r=:V(^+y'+0.     cosO=^^^^^,^^y    tant.=. 


Now  let  it  be  observed  that  z  becomes  y  if  ]©  become  tsj+i^T,  and 
that  z  becomes  a:  if  cr  become  j^ir  and  6  become  B+i^ie  at  the  same 
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time.     Hence,  by  determiniDg  r„  r„,  &c.,  we  cau  easily  deduce*  r^  r^^ 
r„  &c. 

dr       z       .    ^  .  dr  ^^  a, 

-7-:=: — =:8in^8in«iT,     -7- =81110  cos  fjy,     -r-=C<>8  6 
dz       r  dy  dx 

.    ^dO  X    dr        xz        dd         xz  cos  6  sin  cr 


whence 


rfz"*"      r*   dz^     r"  '      dz     r'sind  r         ' 

dd  ^cos  6  cos  CT        do  ^     sin  0 
dy  r         *      dx  r 


dtj  1       cosGT         dtj         sint?        dts 

dz  y     rsin0        dy         rsm6        dx 

d^r      ,    ^  d'CJ  ,        ^  .        do     cos'-gj      cos'flsin*^ 

■7— =Sin  0  cos  CT  - — ^cos  6  Bin  «T  -r-  = H 

dz*  dz  dz         r  r 

d^r sin'  tsr      cos*  0  cos'  nr        d?r  _jm\*  0 

dy*''      r  r  '       rfjc*  ~~    r 

cPd^     cos  0  sin  CT  rfr      cos  0  cos  tsr  dtsr      sin  0  sin  tsr  d0 

dz"^  r^  dz  r  dz  r  dz 

m 

2  cos  6  sin  6  sin' t?      cos  6  cos*  f? 
r'^  r*  sin  6 

(ffl  _     2  cos  0  sin  0  cos^  cr      cos  0  sin*  isr 
dy'  r*  r*  sin  0 

cP0__     2  cos  0  sin  0 

d'cT  coscT    f/r      sincT    dtsr       coscr  d0 

(/«*""     r'sin0  dz      rsinO  dz       rsin*0  dz 

cos  w  sin  t7      cos  t?  sin  tiT      cos  17  sin  cr  cos'  0 
""  r*  r'sin*0  r*sin'~0 

cPcy         cos  tjy  sin  w      cos  cr  sin  t5      cos  'cr  sin  fss  cos*  0 
"Sy''"'*"         ?         T"  r'8in'0     "^         r'  sin'  0 

Hence,  £  referring  to  summation  of  resulls  of  rectangular  coordinates, 
(as  in  ^rj,r=r,+rj,+r^)y  we  obtain 

2r,0,=rO;  2:0,w,=O;  2«y,r,=0; 

V  2  COS0      ^ 

r  r  Sin  0 

*  Thout^h  this  i§  what  is   here  donts  it  is  desirable  thut  the  student  should 
deduce  all  these  difierential  coefficients  independently  of  each  other. 
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Substitute  these  in  2V„=  V„  2  rj-f  V^  2^+  &c.,  obtained  from  the 
values  of  V,»,  &c.,  and  YTd  have,  since  2V,,=0, 

rfr«       »*  d0*  "^r'sin'd  di37« '*'r  dr   "''r^sine  dO^^' 

Multiply  by  r*,  and  the  first  and  fourth  terms  together  then  make 
rd^  (rV)  :  dr* ;  also  let  cosd=/ui,  which  gives 

Substitute,  and  the  second  and  fifth  tenus  (afler  multiplication  by 
r*)  are 

_^_+(l-^.)_-^_.  or-  {d-^O^}; 
whence  the  final  equation  (in  the  form  employed  by  Laplace)  is 

If  the  attracting  surface  be  a  homogeneous  sphere,  or  spherical  shell 
of  any  thickness,  with  the  oiigin  for  its  centre,  it  is  obvious  a  prion 
that  the  attraction  is  altogether  independent  of  everything  but  r;  whence 
if  4^  be  the  whole  attraction,  (which  must  be  towards  the  centre,)  we 
have 

-~-  =— 0r — ,  &c.,  or  dV  =— 0r.rfr  ; 
dx  .  r 

whence  V  is  a  function  of  r  only ;  so  that  d^ :  rf/m  and  dV :  dm  vanish, 
while  dV  :  dr  is  the  whole  attraction.  Hence  the  preceding  equation 
gives 

-A_2=:0,  or  V=A+-,  5^=~-r; 

that  is,  the  whole  attraction  of  such  a  sphere  or  shell  upon  any  external* 
particle  is  directed  towards  the  centre,  and  is  inversely  as  the  square  of 
the  distance.  Moreover,  B  is  the  mass  of  the  sphere ;  for  if  the  dis- 
tance r  be  very  great  compared  with  the  radius  of  the  sphere,  the  sphere 
must  act  nearly  as  an  isolated  particle,  and  the  more  nearly  the  greater 
r  is.  But  B  being  a  constant,  cannot  approximate  to  the  mass  of  the 
sphere  as  r  increases,  and  the  preceding  condition  cannot  be  true  unless 
B  be  the  mass  of  the  sphere  itself.  So  that  at  all  distances  the  attraction 
of  the  sphere  is  as  its  mass  directly  and  the  square  of  the  distance  r 
inversely :  or  the  sphere  acts  as  if  it  were  all  coUectedf  at  the  centre. 
The  equation  (V),  and  another  analogous  to  it,  are  employed  by 

*  If  the  particle  attracted  were  within  the  limits  of  the  sphere,  the  denominator 
in  the  function,  which  integrated  gives  V,  would  become  infinite  within  the  limits 
of  integration,  and  could  not  be  relied  on.  And,  in  fact,  the  laws  of  attraction  are 
different  for  internal  and  external  particles. 

f  If  our  ebject  here  were  the  particular  discussion  of  this  problem  we  should  give 
a  bietter  proof  of  this  for  the  beginner. 
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Laplace  in  the  deduction  of  the  properties  of  some  very  remarkable 
functions,  which  it  is  usual  to  call  Laplace's  coefficients,* 

Let  there  now  be  any  number  of  particles,  attracted  by  and  attracting 
each  other,  but  otherwise  moving  freely.  Let  one  of  them,  having  the 
mass  M,  be  the  one  to  which  all  the  others  are  referred,  (the  sunt  in  the 
case  of  a  planet,  the  primary  in  the  case  of  a  satellite,)  and  let  X,  Y,Z 
be  its  coordinates.  Let  the  other  particles  have  the  masses  m,  m,.,  m^ 
&c. ;  let  their  situations  at  the  end  of  a  time  t  from  the  beginning  of  the 
motion  be  at  the  points  (j',y,  r),  (j?„  y^  2^),  &c.,  when  the  origin  is 
(X,  Y,  Z)  :  that  is,  let  their  actual  coordinates  in  space  be  X+x,  Y+y, 
Z+2,  X  +  .T^.  &c.  Let  their  distances  from  M  be  r,  r,,  r^^,  &c.,  and  let 
r„,  fc  represent  the  distance  between  the  particles  m«  and  m».  It  is 
required  to  exhibit  the  diff.  equ.  by  which  x,  y,  z^  x^  &c.  are  to  be 
determined. 

First,  as  to  the  motion  of  M,  it  is  obvious  that  the  accelerations  with 
which  it  tends  towards  the  several  particles  are  wr"*,  fnprf\  &c.,  which, 
decomposed  in  the  directions  of  x,  y,  and  z,  give 


the  signs  of  the  second  side  being  marked  as  |)08itive:  for  fit,  for 
instance,  can  only  draw  M  towards  the  origin  when  it  is  iu  the  direction 
of  <r  nearer  to  the  plane  of  yz  than  M,  that  is,  when  X+^  is  less  than 
X,  or  when  x  is  negative.  This  will  make  mx :  r*  negative,  which  is 
according  to  the  conditions  laid  down  for  estimating  the  signs  of  the 
accelerations.  Again,  since  the  effect  of  M  upon  m  is  contrary  in 
direction  to  that  of  m  upon  M,  the  components  of  the  latter  are 
—  Mi?:r*,  —  My:r*,  — M^:?*,  and,  similarly,  for  m,  &c.  Also,  the 
attraction  of  m.  on  fn^,  in  the  direction  of  x  is  (as  before  explained) 

*"'  { (^.-^*)'+  iya  -y*)H  (^.-^6)'}^'  ''''  ^  ^*  '^^' 

Consequently,  putting  together  all  the  accelerations  on  9it»  in  the  direction 
of  Xy  we  have 

nit  dxt    t  ro,»         ri,t         r,,^  J 

which  contains  every  value  of  a  except  a=:6.  Suppose  now  we  form 
the  function  X=2  {w.  m^  (r^  t)""*},  in  which  every  pair  of  masses  enters 
in  some  one  term :  we  have  still 

1    dx. 

Whole  acceleration  on  wi*  in  direction  jr= ^-r 

nit  dxi, 

*  The  English  reader  may  find  the  discussion  of  these  funcitons  iu  Murphy  ou 
Electricity,  Cambridge,  1833,  and  in  O'Brien's  Mathematical  Tracts,  Cambridge, 
1840. 

t  The  planets  are  spoken  of  and  treated  as  particlf»s ;  being  spheres,  or  very  nearly 
so,  they  attract  each  other  very  nearly  as  if  they  hod  their  masses  collected  at  their 
centres.  The  small  irregularities  arising  from  their  non-spherical  forms  are  uaually 
treated  subsequently  to  the  main  case  of  the  problem. 


APPLICATION  TO  MECHANICS.  541 

for  with  regard  to  terms  already  in  (m^  they  are  also  iu  X  :  and  the  terms 
which  are  not  ia  (m^)  vanish  from  dXidx^^  since  they  are  not  functions 
of  x^.  Thus  x^^^  is  not  in  the  term  which  has  m,  m,,,  and  which  only 
contains  x^  and  x^^.  But  since  all  the  particles  enter  in  the  same  way 
into  the  expression  X,  this  function  applies  equally  to  the  case  of  the 
action  of  any  one  particle  on  any  other :  and  reasoning  similar  to  the 
above  shows  it  to  apply  also  to  the  directions  of  y  and  z. 

Collecting  the  accelerations  on  the  particle  m  in  the  direction  of  x^ 
and  equating  them  to  their  effect,  we  have 

df*       ""       r*   '^m    dx  dt*  r»  ' 

d^x         (M+m)a?     ^mjr  .    1    dK 

whence  -ts= :3 ^"zr  + —  y  * 

dt^  r*  f*        m  dx 

iu  which  2  — r-  means     '   '  -4 — ^^— ^'+&c.,  or  a//  hut  -r-,  this  last  term 

having  been  taken  into  the  preceding.  But  this  last  is  the  diff.  co.  with 
respect  to  :r  of 

^r Tf > 

in  which  m^  is  successively  made  m,,  nt,,,  &c.  The  terms  containing  y 
and  r,  which  disappear  in  the  differentiation,  are  introduced  that  the 
same  function  may  apply  to  the  accelerations  in  the  directions  of  these 
coordinates.  It  will  be  remembered  that  r*  contains  only  j^,  y^,  and  Zk* 
If,  then,  we  make 

\  n        /    «* 

a  function  which,  represented  at  length,  is  as  follows, 

1   i  mm^ 

~m  tv{(^,-^)'+(y-y)«+(«-^)'} 

the  differential  equations  of  the  motion  of  m  are  (M+m  being  /i) 

which  are  the  fundamental  equations  of  the  motion  of  a  planet.  These 
equations  may  be  approximately  solved  either  by  the  direct  application 
of  successive  substitution,  (after  transformation  somewhat  resembling 
those  in  page  507,)  or  by  the  method  of  variation  of  elements,  described 
in  the  preceding  part  of  this  chapter.  But,  as  before  observed,  this 
solution  would  require  a  treatise  of  itself. 
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Chapter  XVIII. 

ON  INTERPOLATION  AND  SUMMATION. 

The  present  chapter  is  intended  to  exhibit  some  developments  of  the 
general  methods  derived  from  differences,  which  are  useful  in  practice. 

fiy  interpolation  is  meant  the  insertion  of  intermediate  values  of  a 
function,  corresponding  to  intermediate  values  of  the  variable.  If  the 
function  itself  be  given,  any  value  may  be  calculated  without  reference 
to  other  values ;  and  the  question  of  finding  <f>x  for  a  given  value  of  x 
is  not  one  of  interpolation.  Let  us  then  suppose  that  all  we  know  of 
the  function  is  that  when  J?=ap,  0a;=:Ao,  when  »r=:ai,  0j:=Ai,  &c. 
It  is  required  to  investigate,  as  far  as  that  can  be  done,  the  function 
itself,  so  as  to  be  able  to  find  any  values  of  it. 

The  question  proposed  is  indeterminate ;  that  is,  an  infinite  number 
of  functions  can  be  found,  which  satisfy  the  proposed  conditions.  For 
instance,  suppose  three  values  of  the  function  to  be  given,  A«,  A|,  At 
answering  to  three  given  values  of  x^  namely  o^,  Oj,  Of. 

Let  \^,  /ioT,  Vf^r,  &c.  be  any  functions  which  vanish  when  x=<^,  and 
do  not  become  infinite  when  jr  is  a^  or  a, ;  also  let  XiX ,  &c.  and  X^, 
&c.  be  functions  similarly  related  to  <rr=:a,  and  x^a^:  and  let  yx  be 
any  function  of  x  which  vanishes  when  x=:a^  and  also  when  x^a^  or 
a,.     Then 

XiaoAaflo        /iofli-A^i         yoa%yi(h 

satisfies  the  conditions,  and  contains  no  less  than  seven  arbitrary 
functions.  If,  for  instance,  xz=:a^  yf/x  vanishes,  and  also  fio<r  and  y^x ; 
whence  the  last  three  terms  vanish,  and  the  first  obviously  becomes 
Aq.  If  we  want  the  most  simple  algebraical  function  which  will  satisfy 
the  conditions,  we  must  take  \^=fji^=z&c,:=x—a^  and  so  on:  also 
fx=zO.     This  gives 

(3?— gt)(3?— g«)  ^      (.r--ao)(a:— Ot)  ^       («r— ao)(x— gj)    . 

If  a^,  Oi,  Oa,  &c.  be  themselves  the  values  of  a  function  of  t  correspond- 
ing to  <=0,  <=1,  &c.,  and  if  ^Ift  be  this  function,  and  ^x  the  required 
function  of  x,  we  have  xzrift  and  4>x:=z<t>yyt :  whence  Ao,  A|,  &c.  are 
the  values  of  <pyyt  answering  to  ^=0,  ^=1,  &c.  Consequently  (page 
79) 

0V«=Ao+/AAo+^^^A«Ao+f^^  ^-=^A»A,+&c. 

satisfies  the  conditions ;  which,  since  ^sry^'^'j',  gives 

V^~*j— 1 
^j:=Ao+V^~*j:.AAo+Y^"*a:^— A»Ao+&c. 

Tlius,  if  it  should  happen  that  Ao  =  l,  AA^=2,  A«Ao=3,  &c.,  or  if  A«, 
A|,  &c.  be  1,  3,  8,  20,  &c.,  we  have  (page  240,  Ex.  III.) 

0.r=2^"*'(l  +  Jy-*x), 
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But  this  ia  only  one  out  of  an  infinite  number  of  proper  forms :  for 
since  sin  irt  vanishes  when  t  is  any  whole  number,  and  also  x  (^iu  ^Oi 
provided  that  x^  ^^^  ^  vanish  together,  we  may  add  xCsin.TYr"*^)  to 
the  preceding  value  of  0j7,  without  disturbing  the  values  of  ^x  when 
s=:a^  or  Ui  or  a,,  &c.  But  this  change  would  evidently  alter  the 
values  of  <f>x  corresponding  to  intermediate  values  of  x. 

Having  said  thus  much  to  show  the  indeterminate  character  of  the 
problem,  we  shall  proceed  to  notice  the  particular  cases  upon  which 
arithmetical  interpolation  is  practically  attainable;  that  is  to  say,  in 
which  we  determine  intermediate  values  by  means  of  given  values  alone. 
I  refer  to  the  next  chapter  for  an  instance  of  auother  and  very 
distinct  sort  of  interpolation,  which  we  may  call  interpolation  of  form. 

To  simplify  the  mode  of  speaking,  let  us  suppose  that  Ao,  Ai,  &c.  are 
the  ordinates  of  a  curve,  to  the  abscissae  ao>  ^1*  &c.  Through  any  two 
points  we  can  draw  a  straight  line  y=:p-Ji-qx;  through  any  three  a 
parabola  y^rp+^x-fro:*;  through  any  four  a  parabola  of  the  third 
order,  y=/>+gj?4-rjc*+jjF*:  and  so  on.  Again,  if  we  take  n  points 
near  one  another,  and  having  their  abscisssB  in  arithmetical  progression, 
with  a  small,  or  at  least  not  very  large  common  difference,  and  their 
ordinates  also  not  very  unequal,  as  in  the  adjoining  figure^  the  parabola 

of  the  (/I — l)th  order  which  can  be  drawn  through 
these  n  points  will  very  nearly  coincide  with  any 
regular  curve  of  the  same  general  appearance,  at 
least  between  the  extreme  points.  Leta,  a+A, 
a+2A,  &c.  represent  the  values  of  tr  to  which 
those  of  y  are  A],,  Ai,  A„  &c.,  then 


y  =A«H — -^  AAo+— ^.  — —^ —  A  Ao+  .... 

will  be  the  equation  of  the  parabola  which  passes  through  all  the  points. 
If  all  the  differences  of  A«  vanish,  from  and  after  A'^Ao,  it  shows  that  a 
parabola  of  the  mth  order  can  pass  through  all  the  points^  how  many 
soever  there  may  be.  If,  then,  all  the  differences  of  Ao diminish  rapidly, 
so  that  from  and  after  A"*Ao  they  are  not  worth  taking  into  account  in 
practice,  it  denotes  that  a  parabola  of  the  mth  order  will  be  a  sufBcient 
representation  of  the  curve  from  x=:a  until  x  becomes  so  much  greater 
or  less  than  a,  that  the  coefficients  of  A^A^,  &c.  become  large  enough  to 
make  those  terms  of  sensible  value.  If  xz^a-^nh^  we  have  n^ 
n  (n — 1)  :  2,  &c.  for  these  coefficients,  from  which  it  may  without  much 
difficulty  be  estimated,  in  any  particular  case,  how  many  terms  of  the 
series  will  be  wanted  to  insure  a  given  amount  of  accuracy.  The  pre- 
ceding is  also,  generally  speaking,  the  most  convenient  form,  though  it 
does  not  differ  essentially  from  the  one  proposed  at  the  beginning  of  the 
chapter.  Suppose,  for  example,  that  according  as  a;  is  a,  a + A,  or 
a+2A,  y  is'Ao,  Ai,  or  Aa*  Let  «r=a-|-nA,  then  n  is  in  these  cases 
0,  1,  or  2.  By  the  first  method  of  this  chapter  we  have  for  the 
simplest  function  which  satisfies  the  condition 

(n--l)(n-2)       ,7i(n-2)         n  (/^-l) 
(0-l)(0-2)^"*'l(l-2)^*"*'2T2'-=T)^- 

for  A,  and  A,  write  Ao+AA^  and  Ao+2AAo+A*Ao,  and  the  preceding 
may  then  easily  be  reduced  to 
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Also  it  is  to  be  observed  that  </>(a-{-nh)  and  A«4-nAA«+  •  -  •  •  &i^ 
identical  if  ^a=A«,  0(a-|-A)=Ai,  &c.  This  follows  most  easily  by 
observing  the  laws  of  operation:  the  first  expression  is  £^'**^a  or 
(s'^)*A«,  or  ( 1  +  A)"A4„  which  leads  to  the  operations  indicated  in  the 
second  series.  And  if  in  <^a-^^'a,fth-\'&c.  we  substituted  for  f'a,  &c., 
their  values  in  terms  of  (pa  or  A^  and  its  differences,  as  found  in 
Chapter  XIII.,  the  result  would  be  found  identical  with  A^-\-nAA^  +  &c. 

As  an  example,  suppose  that  we  have  the  following  values ;  according 
as  jr  is  5,  7,  9,  11,  or  13,  y  is  6'7297l,  553676,  456387,  376889,  or 
311805.  What  is  the  value  of  y  when  17=10  ?  If  jr=5  +  2/i,  n  is  2j^ 
when  xr=10 ;  also  we  have 

A:=:672971,  AAo= -119295,  A*Ao=22006,  A»Ao= -4215,  A*Ao=  838, 

in  which  the  differences  [diminish  with  sufficient  rapidity.     The  value 
required  is 

672971-2-5xll9295  +  2-5x-^X22006-2-5  ^  ■^^X4215 

2  <fi       3 

,  ^      1-5   -5  --5     ^^^ 

=672971— 29823+41261  -1317-33=414644  * 

Examples  may  be  made  at  pleasure  and  verified  from  a  table  of 
logarithms ;  as  follows.  Take  out  the  logarithms  of  a,  a+ A,  a+ 2i^,  &c.» 
and  difference  them,  as  it  is  called ;  that  is,  take  the  successive  differ- 
ences of  log  a  until  the  diff^erences  become  very  small.  Let  it  then  be 
required  to  find  the  logarithm  of  a-^k,  k  being  a  whole  number 
between  pA  and  (p+ 1)  h.  Let  j?=a+7tA,  whence,  in  the  case  required, 
nht=kf  or  nz=k:h^  a  fraction  between  p  and  p+L  Then  calculate 
loga4-nAloga+&c.  as  far  as  the  differences  have  been  taken,  aud 
verify  the  result  by  the  tables. 

Suppose  Ao- A 1,  &c.  to  represent  a  number  of  results  of  observation 
or  calculation,  for  instance,  the  right  ascensions  of  the  moon  at  intenrab 
of  twelve  hours  from  a  given  date ;  thus  Ao  is  that  at  noon,  A|  that  at 
midnight.  At  that  at  the  next  noon,  and  so  on.  If,  then,  we  wish  to 
calculate  the  right  ascension  at  a  time  between  the  noon  and  midnight 
at  which  it  is  A,  and  A^,  let  n  be  the  fraction  of  twelve  hours  which  has 
elapsed,  and  we  may  compute  the  right  ascension  required  by  the  for- 
mulae A^+nAA^+in(n — 1)  A*Ae4*&c.  But  we  might  also  compute 
it  by  A,+  (H-7i)AA^+J(l+n)nA«A,+  &c.,  or  by  A4+(2+n)AA4 
-f  &c.,  and  so  on.  These  results  would  be  slightly  different,  owing  to 
the  necessary  error  of  the  process.  And  it  is  sufficiently  obvious  that 
most  reliance  is  to  be  placed  on  that  result  in  which  tne  differences 
used  come  from  the  places  which  are  nearest  to  the  interval  in  which 
the  required  right  ascension  lies.  Thus  if  we  are  to  go  only  as  far  as 
fifth  differences,  which  will  require  six  right  ascensions  to  be  used,  it  is 
better  that  they  should  be  A4,  A9,  A,,  A,,  A,,  A,  than  A„  A^,  A^  A,,  Am, 

*  See  this  example  in  the  Penny  Cyclopedia*  article  Imtbbpolation,  in  which 
also  tome  other  methodi  may  be  found  which  are  convenient  in  particular  cases. 
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and  Ait»  the  required  interval  lying  between  A«  and  A-.  On  this  considera- 
tiun  it  is  generally  thought  desirable  to  use  an  oad  number  of  differ- 
ences, and  to  let  the  values  employed  be  distributed  equally  on  one  side 
and  the  other  of  the  interval] in  which  the  result  lies.  Let  it  now  be 
required  to  express  A«,  symmetrically,  by  means  of  A|,  At,  &c.  following 
A«,  and  A^i,  A^,  &c.,  (which  we  write  ai,  a«,  &c.)  preceding  it  ;—thu8, 

...a,    a^    a,    a,    at     (a^or  A^    A|    As    Ag    A4    Ay..« 

On  examining  the  manner  in  which  differences  are  formed,  we  see 
that  AflTo+Aai  involves  aj,  Ao,  Ai»  and  is  symmetrical;  A'ai+A'a«  in- 
volves from  Ot  to  Ac;  A'a«-|-A'ag  involves  from  a,  to  A3,  and  so  on : 
while  A'ai  involves  ^i,  Ao,  Ai ;  A^Oc  involves  from  a«  to  A! ;  A'/ig  from  Og 
to  A3,  and  so  on.  If,  then,  we  can  expand  A«  in  a  series,  everv  term  of 
which  is  either  of  the  form  P  (A*'+*tf,+ A^'+'a.+i)  or  P£i*'a„  the  object 
is  gained  as  far  as  the  symmetrical  introduction  of  terms  preceding  and 
following  flo  is  concerned.  Now  A,  is  (1 4-  A)'  Ao,  and  a,  is  (1  +  A)"'Ao, 
also 

A*^'a,4-  A''^  Vi=^*"*"*  {  (1  +^)" + (1 + A)-*-*}  Ao 

whence  (1  +  A)'  is  to  be  expanded  in  a  formula  involving  powers  of 
A':(I-hA).  This  is  done  bv  the  method  of  generating  functions, 
(page  337).     The  generating  nmction  of  (1  +  A}'  is 

r^ihwe  °'  (^+^  ^"8  «^'«*  ^>  i-il+V'lt+f 

But  A*:(1+A)=E+E"*  — 2,  say  =F,  whence  the  preceding  denomi- 
nator becomes  (1—0* — F'«    The  reciprocal  of  this  is 


(i-0«     (i—O'     (1—0  (1—0"^ 


•  t  • 


Now,  X  being  greater  than  a,  the  coefficient  of  f  in  F*.<*-r(l— 0***'  ^ 
that  of  /*-  in  F'-r(l— 0""^S  or 

_  (2a+2)(2a+3). . .  .(2a+2+j?— a—I)       _.  [2a+2,  a+x+l] 

J?  -  ^  ,  . ,  or  r -  . 

1      .       2       ....  (j— a)  [j— 0] 

Hence,  successively  making  a=Oy  1,  2,  &c.,  and  simplifying  and 
summing  the  results,  we  have  for  the  coefficient  of  V  in  the  above- 
named  reciprocal. 


*+!  +  :; 


a:(j+l)(a;+2) 


1.2.3 


^  ^ix--l)x(x-^l)(x+2Xx+3) p,^^^ 


But  jr(jr+2)=(r-hl)«-l,  (j?—1)(«+3)=(jp+1)«-4,  and  so  on; 
whence  the  preceding  becomes 

^  ^        1.2.3  ^  1.2.3.4.5  ^ 

Call  this  P,+i+Q,+i  F+&C.     Now  the  coefficient  of  t*  in  E"*  / :  {(j?-0' 
-  F/}  is  E^~'  multiplied  by  that  of  <*"'  in  the  simple  reciprocal :  whence 

2N 
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coeff. 


'  ftf  1      1  ^v~^± 


and  this  coeificient  we  also  know  to  be  (i+A)'  or  £'.  From  thia  I 
leave  the  student  to  deduce  the  following : 

A.=P^,Ao+Q.+iA«A.i+R^iA^A-,+&c.-P.A-i-Q.A»A«,-&c., 

in  which  P,=a?,  Q,=a?(x*-l):1.2.  R.=:*(x*-l)(a«-4)  :[5],  &c. 
Thia  may  aometimea  be  uaefiil,  but  it  haa  not  the  eymmetiic»l  form 
required :  thia  form,  aa  before  aeen,  introducea  a  aeriea  of  terma,  not 
containmg  £"»  P",  but  { A+ A  (1  +  A)"*}  P",  or  (£-£-')  F*.  Taking 
the  aeriea  obtained, 

E'=P^i+CUiF+&c.-E-»{P,+Q.F+&c.}. 

For  X  write  dr— 1,  and  multiply  by  £,  which  gives 

E'=E{P.+Q.F+&c.}-{P^x+Q^»F+&c.} 
The  sum  of  these  expansions  gives 

2E'=P.+i-P^,+(Q^i-Q^0F+&c.+(E-.E-»)(P,+&c) 
Taking  the  numerators  of  P^i — P,-i,  Ac,  we  find 

(j?+l)— (j?— 1)=2 
X  (a?+  l)(x+2)  -(«— 2)(*— 1)  «=r2.3  JJ» 
[:r-l,j?+3]-[j:-3,«+l]=(jJ-l)a:(a:+l){(j?+2)(«+3)-(j?-2)(i?-3)} 

[a:— 2,Jc+4]-[a?-V+2]=[a:— 2.ar+2]{(a?+3)(^+4)-(j-3)(x^4)} 

=2.7«*(a;*— l)(j!»— 4),  &c. 

Substitute  these  results,  and  divide  by  2 ;  then  perform  upon  A«  or  a« 
all  the  operations  indicated  on  both  sides  of  the  equation,  remembering, 
as  shown  at  the  outset,  that  F*  A,  means  A"*  {  (1  -J- A)~"Ao},  or  A*"A_«, 
or  A*"a„,  and  that  (E— E"*)  F*Ao  means  A*»+»a,+A*"^-'a,^,;  alao 
that  E'A«  means  A,.     This  gives  the  formula  required,  namely, 

A,=ao+— A'g,+    ^         ^A^fl.+     ^  ^     '^^ A*<i,+&c. 

^  2        2.3.4.5         (^«.+^*«.)+*C- 

Change  x  into  x+1,  and  form  Ar+i  — An  or  AA,.  Thia  can  eaaily  be 
done  with  the  coefficienta  in  the  second  line,  which  are,  conatanta 
excepted,  x,  [«— l,x+l],  [a?— 2,a:+2J,  Ac, 

A  [x— a,  x+a]  =:  [a:— «(a  —  1),  «H-a+ 1]  —  [a:— a,4?+a] 

=:(2a+l)  [x— (a— l),x+o].  (as  in  p.  256). 

In  the  firat  line,  the  aame  coefficienta,  conatanta  excepted,  are  made 
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by  multiplying  those  of  the  second  line  by  x.  Now,  Lx  being  1,  A.<rP 
isP+(ar+l)AP,  or 

A{j?[ap-o,j?+ol}=[*— o.JP+a]+(2a+l)(«+l)  [*— (a— l),JJ+a] 
=[«-(a--l),  j:+a]  {j?— a+(2a+l)(j?+l),  or  (a+l)(2a:+l)} 

[j--g,j+a]  _[j? — (o—  I),  JP+  g] 
^'"'  [2a+l]      ""  [2^]  ' 

g[j-o,jg-f  o]  _1  [a? — (c— I),  j+a](2jr+ 1) 
[2a +2]        "2  [2a+l]  * 

Substitute  these  values,  and  having  thus  found  AA,,  write  B«  for  it 
We  have  then  A"A,=A"'""*B,;  also  let  B»i,  B_8»  &c.  be  denoted  by 

l(2.+l)[»-l.«+2]  ^ 

^2  1.2.3.4.5  '^ 

+2      K2X4- (^^-^^  *•>+**=" 

in  which  it  is  to  be  observed  that  as  the  former  formula  was  symmetri- 
cal with  respect  to  values  preceding  and  following  Ao,  so  this  one  is  the 
same  with  respect  to  intervals  preceding  and  following  that  of  6o  and  6|. 
Thus,  up  to  third  differences  inclusive,  this  formula  will  be  found 
to  require  the  use  of  6„  6|,  6©,  or  Boi  and  B|,  or  of  one  interval  on  each 
side  of  6|,  h^. 

The  method  by  which  these  formula  are 
6,   . ,  found   is  instructive,  but  they   give    nothing 

bo  or  B, 

B. 

Bp,  whence  x=i?  — 2,  if  ©=0  give  the  term  6|. 
For  j:  write  v  — 2,  for  \  and  h^  write  6j+2A68+A*6tand  61+^62,  &c. 
We  then  have,  up  to  third  differences, 

+  i  (6,+2Ai.+ A«i.+6.+ A6.)+i  <n^ll2  (2A'6,+A'6.) 

»  — 1       ,         t>— 1    »— 2  ... 
=6.+i>A6,+»-Y-A«6,+i»-5 3~^  *• 

as  will  be  found  by  actual  reduction. 

In  astronomical  interpolations,  when  third  differences  are  used,  it  is 
common  to  proceed  as  follows.  Let  p,  9,  r,  ^  be  the  terms,  the  quantity 
to  be  interpolated  lying  between  q  and  r.  If  v  be  the  value  of  the 
Tariable,  p  being  the  origin,  we  have 

2N2 
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^ — 1  f) — 1  r— 2 

for  the  interpolated  quantity.    This  may  easily  be  transforined  into 

by  writing  for  p,  Ap,  and  A*p,  their  values  q  —  ^+d?q — A'p, 
A47— A'9+A*p,  and  A'^r  — A'p.  It  is  usual,  however,  to  write  this  in 
the  following  form : 

t;-2  A«a+A*p     ,       ,.(«— 2)  2(?— 3  ,. 
^+(i;-l)A9+(i;-l)-^  _i^+(^,-.l)l_i  __A»p, 

to  which  it  may  easily  be  reduced.  This  formula  may  be  more  con- 
venient than  the  preceding  when  it  is  required  to  bisect  the  interval  of 
p  and  9,  in  which  case  vsl^,  2v — 3=0,  and  the  last  term  vanishes. 
JBut  in  every  other  case  the  second  involves  more  calculation  than  the 
first  As  an  example  of  its  most  advantageous  application,  let  us  find 
the  logarithm  of  2*15  by  means  of  those  of  2*0,  2*1,  2*2,  and  2*3. 
We  have  then 

p=-3010300  .0211893  r=li,^-l=i 

7=*3222193   .0202034   --0009859  .^^^^3^^  (,.i)i^2=«l 

r=:-3424227  ,^^^3^^^^   --0008983  ^  «-22.-S    , 

j  = -3617278  ^^"^^'Y  T' 

Hence  the  formula,  when  A'^  alone  is  used,  gives  the  first  line,  and 
when  ^  (A'p+ A'^r),  the  second, 

•3222193+ -0101017+ '0001123+ -0000055= -3324388 
•3222193+ •0101017+  0001178+0=: -3324388. 

Extensive  interpclatious  may  be  facilitated  by  tables,  not  only  of  the 
values  of  or,  j^(jr--l),  &c.,  but  aho  by  multiplication  tables,  in  which 
these  values  are  the  multipliers.  But  when  an  interpolation  is  often 
wanted,  for  the  same  fraction  of  an  interval,  it  may  be  better  to  construct 
a  formula  in  terms  of  the  given  values  themselves  than  of  their  differ- 
ences. Thus  the  following  method,  deduced  from  that  in  page  542,  may 
be  applied. 

Let  c,  6,  a,  A»  B,  C  be  values  of  a  function  answering  to  the  following 
values  of  the  variable,  m,  fn+ 1,  m+2,  &c. :  it  is  required,  using  fifth 
difierences  inclusive,  to  interpose  four  values  between  a  and  A  answering 
to  f»+21.,  m+2f,  in+2f,  m+2f.  For  symmetry,  let  wt+x=:i»+24 
+iv,  which  amounts  to  reckoning  ^  from  the  middle  value  of  x 
between  those  of  a  and  A.  Hence  v=2x~  5,  and  the  values  at  which 
the  interpolation  is  to  be  made  are  t?=— f,  or  —J.,  or  +4,  or  + ;. 

Again,  if  we  represent  the  function  required  by 

rc+g6+pa+PA+QB+RC, 

9,  &c.  being  functions  of  t?,  and  the  whole  a  function  of  v  of  the  fifUi 
d^ree,  (which  is  implied  when  we  speak  of  rejecting  all  differences 
after  the  fifth,)  it  is  obvious  that  we  eatinfy  one  condition  by  supposing 
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that  when  j?s=0  or  1?=  —5,  we  have  r=l,  9=0,  /J=0,  &c. ;  or  all  but 
r  are  divisible  b7t7+5.  Similarly,  all  but  q  are  divisible  by  17+3,  all 
but  p  by  ©+ 1,  all  but  P  by  »-  1,  all  but  Q  by  r— 3,  and  alf  but  R  by 
0^5.     These  conditions  are  satisfied  by 

R=(tJ-3)(r-l)(r+l)(t;  +  3)(r+5), 

Q=(t?-5)(t?-l)(r+l)(r+8)(r  +  5), 

Pr=(r-5)(t-3)(tJ+l)(t^+3)(t^+5)  ; 

p=(r-5)(t-3)(r-l)(i;+3)(ij  +  5), 

9=(r-5)(t;-3)(v-.l)(o+l)(t^+5), 
r=(t?-5)(r-3)(r-l)(r+l)(r+3) ; 

and  each  of  these  must  be  divided  by  a  coefficient,  so  that  r  may 
become  1  when  t;=:— 5,  q  when  r=— 3,  &c.  These  coefficients  are, 
then. 

For  R,      2.     4.6.8.10  For  p,  —  6. -4.-2.     2.     4 

..    Q,  —2.     2.4.6.   8  ..    q,    -  8.-6.-4.-2.      2 

..    P,  —4.— 2.2.4.   6  ..    r,  -10.— 8. -6.-4,-2 

whence  the  required  function  is 

(t?'-l)(t^-9)(f7-5)         (p«,,l)(t>-3)(t^-25) 

""         2.4.6.8.10  "^  2.2.4.6.8 

(t?-l)(i;'-&)(t?'-25) 

4.2.2.4.6  ^ 

(y+l)(t>^-9)(t?'-25)         (i;'-l)(p-f3)(D'-25) 

6.4.2.2.4  8.6.4.2.2 

(t-'-l)(i;'-9)(p+5) 

"*■         10.8.6.4.2 

an  expression  which  may  be  thus  simplified : 

(1-0^(9 -t;0(25-p')  i    c  C 56         5B       IQg      lOAi 

2.4.6.8.10  t^  +  t;     5— t""3+t7     3-t?     l  +  r     1— ©J  ' 

a  form  which  exhibits  the  law  of  the  result,  and  shows  us  that  a  change 
of  sign  in  v  is  merely  equivalent  to  an  interchange  of  the  large  and 
small  letters.  Hence  having  calculated  the  coefficients  for  9=:  -f -^  and 
9=:+{>,  we  have  immediately  the  same  for  0=  —  j-  and  9=  — {-.  The 
general  theorem  is  as  follows:  If  we  take  any  even  number  2n  of 
terms  z,  y,  • . . .  a,  A  •  • .  •  Y,  Z,  and  if  the  variable  ^v  be  the  independent 
variable  of  the  function  measured  from  the  middle  of  the  middle  interval 
of  the  terms,  and  if  1,  Ci. .  •  .c«  be  the  coefficients  of  the  development  of 
(l-{-«v)^~'*  up  to  the  first  middle  term  inclusive,  the  function  made  by 
rejecting  aU  differences  after  the  (2n—  l)th  is 

(l-o*)(9--90....(2n-i*-p') 

2.4       (4n-2) 

(  c.g         c^A       c,,i6      c;.,B  ^ z         ^        Z       \ 

ll+r     1— t;     3+1?      3— V     '"*  ""2/1  — 1+r  ■"2n— 1— rJ* 

To  find  the  value  of  the  function  answering  to  the  mean  of  the  values 
which  give  a  and  A,  we  must  make  0=0,  and  this  gives 
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9(A+o)— (B+6)      150(A+g)-25(B+6)  +  3(C+c) 

16  '  256  • 

according  as  we  stop  at  third,  fifth,  &c.  differences. 

In  the  preceding  process  there  is  nothing  which  need  necessarily 
confine  the  values  of  x  to  the  form  fn,  m+1,  m+2,  &c.,  and  it  may 
therefore  be  made  to  produce  a  more  general  result,  though  not  so 
simple.  But  at  the  same  time  another  and  more  elementary  method 
may  apply  when  the  values  of  x  are  wholly  unrelated  to  each  other. 
Let  A,  B,  C,  &c.  be  the  values  of  a  function  when  j:=a,  6,  c,  &c.,  and 
suppose  it  required  to  interpolate  for  intermediate  values  on  the 
hypothesis  that  all  differences  (made  from  uniformly  increasing  values 
of  x)  after  the  fifth  are  to  be  neglected.  That  is,  we  suppose 
that  within  the  limits  of  the  observed  values,  the  function  may,  with- 
out sensible  inacairacy,  take  the  form  L+Mjc+Nx"+Pjj'+Qa:*+Rj*. 
Taking  six  of  the  observed  values,  we  may  then  deduce  six  equations 
of  the  form  A=L+Ma+Na'+&c.,  fit)m  which  the  six  quantities 
L,  M,  N,  &c.  may  be  determined.  This  is,  in  fact,  the  fundamental 
method  of  all  interpolation,  nor  is  the  common  and  easy  case  anything 
but  an  indirect  method  of  obtaining  the  solutions  of  these  equations.  To 
illustrate  this,  suppose  three  values  only  and  second  differences,  and 
let  the  values  of  x  be  a,  a+  ly  a-f  2,  so  that  those  of  t  are  0, 1,  2.  We 
have  then  (the  fiinction  being  L+M<+NO 

A=L,    B=L+M+N,    C=L+2M+4N; 

whence  2M=4B-3A— C,    2N=C-2B+A, 

and 

A+^5::i^.+^«±^^=A+KB-A)+e^(C-2B+A); 

which  is  the  common  formula  as  far  as  second  differences.  This  being 
the  case,  it  is  to  be  asked  whether  we  cannot,  by  a  similar  formula, 
methodize  the  solution  of  the  above  equations  when  the  values  of  x  do 
not  increase  in  arithmetical  progression. 

Let  Aq  or  A|,  &c.  be  the  values  corresponding  to  x^a^  or  Ai,  Ac., 
and  assume  for  the  required  fiinction  the  torm 

^j?=rPo+Pi(x-flo)+Pt(*— ao)(j:-ai)H-P.(j?— a«)(x-ai)(a:--aO+&c. 

This  theorem  requires  the  use  of  an  extended  method  of  taking  differ- 
ences, or  rather  divided  differences,  as  follows:  let  the  symbol  of 
operation  be  0, 

A.  ;*~%A.=?^^  "•-"•  (fA.-e-A. 
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and  80  on;  the  law  of    relation  being  fl"Ar  =  (0"~*Ar+i— ^"*Aj  : 
(^a^^r^Ur) .     From  these  we  find 

Ai= A«+(a,— ao)  eAo,    A«5=Ai+  (a,— aO  eA, 

= A^+ (fli  -  o»)  ^A,+ (a«- ai)  {  0A«+ (a,- oo)  ^A«} 
5=  A» + (ot-  Oo)  eA^  +  (a,  -  a,)(flt-  flo)  ^Ao 

A,= A, + (c  -  oi)  ^A, + (a.-a,)(a«-a,)  6«Ai 

=A«+(ai-ao)  eA«+(a^-flO  {©A<»+(a,-flo)  ^Ao} 

+  («,— at)(«i.-^i)  {M«+  (a>- flo)  ^  A«} 
=  A«+(a8 -ao)eAo+(a8-ai)(a,- ao)^Ao+(a8— a,)(a,— ai)(a»-ao)0'Ao   , 

and  80  on ;  whence  we  find  for  all  the  values  of  x  specified, 

A.= Ao+  («— ao)'0Ao+  ( J?— ao)(x  -  a,)  e«Ao 
+  (a: — floX* — Oi)(a?— Oa)  ^  A^-f  &c. ; 

which  may  be  used  as  an  approximation  to  any  value  of  the  function. 
In  observations  of  a  comet,  for  example,  which  cannot  be  made  at 
stated  intervals,  but  must  be  taken  when  opportunity  offers,  this  method 
or  some  other  equivalent  must  be  employed  to  interpolate,  and  also  to 
find  the  required  function  in  a  series  of  powers  of  x.  If  the  preceding 
be  called  M4>4-Mia:+M,J?*+&c.,  we  have 

Mo=  A«— a  0A«+ao  aj  ©•  A<,  -  Oo  Oi ««,  6*  Ao+&c. 
M,=eAo-- (oo+cti)  ^  Ao+(ao  «i+«i  a«+Oi  Oo)  0*  Ao— &c. 
M8=©«Ao-(ao+a»+oO^Ao+(floai  +  &c.)0*Ao-&c. 

I  leave  it  to  the  student  to  show  how  these  formulie  are  reducible  to  the 
common  ones,  on  the  supposition  that  Oo,  ai,  &c.  are  in  arithmetical  pro- 
gression. The  method  is,  in  fact,  an  extended  method  of  differences, 
rendered  laborious  by  the  number  of  symbols  which  occur.  We  may 
simplify  it  by  writing  (mn)  to  stand  for  0«— a«,  and  in  actually  working 
the  foregoing  theorem  even  the  parentheses  may  be  omitted,  since  there 
are  no  numbers  with  which  mn  will  then  be  confounded.  Thus  21 
may  represent  Ot-^ai,  and  10  may  represent  Oi— a^.  This  notation, 
like  that  for  diff.  co.,  described  in  page  388,  and  also  that  of  page  454, 
is  only  for  the  actual  process,  and  the  result  should  be  then  written  at 
length.    Thus,  proceeding  one  step  further  in  the  theorem,  we  find 

A,=Ai+41  eAi+42.41  0^A|+43. 42.41  0»Ai 
=A«+10aA,+  41  (eA«+20a"Ao)+42.41  (8«Ao+30^A,) 

+48.42.41  (e»Ao+4O0*A<,) 
= Ao+ (10+41)  0Ao+ 41  (20+42)  e'Ao 

+  42.41  (30+43)e»Ao+43.42.41.40(^A«. 

But  10+41=40,     20+42=40,     30  +  43=40, 

A4=A«+4OeA<>+4O.41^*A,+4O.41.420»A«+4O.41.42.43^A«; 

and  now,  writing  a^^Oo  for  40,  &c.,  we  have  a  new  case  of  the 
theorem.  By  this  simplification  of  notation,  we  may  easily  give  a 
general  proof  of  the  theorem,  showing  that  if  it  be  true  up  to  a;=a„  it 
is  true  for  «=:a^^|.    For  if 


552  DIFFBRENTIAL  AND  INTEGRAL  CALCULUS. 

A,=A<,+«0  .©A<,+7i0.nl  e^Ao+Ac,  then  A,+i=Ai+(n+l)  ldAi+&c. 
r=Ao+10.eA«+(n+l)  1  {0A^+2O0»A«} 

+  (n+l)l.(n+l)2{fi"A,+&c.}  +  &c. 
=A«+{10  +  (n+l)l}eA«+(«+l)l.{20  +  (H+l)2}6«A4+&c. 
ButlO  +  (n+l)l=(n+l)0,     20+(n+l)  2=(n-|-l)  0,  &c,  or 
A,+i=A,+  (a.+|— Oo)  0A«+(o.+i— OoXa.+i—a,)  ^Ao+&c. 

The  divided  differences  6A<„  O'Ai^  &c.  may  be  expressed  in  a  manner 
"which  will  throw  some  new  light  on  the  binomial  theorem.  For  we 
find 


/,»  .— Afc,— A^ Ai   ,  Aj 

•    • — io~~io+or 


Ai      ,     A| 


20.21      10.12      01.02 


,      1        1       10-12         20         „.    .,    , 

^'"- r2—io = ioj[2- =10-12-  ^""''"^y' 

^4  Aj .        Ag .         A|  I         Aq  - 

^""30.31.32  "^20.21.23  "^10.12.13  "^01.02.03'     ^* 

Now,  if  ao=:0,  ai=l>  ««=2,  &c.,  then  ^Ao=A*Ao-t-2.3.  . .  n,  and 
mn,  as  here  used,  means  m — n;  then,  from  what  we  know  of  the  law  of 
the  coefficients  of  A"Ao>  it  appears  that  the  coefficient  of  «z*  in  the 
development  of  (1  —  jt)"  has  the  form 


•  •  •  • 


(n-1)    .71 

>,  leaving  out 


(m— 0)(w— l)(m— 2). . .  .(m— n+l)(m— w) 

I  now  proceed  to  some  practical  rules  connected  with  the  summation 
of  seriesy  a  subject  already  considered  in  pages  82  and  311. 

We  shall  have  to  consider  separately  series  in  which  all  the  terms  are 
of  one  sign,  and  those  in  which  the  signs  are  alternate.  Let  the  series 
for  consideration  be  A.+Ai+Af+. . .. +A,+&c.,  and  A# — A|+A, 
— . . . . ;  A«  being  a  given  function  of  x,  and  the  series  being  convergent. 
It  is  then  to  be  remembered  that  A«  and  all  its  diff.  co.  diminish  with- 
out limit  as  x  is  increased  without  limit. 

When  the  series  is  of  the  first  class,  and  its  analytical  equivalent  not 
known,  the  limit  of  the  sum  must  be  found  either  by  actual  summation, 
or  by  transformation  of  the  series  into  another  and  more  convenient  one, 
if  possible  one  of  the  second  class,  which  is  often  easier  than  one 
of  the  first.  If,  for  example,  the  series  have  the  form  6o+^i+^:2 
+  6,:  (2.3)+&c.,  we  see  (page  240)  that 

and  the  required  transformation  is  made  if  the  differences  of  b  are,  or 
finally  become,  alternately  positive  and  native.  In  the  series  1-f  2~* 
+3~"+&c.,  we  have,  calling  the  limit  S,  n  being  >1,  and  $  being 
1-2-+3--&C., 

S=.+2'-S,  or  S=^^*. 
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Also  1  +3-4  5-+&c.=S  (1— 2-)=i  J],"" \  s. 

From  page  311,  the  sum  of  all  the  terms  up  to  a«  iuclusive,  or  ^a^-^ras^ 
which  call  Sa„  is 

Sa.=C+/«,dr+-a.+-  --^-^  _+&c.. 

where,  making  a  little  alteration  in  the  notation  of  page  248,  we  mean 
by  Bi,  Ba,  &c.,  the  numbers  of  Bernoulli,  as  follows : 

B,=:^,    B.=-,    B,=:-,    B,=-,    B,=-,     &c. 

The  constant  C,  which  depends  on  the  lower  limit  of  the  integral, 
may  be  made  to  represent  the  sum  of  the  series  ad  infinitum,  by  sup- 
posing that  fa,  dx  is  made  to  vanish  when  ar=  oc :  for  Ja,  dx 
must  be .  finite  when  j?  =  cc,  if  the  series  be  convergent,  and  we 
may  so  take  C  that  it  shall  then  be  :=:0.  But  a,  and  all  its  diff.  co. 
vanish  when  x=:  cc ;  so  that,  C  being  as  above,  we  have  only  C  left  on 
the  second  side  of  the  equation  when  x=  cc,  or  Sa.  =:  C.  This  is  an 
important  step  in  the  summation  of  series,  since  we  may  now  generally 
reduce  infinite  summation  to  the  summation  of  a  finite  number  of  terms 
of  the  given  series,  and  the  approximation  to  a  much  more  convergent 
series  whose  terms  are  alternately  positive  and  negative  :  thus 

1        B 
C  or  Sfl^=Sa,— yVj^dj?— -o,— ~-a',+  &CM 

it  being  remembered  that  the  series  j^a^+^Bi  a',— &e.  may  be  of  the  species 
discussed  in  page  226,  as  will  appear  in  the  next  chapter.  As  an 
example,  let  it  be  required  to  sum  l+2~"+3~"+4"''+&c.  ad.  inf. 
Let  jr:=:10,  we  have  then,  taking  the  reduced  series  from  page  311, 
observing  that  fx"*  dx  in  its  common  form  vanishes  when  cr=:  oc, 

S(oc)^=S10-«+—  — i-  +— ^'^'^  +&C. 

^   ^        ^10   200  ^  12000    72000000  ^ 

(10)-^= '  10000000 
(6000)-'=: -00016667 

'10016667 

(200)-'=  00500000 
(3000000)-'=  -00000033 

—  •00500033 
+ • 10016667 


1-*=1 

/  00000000 

2-'= 

•25000000 

8-»= 

•llllllll 

4-»= 

•06250000 

5-»= 

•04000000 

6-'= 

•02777778 

1-»= 

•02040816 

8-*= 

•01562500 

9-'= 

•01234568 

io-»= 

•01000000 

S  10-^=  1  •  549767 13  +  •  095 1 6634 

+  '09516634 


S(oc)-«  1-64493407 

And  this  answer  is  correct  to  the  last  place,  other  methods  giving 
1*6449340668..  ••     To  obtain  as  correct  a  result  by  actual  summa- 
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tion  would  require  at  least  10,000  terms  of  the  series.  The  following 
table  may  either  serve  for  exercise  or  reference :  the  meaning  of  the  first 
line   muut  be  collected    from  page  812.      Let   1  +  2""+3~*-|-&c. 


n 

S(«)- 

n 

s(«)- 

1 

•57721  56649  015329+log(a) 

19 

1-00000  19082  127166 

2 

1-64493  40668  482264 

20 

1-00000  09539  620339 

3 

1*20205  69031  595943 

21 

1*00000  04769  329868 

4 

1-08232  32337  111382 

22 

1-00000  02384  505027 

5 

1*03692  77551  433700 

23 

1-00000  01192  199260 

6 

1-01734  30619  844491 

24 

1-00000  00596  081891 

1 

r 00834  92773  819227 

25 

1-00000  00298  035035 

8 

1-00407  73561  979443 

26 

1* 00000  00149  015548 

9 

1*00200  83928  260822 

27 

1-00000  00074  507118 

10 

1  00099  45751  278180 

28 

1-00000  00037  253340 

11 

1-00049  41886  041194 

29 

1-00000  00018  626597 

12 

r 00024  60866  533080 

30 

1-00000  00009  313274 

13 

1-00012  27133  475785 

31 

1  00000  00004  656629 

14 

1-00006  12481  350587 

32 

1-00000  00002  328313 

15 

1-00003  05882  363070 

33 

1-00000  00001  164155 

16 

1-00001  52822  594086 

34 

1-00000  00000  582077 

17 

1.00000  76371  976379 

35 

1  -00000  00000  291038 

18  . 

1-00000  38172  9326.50 

There  is  no  other  general  method  of  any  note  or  utility  for  the  direct  ab- 
breviation of  the  actual  summation :  though  recourse  is  frequently  had  to 
transformations,  either  into  a  finite  algebraical  quantity,  or  a  definite 
integral,  as  in  the  next  chapter.  If,  however,  it  should  be  found  more 
convenient  to  sum  ao+<>«+^+&c.,  the  sum  of  (^+a|+&c.  may  be 
found  from  the  formula  in  page  318,  making  a^^^y^  ttm^Vu  ^-  Then 
since  o^m  vanishes  when  x  is  infinite,  and  also  its  di£ferences,  we  have, 
making  a.+a^+Sco.  adtii/!=A, 


at+Oi+Ac.=nA- 


at+-TX-  ^^- 


2 


12n 


ft*— 1 
2471 


A*a^+&c; 


where  Aa»,  A'a^  &c  are  taken  for  the  aeries  Om  <k««  a^  &c.    B«  it 
would  rarely  happen  that  this  method  is  preferable  to  the  preceding. 

We  now  paaa  to  series  whose  terms  are  alternately  positive  and  nc^»- 
tive,  included  under  the  general  form  ff«'— Oi+Oa— ....  The  spnbooc 
representation  of  this  isjl— (1H-A)+(1+A)«— . .  }.a„or(2+A)-*«„ 
or  (I  +c^)~*  o.  iVHI^  1^>  ^^^>-     Henoe 


(^— ai-h&c.:= 


^^'^ 


A'o,  .  A»a. 

— T"   + 


8 


-^+&G.  (see  ako  p. 240) 


=:ia,-(a«-l)Bi^+(2*-l)B, 


16 


2.3.4 


(y-1)  B. 


f 


2.3.4.5.6 


The  last  follows  from  page  248,  by  the  principles  in  pages  164* 
altering  the  notation  of  Bernoulli's 'numbers  as  above:  a^  ^  ^ 
standing  for  the  values  of  the  diff.  co.  of  a,  when  jr=0.    In 
kst  aeries  it  woold  be  advisable  in  most  caacs  to  ainn  a  few 
Uien  to  make  a^  the  first  tenn  not  included  in  the 


] 
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series  might  alto  be  obtained  from  §172,  p.  311,  by  making  y  infinite, 
or  from  §114,  by  making  a= — 1. 

Previously  to  using  these  series,  I  set  down  both  the  series  for 
0+^1 +&C.,  and  Ho—ai+^c.,  with  reduced  coefiBcients.*    I^et 

fl.+ai+&c.=(<i,+  ..+o.)-/a^-ia,— Pia'.+P,a'".-P,o:+&c. 

Pi=     1:12  =4-- [2] 

P,=     1:720  =^-W 

P.=     1:30240  =^-[^ 

P,=     1:1209600  =:^:[8] 

'  30   *•  •■ 

P,  =     1 :  47900160         =^ :  [10] 

691 

P„=691:1307674368000=^^ :  [12] 

Ptt=     1:74724249600  =:-^:[14] 

Qi=       1:4  =-g-x3:[2] 

0.=       1:48  =^^1^^W 

Q.-=       1:480  =ix63:[6] 

Q,  =  17 :  80640  =^  x  255 :  [8] 

Q,=     31:1451520         =~xl023:[10] 

oo 

691 
Q,i=   691:319334400     =r— -x4095:  [12] 

Q„r=5461 :  24908083200=:yX  16383:  [14]. 

Let  it  be  proposed  to  determine  1 — 2~*+3^— &c.  ad,  inf.  Let  the 
terms  be  first  summed  as  far  as  +9"',  whence,  a,  being  (j7  +  1)~*9  we 
bave 

a'.=  -2(x+l)-,    a'".=  -[4](«+l)-*,    a:=-[6]  («+l)-^,    &c. 
l-2-"+&c.=(l- . .  .+9-») -i  10-«-|lO^+^  ^^""*"§  ^^''+  *^- 

*  Knough  are  here  giTen,  as  I  vuppote,  for  every  purpose;  but  if  more  be 
required,  they  muftt  be  calculated  from  the  numbera  of  BemoullL  These,  up  to 
B^,  win  bs  fi»imd  in  the  Pem^  Cfckpmiia,  siticle  Numbtri  if  BemmUii, 
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roooo  0000  0000 
•nil  nil  nil 

-0400  0000  0000 
•0204  0816  3265 
•0123  4567  9012 


2- 

■1.^ 

*2500  0000 

0000 

4- 

■8— 

*0625  0000  0000 

6- 

'«— . 

•0277  7777 

7778 

8- 

.2__ 

•0156  2500  0000 

1*1838  6495  3388 


—  -3559  0277  7778 
+  l*1838  6495  3388 

S  9^=: -8279  6217  5610 


10-*-J-2=-0050  0000  0000 

10-*  x3-T-6=-0005  0000  0000 

10-'  x63-i-42='0000  0015  0000 

10-"  X  5  X  1023-=-66  =  •  0000  0000  0775 

10-"  X  7  X  16383-2-6=  •  0000  0000  001 9 


10-«X  15^30; 

10-»x255-r30: 

10-"  x  691 X  4095-f2730: 


--•0055  0015  0794 

■ '  ■  ^— ■———.—— 

•8279  6217  5610 
•0000  0500  0000 
•0000  0000  8500 
•0000  0000  0104 


+  •8279  6718  4214 
—  •0055  0015  0794 

•8224  6703  3420 

By  the  theorem  in  page  552,  n  being  =2,  it  appears  that  1  —  2^+ Ac. 
c=J  (l  +  2"'+&c.)  Halve  the  value  given  for  l+2"*+&c.  in  the 
table,  and  we  have  '  822467033424,  so  that  the  preceding  result  is 
wrong  only  in  the  last  place.  This  process  is  much  less  convemnt 
than  that  for  ao+fli+&c.,  owing  to  the  entrance  of  the  multipliers  3, 
15,  63,  Ac. 

We  shall  now  try  the  same  series  by  the  formula  ^a^ — iAao-f  &c. 
(page ^54).  If  we  first  sum  the  series  up  to  ±a„  the  remainder  is 
then  +io,+i+iAa,+i:p&c.  Taking  the  series  as  summed  up  to 
+9^,  we  find  by  taking  lO"*  and  nine  following  terms,  the  results  here 
written :  it  is  not  worth  while  to  write  down  the  process. 


io-«- 

-A  10-«. 

AMO-*- 
-A»10-*. 

A*10-«- 
-AMO-*. 

A«10-«. 
■A'^IO-'- 

A*  10-". 

A»10-«. 


■  2=  •  010000000000- 
•   4=  •001735537190- 

■  8=3-000415518824 
.  16=  •  000122785139- 

32=  •000042217188- 

.  64=  •000016292396- 

128= -000006890116- 

256=  •  000003139573- 

512=  •  000001522337- 

1024= -0000007781 15. 


•  2: 

.    4: 

•  8: 
.   16: 

32: 

64: 

.  128: 

256: 

512: 

1024= 


: -005000000000 

'000433884298 

:  •000051939853 

•000007674071 

•000001319287 

:  • 000000254569 

•000000053829 

000000012263 

•000000002973 

•000000000759 


Sum  up  to  9~' 


—005495141902 
+  •827962175610 


Approximate  sum  ad  inJhUium    '822467033708 
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The  result  is  only  true  to  eight  places,  and  involves  much  more 
calculation  than  the  preceding,  which  is  true  to  eleven  places :  never- 
theless the  second  method  will  be  found  preferable  to  the  first,  when  the 
differences  diminish  more  rapidly  than  in  the  preceding  instance. 

Dr.  Hutton  (Tracts,  vol.  i.  p.  176)  gave  a  remarkable  method  of 
exhibiting  the  results  of  the  preceding  process,  and  added  a  process  by 
which  its  power  is  much  increased. 

If  we  take  the  successive  sums  0,  Oq,  a^ — a„  aTo— «i+ffai  Ac,  and 
substitute  values  of  a^  a^y  &c.  by  means  of  the  differences  of  ag,  we 
shall  find 

0,     Oo,     —  Aoo,     Oo+^^+^'^o*     —  2Aa<^— 2A*(/o— A^/io,     &c. 

Leave  out  the  symbol  Co  for  brevity,  and  take  a  succession  of  means 
between  each  of  the  consecutive  pairs,  and  repeat  the  same  process, 
which  gives 

i,    i(l-A),    iO  +  A*),    i(l-A-A'-A>),     &c. 

i-i^i    i-iA+iA%    i-iA-iA»,     &c. 

i-iA+iA',    i-iA+iA«-iA%    &c. 

It  thus  appears  that  the  first  terms  of  the  several  rows  are  the  successive 
approximations 

If  instead  of  means  we  take  simple  sums,  neglecting  the  division  by 
2,  we  must  divide  the  several  first  terms  at  the  end  of  the  process  by  2, 
4,'  8,  &c.,  or  rather  we  need  only  divide  the  one  which  is  correct  enough 
for  the  purpose :  the  following  ^hibits  the  process  in  a  more  general 
form. 

Let  the  operation  1+A  be  called  E;  then  the  results  of  the  sum- 
mations give  the  performance  upon  a^  of  Uie  several  operations  following, 

0,     1,     1— E,     I-E+E«,     r— E+E«~E»,     &c.; 

1+E      1— E«      1+E»     1— E^ 
""^  "'  1  +  E'     H-E'     H-E'     l-hE'    *'^' 

and  these  results  are  alternately  less  and  greater  than  (1-|-E)~',  the 
sum  of  the  whole  series.  Omit  the  common  inverse  operation  (I  +£)'*, 
to  be  replaced  at  the  end  of  the  process ;  the  first,  second,  third,  &c. 
succession  of  sums  are  then,  (14-E  being  2+ A), 

2+ A,    2-EA,    2+E*A,     2-E"A,    2+E*A,    &c. 

4-A%    4  +  EA«,     4— E"A%     4-|-E"A«,     &c. 

8  + A',     8-EA»,     8+E*A«,     &c. 

Consequently,  when  the  row*s  have  been  divided  by  2,  4,  8,  &c.,  and 
(l4-£)~'  is  restored,  the  sth  in  the  rth  row  is  obtained  from  Oq  by  an 
operation  signified  by 

{ 1  +  (  -.  1  )•+'  E-'  2-'A^}  (1  +  E)-'  tfo, 

or  (I  -f-  E)-'  00+  (- 1  )'^  2"  E-*  A-^  ( 1  +  E)- '  a,. 


S&8 
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The  fint  term  of  this  represents  the  whole  sum  in  question,  and 
2-^A'E-*(l  +  E)-*ao=2-^A' (E'-'-E'+ . . .  0«o 

If,  then,  the  terms  and  their  differences  diminish  without  limit,  we  thus 
approach  without  limit  to  the  sum  of  the  series,  whether  by  increaaing  r 
or  «,  or  both.  And  the  same  thing  might  happen,  and  be  due  solely  to 
the  diminution  of  2^. 

The  results  in  each  row  are  alternately  greater  and  less  than  the  sum. 
If  the  differences  A,  A',  &c.  be  all  of  one  sign,  then  the  first  terms  of 
the  several  rows  give  results  alternately  greater  and  less  than  the  whole 
sum.  But  if  the  differences  be  alternately  positive  and  n^ative,  this  is 
only  the  case  with  oblique  columns  taken  in  the  other  direction ;  as,  for 
instance,  2+E^A,  4+E"A*,  &c.  And  the  errors  of  any  such  oblique 
column  (the  nth,  for  instance,  2'>-EA  and  4  — A'  being  the  first) 
depend  upon  E"A,  £"~^A*. . .  •  A"'''\  which  by  the  formula  finally  depend 
on 

2-*  (Aa,-&c.).    2-"(A«fl»_|-&c.) 2-"<-+'>  (A"+*iit»-&c.) 

Now  it  may  happen  that  these  increase  or  decrease  from  the  begin- 
ning  to  the  end,  or  come  to  a  maximum  or  minimum  in  the  middle. 
This  point  can  only  be  tested  by  the  actual  operation ;  the  advantage  of 
this  method  being  that  we  can  always  find  a  set  of  results  w^ich  are 
alternately  greater  and  less  than  the  truth,  and  the  degree  of  approxima* 
tion  of  these  results  to  each  other  determines,  of  course,  a  quantity  greater 
than  the  error  of  either. 

This  method  succeeds  very  well  when  the  series  is  not  too  convergent : 
for  it  is  remarkable,  that  the  easiest  series  of  all  to  treat  by  it  is  one 
which  has  no  convergency  whatever,  or  Oo— 0^+00— a,+&c.  This 
follows  from  the  method  representing  the  results  of  ^0— i^^+&c., 
which,  if  00=01=0,,  &c.,  is  reduced  to  ia^.  And  by  means  of  the 
property  proved  in  page  226,  it  even  ascertains,  exactly  or  approximately, 
the  algebraical  equivalent  of  a  divergent  series :  thus  Dr.  Hutton  has 
verified  by  it  the  known  valuQ  of  1  —  1  +  1.2—1 . 2.3+&C.  But  if  a 
series  converge  too  rapidly,  this  method  will  give  approximations  but 
slowly.  All  that  has  been  said  will  be  illustrated  by  applying  it  to  the 
series  already  considered,  1  — 2"*+3~* — &c-  The  first  column  contains 
the  sums  I,  1  —  2"",  1— 2"*-f3r',  &c. :  all  the  remaining  columns 
exhibit  the  sums  of  the  several  pairs,  in  the  manner  above  described,  the 
Roman  numerals  which  mark  the  columns  being  followed  by  the  figures 
common  to  every  row  in  the  column.    Decimal  points  are  omitted. 


1000000000000 
750000000000 
861111111111 
798611111111 
838611111111 
810833333333 
831241496598 
815616496598 
821962175610 
817962175610 


I.-1 

750000000000 
611111111111 
659722222222 
637222222222 
649444444444 
642074829931 
646857993196 
643578672208 
645924351220 


II.— 3 

361111111111 
270833333333 
296944444441 
286666666666 
291519274375 
288932823127 
290436665404 
289503023428 


III.— 6 

631944444444 
567777777777 
583611111111 
578185941041 
580452097502 
57936948853] 
579939688832 
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IV.— 131  v.— 263  VL-526  VII.-1052 


99722222222 
51388888888 
61797052152 
58638038543 
59821586033 
59309177363 


51111111111 
13185941040 
20435090695 
18459624576 
19130763396 


64297052151 
33621031735 
38894715271 
37590387972 


97918083886 
72515747006 
76485103243 


VIII.— 2105       IX.~4211 
70433830892 


49000850249 


19434681141 


The  difierences  being  alternately  positive  and  negative,  the  last 
numbers  of  the  several  columns,  divided  by  2,  4,  8,  &c.,  will  give  a 
succession  of  results  alternately  greater  and  less  than  the  truth,  and  it 
will  be  seen  that  the  nearest  approximation  is  in  the  middle  of  the  set. 
If  we  had  commenced  with  1—2""+  • . . .  — 10'*,  and  proceeded  with 
the  summations  up  to  19"*,  not  only  would  the  approximation  have 
been  more  rapid,  but  the  final  termination  would  have  been  the  most 
correct  result  of  all. 


1645924351220^  2: 

3289503023428-T-  4: 

6579939688832-f-  8: 

13159309177363-^  16: 

26319130763396-T-  32: 

52637590387972-^  64: 

1052764851032434-128: 

210549000850249-^256: 

421119434681141-1-512: 


822962175610 
822375755857 
:822492461104 
822456823585 
: 822472886356 
:  82246234 98 12 
: 822472539869 
:822457034571 
:822498895862 


Of  these  the  fifth  is  the  nearest  to  the  truth. 

If  these  results  be  taken,  and  used  in  the  same  manner  as  the  original 
sums,  a  close  approximation  will  sometimes  result,  particularly  when  the 
original  series  was  divergent.  No  rule,  however,  can  be  given  as  a 
guide  when  to  expect  additional  advantage  frop  carrying  on  the  proceaa. 

As  a  more  simple  instance,  take  1  -t+t  ~  •  -  •  m  beginning  with  the 
■um  of  six  terms,  which  is  '744012,  and  taking  means  of  the  sums  to 
show  more  clearly  the  degree  of  approximation. 


744012 
820935 
754268 
813091 
760459 
808078 


782474 
787601 
783680 
786775 
784269 


785037 
785641 
785227 
785522 


785339 
785434 
785375 


785387 
785405 


785396 


The  result  to  six  places  of  decimals  is  *  785398,  and  the  greater 
rapidity  of  approximation  in  this  example,  as  compared  with  the  last,  arises 
from  the  slower  convergency  of  the  series  treated. 

Any  given  result  might  be  attained  by  one  process,  as  follows.  If 
M^  ii,  &c.  represent  the  several  sums  a*,  a«— ai,  &c.,  it  is  easily  shown 
that  the  (m-h  l)th  mean  of  the  cth  column  is 
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Substitute  the  values  of  ^^+.,  &c.,  and  it  will  be  seen  that  a^  enters  all, 
a^^i  all  but  the  last,  &c. :  also  the  sum  of  all  the  coefficients  is  2'. 
Let 

c— I 
Co=2%    Ci=2'-1,     C,=  2'-l-c,     C,=2'— 1-c— C-— -,&c.; 

and  the  (m+  l)th  mean  of  the  cth  column  is 
{Co(ao— «!+•  ••  •  ±0  +  Cia„4.i±Cia,«+i+  • . .  .±Ccfl«+«}-^Co> 

L  Ci  a«+i~Ci  a«+a+  ....  iCefl«+e 
or  Oo— ai+... .  ia«+ f; 

I  have  confined  myself  in  this  chapter  to  purely  arithmetical  con- 
siderations, but  in  the  next,  and  also  in  the  one  which  follows,  on 
definite  integrals,  the  reasons  of  the  marked  diiference  which  exists 
between  ao-|-ai+&c.  and  Oo— «i+&c.  will  more  fully  appear. 


Chapter  XIX. 

ON  THE  TRANSFORMATION  OF  DIVERGENT  DEVELOPMENTS. 

The  theory  of  series  is  intimately  connected  with  that  of  definite  in- 
tegrals, insomuch  that  previously  to  proceeding  with  the  latter  subject, 
it  may  be  advisable  to  resume  the  former.  We  have  hitherto  considered 
series,  pages  222 — 244,  with  reference  to  the  actual  arithmetical  sum  of 
an  infinite  number  of  terms,  and  have  given,  page  326,  the  test  for  distin- 
guishing between  a  convergent  and  divergent  algebraical  series.  And 
though  we  have  deduced  series  which  are  sometimes  divergent,  it  has 
been  hitherto  a  matter  of  trial  merely :  nor  have  we  attempted  to  draw 
any  conclusions  by  means  of  divergent  series.  When,  indeed,  it  happens 
that  the  divergent  series  is  known  to  arise  from  development  of  a  given 
function,  we  may  safely  use  it,  since  we  have  the  means  of  avoiding  the 
divergency  by  using  Lagrange's  theorem  on  the  limits  of  Maclaurin's. 
In  such  case  we  mav  use  the  terms  of  the  diverging  series  freely,  since 
those  which  we  neglect  might  have  been  from  the  beginning  expressed 
in  a  finite  form  (page  73).  But  when  it  happens  that  we  do  not  know 
the  original  function  from  which  a  diverging  series  was  produced,  the 
use  of  such  a  series  has  been  considered  unauthorized  by  many  eminent 
mathematicians,  whose  opinions  should  be  carefully  weighed,  whatever 
conclusion  may  be  adopted. 

In  general,  a  series  of  the  form  ao+aia:+at^+&c.  is  convergent  for 
all  values  of  x  less  than  a  c<!rtain  value  (page  222),  and  divergent  for 
all  greater  values.  And  here  a.  is  a  function  of  7t,  which  we  may  call 
0n,  so  that  the  series  is  0(O)+^(l).j7-|-0(2).x^+ . . . ,  Let  us 
consider  ourselves  as  led  to  this  series  by  the  performance  of  a  number 
of  operations  which  obviously  lead  to  terms  having  the  law  in  question,' 
though  they  end  in  a  series  which  cannot  be  arithmetically  summed : 
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and  let  us  ask  whether  we  might  not,  by  putting  the  operations  in 
another  form,  hava  obtained  a  convergent  series  ? 

.  In  the  answer  to  this  question  there  is  a  marked  difference  between  the 
case  in  which  07i  may  become  infinite  for  a  finite  value  of  n,  and  that 
in  which  it  cannot.  Let  us  suppose  the  latter  case ;  the  transformation 
is  then  rendered  very  easy  by  representing  the  whole  series  as  one  of 
operations  performed  on  Oo,  which  gives 

tfQ+«,J?+...  =  {l  +  (l  +  A)a:+  ...}ao=^ — TTTTr"^* 
*  1  —  (l+A)a? 


1  1 


^•^  ""  /TTTr:^«'"7TXX^iTi^"" 


•  •  •  • 


(l+A)x— 1    "         (1  +  A)a?         (1+A)«a:* 

or  as  follows, 

0(O)  +  0(l).ar+0(2).^+.... 
=— {*(— 1)*^"'+0(— 2).a?-«+0(-3).ap"»+&c.}. 

The  same  result  might  be  obtained  by  taking  the  series 

_.  0(0)       A0(O).J 

T 


a?-l         (J?-l)* 


t  •  • 


developing  the  negative  powers  of  x — 1  in  negative  powers  of  x^  and 
remembering  that  0(— 7i)=0(O)— 7iA0(O)+*n(n+l)  A*0(O)— &c. 
I  shall  call  each  of  these  series,  0  (0)-f&c.,  and  — 0  ( — 1).«"S  &c.,  the 
inverted  form  of  the  other.  If  0(n).a?"=Y^i,  we  have  Y^ (0)+Y^(l) 
-f  . . . .  =  — ^f  (  —  1) — f  ( — 2)—.  . .  .  The  most  condensed  form  of 
the  theorem  is  as  follows :  if  yfrn  be  a  function  which  does  not  become 
infinite  for  any  value  of  n,  positive  or  negative*  then,  Xy*^— ^t  2  extend- 
ing from  7i= —  cc  to  w=:  +  cc.  The  theorem  is  to  be  understood  in  an 
entirely  algebraical  sense,  as  meaning  that  the  same  operations  which 
give  V^(0)+V^(1)+.  .  ..  would,   differently  conducted,  have   led  to 

-Y'(-i)-V^(-2)-.... 

For  instance,  let  us  take  logf j^^v  -^"f  "T  +••••)•     Here  the 

term  ^  (n).  j?"  is  n~*  (1-  (—1)")  jc^,  and 

1~(-1)'     ,  ^  .     ~(-l)Mog(-l)  ,      .     ,. 

^ ,  when  n=:0,  is  — ^ — ^,  or  —  log  (—1), 

n  1 

and  V'  (l)-l-Y^  (2)  + . . . .  =  -Y'  (0)— V'  (—1)— . . . .,  or 

which  may  easily  be  verified.  But  if  we  had  taken  the  general  term  of 
the  series  to  be  2(2n+l)""'  ^"*"S  we  8houldhave-2(a:-*+ia:-*+ . . ,) 
for  the  inverted  form,  which  is  not  true.  But  here  observe,  that  in  pass- 
ing from  n=0  to  n=  —  1,  we  pass  through  a  value  of  n,  — i,  which 

20 
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makes    the    term   infinite.      Ai    another   inetanoe*    take    tur^xsss 

1 — — &c.y  one  form  of  the  general  term  of  which  ia 

3       5 

.    (n+l)T    af+*      ,  .  ,  If    -  ... 

am  ^ — ^-^ .  -"Xi .  which  =  —  5  ^hen  n=  —  1,  givmg 


a^      a^  IT      1 

T'^'b      2~  '31*      bx* 


which  holds  in  one  case:  for  a?— i-«*+&c.  is  that  value  of  tan""*x 
which  lies  between  — i*  and  +♦»';  in  which  case  tan~*«+tan~*x"*' 
=  —  iir,  if  tan^'a:  lie^hetween  0  and  — Jv. 

No  great  stress  is  to  be  laid  on  these  examples,  because  the  method  of 
supplying  the  function  proper  to  make  the  even  terms  vanish,  as 
1 — (  — 1)%  &c.  is  arbitrary,  and  might  be  varied:  and  though  I  have 
taken  these  instances  to  show  that  when  the  proper  function  is  used,  true 
results  follow,  yet  the  determination  of  that  proper  function  is  not  at 
present  always  attainable,  nor  can  a  test  be  supplied  for  distinguishing 
it  from  others. 

But  in  the  case  in  which  ^  (n)  is  always  finite,  the  theorem  may  be 
freely  used,  as  showing,  without  reference  to  the  arithmetical  value  of  a 
series,  a  variation  of  development  which  might  have  been  g^ven  to  its 
algebraic  invelopment.     For  example,  let  the  series  be 

l  +  a:+ar«+'7i^+17jr*+41x«+99x'+....=2A«a?*; 

of  which  the  law  of  the  coefficients  is  that  A,=2A,.i+A,i^,  whence 
A,-«=A,— 2A^i  and  A_=:A_+,-2A_,+i,  giving  A_i=  -  1,  A-,=3, 
A.s=— 7,  and  the  rest  of  these  coefficients  are  17»  —41,  99,  &c. 
Hence  the  same  series  is 

1  _£       "l  _  17  ^41      99^^ 

Now  the  original  series  is  the  development  of  (1—jc)  :  (1—2* — x*)* 
and  if  x=t?"\  this  becomes  (r — r") :  (l-|-2o  — r*),  which  developed  by 
common  division  gives  v— 3r*  +  7r" — &c.,  which  verifies  the  preceding. 

As  another  example,  take  1  +  x  cos  9+  x*  cos  29+ &c.,  wmch,  by  the 
theorem  =:— 4r*cos6— x"^co8  2©— &c.,  which  can  be  verified  from 
page  242, 

If  ^  (/z)  be  an  even  function,  or  if  ^  («-n)=:^  (71),  we  obviously  have 

Oo+ai  (•^+-)+««(  •=^+  -^  )+  •  •  -^O, 

or  (io+2aiCO8  0+2asCO8  20+&c.=O., 

making  x+x"*=2cosd.  Thus  if  ^n=:l,  we  have  l+2cos^+2cos2© 
-f  • . . «  =0,  a  well  known  result.     If  ^  (n)=cos  nO^  we  seem  to  have 

l  +  2co8'e+2cos'2e+2cos'3^4-..,.  =  0, 

a  result  which  will  require  the  following  considerations. 

Divergent  series  are  mostly  developments,  which  though  anthmeti- 
cally  false,  as  presenting  infinite  arithmetical  values  for  finite  functiona, 
yet  present  specific  cases  in  which  ^the  function  actually  does  become 
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iofinite  as  well  as  the  aeries.  Thus,  though  I+2j;+3x^+.  .  • .,  orthe 
development  of  (1— d?)"^,  is  divergent  when  a?>l,  the  invelopment  is 
not  therefore  infinite :  except  only  in  the  isolated  case  in  which  :r=  l, 
when  (1 — J?)""*  and  1  +  2+3+****  agree  in  arithmetical  value.  In 
this  case  we  must  guard  ourselves  from  the  fallacy  of  making  an 
aiithmetical  infinite  the  subject  of  reasoningy  and  must  stop  at  the  first 
step  in  which  it  appears.  This  fallacy,  in  its  broadest  form,  is  as  fol- 
lows :  there  are  many  cases  in  which  infinity  is  equally  positive  and 
negative;  that  is,  0a  being  £=  oc,  0(a+A)  is  (h  being  snutU)  great 
and  positive,  and  <t>  (a— A)  is  great  and  negative.  If  we  then  say  that 
oc=:  —  cc,  we  have  2  X  oc=0,  a  result  which  is  a  sufficient  caution  against 
the  use  of  cc ,  that  is,  infinite  in  value,  in  the  manner  in  which  rational 
considerations  entitle  us  to  use  that  which  appears  infinite  in  value  by 
divergent  or  (as  those  who  reject  divergent  series  say)  wrong  develop* 
ment. 

All  I  assert  in  the  first  instance  is,  that  l  +  cos*0.4?-f  co8'20.ii'+&c. 
is  the  development  (whether  right  or  wrong  matters  not  here)  of  a 
function  which  may  also  be  developed  into  —  cos*  0  •  x~* — cos"  26 ,  j:~*- . . . 
Now  the  first  series  may  be  easily  shown  to  arise  from  the  develop- 
floent  of 

I      X         1       cos  20.  J? — «■ 
1+;;  ; +« 


2  1— X      2  I— 2cos26.j?+jp« 
I        1.1         cos2e.ar»— 1 


^'  ^21  —or*"'"  2  a?-*— 2  cos  20 .  x'''+  V 

Develope  the  second  form  in  negative  powers  of  x,  and  we  have" 

1— i(l+ar*+ap-^+...'.)— i(l+co8  2e.j?-'+cos4^.a:-*+....)> 
or  —cos*  6.  a:"*  —  cos*  26 .  j?"*  —  &c. 

as  asserted.  In  the  particular  case  x=  1,  the  original  function  becomes 
infinite;  consequently,  though  we  may  say  that  whenever  we  meet 
with  1+ cos*  6*1- f. .,  we  might  by  a  different  process  have  obtained 
— cos* 6— cos* 26— Ac,  yet  we  may  not  say  1+2 cos* 6+2 cos* 2^ 
+ . , » .  =0,  for  by  so  doing  we  really  commit  the  fallacy  "  cc= —  oc, 
therefore  cd  +  ocssO."  But  the  student  must  not  imagine  that  it  is  any 
point  connected  with  seriei  that  I  have  cautioned  him  upon :  for  the 
same  care  should  equally  be  taken  with  finite  expressions,  as  to  these 
particular  cases  in  which  they  become  infinite.  The  real  difficulty  is, 
that  in  using  a  general  divergent  series,  and  passing  to  a  particular  case^ 
we  may  light  upon  a  divergent  series  which  really  represents  infinity, 
and  we  cannot  as  readily  know  whether  this  be  the  case  or  not  as  we 
could  if  we  had  only  finite  expressions. 

If  a.  or  ^  (n)  be  an  odd  function,  or  if  ^  (--n)= — ^  («),  we  readily 
obtain  (since  then  ao=0  or  cc,  and  by  hypothesis  we  are  not  speaking  of 
the  latter  case)  ai  (x— jr~*)  +flr,  (x« — a?""*)  +  • . . .  =0,  or  a,  sin  6+ 
fft^in  26+. . . .  :=:0.  And  if  £,  and  O,  represent  an  even  and  an  odd 
function,  and  if  (remembering  that! every  function  is  the  sum  of 
an  even  and  odd  function,  if  0  be  included  among  functions)  we  make 
a,=E,+  0„  we  have 

Of+Oi  («+a?-0  +0,  («"+ar»)+  •  •  =    Oi  {x+s  "O+O,  (i'+0+  •  •  • . 

0i+«i  (ji^-0+«i  (»•-«'■)•♦• .  .s=E«+Ei  (x-*-0+Bi(**-*"*)+«  •  • 
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This  sets  in  the  clearest  point  of  view  the  remaik  in  page  dQI,  that  it 
is  not  allowable  to  make  two  series  of  the  form  Za.  (a;*  ±  x**)  identical 
because  they  are  derived  from  the  same  function. 

The  two  forms  of  0(O)  +  0  (1)'^+*  •  •  •  cannot  generally  he  both 
convergent,  though  both  may  be  divergent.  To  prove  this,  let  y  (o) 
+y  (!)+••••  *nd  — Y^(-l)— y( — 2) — ...•  be  the  two  forms. 
The  convergency  or  divergency  depends  in  the  firat  instance  upon  the 
values  of  — 7i  (log  fn)'  and  — n{log  y  ( — n)}',  when  n  is  infinite. 

These  are  —nyn:'^  and  ny(—n):y(—n),  which  hefve  different 
signs  whenever  f^n  :  yffji  and  Y^'( — n)  :  Y^(  —  n)  have  the  same  limit  as  n 
increases  without  limit.  This  is  the  case  whenever  yn  is  an  algebraical 
function  of  n,  or  one  multiplied  by  <r" ;  and  since  convergency  requires 
that  the  function  here  treated  should  not  be  less  than  +1,  this  necessary 
(though  not  sufficient)  condition  cannot  be  true  for  both  forms,  in  any  of 
the  cases  specified.  But  it  is  possible  that  both  may  be  divergent:  for 
instance,  in  l+4*j?+9*ar*+ . . .  •,  and  its  other  development  —  j:*^ 
—4*  x"*—  • . . .  But  extreme  divergence  in  one  form  is  frequently 
attended  by  as  great  oonvergence  in  the  other;  for  instance,  in  l  +  Sfx 
+3*jr'+  . . . .,  and  — x"*— 2"*J?"*-3~'jr-*— .... 

Since  we  have  a^ — Oi  x+Oa x"  —  . . . .  =a_i  x"* — a^ x~*+ ....  we 
now  see  the  confirmation  of  a  fact  which  every  algebraist  observes, 
namely,  that  in  every  series  the  terms  of  which  follow  a  law  expressible 
by  common  methods,  and  in  which  the  terms  are  alternately  positive  and 
negative,  the  function  so  developed  diminishes  without  limit  when  x 
increases  without  limit.  This  will  yet  more  fully  appear  in  the  next 
chapter. 


x*  JC* 


When  a  series  has  the  form  ch+a^  x+o,  -jr+^gTr-^  +  •  •  •  m  where 

a^^  can  be  assigned,  the  present  theorem  fails  from  our  not  being  able 
to  assign  the  value  of  the  function  from  which  2.3* .  •  .n  is  derived,  in 
the  case  in  which  n  is  negative.  It  will,  however,  appear  in  the  next 
chapter  that  these  inverse  values  are  not  finite.  In  algebraical  series, 
the  values  of  ^i,  a^,  &c.  being  those  of  diff.  co.  generally  contain  ),  1.2, 
ftc,  in  the  numerators.  But  in  several  remarkable  cases  the  theorem 
will  not  apply,  owing  to  our  ignorance  of  the  method  of  inversion,  in  the 
development  of  (1  +  x)*  for  instance.  There  are,  however,  cases  in 
which  we  may  invert  the  process  and  infer  negative  valnes  by  means  of 
independent  developments.    Thus,  n  being  a  whole  number, 

(I  -x)-=: I  +nx+n ^^ x»+  . , . .  =  (-1)-  {a?-+wx— *+ } ; 

hence,  a.  being  the  coefficient  of  x*  in  the  first  series,  we  may  infer  that 
a-i=0,  aLt=0,...a_,+i=0,a^=— (—!)•,  a^i,«i=— (— l)"-n,  Ac. 
I  leave  the  following  to  the  student : 

flo+aiX+a4X*+ ..  .=:a_i(l-x)~*+Aa-.«(l-x)"*+A*a_a(l-x)"^, ... 

In  most  of  the  cases  in  which  the  general  term  of  the  series  is  of  the 
form  a, X*:  (1.2.3..  ../i),  the  denominator  insures  a  high  d^ree  of 
convergency.      To  examine  this   point,  remember  that  (page  293) 

1 .2.3.  • .  .n  has  always  a^finite  ratio  to  7i**^r^^  as  n  increases  without 
limit,  so  that  (page  234)  we  need  only  examine  the  convergency  of  the 
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Bcrieg  whose  general  term  is  a,*"e":7i*^.    Let  this  be  yrw,  and  we 
have 


— n^  =  -n— +nlog(  -  I +-. 


The  only  case  in  which  this  serjes  can  be  divergent  is  that  in  which 
— »ia',:fl,  is  —  cc  when  n=  cc,  in  such  manner  that  the  limit  of  the 
first  two  terms  is  at  least  as  small  as  +^.  If,  for  instance,  a.=7i% 
which  is  a  function  increasing  faster  thsn  1.2.3. .  •  .n,  we  have  for  the 
preceding  i — n  log  (j?«),  whence  the  series 

l+x+2'4r+3»-^^+4*— ^+ .... 
2         2.3        2.3.4 

is  convergent  whenever  x  is  <r"*. 

The  following  methods  will  oflen  convert  a  divergent  series  into  a 
convergent  one. 

Let  0r=a,,+ai  j:4-flr,a?'+ and  let  ao6,+ai6|a:+aj6tX*+  •••• 

be  the  series  in  question  :  then,  as  in  page  240,  this  series  is  obtained 
by  a  train  of  operations  on  6^,  of  which  the  symbol  is  0  (  j:E)  .  ft^i  'where 
E  stands  for  1  +  A.     Assume  E=m+F,  which  gives 

^9  K-\  «i  ^i  x+  •  •  •  •  =0  (^^)  .^o+^'(«»Jf)  .^F6oH F*  \-\r . .  • 

Now  E=m+F  means  E6,=in6.+F6„  or  F6,=:6,+i—ni6«  which  gives 
F6o=6i— mZ».,    F«  6^=ft,— 2m6|+m«  6„     &c. ; 

the  process  obviously  being  an  extension  of  the  method  of  differences, 
by  substitutien  of  the  operations  hi — w6,,  6,— mfti,  Ac.  for  ft|— 6o, 
&,— 6i,  &c.     We  thus  get 

,    ,.       ,  '6a      AK-inh;)x      (^--2m6i -|-m«6p)  d?« 

•  1-mj?       (1— mr)*  (1— mjc)'^ 

'«•  f  X*  \ 

*o+6i  jf+ft,  — +  • . .  =  €"'|6.+(6,-»n6p) .i>K6,-2m&i+m«6o)  g"*"' ' "  [• 

iu  which  m  may  be  any  fmite  quantity,  positive  or  negative.  Let 
fn:=  —  1  in  the  first,  and  we  have 

6.+6.X+ i+i+(i+x)-    "^        (1+xV       +•••' 

If  6o»  6i,  Ac.  be  increasing,  this  series  is  convergent  whenever 
5j+  26i  V  +  46, t?*+ ....  is  convergent,  v  being  x :  (1  +  jc).  If  6,+, :  6, 
=Ar  when  ?i=oc,  this  last  is  convergent  whenever  t?<(2*)"S  or 
j<l :  (2it  — 1).  If  2it=  or  <1,  the  second  side  is  convergent  for  all 
positive  values  of  x. 

If  instead  of  E  we  write  £*^,  by  the  theorem  in  page  307,  we  have 

a.  6o+«iM+..=*J^.6.+^{a'(l+A)}.O.6'.+^{x(l+A)}0«— •+.... 

where  &'«,  V^  Ac  are  written  for  D6^  D*6^  Ac.  This,  expanded,  the 
table  io  page  253  being  used,  gives 
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a  result  which  might  easily  be  verified  from  page  239  by  help  of  page 
263.  The  remnant  a,6,«*+a.+|6.+;i"+'+. . . .  may  often  be  ren- 
dered more  convergent  by  use  of  this  form  of  development. 

This  chapter  may  serve  to  throw  some  light  on  the  character  of 
divergent  series.  Further  considerations  will  offer  themselves  in  the 
next  chapter,  previous  to  which  it  is  hardly  right  to  invite  the  atten- 
tion of  the  student  to  any  final  opinion  upon  the  use  of  divei^ent 
series.  This  much,  however,  may  here  be  said :  the  history  of  algebra 
shows  us  that  nothing  is  more  unsound  than  the  rejection  of  any  method 
which  naturally  arises,  on  account  of  one  or  more  apparently  valid  cases 
in  which  such  method  leads  to  erroneous  results.  Such  cases  should 
indeed  teach  caution,  but  not  rejection :  if  the  latter  had  been  preferred 
to  the  former,  negative  quantities,  and  still  more  their  square  roots, 
would  have  been  an  effectual  bar  to  the  progress  of  algebra,  which 
would  have  been  confined  to  that  universal  arithmetic  of  which  Newton 
wished  it  to  bear  the  name :  and  those  immense  fields  of  analysis  over 
which  even  the  rejectors  of  divergent  series  now  range  without  fear, 
would  have  been  not  so  much  as  discovered,  much  less  cultivated  and 
settled. 


Chapter  XX. 
ON  DEFINITE  INTEGRALS. 


In  commencing  with  a  title  which  may  induce  the  student  to  think  that 
he  is  already  master  of  the  principles  on  which  the  following  pages  rest, 
a  conclusion  which  would  not  be  altogether  correct,  it  will  be  necessary 
to  point  out  the  extension  of  views  with  which  the  subject  must  be 
looked  at,  before  the  objects  of  the  present  chapter  can  become  intel- 
ligible. The  subject  of  definite  integrals  becomes  daily  of  more  import- 
ance :  and,  to  judge  from  appearances,  any  very  decided  increase  of  the 
power  of  the  mathematical  sciences  can  only  arise  from  successful  in- 
vestigation of  the  methods  of  obtaining  their  general  properties,  and 
computing  their  numerical  values. 

A  definite  integral  is  distinguished  from  an  indefinite  one  by  the  sup- 
position that  both  its  limits  are  specified ;  and  the  consequence  is,  that 
the  former  is  no  longer  a  function  of  the  variable,  but  only  of  the  limits  and 
of  such  constants  as  enter  into  the  function  integrated  previous  to  in- 
tegration. If,  therefore,  all  indefinite  integration  could  be  successfully 
performed,  all  definite  integration  would  necessarily  follow.  Thus  when 
we  know  that  2x  is  the  diff.  co.  of  x\  we  therefore  know  that  fi2t(lx 
is  6*—/^,  whatever  b  and  a  may  be.  But  we  know  that  indefinite 
integration  cannot  always  be  performed;  and,  as  in  pages  103—105, 
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(which  the  student  should  here  review  attentively,)  we  may  see  that  the 
lifficulty  arises  from  a  deficiency  of  means  of  expression.  To  carry  on 
the  same  mode  of  illustration,  remember  that  geometrical  recollections 
introduced  the  circle  and  its  properties  into  algebra  before  the  differential 
calculus  was  invented.  As  algebra  was  applied  to  trigonometry,  the 
.sine,  cosine,  &c.  of  the  latter  science  were  made  fundamental  modes  of 
expression  in  the  former.  The  consequence  was,  that  at  last  a  broad 
distinction  was  drawn  between  the  two  series  1— J«*4-J4-Jj^— &c., 
JB — il^e^+ftc,  and  all  others.  The  student  finds,  on  his  first  intro- 
duction to  these  series,  that  he  is  already  master  of  their  properties  by  the 
hundred,  is  provided  with  tables  to  find  their  numencal  values,  and 
knows  how  to  make  them  of  continual  use.  But  if  he  had  been  com- 
pelled to  be  a  pure  algebraist,  vnthout  permission  to  draw  suggestions 
from  any  other  science,  he  would  have  had  no  more  occasion  to  investi- 
gate the  properties  of  diese  series  than  those  of  many  others  of  equal 
simplicity.  And  on  the  other  hand,  if  the  suggestions  of  geometry  had 
been  more  extensive,*  he  might  have  been  familiar  with  many  results 
which  are  now  to  be  presented  for  the  first  time,  and  might  have  had 
common  and  well-known  names  for  results  of  calculation  which  are  now 
only  expressed  by  symbols,  and  have  no  distinct  appellatives.  In 
geometry,  the  previous  treatment  of  the  curve  y=:^(a«— jt")  made 
j»/(a^ — i*)  dx  expressible  in  known  functions  as  soon  ta  fxdx:  had 
the  same  science  directed  attention  to,  and  been  made  the  means  of 
developing  the  properties  of,  the  curve  y  =e— **,  the  integral  fg— **rfT, 
to  the  consideration  of  which  we  shall  come,  would  perhaps  have  been 
already  known,  named,  and  tabulated. 

If  all  the  cases  of  /^r  dx  were  written  down,  when  <f>x  stands  for  a 
function  in  common  use,  the  greater  number  of  these  integrals  would  be 
inexpressible,  except  by  infinite  series.  If  all  infinite  series  were  con- 
vergent, the  difficulty  of  computation  would  not  be  insuperable ;  and  if 
the  general  properties  of  an  infinite  series,  for  which  no  finite  equivalent 
is  known,  were  as  easily  determined  as  those  of  a  finite  expression,  we 
might  satisfy  the  wants  of  any  application  of  our  science  with  compara- 
tive ease,  though  the  labour  of  computation  might  be  considerable.  But 
it  is  not  always  readily  practicable  to  reduce  integrals  to  convergent  series, 
and  it  frequently  happens  that  the  form  of  a  series  does  not  throw  any 
light  upon  its  properties.  At  the  same  time,  nothing  is  more  certain  than 
that  the  results  of  most  of  the  problems  in  which  the  higher  mathematics 
are  necessary,  must  firom  their  nature  require  integration.  Do  we  then 
find  in  what  precedes  premises  requiring  a  conclusion  that  most,  or  at 
least  many,  of  such  problems  must  remain  insoluble  ? 

This  question  is  to  be  answered  in  the  negative,  and  the  reason  is  as 
follows.  Every  particular  case  of  an  integral  can  be  found  by  common 
arithmetic,  whatever  the  function  may  be.  It  may  easily  be  that 
f^^dx  may  not  be  expressible  in  terms  of  a  and  6,  with  such  modes  of 
expression  as  we  now  have;  but  specify  the  values  of  a  and  6,  say 
a=:2  and  6=3,  and  by  the  definition  of  the  symbol  the  equation 

/;^«dx=i  {f  (2)+f  (2+i)  +^(^2+?)  +  . .. .+0(2+^)} 

*  If  the  hyperbola  had  received  as  much  atteution  as  the  circle,  its  area  might 
have  suggested  the  notion  and  properties  of  logarithms,  and  the  attention  thereby 
excited  might  h«f  e  led  to  the  calculatio^  Qf  tables. 
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may  be  made  as  nearly  true  as  we  please,  by  taking  n  sufficiently  great. 
This  symbol,  then,  for  an  isolated  and  specified  value  of  a  and  6,  is 
merely  the  limit  of  a  simple  arithmetical  conception,  and  every  case  of  it 
may  he  calculated,  quam  prosime,  by  a  person  who  knows  only  how  to 
calculate  the  value  of  an  algebraical  expression  in  any  particidar  case. 
The  more  artificial  and  rapid  method  of  page  814  may  be  substituted  : 
and  it  must  be  observed  that  in  calling  every  definite  integration  practi- 
cable, we  speak  of  possibility  only.  Should  the  actual  computation  of  an 
integral  occupy  twenty  computers  for  a  year,  it  might  well  be  a  question 
(and  one  by  no  means  always  to  be  answered  in  the  negative)whelher  it 
were  worth  while  to  employ  them :  but  this  does  not  affect  my  asser- 
tion. 

It  is,  then,  admitted  to  be  possible  in  every  case  to  construct  a  table  of 
the  values  of  an  integral  which  may  be  used  like  a  table  of  logarithms, 
so  that  reference  and  interpolation  shall  give  any  value  we  please,  with 
sufficient  accuracy.  Each  integral  so  calculated  is  a  fundamental  table 
of  reference,  and  the  question  is  to  choose  such  integrals  as  will  admit 
of  the  largest  number  of  uses,  and  to  find  out  as  many  uses  as  possible 
for  those  which  have  been  calculated;  previously  using  the  shortest 
and  most  convenient  method  in  the  actual  construction  of  the  table. 

So  much  for  the  numerical  attainment  of  results  which  can  only 
be  exhibited  in  an  integral  form :  but  this  is  by  no  means  the  only  use 
of  definite  integrals.  It  frequently  happens  that  one  particular  set  of 
limits  have  an  importance  which  distinguishes  them  from  all  others,  and 
renders  tlie  case  in  which  they  are  used  perhaps  the  only  one  which  it  is 
of  any  use  to  examine.  Thus,  in  the  theory  of  probabilities,  fjif(l — «)"  dx 
is  of  the  most  frequent  occurrence,  but  only  between  the  limits  x=:0  and 
j?=l,  and  also  between  limits  which  lie  near  the  value  of  x  which 
makes  j^^l  —  •r)"  a  maximum  :  it  would  be  only  wasting  time,  so  far 
as  the  most  important  cases  which  occur  in  that  science  are  concerned,  to 
jBxamine  any  other  limits.  In  such  a  case,  we  learn  to  look  upon  the 
variable  or,  the  most  prominent  symbol  in  the  ordinary  integration,  as 
subordinate  in  importance  to  m  and  n ;  the  first  being  necessary  only 
in  the  conception  of  the  manner  of  attaining  a  result  which  depends 
for  its  magnitude  only  upon  m  and  n.  It  frequently  also  happens 
that  the  isolated  cases  which  it  is  most  important  to  examine  are  also 
those  which  can  be  most  easily  attained ;  and  that  we  may  thus  arrive  at 
a  particular  value  of  a  funcliou,  the  general  form  of  which  must  be 
presumed  to  be  an  inexpressible  transcendental.  This  happens,  for 
example,  in  fls^'^dt^  which,  when  a  is  infinite,  is  J^r,  (page  294); 
but  cannot  be  finitely  expressed  in  terms  of  a.  Another  important 
branch  of  the  calculus  of  definite  integrals  is,  then,  the  determination  of 
useful  isolated  cases  of  general  integral  forms,  of  the  complete  solution 
of  which  no  hope  can  be  given. 

Attain,  an  integral  of  the  form  /0  (t,  a)  dx,  between  specified  limits, 
whether  those  limits  be  functions  of  a  or  not,  is,  generally  speaking,  a 
function  of  a,  and  of  the  limiting  values  of  or.  If  these  limits  be 
numerically  specified,  (say  they  are  a?=0  and  a:=  1,)  /i  <|>  (jf",  a)  dlr  is  a 
function  of  a.  Say  that  this  integral  can  be  found,  and  that  it  is  yffo. 
We  have  then  a  mode  of  expressing  "^a,  which  may  lead  us  to  proper* 
ties  of  that  function  which  would  not  othewise  suggest  themselves. 
There  may  be  an  infinite  number  of  ways  in  which  fa  may  be  thrown 
into  the  form  of  a  definite  iut^al ;  and  each  of  them  may  be  the  easiest 
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mode  of  expression  for  some  one  particular  purpoae,  or  for  the  develop- 
ment of  some  one  particular  property. 

Lastly,  by  looking  at  a  definite  int)^;ral  as  the  mode  of  using  a  variable 
*r,  between  given  limits,  to  obtain  an  expression  for  a  function  of  a,  we 
may  not  only  learn  new  properties  of  this  function  of  u^  but  may 
even  extend  our  views  beyond  what  would  be  possible  when  the 
function  retains  its  usual  form.  Thus,  ifl.2.3....nbe  considered  as 
a  function  of  7t,  we  can  form  no  rational  idea  of  its  existence  except  when 
n  is  a  whole  number ;  but  when  we  come  to  observe  that  1,  1 . 2, 1 . 2 .3, 
&c.  are  values  of  f^afe^'dx  answering  to  7i=0,  n=l,  n=2,  &c.,  we 
see  no  difficulty  either  in  the  conception  or  calculation  of  this  integral 
when  n  is  a  fraction,  and  we  have  thus  the  means  of  interpolating  values 
between  1,  1 .2,  &c,  answering  to  fractional  values  of  n. 

The  mode  of  obtaining  a  definite  integral  supposes  that  in  fl^'^^xcLt^ 
if)X  must  not  become  infinite  between  a;=a  and  x=:a-f*A :  not  that  the 
value  of  the  integral  is  then  necessarily  infinite,  but  that  we  have  no 
obvious  means  of  testing  whether  it  be  so  or  not.  The  diminution  of  « 
(page  99)  may  more  than  compensate  any  increase  of  the  terms  of  the 
sum.  To  the  criterion  for  determining  the  result  in  this  case  we  first 
turn  our  attention :  say  that  b  is  the  value  of  Xy  intermediate  between  a 
and  a+hy  at  which  4^  becomes  infinite;  it  is  required  to  ascertain  the 
oonditions  under  which,  in  f  J"*"*  ^x  djr,  or  /l0JPf/x-f /;"*'*0j'rfj",  each  of 
the  two  portions  is  finite.     Since 

/I  ^x  djr=  ^6 . 6— ^a .  a— /I  j^'jp  drrz  ^a  (6  -  a) + 6  (^6— ^ff )  - /;  ar^'j  Jj? 
rr^  (6— fl) +6  /J  <^'x  rfx— /J  x^x  dx=<f>a  (6— cr) +/i  (b-x)  <//x  rfx, 

whenever  06  and  (f>a  are  finite,  this  last  result  is  true  when  b  is  any  quan- 
tity (however  little)  less  than  that  which  makes  06  infinite ;  and  supposing 
b  to  increase  towards  that  value,  it  always  remains  true,  and  (page  22) 
is  therefore  true  when  <r=6  makes  fx  infinite;  0a,  6,  and  a  being 
supposed  finite.  Let  y=z(f>x  give  x=0~^y;  then,  since  y:=</>a  and 
y=  X  correspond  to  x=a  and  j:::=6,  we  have 

/1 0jr  (f«0a  (6-0) +yx- (*- *"'y)  ^y- 

Now  (page  325)  the  last  integral  is  found  to  be  finite  or  infinite, 
precisely  ;in  the  manner  which  determines  whether  the  series  whose 
general  term  is  6 — 0"'^  is  convergent  or  divergent ;  that  is  to  say,  let 
Yfy=6— 0~'y,  and  find 

p  -:^?lllf  =sS[ir^y,  and  a„  its  value  when  y=  a  : 
Y^       ^—0"  y 

according  as  </«  >1,  or  <1,  the  integral  is  finite  or  infinite.  But  when 
fl„=:l,  find  ai  the  limit  of  logy.  (Po — 1)  when  y=:  cc,  and  the  integral  is 
finite  or  infinite,  according  as  aj  >  or  <L  But  when  ai=:l,  find  at 
the  limit  of  loglogy .  (Pj— 1),  &c.  This  seems  to  involve  the  necessity 
of  inverting  0t,  but  it  does  not  so  in  reality,  for 

y=00-'y  gives  y'=0'(0-V)-(^'*'yy-y''  <>'  wyy=i  :*'j^; 

whence  Po=0« : 0'j?  (6— x),  and  a«  is  its  limit  when  x^b. 

If  it  be  x=a  which  makes  0y  infinite,  the  same  result  applies,  substi- 


00=1. 
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tutingaforfc,  flincc/l^xdjpaB— /J0i?dr,  and  —j4*^dx  ^nd  Ji^xdx 
are  finite  or  infinite  together. 
Example  1.    /{ (iogxdx : *).    Here  «i=0  makes  0jr=:  c,  and 

P,=.,g(!^)<P.-.)='iS^Si=^=_,  ^.  .=„, 

whence,  since  — 1<1,  this  integral  is  infinite.  This  may  easily  he 
verified,  since  the  indefinite  integral  is  J  (log  x)*. 

/J*  tana? 

^  tan, dr.     P.-(i  +  tan'*)(iT-x)' 

So  far,  then,  the  result  is  doubtful,  and  this  case  is  more  easily  solved 

by  inversion.  We  have  /**"  tan  x  dx—f^ydij :  (1  +y*),  y  being  tan  r, 
which  falls  under  another  rule.  For  the  preceding  rule  does  not  apply 
when  6=  a.  It  is  obvious  that  f^i^y  dy  is  infinite  if  0y  be  finite  when 
y=  cc.  But  here  y:  (l+y*)=0  when  y=oc,  so  that  the  rule  to  be 
applied  is  that  which  determines  whether  2y :  (1  +  y*)  is  convergent  or 
divergent.     Here 

T^^^^tl^ylzl      a-i      p--2logjf 

whence  the  required  integral  is  infinite. 

Example  3.  J\  €"  x"^  dr,  n  being  positive.    Po=  ( J?+ n)~',  ^0=  1 :  n. 
This  integrafis  then  finite  when  x<l,  and  infinite  when  x>l.     In 
the  doubtful  case,  or  when  <r=l,  we  have 

Tk     1      i"—     IN  i    1        A      a?(a:+logj:) 
P.=log(r-*-)  1^:^-1)  =-4-^-i,    a.=:0; 

or  the  integral  is  infinite. 


Example  4.  f^r^t^dx.  Here  the  method  of  Ex.  2  also  applies, 
and  P^,=j?(a — 9'j:0jr).  The  integral  is  therefore  finite  whenever 
(f>'x :  (f>x  diminishes  without  limit,  or  tends  to  any  finite  limit  <a :  for  in 
such  cases  a^  is  4-oc.  But  when  (f/xKpx  has  the  limit  a,  then  a» 
takes  the  form  cc  x  0,  and  P^,  &c.  must  be  examined. 

Though  I  have  given  these  examples  at  full  length,  in  order  to  illus- 
trate the  general  rule,  yet  it  must  be  remembered  that  any  factor  which 
remains  finite  throughout  the  whole  interval  of  integration  may  be 
rejected ;  and  the  result,  as  concerns  the  simple  question  whether  the 
integral  be  finite  or  infinite,  may  be  obtained  from  the  rest.  Thus  in 
J^i"" x"*  dx  we  might  have  rejected  r^,  and  used  f x~"<i*  only. 

Resuming  the  general  subject,  it  would  seem  at  nrat  sight  that  there 
can  be  no  difficulty  in  any  case  in  which  the  integration  can  actually  be 
performed:  thus,  if  J'0jr dj:=0ia:,  /J0.r(fj:=0i6—0ia,  which  is  finite 
when  ^t'.*  <^n<l  0i^  ^^^  finite,  even  though  0x  be  infinite  between  the  limits. 
But  we  shall  soon  see  reason  to  know  that  the  difficulty  which  arises 
from  the  definition  of  a  definite  integral  as  the  limit  of  a  summation  is 
not  thus  evaded.    For  instance, 


ON  DBFINITE  INTEGRALS.  571 

/»-*d»=2  — *"*,    /ij?""cir=o-*— 6^*,  which  is  finite; 

m 

The  reaaon  why  we  put  the  sign  +  before  oc  in  both  cases  is  as  follows. 
We  find  that 


m — h      m     ^  m^h      m* 

Both  these  are  positive  when  h<m^  however  little  m— Amay  be: 
hence  we  call  their  limiting  symbols  positive  when  Asm.     If,  then,  we 

construct  the  curve  whose  equation  is  y=ap~*, 
^  and  if  0A=  —  m,  OB=-f-m,  we  find  the  areas 

PAOY and  QOBY. . . .  both  positive  and 

infinite,  which    agrees  with    all    our    notions 

derived  from  the  theory  of  curves.     Again,  if 

we  attempt  to  find  the  area  PYQB  by  sum- 

XX    O     B     X     "*^"^  PAOY  and  YOQB,  we  find  an  infinite 

and  positive  result,  wliich  still  is  strictly  intel- 
ligible. But  if  we  want  to  find  the  area  by  integrating  at  once  from  P  to 
Q,  we  find,  as  above,  -  (2 :  m),  a  negative  result  for  the  sum  of  two  positive 
infinite  quantities.  The  int^ral  then,  y  being  infinite  between  the  limits, 
takes  an  algebraic  character,  standing  in  much  the  same  relation  to  the 
required  arithmetical  result  which  must  have  been  observed  in  divergent 
series.  Thus  I4-24-4+&C.  ad  infinitum^  va  an  algebraic  representa- 
tive of  ~  1,  though  it  only  gives  the  notion  of  infinity  to  any  attempt  to 
conceive  its  arithmetical  value.  Whatever  may  be  finally  discovered  as 
to  the  interpretation  of  these  results,  I  think  there  can  ,be  no  doubt 
that  the  student's  first  introduction  to  the  subject  of  definite  integrals 
should  be  kept  clear  of  them  and  it :  and  I  shall  accordingly  avoid  them, 
at  least  till  further  notice ;  confining  myself  to  those  integrals  which,  if 
their  subjects  do  become  infinite,  are  not  thereby  rendered  infinite. 

There  still  remains  a  peculiar  class  of  definite  integrals,  in  which  the 
function  integrated  is  periodic,  and  the  integration  is  made  over  an 
infinite  interval;  such  as  f^^inxdx^  f^cosxdx.  Such  integrals  are 
obviously  made  up  of  a  succession  of  elements  of  one  sign,  followed  by 
a  succession  of  another  sign,  ad  infimtum.    Thus  we  have , 


cosxdx+ ..  ..  =  1  —  2+2—2+..., 


I    cos  x(ir=     ,  cosxdx-\'  I 

f^sinxdx:=     flhinxdx4-  /i'sina:c?x+ . . .  .=2— 2+2— 2+ . . . . 

Now,  as  eiplained  in  algebra,  2  —  2+2 — ...  .s=l  and  1—2+2  — 
.••.  =  1 — 1=0:  are  we  then  to  assign  0  and  1  as  values  of  these 
integrals  P  Examine  the  grounds  of  the  algebraical  assertion,  and  we 
shall  find  them  to  be  as  follows.  The  series  Oo— ai+Ot— . ..  •=^00 
— :^Aao+ . .  •  • :  any  supposition  which  diminishes  Aoq,  2^*a^,  &c.  without 
limit  makea  a^-^ai-^-. .  . .  rigorously  approach  the  limit  ^Oq,  as  long  as 
Oo*  Oi,  ftc.  really  diminish  without  limit.  And  thus  in  the  extreme  case, 
in  which  AoqsO,  A'ao=0,  &c«,  or  00=^01=0^^  &c.,  we  see  that  ^Oq 
must  be  the  substitute  which  Oo— Oo+Oo— &c.  ad  m/Snt7um  requires. 
Similarly,  let  P  be  any  function  which  =0  when  xsz  a,  we  have  then 
/Pcos«ii;=PBin«— /P'sinxddf,  or  /JPoosxdffs:— /JFsinjpdx. 
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This  is  TigoroaBly  and  arithmetically  true  as  long  as  J^Pco8a*d»  ia 
finite :  any  supposition,  then,  which  makes  P  approach  to  a  simple  oon«> 
stant ;  that  is,  makes  P  vary  more  and  more  slowly  whatever  x  may  be, 
or  diminishes  P' without  limit  in  all  cases,  also  diminishes  J^P' sin  xiix 
and  jlVco%xdx.  Consequently,  at  the  final  limit,  or  when  P  is  a  con* 
stant,  we  must  write  f^Fcaa  x  cfj?=0,  or  /^oos  x  dx^siO,  Again,  since 
jPsin  jpda?  =  — Pcos47 +/P'cosjr</x,  we  have  /jPsin  jtAtst  (P) 
'^'f^F'cwxdx,  (P)  being  the  value  of  P  when  a?=sO.  By  the  same 
reasoning,  any  supposition  ^hich  diminishes  P'  without  limit  brings  the 
truth  nearer  to  f^P  Binxdx^  (P).  This  is,  then,  the  final  limit  when 
P  is  made  constant,  or  P=:(P);  and  it  gives  f^&nxdx=l.  For 
instance,  (a  being  positive,) 

r -—  J         „8in«^ — acosa?      /^._^,  ,  a 

fg"^  cos  .T  dx:=z6'" — I :  JT*"'^  cos  x  <ur=-- — - 

^  1+a*  •'•  1+a* 

/•    -,  •        .  _„  cosx+osino?      r*^--,  •        .  ^ 

•^  1+a*  ^  1+a* 

For  every  positive  value  of  a,  however  small,  these  eqiuitioi.a  are 
arithmetically  true,  and  might  be  verified  to  any  extent  by  actual  sum- 
mation :  when  a=:0,  they  become  0  and  1,  and  r"^  is  reduced  to  a 
constant  and  =1. 

It  may  diminish  any  regret  which  the  ambitious  student  may  feel  at 
being  desired  to  lay  aside,  for  the  present,  all  idea  of  considering  definite 
integrals  in  which  the  subject  of  integration  becomes  infinite  between 
the  limits,  if  we  show  explicitly  that  even  those  considerations  on  which 
we  propose  to  enter  necessarily  require  the  algebra  of  discontinuous 
functions ;  and  that  those  which  we  throw  aside  would  probably  intro- 
duce the  same  sort  of  difficulty  in  a  more  complicated  form.  Let 
f^x~^miaxdx  be  proposed,  which  it  should  seem  must  be  a  function  of 
a,  and  the  more  so»  since  it  changes  sign  with  a,  on  account  of  sin  (or) 
= — sin  (  —  ax):  and  when  a=0  it  is  obviously  reduced  to  C— C  or 
0 :  that  is»  it  changes  sign,  passing  through  0,  when  a  changes  sign. 
Nor  is  it  one  of  the  excluded  integrals;   for  sinar:^  is  finite  when 

:r=0,  being  then  =a.     But 

« 

/**sin  aa:  _        r*sinaa:  ,.     .       P*sinr  , 
dxr=  I    d(ax)^!=  I    at>, 
0      -^               J  0    «J?                     J  9     ^ 

since  writing  v  for  ax  does  not  alter  the  limits.  The  last  result  must  be 
independent  of  a,  so  that  we  have  a  constant,  not  a  function  of  a,  which 
as  0  when  a=0,  and  changes  sign  with  a.  Unless,  then,  this  integral 
be  always  :=:0,  it  is  a  discontinuous  constant.  But  it  is  not  ahraya  ssOi, 
is  will  be  afterwards  shown.  It  must  then  be  a  discontinnous  constant ; 
and  thus,  even  in  such  definite  integrals  'as  we  do  consider,  we  cannot 
always  procure  general  algebraical  expressions  of  the  results. 

Our  sole  restriction  being  that  in  /0x  cLr,  <l>x  must  not  become  infinite 
between  the  limits,  unless  we  can  show,  as  in  page  570,  that  the  result 
is  arithmetically  finite,  we  are  at  liberty  to  substitute  for  x  any  function 
whatsoever  which  does  not  invade  this  restriction.  Thus  even  if  the 
function  substituted  should  be  impossible  in  form,  the  truth  of  the  results 
is  not  afiected.  For  example,  take  /  tan~*d  cM  from  0^0  to  O^^r^  n 
being  positive.    Here  fOszcc  when  0^0,  and  we  therefore  examine 
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^-J-^'e(0— ©),  or  the  more  convenient  form  {(log  00)' (0  —  0)}-'. 
This  gives 

(nQ -—   )      which  =«"*,  when  0=0  : 
tone     / 

8o  that  the  integral  is  finite  when  n  is  less  than  unity ;  this  we  must 
therefore  suppose,  the  case  of  n=  1  being  left  doubtful,  as  unnecessary  for 
our  present  purpose  (it  gives  the  integral  infinite).  For  tan~"6  write 
its  value 


'-''■(ttt--)'  . 


wliich  is.  say     =(-l)"«(A«+A,«-«*^-*+At6-'*^-»+ ....); 
and  — 1  being  €*     ,  we  find  for  integration 

(A«f-*-^"»+Air«'"+"*>^^+A,r^*«-»^*^+  ....)d0;  ^ 

of  which  the  impossible  part  must  vanish  by  itself,  since  the  required 
integral  must  be  possible  and  finite:     The  possible  part  is 

{Aocos  (J»w)+Ai  cos  (iirft+20)+ A,cos  (J*n+4e)+  . .  • . }  do. 

Now/co8(c+2Are)rfO,  firom  6=0  to  drrfn',  is  i2ky^  {ain  (c + kv) 
'— sin^cl:  whence  this  integral  vanishes  when  A?  is  even,  and  becomes 
—  A"*sm  c  when  n  is  odd.     This  gives  for  the  integral  required  the 


(A       A  \ 

Ai+-^  +—*+....  J. 

We  might,  however,  obtain  a  finite  result,*  as  follows.     We  have 
(-l)^/tau-'Ode=/(Ao+A|  r-"*'^^+A,r**^'+ . . . .)  do, 

m 

and  ( — 1 ) «*  is  cos  i  vn+ ^(  —  1) .  sin  J-bt/i.  Now  integrate,  and  equate 
the  possible  parts  on  both  sides  to  each  other :  the  possible  parts  on  the 
second  side  being  all  of  the  form  A^fcoB2kd.dB^  must  vanish  when 
taken  from  j?=rO  to  x=:l^iry  and  we  find  (Ao  being  =1,  as  appears  from 
the  function  to  be  developed) 


cos 


iitnl     tan-*^e/e=iB',  or  j    'ton-"e(te  = 


COS  ^n 


A  farther  examination  (or  simple  substitution  of  ^—9  for  6}  will 
ahow  that  this  integral  is  true  for  negative  values  of  n  idso  (if  between  0 
and  —1).    Let  tan'OsoT,  m  being  a  positive  integer,  which  gives 


Let  im(l -n)— l=r,  or  Jir  (1— n)2=ir(f+l):w,  and  C08(j^irn) 
=8in  (r  (r+ 1)  :  m).     Hence 

*  For  this  proof,  which  is  much  shorter  than  the  one  usually  given,  I  am  indebted 
to  a  writer  who  signs  S.S.  in  the  Cambridge  Mathematical  Journal,  (fol.  i.  p.  17.) 
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r.fS-i  H-^K  c^>-<-» 

It  will,  however,  soon  be  observed  that  there  is  a  liability  to  fallacy  in 
an  incautious  use  of  the  preceding  method.  If,  having  deduced 
A+BV(— l)=P+QV(-0»we  infer  A=B,  P:=:Q,  we  are  justi- 
fied only  when  we  know  A,  B,  P,  and  Q  to  be  real.  Now  if  either 
of  these  quantities  be  an  infinite  series,  and  divergent,  it  may  represeDt 
an  impossible  quantity,  as  does  a:+i  J^+  •  •  •  •  when  j:>1.  And  even 
if  we  have  a  series  which  is  real  before  integrai;ion,  it  may  become  im- 
possible after  it;  thus  H-j?+j*+....  is  real  when  jp>1,  while  its 
integral,  beginning  at  j?=0,  represents  an  impossible  quantity. 
We  shall,  therefore,  add  the  common  proof  of  this  result,  which,  though 
employing  impossible  quantities,  does  in  a  manner  free  from  the  pre- 
ceding objection. 

If  we  denote  the  n  roots  of  the  equation  x"+ 1  =0  by  «,  y8,  &c.,  we 
find,  as  in  page  216,  (m<n— 1), 

-r+?=ii:^+ii:^+&<^-«-  -Jy;.^-«-log(.-a)  +  &c. 

It  would  appear  as  if  this  must  =  oc  when  j;  =  a,  but  if  it  be 
remembered  that  2a"''''*=:0  (page  319),  and  that  log  (r — «),  log  (x^fi\ 
continually  approach  to  log  J?  as  j?  increases,  it  also  appears  that  the  limit 
of  the  preceding  is  that  of  2a"''^Magx,  which  takes  the  form  Ox  oc 
when  X  is  infinite.  In  fact,  since  logTSa"*'*'*  (m+l<n)is  r=0  for  all 
finite  values  of  j:,  add  it  to  the  integral  as  found,  and  we  have 

which  diminishes  without  limit  in  every  term  as  x  increases.  The  value, 
therefore,  of  the  above  form  is  0  when  ar=:x,  and  the  required  integral 
from  J?:=0  to  x^  cc  is  the  value  of  the  first  form  when  jr=0,  with  its 
sign  changed,  or  2  {a"*** log  (  —  a)}.  Let  e  stand  for  g^^""**,  and  6  for 
w:n;  we  know  then  that  a=:e*,  i8=:e"*,  &c.,  up  to  c^**~*^,  and  since 
c'=  —  1,  these  roots  with  their  signs  changed  are  c*+*,  e"*^,  &c.  Con- 
sequently 

2{a-+Mog(-a)}=(e+irV(-l)e^'"+'^'+(3^+Ty(-l)^-+'>*+... 

4-{(2n-l)  6+v} -s/(-l)c^*^'^-+*^' . 

For  e^*"*"*^*  write  r,  and  On  for  *,  whence  the  preceding,  divided  by 
eV(-Oii8(»+l)^  +  (n+3)ar«+....+(n+an-l)a**-'.  We  show 
generally  how  to  find  a+(a+6)  «-h(o-H26)  2*+ .  • .  +(a+7i6-6)  «•"*. 
This  obviously  consists  of  two  parts,  the  first  a(l-h  ....-!-«•"*), 
or  a  (!—«•) :  1  — 2 ;  the  second  bz  X  diff.  co.  of  (ar-|-««-h .  • , .  -|-«"~*)»  or 
bx  X  diflF.  CO.  of  (»—«■) :  (1 — «).    Thus  we  have 

For  z  write  z\  multiply  by  2,  let  a=n4- 1,  ft =2,  and 

(n+l)2+,...+(3n-l)2*-* 


ON  DBFINITB  INTEOBAL8.  SH 

In  the  instance  before  ub,  3r=e^"+'^*  and  z*':=e^'"'*'''''=:l ;  whence 
the  first  term  vanishes,  and  the  second  numerator  becomes  2n  {z'— 2:}, 
while  the  whole  becomes  — 2wz :  (1— i^*).  Restore  the  factor  Ov(  — 1), 
and  we  haye 

-1)       ^  * 


^-+»>'     sin  {(m  + !)»:«}• 
or 


nsms-(m+l)^ 


a  result  of  great  importance.  If  we  examine  the  limits  within  which  it 
is  true,  we  find  that,  as  far  as  the  lower  limit  0  is  concerned,  m  must  be 
> — 1,  while,  for  the  higher  limit,  m  must  be  <n— 1. 

The  preceding,  though  it  employs  impossible  quantities,  is  yet  pre* 
cisely  the  same  in  its  processes  as  the  longer  method  which  woula  be 
followed  if  a:^  (l+a?")~*  were  integrated  from  the  rational  form  found  in 
page  276,  §  89,  by  collecting  the  impossible  factors  of  the  preceding 
process  in  pairs. 

It  would  seem  as  if  hitherto  I  had  given  nothing  but  cautions,  and 
this  I  have  purposely  done  to  impress  upon  the  student  the  idea  of  the 
Very  slippery  character  of  the  subject ;  or,  which  is  the  same  thing,  of  the 
very  imperfect  manner  in  which  it  is  understood.  Some  further  hint's  of 
this  kind  will  still  be  necessary. 

Every  integral  of  the  form  J^(f)Xdx  may  be  thus  expressed : 

f^fpx dx=:f^<f>x  dx+fii<l>ix dx+ f^^(px dx+ . ..  .  ad  infinitum ; 

o^  ^19  o^  &c.  being  a  series  increasing  without  limit.  Every  such 
integral,  then,  is  really  an  infinite  series,  of  which  it  is  found  that 
the  divergent  Jase  is  net  so  well  understood  as  that  of  ordinary  divergent 
series.  Let  us  divide  series  into  four  classes,  simple  divergent  and 
convergent  series,  in  which  all  the  terms  are  positive,  and  alternately 
divergent  or  convergent  series,  in  which  the  terms  are  alternately 
positive  and  negative.  Besides  these  we  have  the  intermediate  series, 
of  which  the  terms  are  or  become  of  the  form  a+a+a+.,..  and 
a— «+a — • .  •  • 

When  the  above  infinite  series  of  integrals  is  of  the  simple  diver- 
gent kind,  we  have  rejected  the  consideration  of  J70x  cb  as  being 
infinite ;  though  it  might  reasonably  be  asked  why  such  a  diverging 
series  of  integrals  should  be  called  infinite,  when  a  diverging  series 
of  simple  terms  is  only  called  at  most  a  wrong  development  of  a  finite 
quantity.  About  converging  series  of  either  kind  there  is  no  question  ; 
while  diverging  alternating  series  will  be  readily  admitted,  even  by  those 
who  reject  them,  to  stand  upon  a  different  footing  from  simple  diverging 
series.  But  having  thus  pointed  out  that  integrals  taken  from  0  to  oc 
must  have  a  general  resemblance  to  series  in  their  properties,  or  at  least 
a  similar  classification,  I  now  show  that  there  is  decided  danger  of  error 
in  any  attempt  to  apply  these  conclusions  to  series  in  general,  which  are 
demonstrated  in  algebra  to  be  true  of  seriesof  powers  of  the  same  variable. 
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For  example,  take  /cos  x  dx= 0  from  xsz 0  to  j?=:oc.  We  see  (page  512) 
from  what  this  springs ;  if  we  write  bx  for  x,  which  does  not  alter  the 
limits,  we  have  fi/cos  bx .  d x = 0,  or  /cos  bx .  dx=zO.  Now  it  is  a  funda- 
mental property  of  any  integral,  that  if  the  limits  remain  the  same, 

~  pdp  =J^'<^P  (?^  191) ....  (P), 

provided  always  that  dP :  dq  does  not  become  infinite  between  the  limits, 
in  which  case  the  second  side  of  the  equation  may  not  be  within  our 
present  conventional  boundary.  This  proposition  is  easily  proved, 
independently  of  the  page  referred  to:  for  since  (returning  to  the 
definition  in  page  99) 

^  2P^p=2  —  Ap,  for  any  number  of  terms,  ' 

the  limiting  proposition  must  be  true,  or  (P)  must  be  true.  Take,  then, 
/cos6x.cLr=:0,  and  differentiate  twice  with  respect  to  6,  which  gives 
— /cos6j,ii?'dr=0,  OT  fco&bx.a*dxr=0.  We  may  readily  find,  as  in 
page  572,  that 

c  c^  /     c     \ 

/Z.  r"**  cos  bx  dx  =-= .         fT  £~*'co8  bx ,  Ji^dx:n  — -^  f  1, 

which  verifies  the  preceding  when  c=:0  Also,  if  we  differentiate  twice 
witli  respect  to  c,  we  have  a  conclusion  of  the  same  kind,  verifiable 
in  the  same  manner. 

Differentiate  again  twice,  and  so  on,  which  gives  /"  •co8  6j7.«E^c/lr=0, 
by  making  c=0.  Various  other  methods  coincide  in  the  same  result; 
surely,  then,  we  should  say 

i.«  •  r^coB  bx 

/,cos6x  (1  — or+j*— , . .  .)cLc=0,  or  I     - — ;i=  ^« 

This  result  is,  nevertheless,  not  true,  and  we  may  see  that  we  have 
here  made  an  assertion  which  need  not  necessarily  be  true,  in  saying  that 
/cos  bx  dx+f  cos  bx.3^dx-\'  ....=:  0,  because  each  of  its  terms  is  so.  If 
each  of  the  terms /j cos 6jr.c2x,  foCosftjr.j'eLr,  &c.  diminish  without 
limit  when  a  increases  without  limit,  it  by  no  means  follows  that  their 
sum  ad  infiniium  does  the  same.  If  we  assume  this  in  tlie  caae  of 
a+bx-{-cx*-{-*  • . .,  it  is  because  we  never  have  to  use  such  a  series, 
unless  as  the  development  of  a  function ;  and  this  function  may  always 
have  (as  in  page  73)  all  the  terms  after  a  given  term  expressed  in  a 
finite  form,  from  which  it  easily  follows  that  the  series  is  comminuent 
with  X.  But  if  it  ever  should  happen  that  we  find  a  series  such  as 
a+6j:H-. . .  •  always  divergent,  no  matter  how  small  x  may  be,  and 
not  having  any  assignable  mode  of  invelopment,  I  then  say  that  we  have 
no  right  whatever  to  assume  that  such  a  series  is  comminuent  with  x. 

To  prove  the  preceding  assertion,  assume 

-.      r^cosbxdx     (fP  r^coBbx.j^dx         -»       ,    .      «     ir. 

whence  P = Ce* + Ci  r*. 

Now  G=0,  for  otherwise  this  integral,  which  is  always  finite,  being 
necessarily  not  greater  than  f^  (^dx :  0. + x*))^  or  ^ir,  would  increase 
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without  limit  with  b.  And  C|  must  he  the  value  of  the  integral  when 
br=Oy  or  ^ir.  Hence  are  deduced  the  following  results,  heing  the  ahove 
and  what  arises  from  differentiation  with  respect  to  6. 


«    r'cosbxdx  ^ic     4        r^si 

J.~h:^~~2*'*  J." 


sin&j?.a:cLr     ic    . 


l+jf« 


If  we  suppose  the  sign  of  b  to  change,  cos  {bx)  remains  the  same, 
and  the  integral,  while  its  equivalent  becomes  i^c^*.  The  result  is 
evidently  not  allowable,  since  it  would  be  then  Ci,  which  is  =0,  and  C 
which  is  ssjw.  Consequently,  this  integral  is  represented  by  iirr"* 
when  b  is  positive,  and  by  Ifit^  when  b  is  negative.  Similar  circum- 
stances frequently  occur,  and  they  arise  from  the  difference  of  treatment 
of  series  and  definite  integrals.  If  we  had  rejected  divergent  series,  we 
should  have  called  j7+^+<i^+ •••  •(J?>1)«  a  mistake  which  is  to  be 
corrected  by  writing  - 1  —a?"' — .r"" — • . .  Both  series  have  the  proper- 
ties of  X  (1  —  x)~^  An  extended  theory  of  definite  integrals  will,  I  con- 
fidently expect,  at  some  future  time  contain  the  same  distinction :  ex- 
hibiting results  in  a  form  which  points  out  numerical  values  when  they 
exist,  and  algebraical  equivalents  when  the  numerical  values  are  infinite: 
though  I  admit  that  there  are  some  circumstances  which  appear  to 
create  a  marked  distinction  between  integrals  and  series. 

Many  definite  integrals  of  the  form  fe'^t^vdw  from  vsO  to  0=  QC 
have  received  particular  attention.  The  most  celebrated  of  all  is  /£"•  tfdv^ 
which,  being  1 . 2. 3. . . .  j7  when  x  is  a  whole  number,  supplies  an  expres- 
sion which  is  intelligible  and  calculable  when  a?  is  a  fraction ;  and  is  the 
same  extension  of  the  notion  of  1.2. 3.. .  .j?,  which  a  fractional  expo- 
nent is  of  that  of  a  whole  one.  This  function  fr^  ff  dv  is  generally 
denoted  by  r(j?+l),  or  Fx^fi^tf^dv.  This  last  integral  is  finite 
(page  570)  whenever  x  is  >0,  andP  (x+I)zz:rrap  is  a  functional  equa- 
tion which  its  values  satisfy.     For 

fe^'v'dvx  -g-.r'+x/g;;^'-*  dv, 

which,  taken  from  0  to  oc,  gives  r  (a?+ 1  )= ^rx,  since  if  r^  vanishes  at 
both  limits.  And  it  is  perfectly  possible  that  this  equation  may  be  true 
of  fractional  values,  or  any  other  of  the  same  kind.  Thus  if  ^  stand 
for  X  terms  of  the  series  I"" +2""+  ....  +a?"",  we  have  before  us  a 
function  which,  when  a?  is  a  whole  number,  satisfies  0(j?+l)=r0j7 
4-(j;+l)~'*,  and  as  to  which  the  mode  of  derivation  entirely  fails  when 
X  is  not  a  whole  number.  Nevertheless,  there  may  be  a  continuous 
function  which  satisfies  the  above  equation  for  all  values  of  x.  Thus 
0j:=14-2+3+.««.+ar  gives  0  (j?+l)=0a?+('ap+l)»  and  the  deriva- 
tion is  unintelligible  when  cr  is  a  fraction ;  but  (px^^x  (^+1)  satisfies 
the  equation  for  fractional  and  even  negative  and  impossible  values  of  x. 
Let  us  now  take  0a?  from /(0)+/(l)+/(2)+  ....  +/(j:),  which 
satisfies  0(x+l)=0r+/(a?+l):  required,  if  possible,  the  expansion 
of  4^x  in  powers  of  x.  Let  yjp=/(a?-f  !)+/(*+ 2)+... .  ad  inf. 
when  jp  is  a  whole  number,  and  let  fx  in  all  cases  satisfy  yx— V^  («+ 1) 
=/(x+l).  Then  Y^jp+0r=f  (»+ 1)4-0  C-^+D  or  Y^x+0J?  is  con- 
stant. Now  when  x  is  a  whole  number,  Y'»+0*i8  obviously  the  sum  of 
the  scries /(0)+/(l )  +  ....  ad  inf.^  say  =2;  whence  in  all  cases 
to-f-0j=2.  We  have  then  0x=Z— Y^x,  or  Z- V  (O)-y^'  (0).  j:-&c. 
But  smce  V«*>j:=:/<">(x-H) +/^->(x+2)  +  ,...•,  we    have    Y^<\^0 

2P 
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==r*Kl)  +/^"X2)+ Thit  equation  is  iwrt;  derived  from  differentift- 

ting  with  respect  to  a?  a  function  in  which  j;  is  a  whole  number  only, 
but  as  follows :  since  '^x  in  all  cases  satisfies  fx—yff  (f  +  l)=/(^+l)) 
we  have  V^">j?-Yr<-)(a?+l)=/(">(a:+l),  or 

or    y«a?=/^"^(j+ 1)+ ....  (uf  inf.  +f  «•>(  oc  )  (as  in  page  228)  ; 

and  all  the  series  bemg  supposed  convergent,  we  have  f^*\  oc  ):=0. 
Hence  if/<"^(l)+&c.=2^">,  we  have 


2  2.3 


Observe,  that  it  matters  nothing  if  2  be  divergent,  provided  £^^^  &c. 
be  convergent,  since  2— 2^^  is  simply  ^  (0). 

To  apply  this,  consider  T  (l+x)^xTx;  we  have  then  logr(l+x) 
s=log«r+logrjr,  but  since  both  £logj?  and  Sj?'^  are  divergent,  differ- 
entiate both  sides,  and  let  <t>x  be  the  diff.  co.  of  logFjror  T'xiVx. 
Required  the  development  of  0  (1  +  j^)  in  powers  of  x,  having  0  ( 1 + x) 
s=x-*+0j?.  Letyj?=(x+l)-'+(x+2)-'+....,  or  Y^x-y(x+l) 
=5^(x+2)— 0(x+l),  and  0  (x+l)+^x=const.;  whence  ^^•^(x+ 1) 
=  -  V^">x.    Now  i^xs=(x+  I)"*+y  (x+ 1)  gives 

or  ^;[->(0)  :  2.3. . .  ,n=±(l  +  2-^«+»>+3-<-+»>+ ....),  which  call  S,+|. 

0(x+l)=0  (1)+S,x— Sg«»-f  S***- . . .., 

a  series  which  converges  when  x<l.  It  only  remains  to  find  0  (1). 
Since  0(x+1)=jp"'+^,  we  have  0(1)=— I-»+0(2)=c-"l-»— 2"' 
+0(3)=,  or 

g  0(l)=-l-»-2-'-....-r-»+0(x+l) 

=  — (l"'+2-»+ +x-*— logx)+0(x+l)-logx. 

If  we  take  the  series  for  F  (x+1)  in  page  312,  in  which  x  is  a  whole 
number,  we  see  that  this  series  is  intelligible  when  x  is  fractional,  and 
therefore*  is  in  all  cases  the  function  required.     We  have  then 

r(x+i)=V(2Tx).(?)V, 

or  logr(j'+l)  =  logV(2«')+Jlogx+xlogx-x+R; 

• 

where  R  is  a  series  which  diminishes  rapidly  when  x  increases,  and 
its  diff.  CO.  diminish  rapidly.  Differentiate  both  sides  of  the  last,  and 
subtract   logx,  which  gives  0(x  +  l)-logx=  (2jr)"-'+R',  whence 


i>  (x+ 1 )  —  log  X  diminishes  without  limit  as  x  increases.  Consequently, 
—0(1)  is  the  limit  of  l~'+2~*+....  +x"*— logx  as  x  increases,  which 
was  shown  in  page  312  to  be  the  constant'  •  577215*7,  (more  correctly 
•5772156649015828606065,)  which,  being'called  y,  we  have 

*  Another  proof  of  this  will  iubssquently  be  gives. 
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r'(«+l):r(*+l)=— y+S»ap-S,a*+S,ct"-.... 

logr(ap+l)=— yjc+JS,*«-iS,a:«+iS4J?*— .-.., 

no  coBBtant  being  added,  since  log  F  (j:+  1)  vanishes  with  x.  This  series 
is  convergent  froTn  arrs  —  1  (exclusive)  to  j?=  + 1  (inclusive) ;  but  vre 
shall  presently  show  that  still  more  convergeut  ones  may  be  used. 

Again,  smce  r(:r+l)=:J7f"'t;'dt?,  we  have  1^(0?+!)= /f"*tf 
log  V  dv,  and  V  (l)=/€"''logi>  A?,  while  T  (1)=1.  ConscquenUy,  the 
constant  —'5772. . . .,  or  — y,  is  the  value  of  JJ^f*'logt>dt?,  and  thus 
this  (hitherto)  pure  result  of  computation  obtains  a  symbolical  expres- 
sion. The  student  mav  now  try  if  he  can  make  the  preceding  process 
suggest  proof  of  the  following. 

1. /r«-Mog(i)  ^.=1  +  (l+log  i)+(i+log |)+(l+log  ?)+. . . 

Prove,  both  from  the  nature  of  this  series,  and  from  page  326,  that 
it  is  not  only  convergent,  but  ultimately  as  convergent  as  'ijr*. 


2. 


cPiogr(i4-j)      1      _i_ 


d^              l+x^V  (l+ar)(l+i») 
+i  (T+^f+W+P)  "^ (page  166). 

d-iogr(^+i)_  J     111  ) 

*■  daf  -^    ^'  ^^"M(*+l)-+(*+2)'+(*+3)"+'-/' 

n  being  >l. 

We  can  thus  calculate  logr(j:+l),  and  thence  logFj,  which  is 
log  r(  jr-f- 1) — log  .r.  The  former  function,  which,  since  r(l)=r  1 ,  vanishes 
when  :r=0,  is  what  may  be  called  \\\t  general  function  of  log  1  +log  2+ 
....  -f  log  j;,  being  the  function  of  which  log  1,  log  1  +  log  2,  log  1  +  log  2 
+  log3,  &c.  'are  the  values  when  jcrO,  1,  2,  &c.  We  proceed  to  some 
properties  of  the  function  F  (jp+l)i  the  general  function  of  1.2.3. .  .jr. 

Turning  back  to  page  388,  we  see  thht  ffipv.ylfW,dv.dWj  if  the 
limits  of  each  variable  1^  independent  of  the  otner,  is  J<^dvy.j'^  dw. 
Hence 

Tix+l)xr(y^l)=f;e'^Vdvxflr^iC''dw:=f;f;r'"^v'w^dvdw. 

If  we  assume  w:=tVy  we  may  perform  this  integration  by  first  integrating 
with  respect  to  v  from  0  to  cc ,  and  then  with  respect  to  ^,  also  from  0  to 
oc.     For,  to  change  v  and  to  into  Vi  and  v^ty  we  have  o=i'i9  tr=t;i  t^  and 

dv  dw     dv  dw  j^  ^^ 

dh^di-di  5;;  =  1  X''.-OX<=«..  whence  /:/:5-'->V-'l'.r.*.d« 

is  the  integral  above  given ;  while  0  and  oc  are  limiting  values  of  ri  and 
ij  answering  tojthofe  oft?  and  w.  Now,  integrating  first  with  respect  to 
Vgy  we  have 

aP2 
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and  0  and  oc  are  the  limits  both  of  Vi  and  Vi  (l+O*  Multiplying  by 
fdi^  and  integrating,  the  original  form  compared  with  the  transposed 
expression  gives 

*    i  r      Pdt      1 
r(*+I).r(y+l)=r(x+y+2){J  (iljl^T^Ti}. 


or 


J{(l-r-J*(l+0(l+OT 


Let  z:=it  (l-f /)~'\  which  gives  0  and  1  for  the  limits  of  z^  and  we 
have  finally 

which  requires,  to  be  finite,  that  x  and  y  should  both  be  >  —  1.  Thus 
an  extensive  class  of  integrals  is  made  to  depend  on  the  general yZic/ona/ 
function,  as  Vx  is  called.  If  xzs — y,  which  requires  y  and  x  to  be 
numerically  <1,  we  have,  V  (2)  being  1  x  T  (1),  or  1, 

rcl+a:).r(l-jr)=/;«-'(l-2)'(f;r. 

Again,  let  x+y=—  I,  or,  for  y  and  *,  write  — J+jp  and  —J— J, 
which  gives 

/i  2-*+'  (I -*)-*-'  dz=T  (§+x)  .r  (J-x). 

This  integral  admits  of  being  found;  for  if  r=:sin'0,  it  is  reduced 
(page  573)  to  2/{'  tan"  QdQ  one :  cos  {icx) ;  which  may  also  be  writteu 
thus,  by  writing  J— ^  for  j, 

rxr(I-j')=-r^—     (r>0<I).      . 

sm  x-K 

Let  <r=  jl,  then  F  (^)=^ir,  a  result  fomid  in  page  294,  though  in  a  very 
different  form. 

In  the  integral  ro*£'~'"cl/,  let  V^^v^  which  does  not  alter  the  limits 
if  n  be  positive    We  have  then 

r.^-^di^l  f:  .- 1,^'  d.4  r  (i)=r  (l+i)  j«>o)  V 

*    /Jtf-^MteirCJDsiV**  win  page  294.   : 

Returning  to  the  series  in  page  579,  we  have 

logr(l+j)=-yr+iS,jp«-^S,j*  +  iS4J5*-....    • 
logr(l-a:)=:     y-r+iS.x«+AS.a»+iS,«*+..,,; 

but  r(l+x).r(l— x)=jprj.r(I— a:)=:TX:sinirjr,  whence 
log  r  (l+J^)=ilog  Tj— J  log  sin  wj?  — ya:-^  SsX*— 4-  S,  j:*—  .... 

^owra+;r).ra-;^)=(l+2)(f-.«)r(i+2).r(j-.^) 

It 


cosr« 
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and  we  can  thus  calculate  r(l+i+«)j  or  r(l+j?)where  jc  is  >4 
by  means  of  F  (1+i — «)i  or  FXl+Jf)  where  J^<J.  When  x<i  the 
preceding  series  is  yery  convergent. 

If  we  dijorerentiate  the  last  series  but  one,  we  have 

(j:-*-'jrcot«)=2(S,jr+S4j:*+S,ar»+....)* 

Turn  to.  the  series  for  cot  j?  in  page  248,  and  we  find  (making  the  slight 
change  of  notation  alluded*  to  in  page  553,  so  that  Bi=  1 : 6,  Bt=:  1 :  30, 
B,=  l:42,  &c.) 


cota;=x-'— 2«Bi--2*B,— --;— 2«B 


*f»    o     A     m     C         ••••» 


2.3.4  "2.3.4.5.6 

whence   jp~' -tt*  cot irx=: (2t)' Bi  r + (2ir)*  B,  ^To^a  +  ••••* 

whence         S^  or  1-+2-+3-+ ...  =1  ^^^^i 

8  result  remarkable  in  itself,  and  useful  as  showing  how  to  estimate  the 
degree  of  couvergency  of  series  in  which  Bernoulli's  numbers  are  among 
the  coefficients.  For  since  the  first  side  of  the  equation  has  the  limit  1 
as  n  increases,  if  we  write  for  1.2.3. .  ..271  its  limiting  form  ^(2r). 
(  2/1  )*'+*£"*',|we  find  that  B*,.,  and  4/i*"+*ir^+*r^  continually  approxi- 
mate to  equality  as  7i  is  increased.     Also  we  have 

B^+,  _(2n+l)(2n4-2)  _n« 

when  n  is  very  great. 

A  higher  degree  of  convergency  is  given  to  the  series  for  log  F  (1  +  j) 
by  writing  it  as  follows : 

logF(l+,)=ilOg(;;^).ilo:(l±f^ 

We  now  proceed  to  other  properties  of  F  (x).    If  1  ,*a,  «•,.•..  «**"* 

be  the  r^ots  of  jc^  —  1  =0,  we  know  that  a,  a\  &c ere  the  roots  of 

j?"+l=sO,  and  1,  a",  »*,  &c.  are  the  roots  of  a?"— IssO.  Hence  we  have 
(x-— I)(j:— a')....(«-€e*^)  =  x"-I.  For  x  write  x\  divide  both 
sides  by  af  .«,«■. . .  .a*"',  and 

Now  «■  is  -l :  divide  both  sides'by  2"  Wi—l)Vi  make  jrrO'^-^ 
and  for  a  choose  the  value  g*'^^"*^  w  being  —  ir :  n.     We  have  then 

Bine2iTi(^d-\-'!^\mfe+^\  . ..  sinra+^*^j=2-+'Binn0; ;  , 

and  various  other  of  Euler's  formulae  of  the  same  kind  may  be  proved 

*  Or  for  Bg  in  the  page  cited,  write  Bi  for  -B4  write  Ba,  for  B*  write  B5,  &c.  A 
lilt  of  the  numbera  of  Bernoulli  will  be  found  in  the  article  Numbcrt  of  BtrwuUi  in 
the  Penny  Cydopwdia. 


-<•(— 1) 
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in  the  same  wHy.    Now  divide  both  sides  by  sin  0,  and  make  6=0, 

which  gives 

.   IT    .    27r    .    3ir  .   n  — I  n 

sin-.sm — .sin — ••••  sin ^=;;^i- 

n         n  n  n  2"  * 

Now  consider  the  function 

y.=F*.F  (,+l).r(x+?). . . .  r  ('+^) 

Change  x  into  d?+n~\  and  the  second  side  becomes  x^x^  whence 
^(a?+n~')=crY'a?.  This  is  satisfied  by  n""*  F  (no?),  which,  when  the 
change  is  made,  becomes 

n""*"*r(7tr+l),  orn"'.n~~.nj?r(»J?),  or  x.vT^T  (nx); 

and  on  the  principles  explained  in  page  229,  there  can  be  no  other  solu- 
tion unless  it  be  the  preceding  multiplied  by  a  periodic  factor  x'«  such 
that  x('+l)=x^'  '^^  factor  having  been  rejected  when  Fx  was 
taken  as  the  solution  of  y(x+l)=^^»  must  be  also  rejected  here : 
though  a  multiplier  P,  which  is  a  function'of  n,  may  be  requisite.  We 
have  then  yx=:P.n'^F(nj7),  and  P  may  be  determined  by  making 
«=n~S  which  gives 

--r(.).P=r(i).r(2)....r(^ 

Now  F(n:7})=F(l)=l,  and  the  remaining  n— 1   factors  maybe 

resolved  into  F/i-*.F(l-n-*),  F2/i-'-F(l— 271-*).  .••  withamiddle 
term  F  Qn)  if  n  be  even,  and  none  if  n  be  odd.    This  gives 

n=:2m 


n=2m+l 


(2m)""*  P=:|<?r*-* :  [  sin  -—  sin  ^r-. . .  .sin  -- — x  ]\  x  J-k 
^  \  \       2»i        2m  2m     y)     ^ 

,  ^     ,  _  /    .  »  2w  fflT     \ 

(2m+  D-  P=^ :  (^„„ __  .u»  ^---^  . . . .  «„  __  j. 

Examine  the  value  above  given  of  n :  2"^^,  and  it  will  appear  that  it 
can  be  resolved  in  a  similar  manner  into  sin.T»~~'sin(«-->im~*),  or 
sin*.«»"',  sin.2»n""*sin(T— 2wn""*)>  or  sin*. 2im*S  &c.  with  a  middle 
factor  sin^,  or  1,  when  n  is  even,  and  none  when  n  is  odd.     Hence 


n=2m 


m=:2m+l 


.  ,  T      .  .  2t  .  ,m-l  2m 

2m  2m  2m  2**^* 

.  ,      T         .  .     27r  .  ,    mir         2m  +  l 

2m+l  2m+l  2m+l         2** 


Extract  the  square  roots  of  the  last  pair,  and  divide  the  preceding  pair  by 
them,  which  gives 

n=2m,    P=T'^.2--»(2m)*;     n=:2m+l,    P=ir  2"  (2m+ 1)*. 

Both  are  contained  in  P=(27r)*^*~'^  .n*,  whence 

F-r.rrx+iy  Tor+^j. .  .F^x+^^=(2»)^n*-«F(iw). 

Tim  equation  is  useful   in  reducing  the  calculation  of  F(I:ii)» 
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r(2:n)y.  .r(n— 1  :n)  to  the  smallest  number  of  applications  of  the 
series  for  logr«r.  Suppose,  for  instance,  we  want  to  determine  T-ftt 
r^*  •  •F-K',  which  we  call  A|,  A^. .  •  .An.  We  first  have  r«r F  (1— j?) 
sv :  sin  irxy  which  gives  At  An,  At  Aio,  A,  A^,  A^  A,,  A,  A^  and  A*. 
Making  7i=2  in  the  preceding,  we  have 

rj?F(a?+4)  =  (2ir)*2*-«»F2j: 

(A,  A,  A.)  (A,  A,AJ  (A,  A,  A.)  (A4  A.0  A=)  (A.  A„  A,o) ; 

and  those  quantities  are  bracketted  together,  between  which  equations 
are  thus  given.  But  only  the  two  first  are  of  any  use,  for  A«  is  known, 
and  As X  A,;  again,  (A^AicA^)  is  only  the  same  as  (A^A^AO  in 
another  form,  &c.     Again,  make  7is3,  and  we  have 

r*r(cc+«.F(x+i)=2T.3*-^rar,(A,A3A.,A.)(A.A.A,o,A,)... 

of  which  only  the  first  is  of  use ;  thus  (As  A,  An,  A^)  is  the  same  as,  or 
may  be  reduced  to,  (A|  A^  A«,  As).  Collect  all  the  equations,  and  we 
have,  T :  12  being  0, 

^'f"'^^^'   ^^"^b"!^^    ^^==5Sle'    ^^=5^ 

A,A,=(27r)*2JA„    A,A,=(2ff)i2»A4,    A|  A,A,=:2t.3*A,: 

nine  equations  between  eleven  quantities ;  so  that  all  can  be  determined 
by  means  of  .two  only*  It  might  appear  at  first  as  if  we  might  carry 
the  main  theorem  one  step  further,  and  form  an  equation  (Ai  A4  A^Aio, 
A4) ;  but  if  we  do  so,  we  should  find  that  the  new  equation  is  really 
contained  in  the  others. 

The  importance  of  this  function  Tx  can  hardly  be  over-estimated,  and 
the  progress  of  the  mathematical  sciences  will  probably  render  its  use  as 
frequent  as  that  of  its  particular  case  1.2.3. .. .(.7— 1)  has  been 
hitherto.  Legendre  has  given  a  table  of  the  values  of  com.  log  F  (1 4- J?) 
for  every  thousand  part  of  a  unit  from  j?=0  to  x=:  1.  This  is  all  that  is 
necessary,  if  the  table  be  carried  to  a  sufficient  number  of  [figures ;  for 
rap=  (jf— l)r(jp  —  l)=:(a:-2)(jc-  l)r(j:-2),  &c.,  which  can  be  continued 
until  F  (jr— n)  falls  between  1  and  2;  whence  Tx  can  be  found  from 
r(a?— n).  Again,  F<r=J?"'F(l+JP),  which  gives  Tx  when  «  is  less 
than  unity.  The  table  presently  given  is  an  abridgment  of  Legendre's,  and 
the  last  column  will  enable  any  one  to  reconstruct  as  much  more  of  the 
original  as  he  wants. 

The  value  of  Fjt,  considered  as  fs'^tf^^  dv,  is  finite  as  long  as  j?>0, 
but  infinite  for  x^  or  <0.  But  if  Fa?  be  considered  as  a  solution  of 
^(j?+  l)=:xfx,  it  does  not  become  infinite  when  x  is  negative,  except 
when  or  is  a  whole  number.    Thus 

1=F (1)=0.F0=:0 (-1).F(  -1)=0.(-1)(— 2).r  (—2),  &c.; 

whence  r(0).F (  —1),  &c.  must  be  infinite.     But  x  being  >0<1, 

Tx=ix  - 1)  F  (j- 1)  =  (x-l)(x— 2)  r  (a:-2) 
=  («-l)(j:-2)Cc-3)F(a?-8),  &c.; 
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80  that  r  (jc— 1),  r  (j?— 2),  &c.  are  not  infinite.  It  must  be  remem- 
bered that  many  of  the  properties  of  Fx  haye  been  derived  from  the 
equation,  not  from  the  integral ;  and  negative  values  given  to  x,  and 
used  in  the  series  for  log  F  (1  +j:)  give  results  perfectly  coinciding  with 
the  formulffi  just  given.     This  point  requires  further  examination. 

Tx^  the  integral,  satisfies  0(x  +  I)=x<^,  and  so  does  ^x.Tx^  ^x 
being  any  function  vtrhich  satisfies  {  (j?+  l)=:£x;  for  instance,  £a?  may 
=cos27rir.  The  series  for  logr(j?-i-l)  was  derived  entirely  from  the 
equation ;  how  then  do  we  know  that  this  series  represents  Tx^  and  not 
cos2irx.Txy  or  any  other  solutioii  of  the  equation? 

We  should  answer  this,  if  we  remember  that  the  condition  Tx  T  (1 — x) 
STTT :  sin  vx  is  derived  from  the  integral  alone,  if  we  could  show,  1.  That  no 
other  solution  of  the  equation  will  satisfy  this  condition ;  2.  That  the 
series  obtained  does  satisfy  this  condition. 

If  possible,  let  ^x.Tx  satisfy  the  condition;  then  since  Tx  also  satis- 
fies it,  we  have  fx  £  (1  —  «)= 1,  an  equation  which  can  only  be  satisfied 
by  the  form  P*^',  where  P  is  a  symmetrical  function  of  x  and  1  —  x,  or  a 
function  of  x+l — x  and  of  x(l — a?),  or  of  «(1 — x)  simply;  so  that 
changing  J?  into  1— a?  does  not  alter  P,  and  changes  2i— 1  into  1 — 2x. 
Let  log  Per  ^  (a:— J?*);  then  since  5j?=:{  (x+1),  we  have 

(2j?-.l)0(j?-«*)=(2a:+l)0(— a:— j:*). 

Change  the  signs,  and  both  sides  become  integrable,  giving  0|  (x — a^) 
c=:0j(— a?— a'«),  which,  if  it  can  be  solved,  determines  ^jX,  and  thence 
0JC,  and  thence  (2r— l)0(a?— ar'),  or  log.P*^*.  The  calculus  of 
functions  does  not  give  any  reason  for  supposing  that  this  equation 
cannot  be  solved,  though  no  solution  has  been  attained ;  and  therefore, 
so  far  as  we  have  yet  gone,  we  fail  in  showing  that  the  series  for  Tx  is 
that  particular  solution  of  0  (i:+ 1)  =  jr0j?,  which  Legendre  and  others 
have  assumed  it  to  be.  There  are  plenty  of  solutions  which  coincide 
with  /5~*  v'"*c?i?,  when  x  is  a  whole  number,  but  not  when  x  is  a 
fraction.     For  example, 

X  "^  cos'  2irx 

.  ^  .    .  ,^     fr" tf^' dxy    (1  —cos 2irx + cos" 2irx) / r^ tf -» dx^&c; 
2+sm«2TX''  '•'   '  •        * 

any  one  of  which  may,  for  anything  to  the  contrary  shoven  in  the  method 
quoted  from  Legendre,  be  the  function  whose  values  have  been  tabulated 
for  those  of  fr^'if'^  dv. 

By  the  following  method,  however,  I  find  that  the  series  for  log  F  (1  +x) 
may  be  deduced  entirely  from  the  int^al,  without  any  reference  to  the 
equation  ^(x+i)=x0x.  Take  F(x+l)=r/r^r'c/i;,  (the  limits  0 
and  oc  always  understood,)  and  remember  that  if  is  the  limit  to  which 
(1  —  ff~^)' :  (f  approaches  when  a  is  diminished  without  limit  If,  then, 
we  find  /s^*  (1 — r^)*(fp,  and  then  divide  by  a",  and  diminish  a  with- 
out limit,  we  see  r(x+I)  in  the  limit  attained.  Let  r*'=y,  which 
changes  the  limits  to  0  and  1,  giving  (page  580) 

,.,      r(*+i).r('i) 
-      ar(.+l+i) 

Let  l:a=6,whenceF(x-H)=F(x+l).F6&^+»:F(x+6+l)  i»  an 
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equation  which  approaches  without  limit  to  truth  as  b  is  increased  withoi 
limit;  or  Tb.lf^^:T(x+b+l)  has  the  limit  unity.     If,  then,  &  be 


without 
whole  number,  we  have 

71 — Twl — 7^ ,    .,4.. has  the  limit  unity : 

(6—1)  (6— 2) ....  1 . 6'+^  ^ 

orlogr(I+j)=xlog6--log(l+.T)-logri+|^-log(^l+^V 
continued  ad  infinitum.     Use  the  logarithmic  series,  and  we  have 


log 


r(l+J^)==(log6-l-i-....-J)j:+^(l  +  ....+~^^ 

provided  6  be  increased  without  limit.  This  gives  (y  being  as  in  page 
578) 

logr(l+a:)=— yj?+iSij:*  — ^S,x'4-  ••  ••  as  before. 

We  also  find,  when  b  is  considerable,  the  means  of  calculating  ap- 
proximately Cr+l)(j:+2)..  ..(^+6)  for  all  values  of  x  from  >  — 1, 
by  means  of 

(x+i)  (x+2).  •  ••(*+^)=^'f77rn  ^^'y  ^^^^^' 

It  will  be  convenient  here  to  introduce  some  theorems  by  which  the 
preceding  results  will  be  confirmed.  It  is  required  to  expand  £'+£"• 
and  e—i~^  into  products  of  an  infinite  number  of  factors.  IjCt  w=t  :  7t, 
and  it  is  known  that 

j?*"-|-a'"s={j!»'-2ajf.co8[Jw]+a«}[|«].[|w]....         I"-  w 

«*•—««■={«•— 2aj?  [cos  w]+a*}  [2w] .  [3«J. . . .  [/i— 1 .  w]  x  (J!^— a*)  ; 

where  by  [^w],  [5a»],  &c.  we  mean  the  repetition  of  the  first  factor  with 
\w,  |bi,  &c.  instead  of  ^at^  &c.  For  x  write  l  +  « :  2?/,  and  for  a  write 
1  — x:  2/1,  and  we  easily  find 


/      oT'cot'^ieN 
=2(l-cosfl)(l+— ^^-J; 


remembering  that  (1 + cos  0) :  (1  —cos  a) =cot' i  0.     For  n  write  ir :  ai, 
and  we  readily  obtain 

6= aoi  gives  ^4"  =-iT5;  where  P«=(lflw)':  (tan^aw)*. 

And  for  x«—a«  write  f  1  +  ^  1  —  (  I-.t""  )»  or  2 ^. 

\       2/1/       \       2k/  n 

Substitution  gives 
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in  which  one  factor  of  each  set  is  written  down,  and  the  part  which  is 
altered  in  the  other  factors  heing  in  hrackets,  the  alterations  necessary 
to  make  the  other  factors  are  adjoined,  also  in  brackets.  This  notation, 
with  which  I  do  not  feel  quite  satisfied,  is  here  used  merely  to  show  how 
much  some  such  notation  is  wanted.    We  have  also 

/      »\-   /      ^N*     (  2^'{l-C08M}L2«][3«]...[n-l.«]x 

('^)  -0-1.)  =}.i{..j[P:]|[&][|].,[^.] 

Let  j?=0  in  the  first ;  2:=:2*{1— cos[4w]}  [f«]. . .     —^^    • 
Divide  the  second  by  <r,  and  make  x=0,  which  gives 

1=^2-*  {I-cos [«]}  [26i]  [3«].  • .  .[n-l.«]. 

Substitute,  which  makes  the  first  and  second  become 

-{■+^ra}[l][i]--K^]- 

Increase  n,  and  diminish  cii,  without  limit,  and  equate  the  limits  of 
equal  quantities  which  gives  an  infinite  number  of  factors  in  both  pro- 
ducts, and  the  results,  restoring  the  common  notation,  are  as  follows : 

r_.-=8.(i+^)(i+ii)(i+^)(i+i^) 

For  X  write  ai^C — I),  and  we  deduce 


•  •  •  • 


cos 


«.x=.(l-i)(l-^)(l-^)(l-^)....  i 

results  which  can  be  easily  proved  by  the  theory  of  equations,  provided 
it  be  first  shown  that  sin  x  and  cos  x  have  no  impossible  roots,  to  intro- 
duce other  factors.  This  can  be  readily  shuwn,  for  if  sin  x  had  an  im- 
possible root,  £*  —  £'', would  have  either  a  possible  root,  (which,  except 
J?  =:0,  it  cannot  have,)  or  an  impossible  root  of  the  form  a-^biJi^—Y) 
which  it  cannot  have,  a  and  h  being  finite.     I  know  of  no  results  better 
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calculated  to  CBtablish  confidence  in  widely  extended  chains  of  algebrai- 
cal deduction  than  these  formulae,  which  can  be  verified  to  any  extent  by 
actual  calculation.  Take  the  logarithms  of  both  sides,  and  expand  by  the 
common  logarithmic  series,  which  readily  gives  (s,  being  l  +  3~"+5^ 


•  •  •  • 


/   0?  \     _  a*  X*  a^  X* 


r  •  •  •  • 


Write  rx  for  a;  in  the  second  series,  which  then  agrees  with  that  in  page 
580,  deduced  from  log  F  (1 4-<^)  :  compare  the  fint  with  page  253. 
llie  values  of  Tx  are  found  from  the  following  table : 


a. 

•00 
•01 
•02 
•03 
•04 
•05 
•06 
•07 
•08 
•09 
•10 
•11 
•12 
•13 
•14 
•15 
•16 

•n 

•18 
•19 
•20 
•21 
•22 
•23 
•24 
•25 
•26 
•2'7 
•28 
•29 
•30 
•31 
•32 
•33 
•34 
•35 
•36 


Commonlogr(l+a). 

000  000  000  000 
997  528  730  659 
995  127  871  989 
992  796  420  889 
990  533  400  409 
988  337  858  790 
986  208  868  556 
984  145  525  635 
982  146  948  534 
980  212  277  540 
978  340  673  962 
976  531  319  409 
974  783  415  092 
973  096  181  165 
971  468  856  086 
969  900  696  012 
968  390  974  219 
966  938  980  539 
965  544  020  828 
964  205  416  457 
962  922  503  814 
961  694  633  839 
960  521  171  565 
959  401  495  687 
958  334  998  144 
957  321  083  716 
956  359  169  640 
955  448  685  234 
954  589  071  553 
953  779  781  029 
953  020  277  150 
952  310  034  141 
951  648  536  655 
951  035  279  481 
950  469  767  254 
949  951  514  191 
949  480  043  811 


A(-). 

250  324  559 

243  237  587 

236  252  129 

229  365  528 

222  575  220 

215  878  738 

209  273  702 

202  757  818 

196  328  874 

189  984  731 

183  723  330 

177  542  679 

171  440  853 

165  415  996 

159  466  309 

153  590  056 

147  785  556 

142  051  183 

136  385  362 

130  786  570 

125  253  332 

119  784  217 

114  377  841 

109  032  859 

103  747  971 

98  521  914 

93  353  463 

88  241  427 

83  184  656 

78  182  029 

73  232  457 

68  334  883 

63  488  283 

58  691  656 

53  944  033 

49  244  477 

44  592  065 


A«(+).  A»(.). 

713  343  1039  841045084 

703  070  1014  884288229 

693  065  985  327541762 

683  323  961  764805228 

673  830  935  409732884 

664  580  911  184228633 

655  562  887  860286311 

646  770  866  531955216 

638  197  848  328963018 

629  829  824  249654297 

621  667  806  419954217 

613  699  787  430985220 

605  919  768  634998532 

598  322  749  973419865 

590  901  732  016644088 

583  652  717  251788331 

576  567  700  874339984 

569  642  684  490873511 

562  870  666  055210976 

556  249  652  428975520 

549  775  642  777250006 

543  439  627  514006862 

537  240  613  209675240 

531  172  600  876523199 

525  232  586  653227176 

519  417  575  622105863 

513  723  563  111778333 

508  146  554  988955233 

502  680  539  988652429 

497  328  531  868535038 

492  081  519  983724129 

486  937  508  964562398 

481  897  501  775732149 

476  951  487  083844304 

472  102  480  689545349 

467  349  472  060846540 

462  684  4621 299896544 
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a. 

Common  log  r(  1 +fl}. 

A(  +  ). 

A'(+).  . 

^'(-) 

* 

• 

•37 

949  054  888  692 

39  985  904 

458  106 

454 

201097945 

•38 

948  675  590  223 

35  425  131 

453  615 

447 

322209087 

•39 

948  341  698  363 

30  908  899 

449  205 

436 

652522018 

•40 

948  052  771  411 

26  436  388 

444  878 

429 

687543439 

•41 

947  808  375  789 

22  006  796 

440  630 

421 

287886544 

•42 

947  608  085  823 

17  619  343 

436  457 

414 

040918867 

•43 

947  451  483  542 

13  273  272 

432  360 

407 

443421009 

•44 

947  338  158  474 

8  967  844 

428  336 

400 

858472532 

•45 

947  267  707  452 

4  702  338 

424  382 

392 

000889575 

•46 

947  239  734  430 

-  476  052 

420  498 

385 

343201288 

•47 

947  253  850  302 

+  3  711  698 

416  682 

378 

884654421 

•48 

947  309  672  726 

7  861  580 

412  932 

374 

000880666 

•49 

947  406  825  958 

11  974  244 

409  244 

365 

543314829 

•50 

947  544  940  683 

16  050  324 

405  620 

359 

978666453 

•51 

947  723  653  862 

20  090  439 

402  057 

353 

249100967 

•52 

947  942  608  575 

24  095  193 

398  554 

348 

156444511 

•53 

948  201  453  875 

28  065  175 

395  109 

342 

209998776 

•54 

948  499  844  642 

32  000  961 

391  720 

337 

464251221 

•55 

948  837  441  447 

35  903  111 

388  386 

331 

728959674 

•56 

949  213  910  4L0 

39  772  173 

385  108 

327 

336131229 

•57 

949  628  923  078 

43  608  683 

381  881 

319 

007787657 

•58 

950  082  156  289 

47  413  165 

378  705 

313 

445113-209 

•59 

950  573  292  058 

51  186  126 

375  583 

311 

078985765 

•60 

951  102  017  450 

54  928  068 

372  507 

305 

354322110 

•61 

951  668  024  467 

58  639  478 

369  481 

302 

961687874 

•62 

952  271  009  938 

62  320  830 

366  501 

296 

546314320 

•63 

952  910  675  402 

65  972  593 

363  567 

291 

109161758 

•64 

953  586  727  102 

69  595  221 

360  678 

287 

665453432 

•65 

954  298  875  428 

73  189  158 

357  833 

283 

292378297 

•66 

955  046  835  712 

76  754  840 

355  031 

279 

678567354 

•67 

955  830  327  238 

80  292  693 

352  271 

274 

333130399 

•68 

956  649  073  596 

83  803  132 

349  553 

269 

199868758 

•69 

957  502  802  498 

87  2S6  569 

346  873 

266 

546155304 

•70 

958  391  245  692 

90  743  396 

344  234 

261 

020108097 

•71 

959  314  138  872. 

94  174  007 

341  635 

261 

640756556 

•72 

960  271  221  596 

97  578  784 

339  070 

252 

614502311 

•73 

961  262  237  206 

100  958  099 

336  545 

250 

018007878 

•74 

962  286  932  741 

104  312  320 

334  056 

249 

450634634 

•75 

963  345  058  874 

107  641  803 

331  602 

245 

233131101 

•76 

964  436  369  8J8 

110  946  901 

329  182 

241 

990889787 

•77 

965  560  623  269 

114  227  956 

326  796 

237 

576474445 

•78 

966  717  580  322 

117  485  306 

324  443 

232 

342140111 

•79 

967  907  005  412 

120  719  280 

322  124 

230 

008088978 

•80 

969  128  666  241 

123  930  201 

319  836 

226 

857575364 

•81 

970  382  333  711 

127  118  386 

317  580 

224 

343322212 

•82 

971  667  781  864 

130  284  146 

315  354 

221 

019009970 

•83 

972  984  787  816 

133  427  784 

313  158 

217 

886694756 

•84 

974  333  131  699 

136  549  598 

310  992 

214 

554433431 

'85 

975  712  596  599 

139  649  881 

308  856 

214 

02211911B 

•86 

977  122  968  499 

142  728  920 

306  747 

210 

999789865 

•87 

978  564  036  225 

145  786  995 

304  667 

209 

576556363 

ON  DEFINITE  INTEGRALS. 
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a.  Commonlogr(l+o).  A(+).         A*(+).  A*(-). 


'88 
►89 
•90 
►91 
►92 
•93 
94 
95 
'96 
97 
98 
99 

ool 


980  035 

981  537 

983  069 

984  631 

986  222 

987  843 
989  493 

991  173 

992  881 
994  618 
996  383 
998  177 
000  000 


591  388 
428  333 
344  086 
138  300 
613  211 
573  586 
826  676 
182  172 
452  156 
451  063 
995  632 
904  868 
000  000 


148  824  384 

302  612 

205 

151  841  355 

300  585 

203 

154  838  173 

298  585 

201 

157  815  101 

296  608 

195 

160  772  391 

294  659 

194 

163  710  296 

292  733 

189 

166  629  061 

290  832 

187 

169  528  926 

288  957 

187 

172  410  131 

287  103 

184 

175  272  906 

285  273 

182 

178  117  481 

283  464 

177 

180  944  079 

281  679 

177 

183  752  920 

279  916 

175 

334233121 
920001726 
797968596 
755645453 
334141222 
481108271 
989868785 
577554545 
434333222 
203921811 
271616069 
694956665 


The  explanation  of  this  table  is  as  follows :  it  is  an  abbreviation  of 
that  of  Legendre,  in  which  the  values  of  common-log  F  (1 +a)  are  given 
for  all  values  ofa  differing  by  '001  of  a  unit  from  a=*  000,  through  *001, 
'002,  &c.  up  to  1*000.  Out  of  this  table  every  tenth  value  has  been 
extracted,  namely,  those  for  *00,  *01,  &c.,  up  to  1*00;  and  the  deci- 
mals of  the  logarithms  are  given,  omitting  the  characteristic,  which  is 
always  — 1,  or  9,  if  — 10  be  understood.  But  the  differences  attached 
are  those  of  the  original  table;  significant  figures  only  being  retained^ 
and  twelve  places  understood.  Thus,  opposite  to  as* 22  we  find 
•—•000  114  377  841,notlogr(l*23)-logr(l-22),butlogr(l*221) 
— log  r  (1*220).  Since  the  fourth  differences  in  Legendre's*  work 
(which  is  not  very  eomnionly  met  with)  only  differ  in  the  last  places,  the 
row  of  figures  following  the  third  differences  has  been  added,  which  gives 
the  last  figures  of  the  fourth  differences  for  the  omitted  rows  of  the 
table.  Thus  opposite  to  *46  we  liave  385,  say  "000  000  000  385,  for 
the  fourth  difference,  followed  by  3,  4,  3,  2,  0,  1.  2,  8,  8,  which  means 
that  the  nine  fourth  differences  next  following  385  are  383,  384,  383, 
382,  380»  381,  382,  378,  378.  Thus  the  decad  which  begins  with  "460 
may  be  reconstructed,  as  it  is  in  Legendre,  and  the  row  which  follows 
*46  in  the  preceding  table  verified,  as  follows : 


—385 

420  498 

—  476  052 

947  239  734  430 

•460 

383 

420  113 

—  *55  554 

947  239  258  378 

•461 

384 

419  730 

+  364  559 

947  239  202  824 

•462 

383 

419  346 

784  289 

947  239  567  383 

'463 

382 

418  963 

1  203  635 

947  240  351  672 

•464 

380 

418  581 

1  622  598 

947  241  555  307 

•465 

381 

418  201 

2  041  179 

947  243  177  905 

'466 

382 

417  820 

2  459  380 

947  245  219  084 

•467 

378 

417  438 

2  877  200 

947  247  678  464 

•468 

378 

417  060 

3  294  638 

947  250  555  664 

•469 

416  682 

3  711  698 

947  253  850  302 

•470 

*  Traite  dcs  Fonctions  Elliplique«  et  des  Int^grales  Euleriennes.    Paris,  182C 
Also  £xercic€s  d«  Calcul  Integral.    Paris,  1817. 
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I  have  choBcn  tliis  decad  for  'reconstnictioD,  as  it  contaiiiB  the  mini- 
muni  value  of  r(l-l-a),  which  answers  to  l+a=l*  461*  nearly,  pr 
ta  1*4616321451105:  the  logarithm  is  9-94723917439340. 

The  values  of  Fa,  when  the  denominator  of  a  is  12,  being  frequently 
useful,  their  logarithms  are  here  inserted,  with  those  of  F  (1+a). 


a. 

l']2th 
2-12ths 
3'12ths 
4'12th8 
5-12ths 
6-12ths 
7-12ths 
8-12ths 
9-12ths 
10-1 2ths 
lM2th8 


log  Fa, 

1  06067  62454  1387 
0-74556  78577  5330 
0*55938  10750  4347 
0-42796  27493  1426 
0-32788  12161  8498 
0-24857  49363  4707 
0-18432  48784  0648 
0-13165  64916  8402 
0*08828  37954  8265 
0*05261  20106  0482 
0*02347  73967  1089 


logF 

9-98149 
9*96741 
9-95732 
9*95084 
9-94766 
9*94754 
9*95024 
9*95556 
9-96334 
9-97343 
9-98568 


(1+a). 
49993  6625 
66073  6966 
10837  1551 
14945  9460 
99744  7338 
49406  8309 
16723  7311 
52326  2834 
50588  7435 
07645  5719 
88358  2149 


i^'  When  in  the  integral  fs'"  v"  dv^  the  superior  limit  is  not  cc,  but  a, 
series  or  continued  fractions  must  be  had  recourse  to.  The  following 
series  may  be  easily  obtained  from  integration  by  parts : 


T^«+l 


•^        i!  n+l     I       n+2 


n+2     (n+2)(n+S) 


+ 


(n+2)(n+3)(n+4) 


T  ♦  •  •  • 


} 


n     n(n— 1)     n(n— 1)(«— 2) 


•  •  •  •  i« 


The  first  is  always  convergent,  the  second  always  divei||;ent ;  but  the 
convergency  of  the  first  is  slow  if  a>l,  and  the  terms  of  the  second 
(which  gives  the  integral  in  finite  terms  when  n  is  a  whole  number) 
become  alternately  positive  and  negative  if  n  be  fractional ;  so  that,  if  a 
be  great  enough,  the  principle  in  page  226  may  be  applied.  One 
method  of  reducing  the  latter  integral  to  a  continued  fraction  is  as 
follows. 

AsRume  f^r^v^dv^zs-^vTY,     /jr^t>*cfv=F(l+n)-r^©"V. 

Differentiation  gives  s^'ifst  —  n€"'t/^*  V+g  'tf  V— r*t?"V', 

or  rV'ss  (©— n)  V—v. 

Consider  the  equation  ©V'=(t?— aj) V— t?+6iV«,  divide  by  VS  and 
make  1 :  V=  1  -1-^,  V, :  V,  which  gives 


—  r.^1 


or 


v\\rriv+a,+  1)  y,-——  v+k,yt. 
Let  *i=6i— tti,  b^^ki^  Otss— (ai4-l)»  And  wehave 
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»V'.=(«-a,)V.-t>+i.V?, 

an  equation  resembling  the  preceding,  in  which  if  we  make  1 :  Yi 
=  1  +  A^Vt :  Vf  we  shall  get  another  equation  of  the  same  form  by  making 
As=:6(—  Os,  6s=^  ^^  —  (^+  !)•  ^  ^T^  in  this  way,  and  it  is  obvious 
that  we  have 

1  1  k^V^  1     kiv-^  hV    k^v-^ 


l+k,v''Y,      1+    l+Akv-'V,      1+     1+      1+     1+&C.' 

using  a  recognised  notation  for  the  continued  fraction;  that  which 
follows  each  +  in  any  denominator  being  printed  as  a  factor,  to  save 
room.  To  determine  the  law  of  k^  iti,  &c.,  remember  that  ai=:n,  6x^=^0^ 
whence  we  have 


8  &c. 


a 
h 
h 


n     — (n+l)    n    — (w+1)     n    — (n+1)     n    — (fi+1)     &c 

0         — n        1         1— «        2        2— n       3        3— n       &c. 

— n         1        1— n        2       2-n         3       3-n        4  &c. 


•^  nt?  '  1—    1+  1+      1+&C. 

1  +  &C. 

which  converges  rapidly  when  v  is  large. 
I  leave  the  following^*  to  the  student : 

r^'^di^'—  -L  -1  ii  is  .J^      (q^—\ 

•'•  .2a     1+   1+   1+   1+   1+&C,  V     2^/ 

-i    --1  2c->  2t?-»  3©-'  3©-*   .       :| 


^em^y         _f       ,  w"*    tJ-'  2©-  2t?-  3©-   3©-' 

5-/:e-iog.A=iogt,+—  _  _  —  _  _ 


&c. 


Before  proceeding  further,  I  touch  upon  the  general  question  which 
the  consideration  of  Tx  has  raised,  namely,  that  of  the  interpolation  of 
form,  as,  according  to  the  suggestion  in  page  543,  it  might  be  called. 
When  any  process  is  constructed  by  successive  operations,  n  in  number, 
the  result  is  a  function  of  n ;  that  is,  depends  for  its  value  on  n,  and 
changes  value  with  n.  Nevertheless,  this  function  is  not  imaginable 
when  n  is  fractional,  for  there  is  no  such  thing  as  going  through  a 
process  more  than  n  times,  and  fewer  than  n+ 1  times.  Students,  how- 
ever, are  apt  to  confound  going  through  a  process  with  a  fraction,  and 
going  through  a  fraction  of  a  process :  and  many  figures  of  speech  favour 
the  misunderstanding.  Thus  it  would  not  be  a  violent  use  of  language 
to  speak  of  multiplication  by  10  as  being  the  operation  of  multiplication 
by  4  performed  twice  and  a  half;  whereas  three  multiplications  are 
performed,  two  of  them  using  4,  and  the  third  ^  of  4 ;  this  third  multi- 
plication is  not  the  less  a  multiplication  because  its  multiplier  is  one 
half  of  preceding  ones ;  just  as  a  house  is  not  the  less  a  house  because  it 
has  only  half  the  size  of  another. 

*  The  values  of  the  first  of  these  integrals,  though  all  important  in  the  tlieory  of 
prohabiUties^  are  of  litUe  use  for  generid  purposes.  They  will  be  found  (reprinted 
firom  Kramp)  in  my  artide  on  that  sabjeet  in  uie  Sneyclopodia  MetropoUtana. 
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Let  there  be  a  function  of  x  vhich  is  1  when  jrrrl,  1+2  when  i'=2, 
1+2  +  3  when  x=3,  and  so  on:  what  is  it  when  j^rSj?  Here  x 
means,  when  j?  is  a  whole  number,  the  number  of  terms  in  a  series ; 
we  have  no  right  whatever  to  say  that  1  +2  +  3+ 3J  is  the  value  of  the 
function  when  x=3]^,  for  the  additional  term  is  not  the  less  a  term 
because  we  make  it  3^  instead  of  4.  There  is  not  then  any  direct 
mode  of  deciding  upon  the  value  of  ^j?  when  x  is  a  fraction,  because 
9jr=l  +2+3+ ....  +  a:  when  j?  is  a  whole  number.  If,  however,  we 
write  Jt  (x+  1)  for  1  +2+3+ ....  +x,  we  see  that  the  new  form  is 
intelligible  when  j?  is  a  fraction.  The  question  now  is,  how  far  we  are 
justified  in  asserting  that  0ir=:^r(x+l)  must  be  true  when  x  is  a 
fraction,  because  it  is  true  when  x  is  an  integer  ? 

The  sole  condition  necessary  to  determine  0r  is  (/>  (r+  l)=0x+(x+l), 
nor  even  this  universally,  but  only  when  x  is  integer.  If,  then,  ^x  and 
X^  be  two  functions  the  first  of  which  is  always  unity  and  the  second 
zero,  whenever  x  is  integer,  we  have 

0a:=ix(x+l).yx+PxJ, 

where  P  may  be  any  function  whatsoever,  provided  that  Px^  and  x^ 
vanish  together.  For  instance,  Jx  (x+ 1) .  cos  27rx  +  P  sin  2irx  satisfies 
every  condition.  Nor  is  this  the  most  general  form,  for  the  following 
will  do  equally  well : 

^=/(ix(x+l),x), 
provided  that/(z,x)=:2  when  x  is  a  whole  number.    For  instance,      j 

^x={ix(x+l)}*'.yiX+PxJ:. 

where  Y^iX  is  of  the  same  kind  as  fx  above  described. 

Again,  if  0x=:l — 2  +  3 — 4+  . . . .  ±x  when  x  is  a  whole  number,  wc 
have  for  one  solution  0x=i  {1— (2x+l)  cosirx}=z,  and  for  a  general 
solution  y=/(«,x),  where/C2:,x)=2  when  x  is  integer.  The  general 
problem  of  interpolation  of  form  is  therefore  doubly  indefinite,  every 
solution  involving  two  distinct  sorts  of  arbitrary  functions. 

The  ends  of  mathematical  analysis  are  best  answered  by  selecting  from 
among  this  mass  of  interpolated  forms  certain  of  them  for  particular 
consideration.  The  first  limitation  is  made  by  requiring  that  the  form 
selected  shall  not  only  satisfy  the  functional  equation  when  x  is  a  whole 
number^  but  also  when  x  is  a  fraction.  This  reduces  the  two  arbitrary 
functions  to  one:  thus,  in  the  first  example,  taking  0(x+l)=^(r) 
+X+ 1,  and  assuming  0r= Jt  (x+  1)  +Y^r,  substitution  gives  Y'  (x+ 1) 
=Y^x  as  the  sole  condition  for  determining  y^x.  The  must  general 
answer  which  the  present  state  of  algebra  will  allow  of  is  '^x=/(cos  2irj), 
where  fx  is  any  function  of  which  the  operations  do  not  require  the 
inversion  of  cos  2Trx ;  any  function,  in  fact,  which  remains  periodic  as 
long  as  its  subject  is  periodic.  It  seems,  then,  that  every  solution  of 
such  an  equation  as  0  (x+  l)=0x  +  ax,  ar  being  a  given  function  of  x, 
may  be  separated  into  two  terms,  one  not  generally  periodic,  the  finding 
of  which  is  the  only  difficulty,  and  the  other  periodic,  its  period  being  a 
unit :  the  latter  may,  without  hurting  the  solution,  be  changed  into  any 
other  of  the  same  kind.  This  non-periodic  part  of  the  solution  is  some- 
times treated  as  if  it  were  the  only  solution ;  that  is  to  say,  all  series  or 
developments  derived  from  the  equation  are  considered  as  equivalent 
forms  of  the  non-periodic  solution,  which  may  or  may  not  be  the  case. 
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Let  this  non-periodic  solution  be  called  the  principal  solution.  It  must, 
however,  be  remembered  that  this  principal  solution  altered  by  any  con- 
stant does  not  cease  to  be  a  principal  solution ;  so  that  nothing  but  the 
accession  of  the  variable  and  periodic  term  can  deprive  it  of  that 
character.  If  then  P  and  Q  can  be  shown  independently  to  be  principal 
solutions  of  ^  {x+  l)=^+crXy  we  may  not  affirm  that  P=Q}  but  that 
P=Q+C,  where  C  is  a  constant. 

The  function  a(l)+a(2)+.««.+a(J?— 1),  w  2.«a?  (page  82) 
which  may  be  considered  as  the  general  representation  of  the  function 
which,  when  j?  is  a  whole  number,  and  then  only,  represents  the  sum  of 
the  series  aboye  given :  it  is  a  principal  solution  of  the  equation 
^(x+l)r^^x+ax;  and  we  consider  za  as  a  common  functional 
symbol.  It  is  then  easily  shown  that  (2a)'j7  is  a  principal  solution  of 
0(jr+l)=0>r+(z'r,  and  so  on.  Having  shown  then  that  Tjc:=i 
ffff-^  dv  is  aprincipal  solution  of  ^  {x-\'i)-=:ix4)Xy  we  now  know  that 
iOigTx  is  aprincipal  solution  of  0(f-J-I)=0Jp+logx,  and  must  there- 
fore be  the  general  form  of  2  log  (^x).  Similarly,  log  Tx  being  written 
Ai*,  we  find  that  A'j?  is  the  general  form  of  2j:~',  —  A''jp  of  Zj?"",  iA'"j: 
of  2jr^,  and  generally  (— I )■"*"' (rn)""*.A^">a?  of  2*"*,  [n  being  any 
positive  whole  number. 

Let  us  now  consider  Zjt"'  independently.  It  is  easily  proved  by 
expansion  and  integration,  that  {x  being  a  whole  number) 


J»  I-t>'"' 


dVy 


and  the  integral  is  intelligible  when  x  is  fractional.  This  integral  is  a 
principal  solution  of  0  (j+l)=0jr4*^"\  and  so  is  Fr  :  F j?  or  A'*, 
whence  we  have 

A'(l+J)=       T— =^cfy+C. 


To  determine  C,  make  x=0,  which  gives,  by  the  series  in  page  580, 
A'(l)  =:  --y,  and  the  integral  obviously  becomes  nothing,  whence  we  have 

A'(l+*)=   {'y^^^^'^        (y  =  -5n2156649....); 

which  affords  a  ready  mode  of  finding  the  last  mentioned  integral,  since 
A'(l+J?)  can  be  found  from  the  table  by  means  of  the  differences;  it 
being  remembered,  however,  that  as  the  logarithms  of  the  table  are 
common  ones,  the  result  must  be  divided  by  the  modulus  '43429545 . . . 
Integrate  the  last  equation  with  respect  to  x  from  j:=0, 

Make  *=!,  and  A  (I  +  j)=:log  V  (2)=0,  whence 

a  form  frequently  used.     I  leave  the  following  to  the  student : 

1     ^—1      1     X— 1  x-2 

A'(l  +  x)=*~a^— -+3*-2--Y~- 

2Q 
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Since  A'(«)  is  a  principal  solution  of  0  (or  4-l)=:0j;+dr\  it  follows 
that  ^A^s,  \'"xi2y  -*A**x:2.3,  &c.  arc  principal  solutions  of 
0(ar+l)=^j:+ai""  for  71=2,  n=3,  «=4,  &c.  But  Z.jT"  is  a  prin- 
cipal solution  of  this  equation-;  whence  we  find  the  general  function 
ZjT*  by  the  equation 

Write  1+^  for  x,  and  for  A(l4-j')  write  its  value  —  yT+JS,j:* 
— ^-SiO^+Ac,  which  gives 

2  (I +j?)-;=rC-S.-f  nS.+i  x-n  ^S^««+ . . .  (n>l) 


Make  j=:0,  then  since  2 1"2=0,  we  have  C=S„  or 

I « 
I 

Let  0:2=1,  which  gives,  S2T"  being  1, 


2(l+j)-=nS.+,x-7i-^  S.^.,j^+n^  !!Zf  S.+.:f- 


1— no,^.l— n  — —  o«+i-|-7i — r —  — - —  o«+t— .  •  •  # . 
But  2^=1— n+i«(n+l)— Ac,  whence 

These  last  two  equation»  may  be  verified  in  various  ways.  From  the 
integral  form  for  A'(l  +  "i)  we  also  obtain 

and  so  on.     The  series  for  A'(l -fir),  &c.   maybe  verified  in  a  par- 
ticular way,  as  follows. 

I^t  Sax  be  the  general  form  of  the  function  which  when  jr  is  a  whole 
number  becomes  a(a')+a(4r  +  l)  +  &c.  ad  infinitum.  This  function 
is  then  a  principal  solution  of  yjf  (x+1)— Y^*  — «*;  agaiOf  2a*  being 
a  solution  of  0  (x  +  l)=0x+aT,  we  find  that  0(a:+l)  +  y('+l) 
z=:(/>x+\lfx  has  2aa:  +  Saj?  for  one  of  its  principal  solutions.  But  this 
equation  being  of  the  form  (  (x-{-  1):=:{j,  can  have  no  principal  solution 
except  a  constant,  all  its  variable  solutions  being  periodic.  We  have 
then  2cw:+Saj=C,  and  C  maybe  readily  determined  when  a(0)  + 
«(!)+••••  is  convergent,  by  making  x  any  whole  number ;  in  which 
case  2ctr  +  Saj?  becomes  a(0)  +  a(l)+. .. .  ad  infinitum:  so  that, 
representing  this  series  by  Sa  (0),  we  have 

2ax+  Saa:=Sa  (0). 

But  when  the  series  is  not  convergent,  still  Soex  and  Sax  may  be  finite 
functions :  thus  when  axc=a?~\  Sa  (0)  may  be  the  constant  y  (page 
578)  which  occupies  the  place  ofl+i+i+*«**  od  infinitum^  and  looks 
like  a  sort  of  algebraical  equivalent  of  it.  This  point  may  be  further 
elucidated  as  follows.    Let  m  take 
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The  arithmetical  value  of  the  second  side  is  unquestionahly  infinite, 
whatever  the  value  of  x  may  be.  Now  let  x  be  less  than  unity,  and 
expand  each  of  the  terms  in  powers  of  x,  we  have  then 

S  (l+j?)-'=l  +  i+i+. . . .— S,  jp+S,a?«- . . . . 

The  first  term  of  which  is  infinite,  but  all  the  others  finite ;  and  even 
(if  J:<1)  forming  a  convergent  series.  Now  since  S.^"*  altered  by  any 
constant  is  still  a  solution  of  f  (x+I)=rY':r — af*,  and  since  the  value 
of  that  constant  is  altogether  immaterial,  strike  off  the  constant 
1  +i+  •  • . . ,  and  it  appears  that  — ^x-\-^a^^  • .  •  •  is  also  a  solution, 
whence 

2(l+x)-*— S,a?+S»aj«- =C. 

And  since  2  1~'=0,  we  find  by  making  j?=:0  that  C=0,  or 

If,  however,  we  choose  A'(l+a:)  for  the  principal  solution  of 
4>  (<r+  I)=r^x+a:"'*,  we  have  A'(l+a?)=2<r~*— y  (page  593),  whence 
uf  e  get 

A'(l  +  :r)  +  y-S,ar+Saa;«-....=0,     A'(1+.t)+S  (l+J?)-'=:-y; 

in  which,  if  the  distinction  between  principal  solutions  differing  by  a 
constant  be  forgotten,  we  might  imagine*  we  see  2  (l+a;)"*+S(l+j?)"' 
= — y ;  that  is,  — y  in  the  place  of  l+i+++.  •  •  • 
Let  it  now  be  required  to  generalize  the  function 

-a-\-hx        a  .a-\'b     a+26  a+^  (j?—l) 

i  — 7 — »  or  -  H — —  i — — — h  .  ••H ; — 7 — T\> 

p-\-qx        p     p+q     p-\'2g  P+qi^—l) 

supposed  to  vanish  with  x.  This  is  obviously  the  integral  of  aD**"' 
4-(a+6);tJ^^»+..,.-f  {a+6(x— l)}t;'+«^— »>-»  from  v=0  toi;=l. 
This  last  series  being  summed,  gives  for  the  function 

Jo         1-^'  Jo  (l-«y 

For  V*  write  t?,  which,  q  being  positive,  does  not  alter  the  limits,  and  we 
have,  writing  6  for  I :  g, 

adl    , if*-'dv+l>e  \    ^T^    ^,    if*-^dv. 

Jol-^  Jo  (1-v) 

The  multiplier  of  dv  in  the  second  integral  is  easily  found  to  be 
tj^xdiff.  CO.  of  (t?— «*):(!— r);  integrate  by  parts,  taking  the  in- 
tegrated term  between  the  limits,  and  we  have 

*  I  think  Legendre  has  very  obviously  fallen  into  this  misconception  (^Fonetiom 
JElUp/iquet,  vol.  ii.  p.  429),  but  it  has  led  him  to  no  false  results.  Indeed  it  is 
obvious  that  confounding  '  A  may  be  written  for  B'  with  '  A  ifl  equal  to  B/  though 
it  mutt  afi^ct  the  logic,  may  not  aflfect  the  result,  of  a  proceis/ 

2Q2 
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IB Ct-  1)  +ae  j    l^^'t;^*  dv-bpe'  C^—v^"'  dv 
If  we  conaider  SjT"'  as  a  known  function,  we  have  \ 

J.l-*  J.l-»         J.l-v  n+1     *m+r    : 

Apply  tfaia,  and  tlie  preceding  becomes 

For  2  (pe+ 1)"*  write  its  value  2  (p6)"*+(pe)->,  which  gives  finally 

(There  is  a  remark  which  it  is  here  essential  to  make,  to  prevent  the 
student  from  transforming  expressions  of  the  form  iax^  generally  con- 
sidered, in  the  same  manner  which  he  would  have  done  when  they  stood  for 
no  more  than  simple  summations.  If  we  consider  2./;t  and  p  2x,  we 
see  that  both  mean  the  same  thing  if  2 .  pjp  merely  stand  for  p .  1  +p .  2+ 
....  +p  (j: — 1).  In  this  case  x  is  the  index  of  the  extent  of  summa- 
tion, and  p  a  multiplier  in  each  term.  But  if  2  ./>r  be  a  case  of  2^,  and 
ifpjrbe  a  whole  number,  the  symbol  means  1+2  +  ..  •.+(px— 1), 
which  is  altogether  a  different  thing.  We  might  easily  make  them  dis- 
tinct either  by  appending  the  index  of  the  extent  of  summation  to  the 
symbol  2,  which  would  make  2«  px  =  p  2«  x  evidently  true,  and 
ipgpx=pt,,T  evidently  false,  or  else  by  putting  the  index  of  summBtion 
in  parentheses.    Thus,  x  and  a  being  whole  numbers, 


o  +  (a:)""a^**'^a+a:-l*         (a+j)      1^2^"'  ^a  +  j-l' 

1  1  1 

which  then  gives      2  — r-TX = 2  ;r- , — r—  2  ^r-r .    '.' 

^  fl+(ar)        ia+x)        (a) 

Both  methods  have  inconveniences ;  a  third  is  to  use  a  specific 
symbol  for  each  form  of  2,  as  we  have  done  in  making  A  (1  +  j)  or 
logr(l  +  x)  the  representative  of  the  generalized  function  of  logl 
+  log2+. . .  .+log(jr— 1).  Thus  Abel  uses  Lor  to  signify  the  func- 
tion which,  when  x  is  a  whole  number,  becomes  l""*+2~'+ . .  +(.r-  I)"'. 
Wc  have,  however,  a  symbol  for  this  function  in  A'x— y.) 

If  in  the  last  equation  we  make  a=:  1, 6=0,  we  have 

When  Y'X  satisfies  ^(d?+l)  =  ^+aj,  it  is  obvious  that  Jyffxdx 
satisfies  0(jr+l)=:0x+/aurdr.  Consequently,  multiplying  by  9,  and 
integrating,  we  have 

2(log{p+gW}+C)=A^-^  +  xVxA'^-A^  +  C„' 
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in  which  the  second  side  is  corrected  for  the  supposition  that  the  value 
of  the  general  function  may  become  C,  when  artrO.  It  may  here  appear 
difficult  to  see  why  the  constant  is  retained  on  the  first  side,  while  the 
second  is  corrected;  but  remember  that  the  last  equation  was  not 
obtained  from  the  preceding  by  integration  only ;  but  that  there  are  two 
distinct  introductions  of  arbitrary  constants.  If  fx  satisfy  0(jr+ 1) 
=0:r + oar,  then  /y^  jrcb,  that  is,  yr,  j:+Ci,  satisfies  ^  (j+  I)  =0j?+aiX+C. 
Here  Ci  may  be  determined  without  reference  to  C ;  for  it  disappears 
entirely  when  y|j?+  C,  is  substituted  for  ^»  while  C  remains  dependent 
upon  the  manner  in  which  y^x  and  ai*  were  obtained.  Now,  remem- 
bering that  ZC  in  its  most  general  form  is  C(x — I),  the  preceding 
gives  for  the  function  which  becomes  p (p+q)»* •(?+<? (a:—!))  when 
cr  is  a  whole  number,  the  value 

r(p:9)        ^     Y(p:q)    * 
For  since  the  first  is  to  be  j?  when  a?=:l,  and  j?  (p+9)  when  ir=2, 

6         «  -=P»  or  C|— A  *-=:log  g 
9  9 


c 


'"^'"''  ^(^+l)=p(p+^).  or  C,-C-2A'fr=2log7; 


whence  €4+0=0,  C+A -=— logg,  from  which  the  asserted  result  is 

easily  obtained. 

This  conclusion  might  apparently  have  been  obtained  more  easily,  as 
follows.     Let  j:  be  a  whole  number,  then 

_  .r(Pi7+£) 

Why  not  then  assume  that  the  second  side,  which  is  always  intelligible 
when  x  is  fractional,  is  the  function  which  gives  the  first  side  when  .v 
is  a  whole  number  ?  With  our  present  knowledge  of  the  function  F, 
and  applying'  the  doctrine  of  principal  solutions  to  the  equation 
0(x+l)=:0x-hlog(p-f  ^jr),  I  doubt  if  there  would  lie  any  solid  ob- 
jection against  such  a  proceeding ;  but  I  prefer,  in  the  first  instance,  the 
actual  deduction  of  a  defmite  integral  which  represents  the  fimction 
required  when  x  is  a  whole  number,  for  I  think  the  habit  of  making  the 
passage  from  whole  to  fractional  values  a  purely  arbitrary  process  is 
likely  to  lead  the  beginner  to  do  it  when  he  should  not. 

The  most  striking  use  of  the  interpolation  of  form  is  in  its  appli- 
cation to  the  symbol  of  differentiation.  I  do  not  intend  to  go  fully 
into  this  unsettled  subject,  but  only  to  supply  some  general  considera- 
tions which  may  be  useful  to  the  student  of  this  work  in  reading  the  dis- 
cussions which  have  been  written  on  the  subject. 

J^t  an  equation  0(n+l,x)r=I><^(7t,x)  exist,  where  D  means  the 
operation  of  difiierentiation  with  respect  to  x,  and  let  the  equation  be 
true  for  all  values  of  n.    For  instance. 
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^(n,jr)=a*€",   0(n,a?)=rn.(— l)"a?"",    0(n,a?)r:coBf  j?+n- j. 

Let  n  be  a  whole  number;  then  (^(l,a:)  =  D0(O,j;),  </>(2yX) 
=  D0(l9  J?)  =  D'0(O,  x),  and  so  on;  whence  (72  being  integer) 
0(n,j7)=D"0(O,j;),  or  0(^)0:)  is  nothing  but  the  nth  diff.  00.  of 
0  (0,  x)  with  respect  to  x.  Are  we  then  to  infer  that  it  would  be  proper 
to  define  the  solution  of  0  (n+1,  <r)=iD0  (n^a)  to  be  for  all  values  of 
J?,  the  differential  coefficient  of  0  (0,  x) ;  are  we,  for  instance,  to  take 

D^s*=n'5',      D"^co8a?=cosf  iT— -  -  J,    &a? 

On  the  answer  to  this  question  there  has  been  some  difference  of 
opinion,  such  as  we  have  seen  might  arise  if  different  solutions  of  the 
same  functional  equation  were  represented  by  one  symbol. 

Let  ofi  (w,  jt),  oj  (/I, a:),  &c.  be  solutions  of  0  (n  +  l,a:)=D0(n,jp), 
and  l^t  iiTi,  {,71,  &c.  be  periodic  functions  satisfying  {  (n+ 1)=(»,  and 
vanishing  when  n  is  a  whole  number  (such  as  8in2irn).  Let  x  (^>  ^) 
be  another  solution,  and  let  tSn  be  a  similar  periodic  function,  which 
always  becomes  1  when  rt  is  a  whole  number,  such  as  cos  2vn.  If  then 
we  examine 

X(«,a?).*n+ax(n,a:).£i7i+a,(n,J?).£,n+ (x), 

we  readily  see  that  a  change  of  n  into  7t+l  is  equivalent  to  differentia- 
tion with  respect  to  x,  or  the  preceding  satisfies  the  functional  equation. 
Also,  if  7t  be  a  whole  number,  the  preceding  is  always  reduced  to 
X(7»,J?),  or  D"x(0,x).  Which  of  the  infinite  number  of  cases  con- 
tained in  the  preceding  solutionis  entitled  to  be  called  D"x(^t'^)  when 
n  is  fractional?  are  all  to  have  that  title,  or  some  only,  or  none?  But 
the  preceding  (x)  may  not  even  be  the  widest  form  of  the  solution, 
though  fettered  by  the  condition  that  0  (0,  a?)  is  to  be  a  given  function 
X(0,  J?).  Let  x(^9'^)»  ^^^  solution,  have  been  found,  and  let  it  be 
asked  whether  A»,  «x  (^'  ^)  c&nnot  be  a  solution,  where  A., ,  is  a  func- 
tion of  n  and  t,  subject  to  the  condition  Ao,  ,=1 ;  such,  for  instance,  as 
1 4-t47j?.  X7t,  where  k  (0)=:0.     We  have  then  to  solve 

A^i..x(^+l»*)=D{A^,xCw,a?)}=AV,x(»>'^)+A«,*x(«+l>')i 
the  accent  meaning  differentiation  with  respect  to  x :  whence 


A'     -YA         -A     ^Xi^±llf) 

X  Cw,  X) 


X 

an  equation  which  in  all  probability  has  an  infinite  number  of  sohitions, 
containing  arbitrary  functions  and  constants,  the  proper  values  of  which 
may  make  Aq.  ,=  L. 

The  essential  properties  of  the  symbol  D  are  D*.iru=D*.D"tt 
=D*^«,  and  D"(tt+t?)=D"tt-hD"c,  and  these  relations  should  be 
required  to  remain  true  for  all  values  of  the  symbol  71.  It  may  happen 
that  many  solutions  of  the  form  (x)  fulfil  these  conditions:  and  cer- 
tainly no  function  can  be  absolutely  asserted  to  be  the  general  diff. 
CO.  of  xC'***)*  unless  it  can  be  sjfiown  that  no  other  solution  of  (x) 
whatsoever  satisfies  these  conditions.  ... 
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Several  modes,  reducible  to  two,  have  been  proposed  ;*  the  first  pro- 
ceeding upon  the  fandamental  properties  of  e*,  the  second  upon  those  of 
X*.     We  shall  take  the  second  of  these  first  in  order. 

Let  P  (n)  represent  D*«"  for  all  values  of  x;  and  since  D"ar*=Mj:*"" 
for  all  whole  values  of  n,  let  us  extend  this  to  fractional  values.  If  we 
perform  the  operation  D"^"  upon  both  sides  (assuming  for  the  present 
that  D*-M=:0)  we  have  D* jr=MI>"-ar-,  or  M=P  (m) :  P  (w-n), 
whence 

T^M  «       P(^)      „«-./        r(m+l)  N 

P(m— n)  \      r(m— 71+1)        y 

The  question  then  is,  what  is  P  (w).  When  m  is  a  whole  number  it  is 
in(m — 1). .  .3.2.1,say=r(m+l),  or  a  solution  of  0(m-fl)=:fn^m. 
Ijet  it  stand  for  this  same  solution  when  m  is  fractional  or  negative,  and 
let  us  choose  the  solution  which  contains  no  periodic  function,  which  is 
found  when  m  is  positive  by  T  (m)= J^  r^v^"^  dv,  and  extended  to  the 
case  where  m  is  negative,  as  in  page  583.  We  have  then  the  second 
expression  given  above. 

The  first  mentioned  mode  is  as  follows.  Since  D*e*'=7n"5*'  for 
every  whole  value  of  n,  let  this  expression  be  generalized  and  made  to 
hold  good  when  n  is  fractional,  as  the  definition  of  D"  £"'.  Now  when 
X  is  positive,  we  have 


f^  r^  tr-*  dt?= J?-"*  r  (m),  or  (  -  lyf^r^  »•"+""*  dv  =  Fm  D"  j""*, 

whenever  n  is  a  whole  number.  If  this  formula  be  generalized,  we 
have 

j?--»--r (m+»). (-l)"=rm.D"a?-«,  or  D" x-^==^^^i^J^^ 

a  formula  which  has  been  assertedf  to  be  universal,  and  demonstrated 
in  a  manner  to  which,  on  the  assumptions  laid  down,  I  am  not  prepared 
to  offer  any  objection.  But  according  to  the  first  system  Wx"^  is 
r(— m+l)jr*^:r(— 1»— n+I).  Now  as  both  these  expressions 
are  certainly  true  when  n  is  a  whole  number,  the  one  becomes  the  other 
after  multiplication  by  a  factor  similar  to  tSn  (page  598) ;  namely, 
which  becomes  unity  when  n  is  a  wliole  number.  Both  these  systems, 
then,  may  very  possibly  be  parts  of  a  more  general  system;  but  at 
present  I  incline  (and  incline  only,  in  deference  to  the  well-known 
ability  of  the  supporters  of  the  opponent  systems)  to  the  conclusion 
that  neither  system  has  any  claim  to  be  considered  as  giving  the  form  of 
D"  jf  ,  though  either  may  be  a  form. 

The  following  considerations  may  help  to  explain  my  meaning.  In 
common  numerical  interpolation,  we  proceed  witnout  the  introduction  of 

*  The  fubjeet  hss  been  mentioned  by  Leibniti,  Euler,  &c.,  and  has  been  syilem- 
atized  1^  M.  Liouville,  in  the  Jaumai  de  PEcok  Poiyiechnique  far  1832,  and  after 
him  by  S.  S.,  in  the  first  and  third  numbers  of  the  Cambridge  Mathematical 
Jonmal :  and  still  later  by  Professor  Kellund,  iu  vol.  xiv.  of  the  Transactions  of  the 
Royal  Society  of  Edinburgh.  Professor  Peacoek  has  proposed  another  and  a  dis- 
tinct system  m  his  well-known  report  on  the  state  of  analysis  (Proceedings  of  the 
British  Association,  third  meeting).  To  avoid  perpetual  reiteration  of  names,  we 
may  here  state  that  the  system  of  MM.  Liouville,  &c.  takes  i*  as  the  funda- 
mental function,  and  Dr.  Ptocock  takes  «". 

t  By  Mr.  Kelland  in  the  memoir  cited< 
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any  periodic  function  (as  represented  in  page  543).  When  we  know 
that  the  given  values  are  those  of  a  given  function,  as  log  Xy  our  reason 
for  this  is,  that  we  absolutely  know  the  function  to  be  of  a  uniformly 
increasing  or  decreasing  character,  without  the  undulalions  of  a  periodic 
function. 

But  if  a  question  were  to  arise,  in  which,  from  the  nature  of  the'  case, 
we  could  only  make  our  first  approach  by  limiting  the  value  of  ar  to  a 
whole  number,  and  if  the  result  a(  this  first  approach  always  gave  logi*, 
we  should  have  no  assurance  whatever  that  log<r  was  the  function 
required ;  it  might  be  log  a?. cos  2irXj  or  log  x+sin  2Trx,  or  log  x.cos  2irjr 
-|-sin2irj;;  all  of  which  are  reduced  to  log  j:  whenever  «  is  a  whole 
number.  Those,  therefore,  who  would  prefer  either  of  these  to  the 
others,  or  to  all  the  rest  of  the  infinite  number  of  cases  which  might  be 
cited,  must  show  some  very  cogent  and  direct  reason  why  they  take  the 
one  which  they  prefer. 

Again,  when  we  interpolate  between  values  derived  from  observed 
phenomena,  we  exclude  functions  of  intervening  undulation,  because  we 
know  in  the  first  place  that  it  must  be  impossible  that  times  of  observa- 
tion arbitrarily  chosen  should  always  fall  precisely  at  the  epochs  of  dis- 
appearance, &c.  of  the  undulating  terms.  But  even  this  must  be  taken 
with  restriction.  Suppose,  for  example,  that  a  planet  had  been  observed 
only  at  one  place,  and  could  only  be  observed  when  on  the  meridian,  the 
general  laws  of  planetary  motion  being  unknown.  It  might  be  satis- 
factorily deduced  that  the  planet  always  was  in  a  great  circle,  or  in- 
sensibly near  to  it,  at  those  times,  but  it  would  not  at  all  follow  that  it  was 
in  that  great  circle  at  intervening  times.  How  would  it  be  known  but 
that  the  place  of  the  planet  w^as  connected  with  the  earth's  diurnal 
motion  by  a  law  which  allows  of  periodic  departures  fit>m  the  great 
circle  on  one  side  and  the  other,  the  whole  period  being  the  interval 
between  two  transits,  and  the  time  of  coincidence  with  the  great  circle 
being  precisely  that  of  transit.* 

I  now  quit  the  subject  of  interpolation  of  form,  and  proceed  to  modes 
of  determining  the  value  of  definite  integrals  by  approximation.  Among 
these  one  of  the  most  celebrated  is  that  of  Laplace,  which  applies  when 
an  integral  contains  a  large  number  of  factors  or  large  escponents. 

IjcI  Y  be  a  ftinction  of  9,  and  S  a  function  of  f,  it  is  required  to  find 
the  suci^cssive  differential  coefficients  of  V  with  respect  to  t.  These 
might  be  easily  expressed  by  means  of  the  derivation  in  pages  391,  &c. ; 
but  by  a  direct  proctess,  denoting  differentiation  with  respect  to  £  by 
accentuation,  and  with  respect  to  0  by  subscript  numerals,  we  have 


*  The  question  of  the  interpolatioB  of  differential  forms  is  cmbumMed  with  oon- 
siderations  of  a  nature  precisely  similar  to  the  preceding  ones.  I  am  not  willing 
positiTely  to  assert  that  there  exists  no  reason  for  one  syatem  in  preference  to  the 
other,  nor  even  that  such  reason  has  not  been  shown  by  the  assertors  of  one  or  the 
other  system.  I  can  only  say  for  certain  that  I  cannot  see  the  reason  in  their 
writings;  and  I  am  sure  that  they  themselves  will  admit  that  the  dcubt  I  have 
raised  is  one  tbat  requires  solution.  The  reason  why  it  should  strike  me  more 
forcibly  than  them  is  perhaps  that  1  have  written  on  the  calculus  of  functions,  and 
have  had  my  attention  particularly  drawn  to  the  wide  character  of  tha  ftolutioas  of 
evea  the  most  simple  functional  cquatioas. 
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V''=d'«V,+ 15«'^T5+ (45^«6^'«+ 2oa'«ov,4-  (1 5a"«+  (5O0'e"r 

The  law  of  this  apparently  complicated  process  (whicli  should  be  per- 
formed by  common  differentiation,  and  verified  as  now  explained)  is  as 
follows.  Suppose  we  would  form  the  coefficient  of  V,  in  V*".  Investi- 
gate every  way  in  which  7  can  be  subdivided  into  three  parts ;  whicli 
will  be  found  to  be  1  +  1  +  5,  1+2+4,  1+3+3,  2+2  +  3.  The 
terms  in  the  required  coefficient  have  then  0'a'd%  Q'&*e'\  eV"e%  and 
^G^'O''*,  And  the  coefficient  of  each  of  these  is  the  number  of  distinct 
ways  in  which  seven  counters  differently  marked  can  be  so  parcelled 
into  (I,  1,  and  5),  (1,  2,  and  4),  &c.,  that  all  the  parcels  shall  not 
be  the  same  in  any  two  modes.  This  coefficient  is  found  as  follows. 
Lctm=a+6  +  c+....;  then  the  number  of  ways  in  which  m  counters 
can  be  parcelled  into  a  set  of  ^z,  a  set  of  6,  &c.  is 

1     1.2.3.4 ..w— l.m 

P  *  (1.2...a)(1.2...ft)(1.2. .  .c)' 

If  a,  6,  &c.  be  all  diflferent,  thcnP=rl :  but  if  there  be /parcels  of 
one  and  the  same  number  in  each,  g  parcels  of  another,  h  of  another,  &c.» 
then  P=(1.2  .  .f)  (1.2. .  .g)(X  .2. .  .A). . .  Thus  7  being  1+3+3, 
the  coefficient  of  &  ef*'*  is 

1     7.6.5.4.3.2.1       ^^       .    .1.    r i« 

O  (1.2.8)  (1.2.3)0)'  "  ^''  *"■ '"  *' .^™"'''- 

Given  ^ai=A€-'%  required  the  expansion  of  6  in  powers  of  L  This 
equation  cannot  exist  unless  ^  be  a  maximum  when  /=0;  and  we 
shall  suppose  that  4i0  is  =sO  (and  not  a)  in  that  case.  I^tus  more- 
over suppose  that  0=0  at  the  maximum;  whence  0(0)= A,  and 
0'(O)=O.  Let  logi^^nV;  then  V— log  A  +  <*=0,  V'+2^  =  0, 
V"+2s=0,  V'"=0,  V'ssO,  Ac.,  from  whicjh,  as  obtained  by  the  pre- 
ceding process,  we  are  to  calculate  the  values  of  0',  0",  &c«  for  substitu- 
tion ia 

2^^     •'2.3 


fl=(e)+(JO.<+ (9") -=-+(«"')  r-,+  .... ; 


parentheses  denoting  values  when  2=0.  Let  r,  v,,  ««  &c.  be  tlie  values 
of  V,  V„  Vfc  &c.  when  <=0,  then  c=log  A,  v,=0,  8inceV,=^'0:^9, 
and  ^'^  vaniahes  with  0;  that  is,  with  t. 

V"  +2=0  gives  i',e''+2:ir0,  or  (e')=V(-2tT') 
V"'=0  gives  e'»r,+3fl'e'i'.=0.    iff')-\  -', 
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and  80  on.    Hence  00= As-'*  gives 

•V^D-'^^'-^VC-f)-- ' 

where  v^y  v,,  V4,  &c.  are  values  (for  6=0)  of  the  second,  third,  fourth, 
&c.  diff.  CO.  ef  log  09  with  respect  to  0 :  the  conditions  being  that  00  is 
a  function  which  is  a  maximum  when  00  :=  A,  and  that  v,  is  not  =rO. 
If  Va=0,  and  generally  if  m  diff.  co.  of  log  00  vanish  when  0=0,  (and 
m  must  he  an  odd  number,  or  there  could  not  be  then  a  maximum,)  we 
must  use  the  equation  00=  Af— '*■•■*  in  the  same  manner. 

It  would  be  a  work  of  great  labour  to  calculate  as  far  as  the  sixth 
power  of  i  by  the  preceding  method,  and  an  expression  of  the  general 
term  of  the  series  would  be  altogether  out  of  the  question.  The  powerful 
method  of  Arbogast,  however,  (pages  328 — 335),  will  enable  us  to  give 
the  general  term  with  very  little  trouble,  and  to  deduce  more  coefficients 
than  those  given  above. 

Having  given  <=V(log  A.— V),  where  t;=log  A,  t7i  =  0,  it  is  required 
to  expand  0,  of  which  V  is  a  function,  in  powers  of  t.  We  have  then, 
by  Burmanu's  theorem,  page  305,  the  marks  {  }  denoting  that  ty  and 
therefore  0,  =0, 

«y  =IB.ri  .h»C.B.={^  (-1)"}  Xj^ji^, 

Write  a  for  —  t?,-r-2,  b  for  — r,-r-2,3,  &c.,  and  we  have 
0:te0:V(logA-V)=0:V(«^+*9*+....)={o+W+....}-*. 

Develope  (a+be+  ,,,.)  i^  by  Arbogast's  method  into  2.P«,0*,  which 
gives  for  P,^i  the  following  series  of  terms,  m :  2  being  71, 

ir-«6^     n+1  D*-*6«  ^[w,n+m-21    6— » 

If  (a+60+,.  ••)■■  be  differentiated  m— 1  times,  and  0  be  then 
made  =0,  the  result  will  be  P^i  x  1.2.  • .  .(m-1),  which,  divided  by 
2.3. ..  .m  gives  the  with  part  of  the  expression  (A)  for  B«  the  co- 
efficient of  r  in  the  development  required.  We  have  then  the  following, 
the  first  of  which  is  independently  obtained  (title,  page  331) : 

p-.^-*     Ti_     1    *       o           1  D6      1   5   6«      a*(56*-4ac) 
B.-a-*,    B.-—  -,    B.=—  -,+5..^=_^-j 

*  4  1         0^    "^    a*        aM^^  4S* 

B  =i  I-  -  —  +-  -  —  -.5''^?5^     ^''^^Il^l 

*  5  I      2    «•*      2  4    rt**       2  4  6   a»*  "^2  4  6  T  a**] 

_a*  {7. 9. 116^-7. 9. 8. So^'c+1. 6. 8a«(26e'fc«) -4. 6.8ay} 

2.4.6.8a^ 
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Now  write  — Vi:2,  — r8;2.3,  -i?4:2.3.4,  &c.  for  a,  6,  c»  &c.,  and  we 
have 

B4=  -  (40r!-  45v,  rg  r^+ 9rjr,)-r270y5 

B»=  -{385rl--630»,vJi;,+21rK8»,i?5+5rJ)-24i;;r,}^r-^') :  2160t^. 

The  use  of  this  meHiod  is  as  follows.  Let  it  be  required  to  develope 
fydx  between  any  given  limits  J=ft,  x=v,  y  being  a  function 
^ith  factors  having  exponents  of  considerable  magnitude,  such  as 
yt^p^(f^  where  m  and  n  are  considerable,  and  p  and  q  are  functions  of 
X.  Let  there  be  a  value  ir:=ta  which  makes  p"*  9"  a  masLimum,  and  let 
/x'and  V  lie  between  two  roots  of  y  preceding  and  following  the  value  of  x 
which  makes  y  a  maximimi,  If,  then,  A  be  the  maximum  value  of  y^ 
and  if  we  assume  y=Af-'',  there  axe  real  values  of  t  for  every 
value  of  Xy  from  /= —  oc,  which  gives  x—  the  first  root,  to  f=:+  oc, 
which  gives  jr=  the  second  root;  and  when  /=:0,  we  have  y=A,  or 
7=:a.  Let  J?=X,  J^=p,  be  the  values  for  which  y  vanishes,  so  that  X, 
/x,  V,  p  are  in  order  of  magnitude,  \  being  the  least.  Let  x^^ii  and 
x=y  give  <=«,  ^=/3;  let  x^a-\-B  and  y=0(x).  Then  Q  and  t 
vanish  together,  and  0(a+6)=Aff-'*  gives  0=rB|<+B,/*+, ...  as 
just  determined.     From  this  find  dB,  which  is  dx^  and  we  have 

S%ydx:=LK  {Bi/;f-'«d<+2B,/;6-^'W<+3Bs/f  ff-'*^d<+ ....}. 

If  we  examine  Bi,  Bi,  &c.,  we  shall  find  that  if  each  of  the  set  v,,  a;,, 
&c.  had  a  large  numerical  multiplier  /t,  these  coefficients  would  severally 

have  the  multipliers  n"»,  n""*,  nr\  &c.,  which  would  make  the  series 
convergent  enough  for  use  if  n  were  considerable.  A  further  reduction 
may  be  made  as  follows.    Let  J*£  -  '*  i*  dl = G., 

Take  limits,  and  substitute,  which  gives 

/J.  yda:=A(^B,+?B.+|^B.+  .•.)/!«-/•  rf< 

+i«— "A{2B,+«.3B,+(a"+l)4B4+rce»+?a^5B,+  ,..} 

-Ig-^'A  {2B,+/8.3B,+  (i8«+l)4B4+(/8'-*-?)8)5B5+  . . .}. 

If  the  limits  be  /i  and  v,  two  values  at  which  y  vanishes,  one  preceding 
and  the  other  succeeding  that  at  which  y  is  a  maximum,  (that  is,  if 
^=:X  v=sp,)  it  follows  that  «  and  /3  are  ^  oc  and  +  oc,  these  being 
the  only  values  at  which  ;Af-/«  vanishes.  But  JtZ^-^  di=2p^€-t*dt 
(page  294) =V^;  whence  (as  in  this  case,  the  two  last  lines  vanish) 
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For  instance,  let  it  be  required  to  find  an  approximate  expreaaion  for 
1.2. 3...  .11,  where  n  ia  a  large  number,  or  generally  for  F  (»+]), 
where  n  is  a  large  number,  whole  or  fractional.  In  J^g"jfdx^  it  will 
be  observed  that  s"jf  vanishes  when  jr  ia  0  or  oc,  and  that  there  b  an 
intermediate  value  of  «»  namely  xzzn,  at  which  r'' j^  is  a  maximum. 
We  have  then 

V=log(s-'«')=:-(n+fl)+Jtlog(«+»)=nlogfi-n---+--— ... 

:B.=V(2«).    B.=i^^,     ».=5lo;4-    *" 
•   r(«+l)=V(2.»).r-«-(l+^+2^.+  ...); 

a  result  which  may  be  made  to  agree,  as  far  as  it  goes,  with  page  312. 

The  student  is  now  prepared  for  the  higher  class  of  investigations 
connected  with  the  theory  of  probabilities.  The  integrals  which  are  uf 
most  importance  in  this  science  are  r(jp),already  treated,  Tf-^'di,  and 
/o?"^!— j?)'dr.  It  will  be  worth  while  to  make  the  calculations  neces- 
sary m  the  latter  case,  m  and  n  being  considerable  numbera. 

Here  .y=x*  (1— x)",  which  vanishes  when  ^=0  or  1,  and  is  a  maxi- 
mum when  j:=m:  (m+n),  1  —  jr=7i :  (m+n)  :  let  the  first  be  tj  and 
the  second  p.    We  have  then 

logy=V=:mlog(w+6)+nlog(p— ^ 

=,„„.,.i-i(5+i)..+i(5-i>-.... 

or    a=-l(o-'+p-),    6=-|-(«-«-p-').  c=l-(«-+p-»),  &c.; 

where  m+n=Ar.     Hence  we  find  by  actual  reduction 

n  -     //2'^(1-pA        n  _  13a«-13tg+H 

very  nearly :  which  might  be  verified  by  applying  the  value  of  P  (») 
just  found  to  the  result  in  page  580. 

When  y  has  high  exponents,  but  does  not  arrive  at  a  maximum 
between  the  limits ;  or  rather  when  it  is  not  required  that  either  of  the 
limits  of  integration  should  be  near  to  that  value  of  j?  which  makes  y  a 
maximum,  the  formula  in  page  290  will  give  a  convei^gent  seriea,  and 
even  for  the  indefinite  integral. 
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For  example,  let  y= jr",  or  m=jp  :  w.    We  have  then 

— —r  =  —  <  1 1 — r  — . .  • .  r,  which  Ib  easily  verified. 

The  preceding  is  taken  from  xz=iO  on  hoth  sides,  hut  any  hmits  may 
be  taken  in  the  usual  way.    Thus 


f  T(idnx)-d^==-i~   { 1 .  A  +i^  -.^^+  . . .  I 
Jo  nV2'    I        n       n*      n^  J 

I  now  proceed  to  the  doctrine  of  periodic  series,  one  of  the  most 
important  applications  of  definite  integrals;  the  results  are  of  a  ue^r 
and  eictraordinary  character,  on  which  account  this  part  of  the  subject 
will  be  treated  in  detail,  and  by  two  distinct  methods. 

From  page  291,  §  121,  the  following  is  easily  proved  :  if  a  and  J  be 
two  whole  numWrs,  and  m  and  n  two  other  whole  numbers,  positive  or 
negative, 

cosoO.cosa'^.dd,  and  I     sinaO.sina'd.dO  are  =H^  or  (ti— m)-  : 

Mr  «y    ntr  ^ 

namely,  0  when  a  and  a'  are  unequal,  ^  (n^m)  v  when  a  and  a'  are 
equal. 

This  property  is  applied  to  the  expansion  of  ordinary  algebraical 
quantities  in  series  of  periodic  terms,  a  subject  which  will  require  a  close 
examination  of  its  first  principles. 

If  we  take  such  a  series  as  Aisinj?4-A8sin2T+Aasin3j?+ .  •• .  ad 
infinitum^  we  see  that,  whatever  its  algebraical  equivalent  may  be,  it 
must  go  through  a  succession  of  values  from  »  =  0  to  x=z2ir^  which  suc- 
cession is  repeated  from  jr=2ir  to  J7;:=4t,  and  so  on.  It  might  seem, 
then,  as  if  we  could  affirm  d  priori  that  any  function  which  admits  the 
preceding  development  must  itself  be  periodic  and  trigonometrical :  but 
we  should  be  mistaken  if  we  drew  any  such  conclusion ;  at  least  we  can 
only  drawn  such  a  conclusion  with  some  extension  of  the  term  trigono- 
metrical. 

If  we  integrate  both  sides  of  (l+a^)~'=l— o^+a*^— . .  ••,  we 
find 

4- tan-'  (Ja.e)=C+a-^  a+  ^ a*-- ^  a»+  •  •  • .  i 
V«  3  5  7 

the  first  side  of  which  is  indefinite,  since  tan"'  (a  given  quantity)  has 
au  infinite  number  of  values ;  the  second  side  is  also  indefinite,  con- 
taining an  arbitrary  constant.  Nor  do  we  avoid  this  indefiniteness  by 
integrating  from  a  given  commencement,  say  from  0=0,  which  gives 
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I  (f^  (^  (P 

-7-  {tan-»  (Va.O)-tan-»  0}  =6-—  a+  —  «•—-=-  a»+ . . . . ; 

for  tan"'  0  is  mir,  where  m  is  any  whole  number  positive  or  n^ative. 

For  given  values  of  0  and  a,  the  second  side  has  one  value  only,  the 
first  side  (but  for  restrictions  imposed  by  the  equation  itselO  has  an 
infinite  number.  Consequently,  whatever  value  may  be  taken  for 
tan~*  iija,&)y  such  a  value  of  tan"*0  must  be  taken  as  will  give  that 
value  of  the  first  side  which  is  equal  to  the  second  side.  I^t  a=l, 
and  let  6  be  tan  f,  then  one  of  the  values  of  tan~^  (tan  0  is  f ,  whence 

<-tan-*  (0)=tan  <— i^tan*  <-f +tan»  <-...• 

Now  as  we  begin  from  tan  t=:0,  let  us  choose  mx  for  the  correspond- 
ing angle.  We  must  not  then  carry  our  series  of  integrations  (of 
lx<2.tan  ty  tan'^.cftau^,  &c.)  up  to  a  limit  higher  than  <=mT+j^T« 
nor  might  we  have  begun  before  t=fnr— j^t,  since  tan<  is  infinite  in 
both  cases.  But  between  wit+Jt  and  hit— i«  the  equality  of  the  two 
sides  is  unobjectionably  deduced,  and  the  answer  to  the  question,  what 
value  of  tan'^0  must  be  taken  is,  mr,  whenever  t  lies  between 
mv-^^^x :  80  that  tan  t — \  tan*  /+••••  is*  for  a  given  value  of  tani,  that 
one  of  the  corresponding  angles  which  lies  between  — \^x  and  +&'*'• 

Let  us  now  consider  the  equations  (pages  242,  243) 

1— XCOSO  ,  ^  m  ^/»    .    o  1 

-T ;=l+J?COB0+J^COs2d+&C. 

1— 2«cose+«*  i-AN 

}.•...  (A). 

^= j:  sin  d + j;'  sin  26 + &c. 

1  —  2  J?  cos  6 -for 

Here  the  periodic  character  of  one  side  is  a  counterpart  to  that  of  the 
other,  and  when  a?<l,  these  equations  are  arithmetically  true  in  all 
cases.    When  a:=l,  we  have  the  limiting  equations 

1  ,           «  .        ^«                    1      sin  6         .    #»  .    .    «.« 
--=l-4^cosd+cos  26+ ....        -  •; ^=wn  d+sm  20+ .... 

2  2  1— cosO 

The  series  are  no  longer  convergent,  but  are  of  that  character  the  simplest 
instance  of  which  is  seen  inl  — 1  +  1  — 1  +  *..*  It  is  easily  shown  by 
the  methods  of  Chapter  VII.,  that 

1  .        A  •       (MX  t  .  ^    1   .  cosnd— co8(n+I)0 

l+cosO+cos20+..,.+co8«6=-  H ~-7T —      * 

2  2(1— cos  0) 

•    fl  ,    •    0/1  I  I    •      n  sinO+sinnd— 8in(n+l)0 

sm  e+sm  20+ . . . .  +sm  n  0:=        —y:: :;r ^ 

2(1— cos  0) 

Now  we  have  /o^ncrdd?=l  ^sino,  /{cosardrc  coso,  and  when 
a=  oc  these  have  been  found  to  be  1  and  0,  which  makes  it  seem  as  if 
sin  oc  and  cos  cc  should  both  be  taken  as  =0.  If  we  take  this  assump- 
tion, and  make  n  infinite  in  the  preceding,  we  find  \  and  ^  sin  0 : 
(1 — COS0),  being  precisely  what  we  have  before  found  for  the  series 
continued  ad  infinitum.  Many  more  instances  occur  in  which 
sin  rc=0,  cos  rc=:0,  give  results  which  can  be  otherwise  obtained; 
but  I  am  not  aware  of  any  proof  that  these  are  to  be  considered  as 
universally  true. 
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Let  COB  d= 1 ;  then  the  first  equation  becomes  ^=:  1  + 1  + 1  +  • . .  • , 
which  is  certainly  false.  This  arises  from  omitting  to  notice  an 
isolated  conception  to  the  truth  of  the  general  deduction.  Our  first  step 
was  to  make  j;=1,  our  second  to  make  cos  0=1.  Invert  the  order  of 
these  steps,  and  we  have  first  (1-^j?)  :  (1  — a:)"=H-a?+jB'+ . . . .,  and 
cc=:l  +  l+l+*-««f  which  is  true.     If  we  write 

I— a?  cos  0      .     .    ,  1— j?co8  0 

m  the  form 


l-2jpC0Be+a^  2(1— arco8  0)+(a*-l)' 

we  see  that  xs  1  gives  ^  in  every  case  except  that  in  which  1  —  jr  cos  d 
also  =0,  in  which  latter  case  the  form  %■  is  produced,  and  oc  is  the 
result.  Consequently  1  +co8  0  4-cos  20+  •  •  •  =i  in  every  case,  unless 
0=2Tm,  in  which  case  it  is  infinite.  The  second  equation  remains  true 
when  cos  6=1;  divide  both  sides  by  sin  0,  and  it  becomes  cc=l 
+2+3+  •  •  •  •  In  both  cases,  however,  there  is  a  bar  to  integration ; 
no  even  multiple  of  t  must  lie  between  the  limits. 
If  we  make  xzs  —  1,  we  find 

1  1  *      A 

-=1— CO80+COS20— ...  -  ' ;,=:sin0— sin28+sin30— •...  : 

2  2  1+cosd 

the  excepted  case  similar  to  the  preceding  is  when  cos  6=  —  1,  in  which 
case  the  first  series  is  infinite,  and  the  second  may  be  treated  as  before. 
There  is  here  also  a  bar  to  integration :  no  odd  multiple  of  if  must  lie 
between  the  limits.  If  we  integrate  the  second  and  fourth  series,  deter- 
mining the  constant  by  means  of  0=t  and  0=0,  we  have 


log(2sin~j    =cos0+ 
logf2cos-j   =:co60 


cos  20     cos  30     cos  40 
cos  20   .  COB  30  .  cos  40  . 


series  which  happen  to  be  true  at  the  limits  at  which  we  could  not  be 
assured  of  their  being  true  from  the  method.  And  it  may  be  noted  that 
such  series  will  generally  be  universally  true,  when  the  periodic  form  of 
the  second  side  is  accompanied  by  one  as  explicitly  periodic  on  the  first 
side.     Also 

1,  0  ^    cos80     CO850. 

-logCOt-=CO8  0+-g—  +~^+.... 

Take  the  expressions  (A),  change'o?  into  —a;,  subtract,  divide  both  sides 
by  2T,*and  then  write  x  for  x\    We  shalljthus  obtain 

cos  0 .  r  1  "'•tV  ' 

- — ^ ^=cos  0+cos  30.a?+  cos  50.a;^+  .... 

1— 2cos20.jr+a?*  ^  ^ 

sin  0.(1 +«)  ! '  ^  .    ►.rv    .  . 

; — ::: 7:7i — ; — :=sm0+sm30.jr+sm50.j:*+. .  .. 

1— 2cos2<?a;+a:* 

O=cofi0+co&30+cos50+*.. .         O=sin0 — 8in30+sin50— . .. . 

1  1  ^         ' 

=:c(Mid^eos30+cos60. ..  -— 7-7= sin 0+ sin 30+ sin 50+,. . . 


2CO80  .  --    2gin0 
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In  the  first  and  fourth  cos  20  must  not  =rl,  or  0  must  not  be  any 
multiple  of  ir,  or  any  even  multiple  of  ^r:  in  the  second  and  third 
cos  2$  must  not  =  —  1 ,  or  0  must  not  be  any  odd  multiple  of  j^r.  If  we 
integrate  the  first  pair,  we  have 


w      .    ^  .  sin  3d  .  sinSfl  . 

-=sme+-3-+-^  +  .... 


V  ^    cosSO  .  cos 50 

4  3^5 


the  constant  being  determined  from  Onj^r  in  the  first,  and  from  6=0  in 
the  second.  These  results  are  certainly  true,  the  first  from  0=0  to 
0=T,  both  exclusive;  the  second  from  6=  — Jt  to  0=+Jt  both 
exclusive.  This  we  may  briefly  express  as  follows :  the  restrictions  of 
these  series  are  0  (0)  t  and  — ^t  (0)  Jt. 

If  we  suppose  0  to  lie  between  t  and  2t  in  the  first,  and  between  ir 
and  4  ▼  ii^  the  second,  we  must  take  the  value  of  the  constant  after 
integration  from  0=-|  T,  in  the  first,  and  from  0=t  in  the  second, 
which  gives  i 


sin  30     sin  50 


cos  30  .  cos  50 


X      .    ^  ,  smde^     smo»  ,  t  ^    cosSO  . 

and  so  on ;  each  of  these  series  being  +1^  or  ^}t,  according  as  the 
value  of  0  makes  the  first  term  positive  or  negative. 

All  the  series  which  we  have  yet  had,  which  have  their  denominators 
increasing  without  limit,  are  really  convergent,  and  arithmetically  equal 
to  the  quantities  found  for  them.  And  the  discontinuity  observable  in 
their  values  is  of  a  curious  character,  which  admits  of  complete  illustra- 
tion from  geometry.     If  we  take  any  finite  number  of  terms  of  tlie 
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first  series,  and  draw  the  curve  whose  equation  is  ysrsinx+isinSx 
+i-sin  5jp+  . . . .,  or  OPCQF,  the  greater  the  number  of  terms  we  take, 
the  more  nearly  will  the  curve  coincide  with  the  succession  of  discon* 
tinuous  straight  Hues  2OABCDEFG,  &c.,  to  which  the  whole  series 
continued  ad  infiniiym  is  therefore  the  equation ;  OA  being  ^x 

We  now  resume    the    equation   1— cos  0+ cos  20 — =  J,    or 

^=cos0 — cos20-f  ••••,  which  is  true  for  all  values  of  0  except 
(2m+I)T.  Integrate,  and  determine  the  constant  by  0=0,  which 
gives 


-=8me 


gin  20     BJnSfl 


•  •   • 


-T(0)r. 


But  if  we  determine  the  constant  by  0=:2r,  we  find  ^0^7  for  the 
preceding,  with  the  restriction  x  (ft)  31*,  and  so  on :  whence  the  value 
of  sin 0— -3^ sin 30 4-  • '  •  •  is  ^0  — mv,  the  value  of  m  being  that  which 
will  make  the  preceding  lie  between  —^t  and  +ix.  In  the  same  way, 
we  might  prove  from  jl=  1  +cos  0+cos  20+ .  •  •  •  that 
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T      e      .    _  .  sin2e  .  fiinsa  .  ^,^x« 

It  will,  however,  be  noticed,  that  this  is  nothing  but  the  preceding 
series  with  t — 0  written  for  r,  both  in  the  equation  and  in  its  restriction. 

We  shall  now  proceed  with  the  results  of  the  first  series.  Let  ^o,  fi,  s^^ 
&c.  be  particular  values  of  «.=  1~"— 2""+3"*— . . . .,  and  let  K,  stand 
for  sine— 2-* sin 20+ &c.  when  n  is  odd,  and  for  cos 0—2*' cos 28+ &c. 
when  n  is  even.  Continual  integration  with  determination  of  the  con- 
stants from  0=0,  beginning  with  ^«=Ko,  or  4=co8  0— CO8  20+ .. . . 
will  give  the  following  results,  with  the  restriction  -  t  (0)  r : 

^e^Koy    *o0=:Ki,    ^«^— Jt  =  — Kt,     '^•o^ — ^«0=  — K, 

0*  0«  __  0»  ^'  n      ir 

'•  27374^'' T+'*=^*'    '•2X475"'*  273  +  '*^=^*' 

and  so  on :  from  which  it  readily  follows  that  each  of  the  divided  powers 
of  0  can  be  expressed  in  terms  of  K^,  K|,  &c.,  whence  ^0,  if  it  can  be 
expanded  in  a  series  of  whole  powers  of  0,  can  also  be  expressed  in  a 
series  of  the  form  Ao+ Ai  cos 0+ ....  +Bi  sin  0+ . . . .,  which  shall 
hold  good  for  all  values  of  0  Arom  — t  to  +  t,  both  exclusive.  Having 
thus  shown  the  possibility  of  this  expansion,  we  shall  presently  arrive 
at  a  more  convenient  way  of  doing  it.  In  the  mean  while,  let  us  observe 
that  we  have  thus  fallen  upon  an  elementary  mode  of  determining  the 
values  of  s^  ««,  &c.  Thus,  if  in  Kf,  we  make  0=iT,  we  find  it  becomes 
^j-r2*»  whence  we  have 

a  result  which  might  be  verified  from  pages  553  and  581. 

In  the  same  way,  by  beginning  with  the  proper  value  for  Ki,  it  might 
be  shown  to  be  possible  to  make  a  similar  expansion  for  00,  which 
should  be  true  for  any  value  of  0  lying  between  (2m+l)  irand  (2w+3)  t, 
tn  being  any  whole  number  positive  or  negative. 

We  have  seen  that  every  mnction  of  x  which  is  itself  neither  even  nor 
odd  (page  295)  can  be  made  the  sum  of  an  even  and  odd  function. 
From  the  character  of  A^,+ Ai  cos  0+  ... .  and  Bisiu  04-&C.,  it  is  the 
even  part  of  the  function  which  is  developed  into  the  former,  and  the  odd 
part  into  'the  latter.  But  we  shall  see  that  an  odd  function  can  be 
developed  into  cosines  or  an  even  one  into  sines,  between  given  limits. 

Let  there  be  u  function  00,  the  development  of  which  has  the  form 
Bi  sin  0  +  Bi  sin  20+  ... .  Multiply  both  sides  of  the  latter  by  sin  m0, 
and  integrate  from  0=0.  This  gives,  from  the  term  BM8inm0,  the 
following  pair  of  terms : 

^  _      sin  2ffl0  ^ 

and  from  each  of  the  other  terms,  a  pair  of  the  form  following; 

^     n    •    7^            B*  /8in(m--Ar) 0     8in(m+Af)  0\ 
from  B.sm*0  come.  ^  [^—;;^::j^ ;M^ir"> 

2  R 
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each  of  these  terms  vanishes  whend^r.  But  we  have  had  warning 
against  supposing  an  infinite  series  of  such  terms  to  vanish,  or  sup- 
posing the  equivalent  algebraical  expression  to  vanish.  If  we  make 
dzzzx — a,  we  have  sin pd=±s\xk pa,  according  as  p  is  odd  or  even; 
begin  from  it^m+ly  and  we  have  for  the  whole  series  from  and  after 
the  term  B.  sin  md  the  half  of  the  following  series : 

_,      /sin«     sin(2m+l)a\  /sin  2a     sin  (2m+2)  <A 

^^\— 2;;r+r-;  ^•-^•v""2 2;r+2~/-  -^^^^ 

neglecting  the  previous  terms,  which,  being  finite  in  number,  vanish 
with  ocy  leaving  only  ^  B.,  (▼—«).  It  would  not  be  easy  to  give  a  direct 
proof  of  the  comminuence  of  this  series  with  a,  and  another  method 
must  be  had  recourse  to ;  if  we  could  assume  that  comminuence,  we 
should  have,  observing  that  iB^O  is  the  only  term  which  does  not 
diminish  as  0  approaches  to  t, 

^B,=/;0a.Binmada; 

a  result  which  may  be  established,  though  the  preceding  method  is  in- 
complete. 

"  Let  it  be  required  to  find  a  function  which  agrees  in  value  with  00,  (a 
function  which  vanishes  with  6,)  when  xis  0,  ir:n,  2T:n,.*. .  up  to 
(n — 1)t  :  n.     Assume  for  this  purpose 

06=*isine+^sin  2e+Ar,sm8a+ . .  • .  +  *,.isin (n- 1)  d. . . . (1)  ; 

a  function  which  fulfils  the  first  condition,  since  it  vanishes  with  0.  Let 
« :  n=r,  then  we  must  have 

0K=Ar|Siny+. . .  •,     02v=:Arisin2v  +  **  •  m     •..., 
0(n— l)v=itisin(«— l)v+. .  •• 

Multiply  successively  by  sinmv,  sin2my,...  .sin(n*-l}fiiy,  vrkidi 
will  give  on  the  first  side 

0y . sin  my  +02y .  sin  2my  +  . . .  +  0  (n — 1)  k  .  sin  (n — 1)  my, 

and  on  the  second  a  set  of  terms  of  which  the  one  containing  k^  is 

A,{sin vy .sin my +sin 2vy .sin 2my  +  • . .  +8in  (n — 1)  ry.sin  (n — 1)  my}. 

The  coefficient  may  be  resolved  into 

1^  {cos  (©— m)  y}+i. . .  +|cos{n  —  1 1?— m y} -icos((t;+m)  y}  —  . . . . 

•— ^s{n — Ir+m.y}. 

XT  ,       ^    ,  .        ^       ,v       cos(n— l)jr— cosfur      1 

Now    cosx+cos2,r  +  •  • . .  +co8 (n— 1) *= —ry^ r «• 

^         '  2(1— cos  x)  2 

If  TTO?  be  a  multiple  of  t,  as  in  the  preceding  cases,  we  find  for  an  odd 
multiple, 

—  coBj+1       1        ^         ,     cosj;— 1         1  , 

— T   — -,  or  0;  and  r—: r  — r,  or  —  i, 


2(1— cos «)      2'         '  2(l-cosj)      2' 
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for  an  even  multiple.  But  when  jrr=0,  the  series  becotues  7i — 1.  Now 
when  V'{-m  and  v— m  are  unequal,  they  are  either  both  even  or  both 
odd;  so  that  (v—in)ny  and  (o4-m)nF  are  (ny=T)  both  even  or  both 
odd  multiples  of  r :  in  this  case,  then,  the  preceding  coefficient  is  either 
J  (0—0)  or  i{ — 1 — ( — 1)};  that  is,  ==0  in  both  cases.  But  when 
v=m,  in  which  case  v+m  is  even,  it  becomes  ^  {n— 1 — ( — 1)},  or  ^ 
We  have  then 

2  .  .  .  ■' 

Ar«=-{^v.  sin  my +^2v.  sin  2wiy+. . .  +0(n-l)  v.sin  (n— l)mv}; 

71 

from  which  the  several  coefficients  in  (1)  may  be  found.  If  we  increase 
n  without  limit,  so  as  to  make  ^0  and  the  series  of  periodic  terms  coin- 
cide at  smaller  and  smaller  intervals,  and  so  as  finally,  at  the  limit,  to 
make  ^  and  the  series  (which  then  becomes  an  infinite  series)  coincide 
altogether  from  6=0  (inclusive)  to  0=t  (exclusive),  we  have 

2 

^«=:-y  {0i'.sin«iv+.  •• » +d)  {n^ I)  y  .iin  {n-— I)  my} 

=-/;^d. sin  made, 

as  already  suspected. 

We  might  now, suppose,  perhaps,  that  we  are  at  liberty  to  infer  that 
the  series  (B)  does  vanish  with  a»  since  the  immediate  consequence  of 
such  supposition  is  true.     But  still  we  are  to  remember  that  we  have 
not  proved 

(/;^.sin0eId).BinO+(/;^aBin2dcfd).sin2d+ ^ 

to  be  t^e  development  of  08,  subject  to  the  restriction  (0, 9)  t,  but 
merely  one  of  its  developments,  of  which  there  may  be  any  number. 
In  (act  we  have  shown  (page  563),  if  0.,  be  any  odd  function  of  m  which 
never  becomes  infinite,  that  d  sin  d-f-Os  sin 20+  •  •  •  •  =0,  provided  that 
ZO^a-^  be  a  continuous  function.  Consequently,  the  preceding  deve- 
lopment Bi  sin  a+  •  • . .  is  only  one  of  the  proper  developments ;  an 
infinite  number  of  others  is  included  under  (Bi+0|)  sin  0-^(3^+0^ 
8in^2a+.. ..,  and  it  is  not  possible  to  affi^rm  that  there  may  not  be 
others. 

If  we  exclude  the  limit  0,  in  the  preceding  process,  we  fmd  there  is 
nothing  in  it  which  prevents  our  allowing  0a  to  be,  not  merely  an  odd 
function,  but  any  function  whatsoever  which  does  not  become  infinite 
between  a=0  and  Orsr.  Thus  we  find  from  flcoBX.  sin  mx  dj?=  0  or 
2m :  (tn*  —  1),  according  as  m  is  odd  or  even, 

T  2  4  6 

7  cos  ir=-  sin  2a:+r-;r  ain  4a?4-rT  sin  6jf+  ....         0  (j?)  t, 

4  •   3       *      '  15  35     •      •  •  N  '    » 

and  f  I  i"  Bin  tnx dxsrm  (l^^  cos  inw)  :  (»•+!»•)  gives 

«  anx      2sin2x  /sin  a?      2  sin  2x  ^  \ 

Change  a  into  —a,  and  subtract,  which  gives 


T  6^  — r"^      sin  a?      2sin2x     SsinSa;  ,  ^     ' 

\ — 1 — r  — .  • . .  —  »  (j?)  T. 


a  6*— r-*     o^+l        o»+4   ^  a«+9 

2R2 
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The  TetBon  of  the  alteratiaD  of  Uie  Te«lriclioii  is,  th&t  e*'-^r**'  k  an 
odd  funotian,  so  tiiat  tlift  eqnation  remaaiis  true  when  »  aO,  end  both 
feidea  being  odd  fimctioiui^  it  m  true  from  ^=  *•«-  to  jpssO^  because  it  is 
true  from  x=:  +  x  to  x^O.    I  leave  the  foUowing  to  die  student: 


ar  I 


•  •  •  • 


Change  x  into  t — x,  and  we  have,  by  this  and  subsequent  integration, 
T  f-(— )~ff— C— ')       gin x      2 sin  2j?      3 sin  3j:  ,  /. ,  x  « 

2a       «^— e-'  2a«        a«+l         a«+4  ^  ■       ' 

The  constant  1 :12a*  is  determined  by  making  x=rr,  and  using  the  last 
series  but  one,  from  which  we  find,  after  reduction, 

C=a-«  (1-1  +  1-. .  ..)=!  -^a'. 
la  a  similar  way  might  be  proved 

T   fi"+^'       1        cos  J?       cos  2a:  .   •  /  \ 

2a  t'-e^     2a»     a»+l^a*+4  '^ '' 


Returning  to  the  mun  result,  let  us  now  examine  fli>9.sintn0.dd. 

/^.Binm0i!a=r-^co«me+?^sinm^ — ^f^^O.mmdde; 
which  taken  from  0  to  t  gives 

3^    V,       1  !•  ^         1*  V 

/0T— 00       0''«'-0"O       **'»-rf"0  \    .       , 

+(,—3 F~+ — 3;— ....Jsmsa 


•      ••••«••• 


which  is  convenient  in  the  case  of  rational  and  integral  functions.  But 
if  06  be  an  odd  function,  so  are  0'^d,  0'^d,  &c.,  and  00=0,  0"O=O, 
&c.y  whence  the  preceding  becomes,  with  the  restriction  — v  (9)  t,  lor 
reasons  above  given, 

^ 0as(0»-.0"ir  + . . , )  Bin e-^y -^- ' . . .  jsin  20+ . . . 

If  we  require  a  periodic  series  which  shall  be  equal  to  00  with  the 
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icstrictioii  291*  (^)(^*^  1 )  «y  die  «hof  tett  way  i«  to  fWt  tffdssyff  (2mii+0)^ 
and  to  expand  "f  (2fnir  ^  9)  with  the  rostriction  0  {O)  r,  aa  above. 

In  the  equatioii  ^'K^=:i  {fl'tfkvm  mx  d]^*%mm!^]  wyite  4iB  for  ^, 
and  integrate}  which  gifea 

J»^=C— /J0'ap8injfdj,co86— /J0'jt8in2jcdr. — ..«,    j 

r=  C -|- /j  0  OP  COS  j:  dr .  COB  0 + Jj  0jr  COS  2j?  dr .  COS  20  + .  •  •  • , 

since  /j  06  cos  mO  d6=  —mr^fl  </>'e  sin  »i^  d©. 

But  O  is  not  yet  determined,  and  it  would  not  here  be  easy  to  find  the 
constant  from  a  particular  case  of  the  series,  in  a  satisfactory  manner : 
so  that  we  shall  find  it  necessary  to  institute  a  new  process  similar  to  the 
one  already  adopted. 

Let  it  be  required,  having  decided  r  into  n  equal  parts,  each  =y|  to 
determine  k„  ki,  k^^  &c.  in  such  manner  that 

<t»0=zk^+ki  cos  0+Ar,coB  2a+  ....  +*— i  cos  (n— 1)  0 

is  true  for  0=y,  or  2v,. . . .  up  to  (n — 1)  v.  Substitute  these  several 
values,  and  multiply  the  equations  by  cosmi^,  cos 2my. .  .cos  (n^l)  ntv 
for  all  values  of  m  from  1  to  n —  1  both  inclusive,  &c.»  and  add,  remem- 
bering that,  as  may  easily  be  proved,  in  the  manner  of  page  610, 

cosrv.cosmK+. .  ..  +  cos(n — l)r>'.co8(n— l)fwy=0,  or  —  1^ 

according  as  v+m  and  v— m  are  odd  or  even;  but  when  v=rm,  the 
eeries  becomes  J  (n^- 1  —  1)  or  Jn  —  1.  J(^  then,  0y .  cos  py-^-  , .  ♦  •  +0 
(w— 1)  v.cos  (n— 1)  py=K^,  we  have 

Kg=  (n —  1 )  4p — kt — h  —  ^e  —  • .  • . 

K»=(4n-l)ii.-Aa— ^e-*7-..-         (K) 

K,=  ^k,+  (4«- 1)  *«-*4- .... 

and  so  on,  n  equations  in  all.  Suppose  n  to  be  an  even  nutmber,  and 
add,  which  give* 

K.+Kj+K,+  ....  =  Jn  (2k^+ki+ . . .  .>— 4«  (^•+*i+*  •  •  .)a:4n*g. 

For  n  write  x :  v,  and  y  (K«+  K, + . . . .  )=4ir*o.  Proceed  as  before  to 
increase  n  without  limit,  and  we  have  /0e(l+cos6+coa  2^+ . .. .  )  rfO 
ssink^  The  limits  of  this  integral  require  some  attention  :  it  will  be 
observed  that  however  small  y  may  be,  we  have  summed  values  relative 
to  y,  2v. . .  (n— 1)  pyhxid  never  relative  to  0  or  »  absolutely.  We  do  not, 
therefore,  include,  but  exclude,  the  case  of  e=0  or  »  absolutely,  or  we 
int^ate,  as  it  were  from  a  to  ir— >5,  where  «  and  fi  are  infinitelv  small. 
We  may  then  consider  1  +  cos  0+ (page  606)  as  being  =  J  through- 
out the  whole  extent  of  the  integration,  and  thus 

^ko^^iimit  or  fT^y^de=ifi(pede I  irk,^fi(f>ede. 

The  student  mu^t  take  care  to  observe  that  this  sort  of  reasoning 
would  elude  no  difficulty  if  1  +  cos  0+ ...  •  increased  without  limit  as  0 
diminishes :  it  applies  because  I  +  coa  0+ . . .  •  is  absolutely  =  j^, 
except  when  0  is  absolutely  szO. 

We  might  from  (K)  verify  the  oth^r  coefficients  already  obtained. 
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The  first  now  gives  vK^ — ir*j,=  v(Ar,+Ar4+*jH-. . ..),  and  vK^  has 
f<t>6  dS  or  it/to  for  its  limit,  whence  v  (Art+  k^^ , . .  •)  diminishes  without 
limit.  Henbe  from  the  third,  fifth,  &c.  equations  we  learn  tliat  i^k^, 
}^k^y  &c.  are  the  limits  of  yKf,  vK^,  &c.,  which  give  the  integrals 
already  obtained  for  ^t,  k^,  &c.  Now  adding  together  the  second,  fourth, 
&c.  equations,  we  find,  supposing  n  an  odd  number,  in  which  ease 
there  are  ^  (ti—  1)  of  these  last  equations, 

K,  +  K,+  ....=4n(*i+/fa+....)-4(«-l)(^i+*.+  --) 

but  V  (K1+K8+  • . . .)  has  for  its  limit  the  limit  of /^  (cos  0+cob3B 
+  .  .,.)dd  from  a  to  t— i8,  reasoning  as  before :  and  this  (page  607)  is 
=  0 ;  whence  y  (^i+^+  . . .)  diminishes  without  limit,  and  the  remain- 
ing coefficients  can  be  verified*  We  assume  here  that  the  same  result 
will  be  attained  whether  we  increase  n  without  limit  through  odd  num- 
bers only,  or  even  numbers  only. 

We  thus  have,  with  the  restriction  0  (6)  w, 

-  06=  (J J  0a?  sin  x  dx)  sin  0+  (Jj  <f>x  sin  2x  dx)  sin  26 
+  (/o  0^ 8^1^  8^ rfx) .sin  36+ . .  • . 
-  06= J  fl  4>x  dx+(Jl  0j?  cos  X  dx).coB  0+ifl  i>x  cos  2x  (ij).cos  2^+ . . . ; 

in  which  x  is  written  under  the  symbols  of  defiuiti&  integration  (page 
568)^  merely  to  make  the  parts  which  vary  with  0  more  prominent 
Also,  if  09  be  an  odd  function,  the  restriction  on  the  first  may  be 
extended  to  — tt  (Q)  it  ;  and  the  same  extension  may  be  made  in  the 
second,  if  09  be  an  even  function  (the  value  9=0  possibly  excepted). 
As  examples  of  the  second,  take 

T  .  1      cos  2x      cos  4x     cos  6x  ^ ,  % 


T     _      1  ^acosj?    a  cos  2a; 


(1      acosx    acos2x         \ 
2a"'aHT    'aH^4      '*'J 


»  6°'+s^  __  J^     acosj?     aco8  2J?  .  ^ 

2  ?^=:^=~2i'~*"SHT"^"^T4"""**"      -»(*)»• 

Further  to  verify  the  preceding  methods,  I  add  one  which  is  of 
frequent  use  in  the  writings  of  Poisson,  and  which  I  consider  much  the 
best  adapted  df  any  to  give  a  sound  view  of  the  subject,  as  soon  as  the 
new  and  difficult  considerations  which  it  istroduces  have  become 
familiar.     Let  us  consider  the  equation,  derived  from  page  242, 

1  IT  IP 

-+C0S  -(cr-i?).A+co8  2-(a?— v).A*+. ..  • 
1  1-A« 

=2 ;^ =^- 

1— 2cos-(t— r)A+A* 

i 

I^A=1,  the  preceding  becomes  0  in  every  case  except  when 
cos  { ir  (jp— »)  :  /}  =2 1 ,  in  which  case  it  is  infinite.    This  isolated  exception. 
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which  seems  only  the  embanasBment  of  preceding  theorems,  is  in  fact 
the  sole  cause  of  their  existence :  were  it  not  for  this  we  should  have  a 
right  to  infer  that  the  preceding  series,  multiplied  by  0v  dv^  and  in- 
tegrated between  definite  limits,  would  always  give  0  when  A=:  I :  and  so 
it  does  unless  x  fall  between  the  limits  of  int^ation.  Let  this  be  the 
case,  and  let  —  Z  and  -|-/  be  the  limits.  Let  A,  instead  of  being  1,  be 
1 — g",  where  g  is  supposed  infinitely  small.  Consequently,  yfrvdv  is 
infinitely  small  as  compared  with  c/v,  except  only  when  the  denominator 
18  also  infinitely  small.     Let  x=:v+z ;  that  denominator  is  tben 

1-2(^1-^+ ....J(l-g)+(l-gy=-^**+ff*4....  ; 

the  remaining  terms  being  of  the  third  and  higher  orders.  The  portion 
of  the  integral  r^.Y't; en;  which  belongs  to  the  infinitely  small  deno- 
minator (namely,  when  z  is  infinitely  small)  is  {dx  being  ssdv  and 
1-A«=2g) 

Now  as  long  as  z  is  infinitely  small,  the  second  and  following  integrals 
will  be  infinitely  small  as  compared  with  the  first,  and  may  therefore  be. 
neglected.  Again,  in  the  first  integral,  any  portion  in  which  z  is  not  in* 
finitely  small  may  be  introduced,  for  all  will  be  rendered  infinitely  small 
by  the  final  value  of  gy  except  only  the  required  portion.  Integrate  the 
first  then  from  —  rc  to  +  ^>  &nd  we  have 

whence  l<tkr  is  all  that  remains,  or  we  have 

The  sign  2  extending  from  m=:l  to  m=  cc. 

This  reasoning  requires  some  alteration  when  x  is  either  -}■  /  or  —  i. 
In  the  first  case,  for  instance,  ir  (/— »)  :  /  approaches  to  0  or  —  2ir,  accord- 
ing as  V  approaches  to  +/  or  — /,  and  in  both  cases  the  cosine  ap- 
proaches to  unity.  We  must  then  repeat  the  preceding  process  at  both 
Hmits,  but  as  we  must  keep  within  both,  we  have  as  a  result, 

and  the  same  if  j:=— /;  consequently  the  preceding  series  is  </>x  for 
every  value  of  x  between  —  /  and  +Z,  and  4  (0*4-0  (—^))  ^or  «?=  +  / 
or  x=z — / ;  but  it  is  =0  if  x  do  not  lie  between  — Z  and  +^. 

The  preceding  reasoning  will  require  the  following  remarks : 
•  1.  Though  it  is  expressed  in  the  language  of  infinitely  small  quan- 
tities, yet  this  is  only  abbreviation.  If  we  had  expanded  Y^  in  powers 
of  z  and  g,  those  terms  which  we  throw  away  as  being  infinitely  small 
quantities  of  an  inferior  order  -would  have  diminished  without  limit  in 
the  fully  expressed  result,  as  compared  with  those  which  are  kept 
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2»  If  in  tke  readt  {l :  wl)  4air'  (« :  gl}^  ift  were  to  dioQfe  mfioitely 
Mnall  limits  between  wbidi  to  take  the  resuk,  we  should  aot  anwc  at  way 
determinate  rciult  whatever.  Btit  seeing  from  s^fdM  :(«*/•+«**') 
that  all  that  pan  of  the  integral  which  arisea  fram  finite  valneaofa 
must  vanish  with  g,  we  take  any  finite  limits  whatever,  (not  neocaaanlf 
—  a  and  -f  oc ,)  say  — «  and  fi,  which  give 

—  I^tan-'  ^+tan-* ^\  whicbnl  when  gsrO, 

whatever  a  and  fi  may  be. 
The  function  ^  need  not  be  one  continuous  fonction  between  the 

limits.  By  a  discontinuous  function  is  meant 
such  an  one  as  the  ordinate  of  the  curve 
ABCD|  composed  of  branches  of  different 
curves,  joinhig  or  not.  If  a,  /(,  y*  ^  be  the 
abscissn  of  A,  B,  C,  and  D^  and  if  yssiVi  or, 
y=iar,ir,  yz=.fi9tx  be  the  equations  of  the 
complete  curves,  of  which  AB»  BC»  and  CD 
are  parts:  then  ^»  to  be  tlie  oidinate  of 
ABCD,  must  be  a  function  whinh  ia  C7|jr 
from  x=ra  to  jr^^fiyta^x  from  x=fi  to  «=7,  and  tsTaiT  from  x?=y.to 
x=d.  To  find  the  area  of  this  curve,  by  one  operation  of  integration, 
we  must  assume  y^rait^iJ'+^'i^i'+asCTgX,  and  find  jydx  from  a  to 
fi^  from  fi  to  y,  and  from  y  to  ^:  fhen^  in  the  first  result,  makeaA=l, 
a,=0,  a,=0;  in  the  second  ai=0,  0,=!,  ab=0$  in  the  thnd  «|=0, 
at^=^^^j  aa=l.  It  would  of  course  be  more  convenient  in  practice  to  find 
Jf  CT|  jr(ir,  J*J  Og  xdx^  f\  Br,  xdtfy  and  to  add  the  resuUs ;  but  for  repre- 
sentation and  conception  of  results,  it  would  be  desirable  to  have  recog- 
nized symbols  of  discontinuity.  These  might  be  either  made  convcn* 
tionally,*  or  obtained  from  the  limiting  forms  of  algebrakal  eipresaiona  ; 
thus  I!  might  represent  a  constant  which  is  unity  whenever  x  lies 
between  a  and  b  both  inclusive,  and  nothing  in  every  other  case,  The 
ordinate  of  the  preceding  curve,  (that  in  which  value  is  continuous,) 
between  x=a  and  a:=o,  would  then  be  lftj|aP+I^c7,*+l|,t!jjjr. 
Again,  y^jf)  is  =0  when  y=0  if  a  be  negative  or  0,  and  s::!  if  a  b^ 
positive.     If,  then,  we  represent 

3/^— +y*-  when  yrrO  by  qO'-^+<^"  or  O^^^C^^. 

we  have  an  algebraical  symbol  which  is  1  when  x  lies  between  a  and  6, 
(both  exchisive^)  and  0  in  all  other  oases.  There  would  be  no  particular 
advantage  in  this  symbol,  which  would  certainly  require  conventional 
abbreviation  if  often  used ;  our  object  here  is  merely  to  aid  the  student's 
conception  of  a  discontinuous  function  by  showing  him  how  be  may 
accustom  himself  to  its  representation. 

If  we  further  agree  to  denote  by  I;  a  constant  which  is  unity  when 
jTsra,  and  0  for  all  other  values,  then  IJ— 1«— I*  denotes  a  eonstant 
which  is  always  0  except  when  x  lies  between  a  and  6,  (both  exclnsiveO 
in  which  case  it  is  unity. 

In  the  theorem  last  proved,  there  is  no  occasion  to  suppose  that  ^ 
ia  continuous,  and  it  is  true  whatever  the  limits  maybe:  if  ^on  one 

^  Peacock**  Report,  p.  248»    Db  Peacock  pioposes  xDi,>ut  D  is  ia  this  wodi 
too  often  uBsd  in  another  senis* 
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of  liie  ««|uiatMti  be  diBCoatinuoas,  so  k  09  on  the  olhcf.  And  even 
if  -we  imagine' aH  the  valuee  of  0v  to  be  uncoDnected  by  any  lanr,  saTe 
•Illy  that  (fjn  nirhen  'i>sza  neans  the  same  quantity  as  ^lt  when  ;rs=:a,  the 
theonm  still  rctnahiB  true.  If  we  then  tuppoae  the  function  ^  to  be 
xsO  Ircm'irs**/  to  ^iatX  (exdusive)  to  have  any  values  from  j9=X  to 
x=:Xi,  (both  inclusive,)  and  to  be  equal  to  0  fFom  x:=\  (exclusive)  to 
«ss/,  <t)x  will  be  given  as  here  described  by  using  0v,  subject  to  the 
same  conditicns,  in  tlie  seztest    Now  in  sudi  case,  it  is  evident  that 

jt\  4n  P^t'^/i*  0»  Vdvy  if  P  be  never  infinite ; 

and  ife  would  actually  be  found  by  computatioD,  if  the  series  be  con* 
vergent,  that 

18  s=0  from  a?:= — I  to  arrtX,  =:0j?  from  xx=z\  to  a;=Xi,  and  ssO 
fh)m  x=Xi  to  xsr/ 1  except  only  when  4r=X  or  Xj,  at  which,  X  and  X, 
being  unequal  without  reference  to  sign,  the  values  are  not  0X  and  0Xi, 
but  |0X  and  ^0Xi,  as  appears  from  the  process.  But  if  X  and  X|  be 
numerically  equal,  and  have  contrary  signs,  the  value  both  for  x^^\  and 
^=Xi  is  ^  (0X+0X,). 

Say  that  X=0  and  ^i=/,  we  have  then 


(♦). 


0r=t— J'i^crff+—  2  jjficosm- (j?— t?),^i7rfu|  0(jr)/ 

Change  x  into  -*a9  m  the  second^  then  the  restriction  becomes  0  (x)  /, 
and  the  restricitioiM  of  both  become  the  same,  while . 

cosm-(jp—t?) becomes  cosf  — m-(x+t^)  \  or  c6smj-(x+r). 

Add  and  subtract  the  second  equation,  thus  altered,  to  and  from  the 
first,  and  we  have  (extracting  the  constants  from  the  sign  of  integra- 
tion) 

^j=:-r-Ji^rat?+—  Xyicos— r-  ^pdr.cos— -> 

^x=z  —  2|Jism-y-  ^oap.sHi  — J— >. , 

If  i=:v»  we  have  the  theorems  already  proved,  with  something^morcy 
as  follows.  When  ^=0,  the  preceding  series  (^)  are  each  =4^0,  so 
that  their  sum  is  c^O,  and  their  difiference  0.  But  when  x=zl^  each  is 
equal  to  ^,  and  tneir  sum  is  ^  and  their  difference  0.  Hence  the 
series  for  4>j?  in  cosines  is  true  when  xz=.0  and  xzzl\  while  in  that  for 
sines  the  series  becomes  0  both  when  j=:0  and  when  jr=/,  and  con* 
sequenUy  will  not  iJ&en  represent  0j:  unless  ^0=0  and  0^=0.  Thua 
we  can  now  infer  from  page  614|  that 

— 1^^  J- 1-  •  • . .  =:-r-i  which  may  be  verified ; 

2*— I      4*-l  2 
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w  i^+i^ 

'_!«,«,«. 

2  f—r* 

'-2a  'd«+l   *a«+4  ^(i*+9  *  '••• 

i  «^«* 

1          a            a            a 

—  2a      1— (^     4-a«     9-a^     ""• 

RetuTDing  to  the  original  formula,  let  irm :  l:=w,  wheDce  in  paasing 
from  tenn  to  tenn  by  alteration  of  m,  we  have  « :  i^zAw.  We  have 
then 

^==^S:^tvdv+  -2{/l{ooBtr(a:-t7).^dt7Aio}.,..(A); 

which  being  true  for  all  values  of  I  h  true  at  the  limit  when  /  is  infinite. 
Now  f<l>v  dv  in  the  first  term  may  increase  vrithout  limit  with  I,  aud 
r^v  av :  21  may  in  such  case  either  increase  without  limit,t  have  a  finite 
Umit,  or  diminish  without  limit  If  the  latter  be  the  case,  which  it  cer* 
tainly  will  be  whenever  (tZ^vdv  is  finite,  then,  observing  that  tr 
increases  by  continually  diminishing  gpradations  from  0  to  oc,  we  have, 
by  the  definition  of  a  definite  integral, 

T^=  /o  {/i2  cos  w  {x—v)  ^v  do}  dwssf^fi:2coB  w  (x^v)  fodwdv; 

a  result  which  is  usually  called  F<mner*s  Theorem,  We  shall  presently 
have  to  consider  the  proposed  Hmitation  further ;  in  the  mean  whik  we 
shall  Bee  an  apparent  neglect  of  a  corresponding  limitation  in  every  one 
of  three  methods  which  have  been  employed  to  verify  it,  or  else  an  in- 
version  of  the  order  of  integration.  It  is  to  be  remembered  that  the 
theorem  was  obtained  by  integrating  first  with  respect  to  v. 
1 .  Consider  ff  cos  w{x — v) .  r***  ^r  dw  dv.    We  easily  find 


./;co.«(a;-«).r*-d«.=|q^-;p  and  JV 


ki^vdv 


is  to  be  determined.  Now  since  ^  is  to  be  diminished  without  limit  in 
the  result,  we  may,  by  reasoning  similar  to  that  of  page  615,  consider 
only  that  portion  of  the  integral  at  which  v  is  nearly  =«.  Let  v=jri— r, 
then  the  preceding  becomes 

Jk(bx,dz       rk<j/x.zdz  ,    .    -I  * 

taking  this  from  —  oc  to  +  oc,  or  from  —  a  to  -f /J,  as  before  explained, 
we  find  ir0x,  which  verifies  the  theorem,  apparently  without  limitation. 
But  what  are  we  to  say  to  this  verification  in  those  numerous  cases  in  which 

•.  *  The  itudent  must  particularly  observe  that  the  Iheorem  in  Chapter  six.  doei 
qot  Decessarily  apply  to  teries  deduced  from  discontinuous  expressions,  or  from  any 
considerations  tn  which  discontinuity  is  involved. 
*  f  The  reasoning  of  Poisson  neglects  this  limitation,  though  obvioin  enougb,  and 

Fourier  makes  a  similar  apparent  error.  Poisson  makts  Jfvdv:2i  always  vanish 
vrhen  /  is  infinite:  Fourier  has  missed  this  term  by  writing  a  aeries  P^cosj: 
-f-Pg  COM 2a-+ .  • . . ,  which  should  have  been  P  -{~Pi  cos  x+P^cos  2x+ . . .  •  Both 
are  certainly  wrong  in  expression,  though  the  remailcB'to  which  I  shall  presently 
come  remove  the  limitation,  and  show  the  theorem  to  be  universal. 
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f4>vdv:{k*+{v''xy}  iB  infinite,  taken  from  t?=— a  to  t?=  +  )8? 
This  question  requires  more  answer  than  it  can  receive  from  the  pre- 
ceding reasoning. 

«     r.           .        .J       sin  a  (a?— i;)           f  ^•sina  (j?~t?)  .     , 
2.    r;costo(j?-r)att;= and         ^ -<t>vdv 

is  to  be  determined,  a  being  made  infinite  in  the  result.  Let  J7=i?  —  «a""', 
which  gives 

I      ^(x-t j(u,  orfu^l      dzy  01  K<pXy 

as  will  be  afterwards  shown.  It  is  here  assumed  that  since  a  is  to  be 
made  infinite  in  the  result,  all  finite  values  of  z  produce  no  effect,  while 
the  infinite  ones  are  compensated  by  the  infinitely  small  value  of  sin  z  :  x. 
But  it  is  well  known  that  z~^  does  not  diminish  fast  enough  to  compen- 
sate the  increase  of  any  function  whatsoever.  This  verification  I  hold 
to  be  decidedly  unsound,  though  its  results  are  true,  unless  that  meaning 
of  sin  rc  should  be  admitted  which  has  been  already  hinted  at,  and  will 
hereafter  be  further  discussed. 


3.  /JcosM?  (j?-t?)  r^dw^-^  y/^.r~S", 


88  will  be  shown.  Multiply  by  4^dvy  and  make  v=:jr+«.  Then 
since  k  is  to  diminish  without  hmit,  it  is  easily  shown  that  the  function 
to  be  integrated  diminishes  without  limit,  except  when  z  is  infinitely 
small ;  and  reasoning  as  before,  we  have 

~  ^~  r'r^-^0(j?+*)rf;r,  or  00?  V^  r^  ^ 

or  «0^,  since  fs-^dt  from  <=  —  oc  to  t^=  +  cc  is  jjv. 

This  seems  to  be  subject  to  the  same  objections  as  before,  for  if  </>v 
increase  without  limit  with  v,  when  the  latter  increases  positively  or 
negatively,  it  may  be  that  the  conversion  of  0(a:+a:)  into  0a:  is  not 
allowable.  I  now  go  on  to  point  out  what  I  conceive  to  be  the  manner 
in  which  the  theorem  is  to  be  proved ;  and  I  do  not  regret  the  space 
apparently  wasted  upon  the  incautious  phraseology  of  some  of  the 
analysts*  to  whose  brilliant  labours  we  owe  these  truly  remarkable 
views,  because  the  preceding  considerations  will  serve  the  better  to 
enable  the  student  to  see  this  new  point  of  the  integral  calculus,  nothing 
approaching  to  which  has  appeared  in  the  preceding  part  of  this  work. 

Returning  to  the  expression  (A)  (page  619),  first  observe  that 
f  Ai  da. x^-\-  fA^ da. x^+  . . .,  or  2  ijAda.x)  is  identical  with  f^A^.Xi 
+  A«.x,+  ,...)  c?a  or  f(lAx)  .da^  provided  only  that  «„  Jg,  &c.  are 
independent  of  a,  ^Write  the  expression  (A)  in  the  form 

*  The  greatest  writers  on  mathematical  subjects  have  a  genius  which  saves  them 
from  their  own  riipa»  and  ffuides  them  to  true  results  through  inaccuracies  of  ex* 
pression,  and  sometimes  through  absolute  error  (see  that  of  Legendre,  page  595). 
$ut  their  humbler  followers  must  not  permit  themselves  such  license,  and  those 
ibbve  all  who  write  lor  students  must  correct  that  as  an  error  of  reasoning, 
which,  in  the  guide  they  follow,  was  little  more  than  an  error  of  the  pen. 
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kircos.  0  (x — r)  + AiDcos.  Aid  (j: — r) 
+ Aw  COB.  2Aw  (x-r)  -I-  •  •  •  • }  ^  dv=:ipx. 


^S> 


This  expression  is  absolutely  true  for  ^/  (x)  /,  whatever  the  values  of 
/  may  be,  and  the  series  it  oontaitis  is  the  limit  of  a  set  of  convergent 
series  made  by  diminishing  k  without  limit  in 

* 

i  Aw  COS.  0  (x— ») .  t-^^^-^Aw  COS.  Aw  (jt— r) .  r^^" 
-{■AwcoB.  2Aw (x— r).  £-**a»^  ^  ^  ^  ^ 

liCt  Ar  have  any  positive  value,  however  smaTl,  and  let  the  preceding 
be  multiplied  by  0i?  and  integrated  With  respect  to  r,  from  r= — /to 
rs=+/;  that  is,  from  v=z — {xiAw)  to  r=  +  (T:Aic);  and,  if  j?  lie 
between  these  limits,  the  result  will  be  as  near  as  we  please  to  0x,  if  ^  be 
taken  small  enough.  Since  the  series  is  convergent,  this  might  be  veri- 
fied by  actual  arithmetical  operation.  Now  since  the  individual  terms 
of  the  preceding  diminish  without  limit  with  Atr,  any  one  or  more  of 
them,  in  fact  any  finite  and  fixed  number,  might  be  erased  or  altered  in 
any  finite  ratio,  without  af&cting  the  result.  If,  then,  in  the  first  term 
we  change  ^  into  l,  (or  if  we  erased  the  first  term  altogether,)  the  limit 
of  the  result,  when  Air  is  diminished  without  limit,  is  strictly 

*— I  j   COB,  w(«— t7).r^0i>dpdirs=9Jp+flr, 

where  a  and  k  are  comminuent.    Diminish  k  without  limit,  and  we  have 
Fourier's  theorem  as  given. 

Now  for  the  first  verification  (page  618).  If  we  begin  by  integrating 
with  respect  to  to,  we  have,  as  before,  f  cosw(a:— t>)e***rfio=*: 
(Ap*+(x— v)*),  which  vanishes  with  A,  or  is  =0.  Consequently,  com- 
pleting the  process,  it  Jmight  appear  that  we  must  have /Ot^dv  (from 
—  GC  to  -h  oc),  and  divided  by  t,  or  0,  for  the  ttsuU,  even  though 
f<pv  dv  were  infinite.  But  here  it  must  be  observed  that  if  an  integra- 
tion with  respect  to  v  is  to  follow  our  last  conclusion,  we  are  not  entitled 
to  say  that  A:  (Ar*+(v— x)*)  always  vanishes  with  k.  Among  the 
coming  cases  to  which  this  conclusion  is  to  be  applied  is  the  case  of 
t)=:x;  in  this  cose  the  preceding  fraction,  instead  of  vanishing,  becomes 
infinite.  But  this  we  have  gained,  namely,  that  we  have  a  right  to  use 
the  results  of  A =0  as  to  every  value  of  v  except  v=x,  or  infinitely  near 
to  X.  And  we  might  have  applied  all  this  process  to  the  series  before 
Aw  diminished  without  limit,  or  /  increased  without  limit,  as  is  actually 
done  in  page  615.  Hence  we  have  no  occasion  to  consider  more  oi 
flik  ^r  Sr :  (**+(x— r)*)  than  is  involved  in  those  values  oft?  which 
are  infinitely  near  to  x.  The  rest  of  the  verification  need  not  now  be 
repeated. . 

In  this  theorem  of  Fourier,  as  well  as  in  the  formula  from  wldch  it 
was  derived,  ^  and  ^  may  be  diacontinttoua.  The  same  thing  nay  be 
said  of  the  formule  in  pace  61 7,  or  of  their  paiticalar  cases  in  page  614, 
We  shall  now  ask  what  Uieae  last  formula  represent  Ibrjotfaer  vnliws  of  x 
not  included  between  0  and  i?    If  we  write  than  diua» 
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«21 


—  frsi  Bo*fBi  eos  -y +B,  cos  —+..•.  •    (0.  t,  t), 


/ 

2  ^ 


AiBin— +A4  sin -^j — t-....,     0(r)T, 


mT» 


B^a-J^^coB-^p^ir,    A«=/i^sm 


7W7rr 


dr. 


we  see  that  while  v  changes  from  0  to  2Z,  irt? :  /  changes  from  0  to  2t,  or 
completes  a  whole  reTolution ;  and  the  same  while  v  changes  from  2/  to 
4/,  from  41  to  6/,  &c.,  or  from  ^2/  to  0,  from  —4/  to  —2/.  &c.  From 
the  periodic  character  of  the  series,  it  is  plain  that  the  values  of  one 
interval  recur  in  all  the  rest ;  now  in  half  the  interval,  from  0  to  /, 
ifpx :  2  is  the  value  of  the  series;  what  is  it  in  the  other  half,  from  i  to 
2Z? 

Since  sin  (2m»— 2)= — sin*  and  cos  (2mT — z)=:cosz,  it  is ohvious 
that  if  we  make  either  series  the  coordinate  of  a  curve,  and  measure 
equal  ahscissse  from  the  beginning  of  the  interval  21  forwards,  and  from 
the  end  backwards,  the  ordinates  will  be  altogether  equal  in  the  series 
of  cosines,  and  equal  with  different  signs  iji  the  series  of  sines.    For 


imr 


tnv 


siiiifi-p(2^'«-i7)=>B— sin-j  t>,     cMf«-j-(2/— v)s:cos-r-»; 

BO  that  all  the  terms  of  the  cosine-series  remain  the  same,  and  all  the 
terms  of  the  sine-series  only  change  sign.    If,  thqn,  OLsLLi,  &c.=/. 


rv^ 


I^ 


"^d 


.A.. 


\t 


^"VnjV^ 


/\ 


y^\ 


-Nq-V 


ju^ 


CD 


X 


G 


rv 


x,« 


L.I 


JL) 


and  if  I4*x:2  be  from  d?=0  to  xzizl^  the  discontinuous  curve  ABCD,  the 
cosine-series  is  always  ,the  ordinate  of  the  upper  figure,  and  the  sine 
series  that  of  the  lower.  According  to  the  last  investigations,  however, 
(page  611*)  the  points  A»  D,  E^  F,  &c.  in  the  lower  figure  do  not  belong 
to  the  series,  but  the  conjugate  points  O,  L,  L,,  &c.  take  their  places. 
But  if  we  took  for  ordinates  sucoessively  A|Sind,  Aisiii6-|-A«sin20, 
&c.  (fis^rxil),  we  should  have  a  set  of  curves  which  perpetually 
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approach  to  the  continued  line  ABCDLDELjE,  &c.,  and  all  the  lines 
DLD,  EL^E,  &c.  form  parts  of  the  limiting  figure. 

Let  it  be  required,  for  instance,  to  find  the  equation  to  a  set  of  simple 
isosceles  slopes,  as  dotted  in  the  upper  figure.  From  x=0  to  x=4^, 
let  yzzzouc ;  then  from  J^=i^  to  xrrzl^  y:rz — a(x  — Q,  or  a  (Z — «).  We 
are  then  to  find 

„        rV  nrnv   ,    ,    n      „      ^         mro     , 

B„—  I     ovcos  — - — av+  I      a  (I — u)  cos  — j —  dv 


a/*     /  ^        fnv     _  \ 

=— —-     2co8-— ~1— coewT  I 


which  is  —  4a/*:m'»"  when  m  is  of  the  form  4Ar+2  and  0  in  every 
other  case ;  except  only  when  m^O,  in  which  case  it  should  be  io/*. 
Hence,  multiplying  by  2 :  /,  and  putting  ^Bo  for  the  first  term,  we  have 
for  0x  the  ordinate  required, 

al       Sod  /  I         2fX   .    1         6irx  \ 

Verify  this  when  x=Oy  a:=:i/,  and  jf=/;  and  also  verify  the  differ- 
ential coefficient  by  page  608,  showing  it  to  be  a  from  x=0  to  x=:^, 
and  —a  from  a?=^Z  to  j:=/. 

By  the  same  process  which  gave  Fourier's  theorem,  the  equations  in 
page  611  may  be  made  to  give 

^x=: —  I      I    COB  wv, cos wx.tfyodvdw 


^  J  oJ  0 


sin  wv  wi  iDx  </>v  dv  dfo ; 


3 


the  first  of  which  is  true  when  j?r=0,  but  not  the  second,  unless  ^Oz:0. 
Both  are  true  for  all  positive  values  of  x :  and  if  (f>x  be  even,  the  first  is 
also  true  for  native  values,  and  if  ^  be  odd,  the  same  may  be  said 
of  the  second. 

Poisson  has  applied  the  fundamental  equations 

^^57  1     i^^^^+'Y^i]     ^®* ^ — 'il^vdv\       —/(or)/ 

in  many  remarkable  ways,  from  which  we  select  two. 

Let  the  function  employed,  which  for  any  thing  to  the  contrary  im- 
plied in  the  demonstration,  may  contain  /  as  well  as  j,  be  0  (x+/+2ib/), 
k  being  0  or  a  positive  integer.  Let  v  +  l'\-2kl=:Zf  then  the  limits  of  z 
(answering  to  v=  —  /  and  r=:  +  /)  are  2kl  and  (2^+2)  /,  and  we  have 

I     rtki+n 

0(x+/+2)fc/)=:—  </izdz 

2*  J  ttf 
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8ince  ^ -= ^ 2 ^=(2^+l)mir+ ^^ . 

Take  k  Buccessively  =0^  1,  2,  &C.9  and  add  the  results,  which  gives 

0  (af+0+<^  (j?+3/)+<^  (a;+5/)+  .  • .  • 

But  if  J?=/  or  — ly  the  preceding  expression  represents 

i  (^0+020+i  (02/+^4/)  -h .  •  • .;  or  ^0+^2/+^4/+  .... 
For  I  write  JZ,  and  we  have 

<pO+ipl^tp2l+  . . .  =  J^ + y  /T  ^2  ^^  +  -7-  2  |/r  cos  -^  •  ^2  ^* }  ( A)- 

By  using  i^(x+2k£)  instead  of  ip(X'{'l'\'2kl)yi)ie  following  may  be 
deiuced  from  the  previous  results  of  Poisson, 

1    Am                 I       f  Am        fnr  (x — z)         ,  1 
^+0  (JP+20+ . . .  =2j-  fli^z dz  +'^  1  jjlicos ~ i>z  daf| 

which,  when  j?=  —  /  or  +  Z,  becomes  4^  (—0  +  ^Z+^2i+ . . . . , 

^jp-^  (j?+0+^  (j?+20  "... .  =  — /ii^z  dz 

+y  2  J/!L,cos  — i^2 — ^  02 dz  I 

+  y  2  |j;  COB 2 02  dzl. 

If  in  theexpressbn  for  0O+0Z+&C.  above  given,  we  change  the  sign 
of/,  and  add,  we  have  20O+0/+0  (  ^0+0  (2/)  +  0  (—20  + . . .  =^0, 
or  . .  .0  ( — O+0O+0/+  .. .  =0,  which  verifies  the  theorem  in  Chapter 
six.  And  if  in  the  last  result  we  change  the  sign  of  /  and  add,  we 
have 

1     r+' 
.••-^(*-/)+20af— 0(x+Z)+«^(j?+2O-"...  =  22         *«^« 

1   ^  (  f +'     mr  (a;— 2)  .     .  1      . 
+-J-  2 1  I     cos  — ^^ -^  02  <f2|=0a:, 

or  ...— 0(x— O+0a?-0(jJ+O+0U+2O-- =0, 

which  is  anotlier  verification  of  the  same. 

To  verify  one  of  these  formulae,  take  that  for  0O-f-0Z+  •  •  •  •and  let 
02 = r*.    Then  /*  cos  (2wt2  :  0  02  ^« = ^'  •'  (^ + 4m«  t")  gives 

write  (1— r^)~*  for  the  first  side,  and  show  that  this  agrees  with  the 
series  deduced  in  page  612. 

Again,  multiply  the  formula  for  <^O+0Z+ .  •  •  •  by  2,  then  for  /  write 
2/,  and  subtract  the  original  equation.    This  gives 
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Hie  second  application  may  be  made  to  have  reference  to  the  following 
point.  We  have  now  gone  through  a  number  of  new  and  strange  ex- 
pressions,  involving  the  remarkable  new  form  of  an  integral  which  has 
only  instantaneous  values,  a  term,  the  meaning  of  which  the  student 
will  see  if  be  understand  the  preceding  pages.  The  following  must  be 
made  to  furnish  veriBcatiou,  or  something  to  show  that  these  unusual 
expressions  have  some  affinity  with  others.  I  shall  now  point  out,  for 
this  purpose,  not  only  how  to  recover  the  theorems  in  pages  266  and  31 1, 
but  to  complete  the  conception  of  them,  by  giving  values  for  all  the 
rest  of  the  series  they  contain,  from  and  after  any  given  term. 

In  (A)  make  0(n/-f  z)  the  subject  of  the  equation,  whence  we  find 

for  the  value  of  the  series  0(n/)+0  {(n+1) /}+0{(n+2)i}  +  .... 
the  following : 

or  ^.4>nl+j-r.i>zdz  +  ^2{/:cos?^=25  0rd.}; 

in  wlticli  remember  that  2mx  {z—tU) :  I  and  2mri :  I  have  the  same 
cosine.    Subtract  the  preceding  from  (A),  which  gives 

00+^+  ....  +0(n-l)i=J(^-0»O+j/f^«(ra 

+  2  2(/-eos3^0.4 

Now  integrating  by  parts,  we  find 

JoCOsa;r.02as= ^^ jjjcosa2.0r'j?d;r, 

if  ka  be  a  multiple  of  2r.     Carry  this  on,  meaning  2vin :  /  by  a,  and  nt 
by  ky  remembering  that  m  and  n  are  whole  numbers,  which  gives 

/•»           A.   J      0'ifc— 0'O     0'"*-0^'O               ^0<«-o^-0C«'-»)o 
flcoBaz<pzdz=2 — ^ +....    ± ^ 

T  TS /J  cos  or  ^^*>r  (far. 
a  "^ 

Substitute  1,  2,  3,  &c.  ad  infinitum  successively  for  fn,  write  for  a 
and  k  their  values,  and  add,  making  8^=  1"*+  2"^+  3"^+  • . . .  This 
gives 

*O+0;+ .  • .  +0  (n-I)  /=y  /-0«  dz~  (0n/-0O)+|iJ  (^/-f 0) 
-^(0'"nZ-0'"O)+...    ±AJl!(0C«^-t)nZ-0(««-»O) 
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For  S«9  S«»  &o.  write  the  valaes  deduced  in  page  561,  and  we  then 
see  the.  theorem  in  page  266,  i  69;  that  is,  if  in  that  theorem  we  make 
y,=0n,  we  have  what  the  preceding  becomes  when  /=1.  And  we  here 
sec  more,  namely^  that  all  Uie  rest  of  the  series,  from  and  after  any  term, 
can  be  represented  by  a  definite  integral ;  and  from  that  definite  integral, 
that  the  error  made  by  stopping  at  the  term  which  contains  S«,  (inclusive) 
is  not,  generally  speaking,  so  great  as  that  term  itself  For  that  error 
is  the  de£uiite  integral  last  mentioned :  throw  out  cos  (2irmz :  /),  and  we 
certainly  get  a  greater  result ;  for  by  so  doing  we  not  only  increase  all  the 
elements  of  the  integral,  but  we  make  them  all  of  one  sign  (that  is,  if 
4>^*'h  be  of  one  sign,  from  «sO  to  2=71/,  as  almost  always  happens). 
Hence  tl&e  error  in  question  is  less  than 

¥=^  (2^}/<k*'«d2,  or  than  p5^  {^<-'W-li'-'\)}, 

which  is  the  last  term  included.  And  even  though  ^^^  should  change 
sign  between  the  limits,  yet  if  Ao  be  a  constant  quantity  numerically 
greater  than  any  value  it  mui  between  the  limits,  it  is  easily  shpwn  that 
the  error  is  less  than 

2*^rjii'S«c«/?Adr,  or  than  ^,^  ^^  S^  A. 

Again,  the  above  series  gives  the  definite  inte^r&l  /S'^'  ^  ^  terms  of 
/(J^0+^+....  +  9(n— l)i+j07iO  and  diff.  co.  of  02,  so  that 
approximation  may  be  made  by  it  to  a  definite  integral  in  a  manner  re- 
sembling that  of  page  314. 

The  series  (B),  page  624,  might  in  like  manner  be  made  to  give  the 
series  in  page  311,  but  moat  easily  by  writing  for  tlie  integral  its  equiva- 
lent form 


I  here  finish  the  account  of  the  manner  in  which  periodic  integrals 
are  made  to  connect  the  mathematics  of  continuous  and  discontinuous 
quantity ;  but  it  is  still  necessary  to  make  a  few  remarks  upon  the  very 
new  species  of  results  at  which  we  have  arrived. 

The  impreasion  which  ordinary  algebra  leaves  upon  the  mind  of  the 
student  is  that  he  has  been  studying  the  science  of  continuous  quantity, 
represented  by  expressions  which  always  vary  according  to  regular  laws. 
And  he  learns  to  imagine  that  every  equation  which  is  true  for  all  values 
of  a  variable  within  certain  limits  must  be  true  for  all  other  values.  The 
first  exception  to  this  rule  occurs  in  the  passage  from  the  arithmetical 
to  the  algebraical  view  of  series,  in  which  we  see  that  a  series,  as 
l+x*+a:*-h .  • . .,  may  be  the  representative  of  the  arithmetical  value  of 
a  function,  (1— x)~S  when  x  lies  between  ^1  and  +1,  and  infinite  in 
every  other  case.  We  soon  learn,  however,  that  the  series  still  retains 
all  the  algebraical  properties  of  the  expression  to  which,  when  finite,  it 
is  an  arithmetical  equivalent ;  so  that  the  use  of  the  series  for  the  finite 
function  is  allowable.  A  series  of  the  form  a-{-bi'+cji^+  • . . .  seems, 
if  I  may  use  the  expression,  to  escape  discontinuity  by  having  recourse 
to  divergency  (pages  230 — 234)  :  and  even  in  series  of  other  forms,  those 
which  can  become  divergent,  or  as  near  divergency  as  we  please,  never 

23 
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are  discontinuouBly  connected  with  different  functions;  that  is,  never 
represent  one  fnnction  for  a  value  of  x  between  one  pair  of  limits,  and 
another  for  values  between  another  pair.  And  by  a  series  as  near 
divergency  as  we  please,  I  mean  one  which  cannot  diverge,  but  of 
which  any  given  number  of  terms  may  diverge,  such  as  the  development 
of  f*.  But  if  we  take  a  series  which  never  diverges,  nor  appears  to 
diverge,  we  almost  universally  find  (as  in  page  230)  that  discontinuity 
is  the  result.*  Sometimes,  however,  discontinuity  is  more  apparent 
than  real,  and  of  this  character  is  all  that  arises  from  the  introduction 
of  (  —  I)*.  Thus  an  odd  number  of  terms  of  1  —  j?+«* —  • . .  •  +«*"*  is 
(1 +«*):(!+*),  and  an  even  number  is  (1— a")  :(l+jr) :  both  axe 
represented  by  (1  — (— l)"a^)  :(l+j?).  There  is  here  no  real  discon- 
tinuity :  if  we  suppose  n  to  vary  continuously,  and  write  the  preceding 
expression  with  the  numerator  1^  cos  tit. of,'  we  find  a  perfectly  con- 
tinuous change ;  for  instance,  from  1  —  ;»*  to  1  -ha:*,  when  n  changes  from 
4  to  5. 

In  the  theorems  we  have  just  left,  however,  we  see  the  most  complete 
discontinuity,  not  obtained  by  any  new  or  arbitrary  process,  but  fairly 
derived  from  the  limits  of  continuous  expressions.  Some  notion  of  the 
manner  in  which  this  arises  is  given  in  page  615,  but  as  it  is  most 
essential  that  the  student  should  fully  see  the  meaning  of  such  expres- 
sions as  we  have  obtained,  I  now  enter  more  at  length  into  that  matter. 

Through  any  given  number  of  points  (page  231)  a  purely  algebraical 
curve  can  be  drawn ;  from  which  it  is  possible  to  draw  a  curve  which 
shall  (page  621)  from  j:=0  to  j:=/,  resemble  as  nearly  as  we  please 
the  discontinuous  line  ABCD.  The  reason  why  it  is  more  convenient 
to  take  a  series  of  sines  or  cosines  appears  in  page  610,  in  which  it  is 
shown  that  the  actual  determination  of  the  equation  of  a  line  passing 
through  the  contiguous  points  is  easy  when  compared  with  the  cor- 
responding purely  algebraical  process.  And  if  by  a  finite  number  of 
terms  in  the  ordinate,  we  can  make  a  curve  as  nearly  coinciding  with 
ABCD  as  we  please,  it  follows  that  by  increasing  the  number  of  terms 
without  limit  the  infinite  series  thus  attained  actually  represents  the 
ordinate  of  ABCD.  This  series  is  one  of  sines  or  of  cosines,  at  pleasure, 
and  having  noted  that  hitherto  series  which  are  always  convergent  seem 
to  be  those  which  are  discontinuous,  it  may  be  interesting  to  showt  that 
all  the  series  of  sines  and  cosines  to  which  we  have  come  must  be  con- 
vergent. Their  coefficients  are  all  of  the  form  /^cosrjr^df  and 
J'jsinr^p^dx,  and  these  must  diminish  as  r  increases.  For  if  these 
integrals  were  so  taken  that  the  negative  elements  should  be  made  positive 
and  all  added  together,  still  each  would  be  less  than  f\4^dx^  since 
cos  rx  and  sin  rx  never  exceed,  and  are  generally  less  than,  unity.  But 
in  the  actual  integration,  there  are  successive  positive  and  negative  por- 
tions, the  balance  of  which  is  the  integral  required :  moreover,  the  larger 
r  is,  that  is,  the  more  rapidly  rx  goes  through  a  revolution,  the  more 
nearly  equal  is  each  portion,  numerically  speaking,  to  those  which  are 
contiguous.  Hence  the  int^al  is  in  each  case  of  the  furm  A|— A«+ .  • . 
±  A,,  in  which  Ai+  Af-f . . . .  -f  A,  cannot  exceed  /j ^  rf*,  and  A|,  At. 
&c.  all  diminish,  approaching  to  equality,  as  n  increaaes.      Hence 

*  '^f  preceding  lentences  contain  matter  of  observation,  not  of  demonstration, 
t  This  u  a  mere  sketch  of  a  proof,  and  requires  some  enlargement,  but  matters 
of  more  importance  pre? ent  me  from  giving  the  requisite  space. 
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Ai+A,+  &c.  and  At+A^+ ....  are  finite  quantities,  always  remaining 
finite,  and  ultimately  equal,  or  Ai — A,+  ....  diminishes  without  limit 
With  regard  to  the  signs  of  these  integrals,  it  is  obvious  that  when  r  is 
even,  rx  goes  through  a  complete  number  of  revolutions  from  .rr=0  to 
a;:=T;  and  when  r  is  odd,  through  a  complete  number  of  revolutions 
and  half  a  revolution  besides.  There  is  no  reason  to  assume,  then,  that 
f cos rx,<l>xdx  and  fcos(f+l)  x,ff)xdx  must  have  the  same  signs 
when  r  is  great;  but  by  the  law  of  continuity  fcoBrx.(/>a:dx  and 
fcos  (r+3)  x,<f>xdx  tcre  obtained  in  the  same  manner,  and  must  at  last 
nave  the  same  signs.  Consequently  the  only  series  we  need  examine 
are  of  the  forms  A|  cos  ir+ A^cos  2r+ .  •  •  and  A|  cos  .r— A|  cos  2x+  . . «, 
and  the  same  series  with  sines,  it  being  supposed  that  the  coefficients  A„ 
A<,  &o.  begin' to  diminish  without  limit,  sooner  or  later.  Take  any  case 
of  these  kinds,  and  suppose  x  any  quantity  commensurable  with  t,  say 
mwifty  and  owing  to  the  recurrence  of  the  values  of  sin  ro:  and  cos  ror, 
it  will  be  found  that  each  series  can  be  subdivided  into  two  other  series, 
each  consisting  of  alternately  positive  and  negative  diminishing  terms. 

If  we  now  take  the  curve  whose  ordinate  is  (1—^*)  {I — 2p  cos  (j? — v) 
+p*}""*  to  the  abscissa  c,  x  being  a  fixed  quantity  and  jp<l,  we  shall 
find  it  to  consist  of  a  series  of  similar  undulations  on  the  positive  side  of 
the  axis  of  r,  the  least  ordinates,  answering  to  v=x±  (2wi  + 1)  t,  being 
each  =  (1  —  p)  :  (1  +  p),  and  the  greatest  ordinates,  answering  to 
t)=:j?±2mr,  being  each  =(l-j-p)  :  (1 — p),  as  in  the  figure,  in  which 

OX=J?.  If  1 — p  be  exceedingly  small, 
the  ordinate  is  everywhere  small  except 
when  C08(j: — r)  is  very  nearly  =1,  in 
which  case  the  denominator  is  also  very 
small,  and  much  smaller  than  the  nume- 
rator. If  we  find  the  area  of  this  curve 
from  u:=a?— t  to  v^x+v^  or  indeed  from 
t?=:jr — k  to  t;=j?+^,  provided  k  be  sen- 
sibly less  than  2t,  we  see  that  (1  —p  being  very  small;  no  portion  of  the 
abscissa  contributes  sensibly  to  the  area,  except  for  values  of  v  very  near 
to  X.  LiCt  l~p  diminish  without  limit,  and  the  curve  becomes  more  and  more 
near  to  the  axis  oft?  in  every  part  except  where  v^^x  nearly,  so  that  the 
limit  of  the  curve  is  the  axis  of  v  and  the  positive  parts  of  a  set  of  straight 
lines  perpendicular  to  it,  at  distances  .r±2mv  from  the  axis  of  y,  m  being 
any  whole  number,  0  included.  The  whole  area  seems  to  vanish,  but  it 
is  not  so  in  the  formula,  for  on  examining,  as  in  page  615,  the  value  of 
fydxy  it  is  found  that  the  diminution  in  breadth  of  the  parts  adjacent  to 
v=j?i:2mir  is  compensated  by  the  increase  of  the  ordinates,  so  that  2t 
square  units  are  left  as  the  limit  of  each  portion,  one  portion  being  from 
t?rrjr-|-2»iT«-^ir  to  r=:^H-2wi»+ir.  If  a  new  curve  be  formed  by 
multiplying  every  ordinate  of  the  preceding  by  ^v,  the  nature  of  the  finiu 
limit  will  not  be  altered  as  long  as  fj/o  is  finite,  and  the  limit  of  each  portion 
of  the  area  above  described  will  be  2t  (fks  square  units.  Hence  the  theorem 
in  page  615,  and  also  the  reason  why  extension  of  the  limits  gives  sums 
in  page  623.  When  we  suppose  x  to  vary,  we  pass  in  thought  from  one 
such  system  of  undulations  to  another,  and  there  is  no  reason  why  x 
should  vary  continuously,  or  why  4^x  should  be  a  continuous  function. 
We  are  thus  able  to  lay  down  the  formula  for  any  ordinate  varying  con- 
tmuously  or  discontinuously,  within  the  limits  x — r  and  x-h*.  By 
using  r(v''x):li  we  axe  able  to  introduce  the  limits  x—l  and  x+h 
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Finally,  bj  iacreasing  I  without  limit,  we  arrive  at  Fourier^s  theorem, 
an  expression  for  any  ordinate  varying  continuously  or  discontinuously, 
in  any  manner  whatever,  from  x=^oc  to  x:=+  oc.  I  now  show  how 
that  theorem  furnishes  a  complete  and  natural  expression  of  discon- 
tinuity of  any  kind. 

We  have       0x=»"'J7dio  {/Ijcos  w  (w— j)  4>v  dv}, 

where  4^v  may  undergo  any  number  of  changes  of  law,  and  4>jr  would  he 
found  by  actual  calculation  to  do  the  same.  Let  us  suppose  4>i7=0  from 
vs  — GC  to  v=a ;  <l>v^\ln>t  a  continuous  function,  from  o=a  to  v=6 ; 
and  0t;=:O  from  v=6  to  t7=:  x .  Obviously,  then,  that  part  of  the  first  inte- 
gration which  is  made  from  ~  oc  to  a  gives  nothing,  and  the  same  of  that 
from  6  to  oc  ;  whence  a  and  6  may  be  substituted  for  —  x  and  +  oc ,  and 
we  see  in  t""*/o  dw  {fi  cos  w  (v  ^  x)  .^v  dv]  a  function  which  is  yfn)  from 
v^a  to  v=6,  and  0  everywhere  else.  But  at  2;=a  and  v=6,  it  only 
gives  ^ya  and  ^^6.    Thus,  if  fvrz  I,  we  find  that 

~    I     dw\\    C08M?(t7— a?).rft?j, 

1    rsm(b^x)w  ^^_1   r  sin  (ia^x)w  ^^ 

is  0  from  a?= — oc  to  x^a,  J  when  j:=a,  1  from  a:=a  to  x=6,  i  when 
«s6,  and  0  from  xszb  to  j:=oc  :  a  prolixity  of  expression  which  might 
be  more  briefly,  and  sometimes  usefully,  represented  by  —  x(0)a(J) 
A  ( 1 )  ^  (j^)  ^  (0)  oc .  And  if  we  would  express  that  tlie  function  is  1  at, 
as  well  as  between,  the  limits  a  and  6,  we  might  write  it  thus,  ~  oc  (0) 
{fl(l)6}  (0)a  ;  or  perhaps  —a  (0)  (a,  1,6)  (0)oc  might  be  prefer- 
able :  the  value  of  the  function  being  in  all  coses  in  the  middle  of  a 
parenthesis,  and  limits  being  written  outside  or  inside  the  parenthesis 
according  as  they  are  included  or  excluded  in  the  description. 

The  preceding  expression  may  be  actually  verified,  either  absolutely 
by  analysis  or  approximately  by  computation,  for  both  the  integrals  are 
finite  and  convergent.  We  shall  presently  arrive  at  the  result  fl  sin  kw 
dtt7:to=-f  ir,  or  —  ^t,  according  as  k  is  positive  or  negative.  Now, 
a  being  the  less  of  the  two  quantities,  k  is  positive  or  negative  in 
both  the  preceding  integrals,  according  as  j?  is  <a  or  >6:  these 
integrals,  then,  destroy  one  another.  But  if  x>a</',  the  first  is  ix 
and  the  second  — Jt,  so  that  we  have  »"*  {i^f+i*"}  ^^  J*  And  when 
.r=a,  the  second  vanishes,  and  the  first  is  T~'^^Tor  ^;  when  cr =6,  the 
first  vanishes,  and  the  second  is  —»"'(— J t},  or  also  J,  whence  the 
result  is  verified.* 

Observing  that  in  v^^f^dtD{ficosw(v — a?)  .4>i;di;}  we  can  always 
construct  the  expression  when  <|>x,  a,  and  b  are  given,  we  may  denote  it 


*  It  will  thus  appear  that  the  ycrification  (2)  iu  page  619  ahowt  the  force  of 
the  theorem  exceedingly  well.  It  was  first  seen  by  the  late  M.  Deflers,  professor  of 
the  Bourbon  College :  and  Poisson  has  shuwa  his  opinion  of  this  verification  by 
citing  it  whenever  he  proves  Fuurier's  theorem,  which  he  does  in  four  or  fire 
diflerent  placvs.  But  the  defect  alluded  to  in  page  619  cannot  be  denied,  and  I 
have  no  doubt  that  sin  je:a  should  be  said  to  make  the  function  iute{^at«d  vanish, 
not  merely  because  (<»  )~  vanishes,  but  because  sin  («  )  is  of  the  same  dimesaion 
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by  FI  <}>x,  and  <{>j:  FJ 1  is  an  equivalent  of  this.  If,  then,  we  wish  to  ex- 
press a  function  which  is  <{>x  from  a  to  6,  y^jr  from  6  to  c,  vj  from  c  to 
f,  &c.,  Ac,  we  have  it  in  FJ<|>a:+RY'X+FJxJ^+  • . . .,  with  this  excep- 
tion only,  that  j:=«  gives  \^a^  X'=h  gives  i(<}>6+Y'6),  j=c  gives 
i(Y^c-|-xc)i  and  so  on. 

To  take  another  example :  suppose  it  required  to  find  a  function  of  x 
which  is  =jf  from  a:=0  to  jfs=l,  and  =0  everywhere  else.  First  we 
have 

f  cos  w  (v — X) .  vdv=: —  sm  to  (v— «)  -4 ^^ ^, 

from  which  —  I    cftr  j  I   cos  tr  (v—x)  vdv  f 


vj  0  I 


Bini(?(l— j:)      costt»(l— x) — cos  tr>r 


4 


>dw; 


and 


J 


to  w 

cos  (I  —  x)  w — COS  xw  ,   ^     cob(1— g)io — cos  xw 

V^  ^  ID 

(1  —  x)  sin  (1  —  x)  w — X  sin  xw 


-'■ 


to 


dw; 


and  the  first  term  vanishes  at  both  ti7=0  and  tr=oc.  Hence  if  P^ 
denote  v** /sin  Ato  dw :  tr,  we  find  for  the  function  in  the  second  line 
(which  Fourier *8  theorem  shows  to  be  that  required,  and  which  we  are 
now  verifying) 

Pi-.-(l  -  J^)  Pi-.+*P„  or  X  (P,+P,-,)- 

If  x<Oy  P.rr^J,  and  P|^=i,  or  the  preceding  vanishes;  if 
x=0,  it  also  vanishes;  if  *>0<1,  P,=  Pi_,=i,  or  it  becomes  =x;  if 
*>  1 ,  Pi-,= — T»  P«= h  or  it  vanishes  again ;  when  xsr  I ,  P,= 4,  Pi«^r=0, 
or  it  becomes  ix  or  4.  The  geometrical  explanation  of  this  is  as 
follows:  if  we  take  the  curve  whose  equation  is,  for  any  point  (ar,y), 


ysr — j    e^'^dwl  I   cosu?  (r— a?).vdv|, 

k  being  a  small  and  positive  quantity,  we  should  fitnd  it  to  have  a  form 
resembling  1  2  OCB  3  4 :  the  smaller  k  becomes,  the  more  nearly  does 
OCB  coincide  with  OB,  and  B3  with  BA^  while  the  undulations  preceding 
and  following  diminish  without  limit  in  every  ordinate.  Finally,  when 
^£=0,  the  limit  of  the  curve  is  the  dark  line  10BA4,  but  when 
jr=OA=l,  the  formula  does  not  become  indeterminate,  but  gives  only 
^AB,  whereas  every  point  on  AB  is  in  the  limit  of  the  curve.  This  is 
by  no  means  the  only  instance  where,  when  one  side  of  an  equation  takes 
an  indefinite  value,  the  other  gives  the  mean  of  all  the  values  denoted  by 
the  first. 
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I  DOW  proceed  to  another  branch  of  the  subject,  namely,  the  transform- 
ation  of  integrals  which  arises  from  giving  impossible  values  to  con- 
stants contained  in  them.  It  is  a  matter  of  some  difficulty  to  say  how  far 
this  practice  may  be  carried,  it  being  most  certain  that  there  is  an  exten- 
sive class  of  cases  in  which  it  is  allowable,  and  as  extensive  a  class  in 
which  either  the  transformation,  or  neglect  of  some  essential  modifica- 
tion incident  to  the  manner  of  doing  it,  leads  to  positive  error.  It  is 
also  certain  that  the  line  which  separates  the  first  and  second  class  has 
not  been  distinctly  drawn.  The  best  plan  will  be  to  examine  some  cases 
of  the  transformation^  both  in  their  results  and  in  the  verification  of 
those  results,  taking  those  instances  which  are  valuable  in  themselves  as 
the  subjects  of  examination. 

Let  us  take  fj*  5~"  cos  hx  jf'^dx  and  f^  r""  sin  bx  af'^dx^  where  a 
and  n  are  both  positive,  and  6  is  a  real  quantity:  these  integrals 
must  then  be  finite.     Now  f^s'^ji^'^  dx=:p'^  Tn  gives  as  follows; 

let  r=V(a»+^*).     ^=tan-*  (6 :  a), 

then  j7r^''**V(-»))'a:»-ida:=:{a±6V(— l)}""-rn 

=:r*^  {cos  nS  +  sin  n$  ij{ — 1 )  }Tn; 

whence,  adding  and  subtracting  the  two  equations  here  written,'  and 
dividing  by  2  and  2V(— 1),  we  find 

r-c—nnoA.  ^^1^ rw.co8{ntan-^(6;g)} 

r*  «-«  «i«  h'T  ,^-i^r-  rw.sin{ntan-^(6:g)} 

These  results  can  be  obtained  without  the  introduction  of  ^(— 1),  by 
a  process  similar  to  that  in  page  576,  and  can  each  be  verified  in  two 
distinct  ways  by  differentiation.  Let  the  first  of  these  be  C«,  and  the 
second  S.,  which  gives 


rf6— "^^-^^^     'd^ ^"^'^      dft"^^-^"     da"" 


We  might  verify  either  of  these,  but  the  following  will  be  better.  For 
a  and  b  write  r  cos  0  and  r  sin  0,  and  taking  r  positive,  then  cos  0  must 
be  positive,  since  rcmd^a»     We  have  then 

JT^"'"'*-  shi*  (rsine.x).x-»rf^=r-  r/i^^(n0) 


dd 


'= r  sin  6C,+| — r  cos  6S„+i= 


{sin  e  cos  (n4- 1)  0- cos  0  sin  (n+ 1)  ^} 


^+1 


s:— nFnr  "sinnd,  the  same  as  from  the  second  side  of  the  equation. 
In  a  similar  way,  dCnidr^  dS^idO^  and  dS^idr  might  be  verified. 
Consequently,  if  the  two  sides  of  the  preceding  equation  differ  at  all,  it 
must  be  by  a  function  of  n  and  constants  not  depending  on  r  and  6 : 
but  this  cannot  be,  for  in  such  a  case  C«  and  S^  would  not  be  reduced  to 
fr^a^dx  and  0,  or  r'Tn  and  0,  by  making  ^r:0;  to  these  they 
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are  reduced  as  the  equation  Btandi,  but  would  not  be  if  a  function  of  n 
were  added  to  the  second  side. 

What  value  of  d  is  to  be  taken,  of  the  infinite  number  which  satisfy 
r  cos  &= a,  r  sin  0=6?  It  must  be  of  the  form  2kit + 6|,  di  lying  between 
—  Jir  and  +iir,  for  otherwise  cosO  would  not  be  positive.  When  n  is 
integer,  it  matters  nothing  what  value  of  k  is  taken,  the  second  side  not 
being  altered  by  any  change  of  k  from  integer  to  integer ;  when  n  is 
fractional,  the  case  is  different.  But  the  integrals  must  be  reduced  to 
r~*  Tn  and  0  by  sin  0=0,  whether  n  be  whole  or  fractional,  but  in  the 
latter  case  r~"rncos(2AnT-h7idi),  which  becomes  r"*  Fn  cos  2/m»,  is 
not  so  reduced  unless  ftn  be  a  whole  number,  in  which  case  2knie  may 
be  suppressed.  Consequently,  Oi  is  the  value  required,  or  6  must  lie 
between  —  Jt  and  +i*« 

The  following  are  remarkably  particular  cases,  and  deductions  from 
them :  6  is  supposed  positive* 

/J^cos  6j7. j;^'cir=6~*FncoBin»,  /* sin bx.3!f^^dx=:b'"^Tn sin ^v 

frcos6a?"'.j*da?=; — 6~~r( Jcos  ( -; — »  ) 

m  \  m  /        \  2m,     J 

i:^^....=i.-r(»-±i).n(:^.)  , 

Write  Tn  sin  ^fiT  in  the  form  F  (n+ 1)  {sin  ^t  :  n},  and  let  n  diminish 
without  limit* 

J^ —  rfx=  oc ,     I     5^?^  cix=iT*     (pages  512  and  628). 

Let  n=l,  which  gives  J^cos6:r.(iF=0,  f* Bin  bxdx:=:b''\  results 
already  noticed. 

If  all  the  preceding  process  be  carefully  examined,  it  will  be  seen  that 
there  is  nothing  in  the  change  of  possible  into  impossible  quantities 
which  either  makes  the  subject  of  integration  become  infinite  between 
the  limits,  or  prevents  us  from  expanding  the  possible  form  f6'"^,x*dx 
into  an  infinite  series,  then  making  b  become  bj(-^  1),  and  concluding 
that  the  result  is  identical  with  the  impossible  form.  But  if  the  change 
should  make  the  subject  of  integration  infinite  between  the  limits,  it  is 
by  no  means  to  be  inferred  that  the  results  of  the  change  are  true. 
Again,  if  the  change  should  turn  a  convergent  series  into  a  divergent 
one,  in  the  subject  of  integration,  it  is  not  to  be  inferred  that  the  results 
will  agree  after  integration ;  for  it  has  happenedf  that  discontinuity  is 
introduced  by  the  integration  of  divergent  series,  and  there  are  no  means 
of  knowing  when  this  happens,  and  when  it  does  not : 

Thus  /J  fr  dr=  (/J  -  /D  fc  dx:=ij^  {^  (a?+ a)— 0  (j?+ 6)  }  dx. 

Write  kx  for  x  in  the  last,  which  does  not  affect  its  limits,  and  we  have 
fi^xdx:=:kf;  {<{>(*x+a)— <J>(Aaf+6)}dar. 

*  It  is  obvious  that  a  change  of  sign  in  b  changes  the  sign  of  the  result. 

t  One  of  Poisson's  objections  to  divergent  series  (Journ.  Ec.  Polytech.  Cmh.  19, 
p.  484}  turns  upon  this  point.  It  seems  to  me  that  the  objection  here  is  not  to  ths 
<livergent  seriesi  aa  lacb,  bat  to  inferences  drawn  from  its  iutegxation. 
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Let  *=^(  — 1),  and  first  let  <f)x=ff",  we  have 

=V(— 1)(^— €*)'  and  this  multiplied  hy  ^^(-1)  gives  €*-6*,  the 
ohvious  result  of  f<l)X  dx  from  a:= a  to  j:=6.     So  if  we  take 

we  should  find  a"^ — 6"'  as  the  result  of  both  sides.  But  let  us  now 
apply  Ar=V( — 1)  to  the  theorem  fo<i>xdx^kf^^ {kx) dx^  where  4^x  is, 
say  ( 1 + x*)"\  We  have  then  /o'  ( 1  +  a^)"dx=:jji  - 1 )/;  (1  -  J*)-'dx, 
an  equation  which  we  cannot  either  afiirm  or  deny,  since  the  subject  of 
integration  in  the  second  side  becomes  infinite  between  the  limits. 

I  now  proceed  to  give  some  account  of  the  method  of  considering 
such  integrals  proposed  by  M.  Cauchy.  Let  (l-^r*)"*=V,  then 
jf»-*Vdj=:Jlog(2 — A)— i  log  A,  a  calculable  result,  however  small  i( 
may  be  :  and  jT+i'^dx=z^]ogl^^]og  (24"0>  a^s®  a  calculable  result. 
Hence  f\dx  from  0  to  cc ,  with  the  exception  of  the  part  from  1  —  A  to 
14-/is  ilog(/:A:)-ilog{(2+/):(2-Ar)},  of  which  the  latter  tcnn 
diminishes  without  limit  with  k  and  / ;  but  the  former  entirely  depends 
on  the  ratio  in  which  I  and  k  vanish.  If  we  now  take  the  part  from 
l-k  to  H-/,we  find  it  to  be  ilog(— A:;0+ilog{(2  +  0  :(2-ifc)}, 
which,  if  I  and  k  are  diminished  so  that  k :  I  has  the  limit  a*  has  }^  log 
( — a)  for  its  limit.  If  a=  1 ,  this  becomes  J  log  (—1),  or  J  (2»-h  1)  r 
^(—  1)  ;  and  if  we  multiply  by  ^^C— 1),  which  gives  —  (n+J)  t,  one 
of  the  values  so  obtained  (for  n=s  —  1)  certainly  is  j7(l  +  J^"'  dr^  or  ^t. 
But,  at  the  same  time,  we  cannot  form  a  distinct  idea  of /l ti  Vi/jt  by 
summation,  as  in  page  100,  because  V  becomes  infinite  when  x=:l. 

If  ^x  become  mfinite  when  xzzia,  and  if  (x^a)^x  be  then  finite 
and  =  A,  the  value  of  flt[  <t>x  rfj,  or 

J'+'  .  dx  /"•+'    dx  ^       l\ 

^x  (j?— fl)  — --  must  approach  to  A         "ZT^  ^'  A.  log  f  —  ~  I 

as  k  and  I  diminish  without  limit :  that  is,  assuming  the  ordinary  rule 
of  integration,  in  spite  of  the  infiuite  intermediate  value  of  («— a)-'. 
In  the  same  way,  if  fr  (a?— a).0(j?— a)  be  finite  and  =  A  when  jr=flr, 
fx  being  the  dimetient  function  (page  324),  which  satisfies  this  con- 
dition, Aj'(Y'x)~*rfx  is  the  limit  towards  which  ff^xdx  approaches, 
under  the  same  extension.  Many  results  may  thus  be  obtained,  and 
many  incontestably  true,  but  all  labouring  under  the  same  difiSculty, 
namely,  the  want  of  de&iition  for  fj^ordr,  when  (f>x  becomes  infinite 
between  the  limits.  It  will  certainty  not  do  to  defne  it  as  0|6— ^jO, 
where  ^'ixs^r,  for  such  a  definition  would  give  the  same  result,  no 
matter  how  many  times  x  becomes  infinite  between  a  and  by  which,  in 
the  developed  theory  to  which  we  have  alluded,  is  not*  always  the 
case :  and  the  summative  definition  of  page  100  is  unintelligible.  " 

There  are,  however,  some  results  obtained  with  reference  to  this 
subject  by  M.  Cauchy,   which,   though  not  quite  complete  in   their 

*  M.  Cauchy  has  thown,  as  in  the  results  we  shall  presently  obtain,  that  every 
place  in  which  the  subject  of  integration  becomes  infinite  gives  a  term  to  the 
result,  generally  speaking. 
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fundamental  explaDation,  ought  not  to  be  omitted.  A  function  of  the 
form  0  (a+0)  —  0  (a— 0)  is  continuous,  and  vanishes  with  0^  when  0a 
is  finite :  hut  if  0a=  oo ,  there  may  be  an  evident  discontinuity.  Thus 
log(a+0) — log  (a— 6)  vanishes  with  0,  except  when  a=:0,  in  which 
case  it  is  ]og( — 1)  for  all  values  of  9.  If,  then,  we  have  /lia;~*  dxy 
which  represents  the  area  of  an  hyperbola  from  x=  —  nt  to  j*=7f,  we 
find  log  71 — log  (—to),  which  can  represent  no  area.  But  if  we  remove 
the  portion  j*!}  x^^  dx^  0  being  infinitely  small,  we  also  remove  that  dis- 
continuity which,  though  essential  to  the  function,  has  no  geometrical 
interpretation.  We  thus  get  log  n  —log  ( — m)  —log  (  —  1),  or  lug  (n :  m), 
which  is  algebraically  intelligible.  Thus,  if  n^niy  we  have  0  for  the 
area,  which  is  visibly  true,  since  its  positive  and  negative  portions  are  then 
absolutely  equal.  But  if,  instead  of  removing  the  portion  from  —6  to 
+  0,  we  had  removed  /IjJ,  jT*  cLp,  /i  and  y  being  any  given  finite  quan- 
tities, we  should  have  had  log(vn:/im),  which  we  may  make  any- 
thing we  please.  It  seems,  then,  that  if  we  wish  to  accommodate 
our  notions  of  ^0^  cf  j?,  when  0r=:  x  between  the  limits,  to  those  which 
we  derive  from  applications,  we  must  consider  f<t>x  dx  as  divested  of  the 
part  /SJ0*iir,  where  0a=cx: .  And  if  (ar— -a)  0x  be  finite  and  =A, 
when  xsra,  we  find,  as  before,  Alog(  — 1)  for  the  effect  of  discon- 
tinuity which  is  to  be  removed.  When  this  result  of  discontinuity  has 
been  removed,  M.  Cauchy  calls  the  remainder  the  principal  value  of 
the  integral.  Now,  if  the  limits  of  the  integral  be  x^  and  x^,  and  if  from 
f'l^dx^  we  remove  the  portion  J*;!}  0*  (/a:,  there  remains  J^  0jr  cb 
+fi\.9(l>xdx.  If  the  portion  removed,  namely,  Jit  J  0jrc/j?,  diminish 
without  limit  with  d,  then  the  limit  of  the  remaining  part  is  fil<f)xdT, 
But  if  the  part  removed  hare  the  limit  L,  then  /*^0xcLr— L,  and  not 
f^^x  di,  is  the  value  of  the  portion  of  area  of  the  curve  y=0r. 

Leaving  for  a  moment  the  case  in  which  the  subject  of  integration 
becomes  infinite,  take  the  identical  equation 

^^dx  dy'^^^'dxdy^dx  X^'dyJ^dy  x"" dx/ 

and  integrate  both  sides  with  respect  to  x  and  y^  namely,  from  x^  to  Ti, 
and  from  y,  to  y^.  Let  ;r=y  (2*,^),  and  let  Y^'andy^^  denote  results 
of  differentiation  with  respect  to  x  and  y. 

/'4  l/f  ('» yi)  V''('.  yi)  -ff  (^.  y«)  •  V*'  (j^>  yd}  dx 

This  equation*  is  absolutely  identical,  whether  the  function  be  pos- 
sible or  impossible,  for  any  degree  of  approximation  may  be  made  to  it, 
as  in  page  289,  and  the  first  side  represents  the  limit  of  a  process  which 
consists  in  summing  rows  and  adding  the  results,  each  one  in  the  row 
thus  becoming  a  column,  while  the  second  consists  in  summing  the  same 
columns,  and  adding  the  results,  each  number  in  a  column  thus 
becoming  one  of  the  first  rows.  Thus,  if  V  (*>y)=*+y  V(""l)f  'we 
have(A=:V(-l)) 

S'A  {/(*+yi*)-/(^+yo*)}  ^=^/JS  {/(^iH-y^)-/(^.+y*)}  ^y  (i). 

*  This  should  he  called  Caiichy*8  theorem,  on  account  of  the  results  vbich  that 
eminent  mathematician  has  deduced  from  it. 
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For  instance,  let  /jp=:  r"",  or/(a? +yA) = r^+^  (cos  2axy —A  sin  2(«y) 

gt^i  /U  {  cos  2(wy  I — A:  sin  2axyi }  f~"'  dj? 
^e^o/lj  {cos  2axy^—k  sin  2aa:yo}  ^^^^  dx 
==i[rff-«'»1  /jj  {cos  2ariy — /f  sin  2axxy}  ^dx 
— Jg-axJ  JVi  {cos  2arjy~  *  sin  2oj:oy}  r**  dy, 

Ijct  j?i=  +  ao;  the  first  term  of  the  second  side  vanishes  and  the 
equation  of  possible  and  impossible  parts  gives 

«"y?  A"^"^  COB  2axy,  dx—sayl  /+T^  cos  2(rjyo  dx 
—  —  f-oajj  Jjj  g«**  sin  2aor,^  rfy 

g«y?  /i*  r"^  sin  2ajryi  dx — gayS  /J"  5"*^  sin  2axy^  dx 

=  ff-o^o/jj  «***  cos  2aa?oy  rfy . 

Let  d7o=0,  ^0^=0 ;  we  have  then  (page  619,  verification  3) 

/•€-"■  cos  2aJByx  dx^is-oylf^r"^  dz^^^.a-^  £-«yI 
/^r-**  sin  2axyi  (fa:=:ff-«y!  /f  ^  dy. 

Many  other  such  tranformations  may  be  made,  and  with  the  utmost 
certainty,  as  long  as  fx  does  not  become  infinite  between  the  limits. 
But  let  us  now  suppose  that /(j?+y^)  becomes  infinite  once  only  between 
the  limits,  namely,  when  j:=a,  y=6.  Avoid  the  point  by  integrating 
from  f  z=:j?0  to  j;=a— ^,  and  from  jrs=a+6  to  xsiTi,  also  from  y^^y^  to 
y=yi  in  both  cases*     We  have  then 

/r  {/(^+yi^)~/(j^+yoA:)}  dx 

=*/»  {/(«-^+y*)-/('o+y*)}  dy 
S:\Afi^'^yik)-fi^'^yoic)}dx 

=*/Js  {M+y^)  -/(«+«+y^) }  rfy 

If  we  add  these  together,  and  then  diminish  B  without  limit,  the  first 
side  presents  no  singularity,  since  neither /(j;+yi  Ar)  nor/(x+yo^) 
becomes  infinite  from  x:=.x^Xo  x^x^i  so  that  the  limit  is  the  complete 
integral  from  x^  to  Xi :  but  on  the  second  side  we  see 

*/i3  {/(^i+y*)-/(^a+y*)}  dy 

-"*/jJ  {/{(«+0+yA:)-/(a-0+yA:)}  dy. 

The  first  term  being  what  we  should  get  in  an  ordinary  case,  and  the 

second  an  integral  which  would  vanish  with  6,  if /(i?-fy\^^)  did  not 
become  infinite,  but  which  may  have  a  finite  value  when  ^=0,  as  in  the 
instance  given  (page  633).  Again,  since  all  parts  of  the  integral  just 
named  must  vanish  (when  dnO)  for  any  limits  which  do  not  include  ele- 
ments adjacent  to  y=6,  we  may,  without  altering  the  value  of  the  limit, 
take  y  from  —  x  to  +<3D  if  6  lie  between  y^  and  y^i  but  if  yo=^»  ^e 
must  only  allow  those  adjacent  elements  to  enter  in  which  y>A,  after 
which  we  may  go  on  to  y=oc ,  so  that  y^  and  oo  may  be  the  limite. 
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Similarly,  if  6=yi,  we  most  take  —  ot  and  t/i  for  the  limits  *  Con- 
sequently, the  correction  for  discontinuity  described  in  page  633  is  the 
subtraction  of 

*/{/(«+^+y*)— /(«— ^+y*)}  ^y»  with  limits  as  just  shown. 

Let  (z'-a—bk)fzs^'fz  be  finite  and  =A  when  jB=a+&A:,  then 
since  only  values  infinitely  near  to  z:=:a-^bk  affect  the  preceding 
integral,  we  may  write  instead  of  it,  first, 

J  I  e+(y-b)  k     -e+(y-b)ki  ""• 

Now  Jfx.x^dx^  between  limits  infinitely  near  to  p,  cannot,  if  Vt^  be 
finite,  differ  from  fpfx^  ^ »  hence  we  may  in  the  preceding  write  A 
for  fia+0+yk)j  and  for  f{a — 6+y^),  and  the  result  is,  making 

When  this  is  taken  from  ^  oc  to  +  <£ »  it  gives  2irkA ;  but  when  from 
—  oc  to  0,  or  from  0  to  x ,  it  gives  t^ A.  And  if  there  be  any  number 
of  such  roots  of  {/(j?+yAr)}-*  between  the  limits,  and  if  A  be  determined 
for  each,  the  correction  for  discontinuity  is  the  sum  of  the  individual 
corrections,  so  that  we  have  (^=V( — 1)) 

A{/(^+yi*)-/(^+yo^)}^*  ,3X. 

=*jS{/(^i+yA)-/(jra+y*)}^y-2irA2A  ^^' 

in  which,  however,  ^A  is  to  be  written  for  A  in  every  term  in  which  6 
is  yo  or  yif  «=a  and  y=6  being  values  for  which /(j?+y^)  is  infinite. 
It  might  also  be  shown  that  ^A  is  to  be  written  for  A  if  Xg:=ia  or  ari=a. 

Now  A  is  the  value  of  (x — p)fx  when  x=:p  and  Ypssx  :  let  yi?  be 
<l>x:fXy  and  let  -^rrO,  ^p  being  finite.  The  value  ot(x—p)fx  is  then 
(Chapter  X.)  that  of  0j  :  f'x,  when  x=:p. 

Let  j:o=  — oc,  j,rr  +  GC,  yo=0,  yisroc,  and  let /(*r+yAf)  be  a 
function  which  vanishes  when  x:i=  —  ao  or  -l-cc  independently  of  y,  and 
when  y= «  independently  of  x.  We  have  then  f(x  +  y^  ^)  =:  0, 
/(•*'i+y*)=0>/('3^o+y^)— ^>  *^d  the  equation  (3)  becomes 

flZfxdx=:2Tk2A  (4); 

in  which  all  the  roots  of  fx:=z  oc  must  be  taken  which  give  positive 
coefficients  of  ^  (0  included)  since  the  limits  of  y  are  0  and  x ,  but  for 
every  real  root  (6=0)  iA  must  be  written  for  A,  since  0  is  one  of  the 
limits  of  y. 

Example  I.  fxss^:  (1-f  a:*),  ^=:x  having  no  finite  roots.  Here 
the  only  admissible  value  of  6  is  1,  the  root  of  1  +ix'  being  k :  the  cor- 
responding value  of  A  is  0ft :  2ft,  and  we  have 

*  This  is  a  new  application  of  what  may  be  called  initantaneous  intoi^ration,  on 
which  I  do  not  think  it  neceiMiy  to  dwell  after  what  has  been  said  in  pages 
615  and  627. 
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Ijct  0jr=rs"'*,  a  being  positive,  0  (j:+y*)= (cos  or +*  sin  aT)e"^, 
which  yRDishes  when  a:=oo  or  -co,  and  when  y=ao  (N.  B.  r"~* 
would  not  admit  of  the  preceding  demonstration  being  applied).  Also 
0[(jt)=r'%  and  we  have 

J*    cosaxdx      ,,     ,^  r*    sinordr 

of  which  the  first  term  is  twice  the  same  integral  from  0  to  so ,  and 
the  second  vanishes,  which  gives  the  same  result  as  in  page  517  fur 
J"*  cos  axdx.{\  +a*). 

But  it  must  be  noticed  that  if  in  (5)  each  of  the  portions  of  the 
integral,  from  —  oo  to  0,  and  from  0  to  oo ,  be  infinite  and  of  different 
signs,  there  may  be,  as  in  preceding  instances,  an  effect  of  discontinuity, 
for  the  removal  of  which  no  provision  has  been  made.  Let  ^ J7=;c", 
whence,  if  m<2,  ^:(l+a^^)  eatisfiea  all  the  conditions.  We  have 
then 

/+•  x'^dx  ^        r*    3^dx  r^J^cLr 


!)"» +(-!)• 


2co8{i(2Ar+l)m»} 

vhere  h.  may  be  any  odd  number.  But  since  this  integral  cannot  become 
infinite  until  fn=l,  we  must  have  2)ir+l=l  or  «':2cos(!^fnT)  is  the 
value  of  the  integral  from  0  to  eo ,  which  agrees*  with  page  575.  If 
•71=1,  we  have 

The  two  first  are  correct ;  the  third  is  a  singular  value,  and  should  be 
=0.  It  can  only  be  obtained  by  remembering  that  log^(l+a*)  is 
the  indefinite  integral,  and  using  the  negative  sign  of  the  square  root 
when  X  is  negative. 

Example  2.  Let /r=^jr:(l—j:*),  where  0(1)  and  0(— 1)  arc 
both  finite,  and  0x=  oo  has  no  finite  root.  Here  fx  becomes  infinite 
for  r=  +  l  and  f=— I,  and   in  these  cases  ^x:{^2x}  becomes 


*  The  very  great  care  which  this  method  required  may  be  illasinited  by  the  fact, 
that  its  discovert!!,  M.  Cauchy,  in  a  most  elaborate  memoir,  {Mim.  Sov.  Ktrmngers, 
vol.  i),  hardly  ventured  it  upon  aH  instance  which  could  not  be  verified  by  other 
means.  This  very  wise  precaution,  in  presenting  so  new  and  difficult  a  method, 
was  misunderstood,  I  suspect,  by  the  members  of  the  Institute  who  reported  upon 
it :  they  notice  the  fact  of  the  examples  presented  being  previously  known,  and 
seem  to  infer  something  against  the  power  of  the  method.  M.  Lacroiz  has  quoted 
their  report,  and  I  think  it  possible  that  many  may  have  been  deterred  from  the 
shidy  of  this  method  by  the  impression  produced  by  the  remarks  alluded  to.  The 
student  must  take  it,  not  as  a  method  which  he  can  yet  use,  but  as  one  which  he  roust 
learn  to  use,  and  in  which  he  is  very  liable  to  error.  I  am  not  aware  that  it  has  yet 
appeared  in  any  English  work:  the  demonstration  in  the  text  is  drawn  from 
Cauchy*s  Ritumi  det  Legem  tvr  k  Ca/cui  Infmi^iima/,  Paris,  1883. 


mr. 
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-  J0(1)  and  y>  (-1),  and,  both  rooU  being  real,  we  have  ir*  2A  or 
4»Jfc  {0  i—l)—^  (1)}  for  the  integral.    Hence 

Let  ^=i^;  reasoning  as  before,  we  have 

Let  j?*=:2",  which,  n  being  positive,  does  not  change  the  limits,  we 
have  then 

I     — :; — ::;; — =:--tani«iT,         i — i^I^^'"!"*"' 

Let  it  be  remembered  that  by  the  symbol  /J,  when  the  function 
integrated  becomes  infinite  between  the  limits,  say  at  x=:Cy  we  mean 
nothing  but  the  limit  of /j-'+Jt-*  when  B  diminishes  without  limit. 
But  whether  this  is  always  the  meaning  of  the  symbol  when  it  is  at- 
tained in  the  usual  way  is  another  question.* 

Example  3.  Let/a?=^a? :  (l+o:*"),  where  0j?=oo  has  no  finite  root. 
The  roots  of  jr*'+l=0  are  coBme±iJ{'-l)imme^  where  6  =  t  :  2/i, 
for  all  odd  values  of  m  from  w=:l  to  m=:2n— 1 ;  the  value  of  A  cor- 
responding to  each  positive  coefficient  of  V(""^)  ^^  ®?  *^®  ^^^^ 
0i':2iu;'—',  or  — j0J7:2n,  where  x=iCOBmd'^^Ji^l).smmd.  We 
have  then 

— -V3T2«-»{(co8fnO+V^8in?na)0(cosm0+V-lsinwi^)}; 
n  ^ 

the  summation  being  understood  of  odd  values  of  m.     Let  ^r=6     /""'  ; 
we  have 

(co8md+V-lsinmO)6-~|^v(-»»-"""^ 

^g^unm$  jjj^g  ^ffiO+a  cos  mO)  +  >/^  sin  (me+ a  cos  mO)}. 

If  we  pair  the  values  of  m  thus,  1  and  2n— 1,  3  and  2n— 3,  &c.,  we 
shall  find,  if  n  be  odd,  a  middle  term  w,  giving  Jt  for  m0,  and  s—  for 
x4>x ;  but  if  n  be  even,  there  is  no  middle  term.  And  if  the  last  be 
P«+Q«  V(--l),  it  will  be  found  tliat  P«+Pi,.«=0,  Q,+Q«-«==2Q,, 
whence,  summing,  and  multiplying  by  -tV(— i)  •«>  ^^  proceeding  as 
in  Example  1,  page  636,  we  havet 

"coaarrfj        «■  t  ^^  ,nodd,m^l,3, 

£2i^==JL5-+^2{5---^-*8ia(mO+aco87«0)}5;.;.^^2; 
g    l-fjc*"      2.11  n 

IT  ^xi  neven,m=l, 

or  =  -2{5— ««*Bin(mO+acosme)}  3, 5.  ..n— L 


X 


J 


•  We  have  seen  that  substitution  of  fJ  and  fi  for  9  in  the  two  iniegrals  would 
Rive  a  different  result.  Why  in  it  that  all  the  results  of  the  method  agree  with 
those  already  known  when  ^-f,  and  not  in  any  other  case  ?  To  this  question  no 
answer  has  been  given,  as  far  as  1  have  seen.  „     «  ,  i    i.     «  1,    ^„: 

f  These  results  agree  with  those  of  Poisson,  (Journ.  Ec.  Polytedi.,  cah.  xvi., 
p.  229,  &c.),  allowing  for  the  misprinting  of  -  for  +  before  a  m  his  first  formula. 
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Now  return  to  the  formula  (3),  and  let  the  whole  process  be  per- 
formed on  the  supposition  that  Aac — ^(— l).  If,  then,  we  take  the 
function /(jr—y^(—l))  so  as  to  vanish  when  y=  +  a) ,  and  construct 
2B,  the  sum  of  the  corrections  for  discontinuity  for  all  roots  of  the  form 
a-b^{"\)y  where  6  is  0  or  positive,  we  have,  suppo8ing/(x+y^(- 1)) 
to  vanish  when  x^^  oo  or  —  oo ,  the  equation 

/i;/x(ir=— 2Tft2B (5). 

Adding  (4)  and  (5)  together, 

ftlfx  drrrirftS  (A-B) (6). 

Now  observe  that  2B  and  2A  both  contain  the  same  terms  for  every 
real  root,  consequently  the  real  roots  vanish  altogether  as  to  their  effects, 
and  we  have  the  following  theorem.  If^j?  be  a  function  which  vanishes 
when  jr  is  +GD  or  —  oo ,  independently  of  y,  and  when*  y  is  +oo  or 
—  00 ,  independently  of  d?,  and  if  ibr  every  pair  of  imaginary  roots  of 
/r=oo,p=a+6^(— 1),  9=a — 6^(  — 1),  be  construct^  the  values  A 
and  B  of  (•z--*p)  jv  and  (^-— 9)/r,  when  xszf  and  q  respectively,  the 
integral  /JlS/r dx  is  =iiy(— 1)  2  (A-B). 

Example.  Let  /r=:  sin  <ix :  siu  hx  (I  +^).  The  imaginary  roots  in 
question  are  «=:  +  A,  and 

sin  ax  (g^+^O+cos  ax  (g-'^-Q  ;  k  1^ 

This  vanishes  for  y=  +  oOy  when  a<  or  =6,  and  also  (as  we  shall 
presently  see)  when  0?=:  +  oo .  Hence  we  easily  deduce,  x^iik  being 
the  imaginary  roots  of  1  -fa:* =0, 

J '*'*■•  sin  ax    dx   ^      /sin  ak    1       sin  (—oAr)       1    ^ «_    ^ — ^^ 

a  being  <  or  =6.  The  same  from  0  to  oo  has  evidently  half  the 
value. 

Generally,  let  us  have/r=4''^  -  (1+^*)}  with  the  same  conditions, 


We  have  hitherto  supposed  that  (x^p)fx  is  finite  when  x:=p  and 
=  00 »  but  let  us  now  suppose  that  («— p)~/r=Vrjt  is  finite,  and 
also  its  diff.   co.      Returning   to  the  expression  *jjj  {/(a  +  0+y*> 
—/(«— ^+y*)}  c^y,  substitute  fx :  (ar— a— 6A)*  for  fx^  whence 


ah 


n 


}t_(a±e±yk)  V^(a— 0+y*) 


{o+(y-b)k}^    {^e+(y^b)ky 


^dy. 


For  y  write  «+6,  changing  the  limits  into  yo""^  ^^^  yi — ^>  *^d  expand 
V'  (a+6A+«*±0)  in  powers  of  zk+O,  writing  p  for  a-^-bk,  and  i|^  and 
i?i  for  y,— 6  and  yi  -  6,    This  gives 

*  M.  Cauehy  deduces  that  the  function  need  only  vanish  for  yr:?+ao ,  but  as  it 
happens  that  in  all  his  examples  the  functions  do  vanish  for  y=«ao  as  well,  I 
suppose  that  this  condition  is  inadTdrtently  omitted,  at  some  step  of  th«  d^moDstra- 
tion,  which  is  a  veiy  long  one  (Mto.  8av.  Stran.,vol.  i.  p.  686^717). 
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/ni(      /     kdz      _      kdz     \  f      kdz kdz \       \ 

The  first  term  of  which,  when  integrated,  has  yftp  multiplied  by 

while  the  succeeding  terms  have  2 — m,  3— m,  &c.  for  1— j».  Now 
when  /i—m  is  not  =0,  the  preceding  cejrtainly  diminishes  without  limit 
with  6^  however  great  the  values  of  i;^  or  ni  may  be.  If,  therefore,  m  be 
a  positive  whole  number,  the  coefficient  of  yf/'^-^^p  becomes  indeter- 
minate.   The  value  of  A,  treated  as  in  page  635,  will  be  the  limit  of 


t.3...(m-l)  J  j^life«+0      kz-ey        "^    2.3. .. (m- 


subject  to  the  same  liability  to  be  halved  when  y^  or  yi=6. 

It  might  seem  at  first  as  if  the  preceding,  applied  to  a  fractional  value 
of  m,  would  always  give  0  as  the  value  of  A.  But  when  fV^dx  is  to  be 
taken  between  limits  which  give  different  signs  to  Y,  m  being  fractional, 
there  arises  a  difficulty  as  to  which  values  of  the  with  powers  of  the  posi- 
tive and  negative  quantities  correspond  to  each  other.  Thus  (  —  !)*•• 
and  (+1)*'"  have  each  n  values,  but  there  can  be  none  but  a  conven- 
tional test  as  to  which  value  of  (— 1)* ' "  is  to  be  used  with,  say,  the  value 
1  of  (ly  •".  If  a  and  6  be  the  limits,  and  if  the  changeof  sign  take  place 
at  j:=c,  and  if,  moreover,  fl  and  jfj  be  finite,  we  can  choose  our  own 
values  of  the  powers,  and  calculating  each  integral  separately,  we  can 
put  the  two  results  together.  But  when  those  separate  integrals  are 
infinite,  I  know  of  no  attempt  to  ascertain  the  meaning  of  the  complete 
integral. 

The  results  of  the  preceding  theorems,  and  of  many  others,  have  been 
methodized  by  M.  Cauchy  into  what  he  calls  the  Calcul  des  Reddus^ 
or  residual  calculus.  The  notation  he  uses  requires  a  symbol  for  which 
a  new  type  must  be  cut,  a  necessity  which,  not  liking  the  symbol  itself, 
I  prefer  to  avoid.  Ijet/x=  a  when  j:=p,  and  let  (x—p)'^fx  be  then 
finite.  The  residual  of  fx  with  respect  to  p  means  the  coefficient  of 
hr^  (when  there  is  such  a  term)  in  the  development  of/(p4-*)f  which 
can  generally  be  expanded  in  negative  powers  of  a:  if^=  oc.  It  is 
easily  shown  that  this  residual  is  what  has  been  called  A,  when  m  is 
unity  or  any  whole  number.  Let  Rj^a?  represent  this  residual  for  the 
root  Pf  and  l^ifr  the  sum  of  all  the  residuals  belonging  to  all  roots 
between  p  and  q :  also  let  R^;?/^  represent  the  sum  of  all  residuals 
belonging  to  roots  of  the  form  a+fi  ^Ji^ — 1)»  when  a  lies  between  p 
and  g,  and  fi  between  v  and  w. 

1.  The  fundamental  theorems  of  this  method  are,  then,  k  being 
ij( —  1 )  as  before, 

/3{/(^+yi*)-/(^+yo*)}rf* 

which  is  universally  true  if  t  be  written  for  2ir  in  every  term  in  which 
jr^  or  Xi  is  the  possible  part  of  the  root,  and  y©  or  yi  the  coefficient  of  the 
impossible  part.    Also 

2.  If/(±  tt+y*)=0,/(a?+  oc*)=0,  /+:/rclr=:2irARi:;e/a?. 
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.  If  fit  oc+yA)=0,  /(x±  ttAr)=0, 

f±zfxdx=^Th  {Ri:roA-Rt:;j:.A}. 

4.  Let/(j?+  oc*)=0,  *o=0,  yo=0,  *i-=a,  then 

/o"(J^+yi  h)  dx=:f:fvdx^hfl^f(yk)  dy^2xkBilTfi. 

5.  Let/(j:4- ocA:)=0,  a:o=0,  yo=0,  yi=:  oc;  then 

6.  Let/(±  a  +3/*)=0,  a:o=—  oc,  j:;=+  tt,  ^^=0;  then 

7.  Lct/(oc+y/«)=0,/(a?+OcA)=0,  ^o=0,  ari=tt,  y^^O,  y.rroc; 
then 

f:fxdx=kf:fiky)  dy+2i,kB:yfx. 

8.  I^t/(-tt+y/f)=0,/(j?+tt*)  =  0,  .ro=  — tt,  1.^=0,  yo=0, 

fUfx  dx=  -  */r/  (*y)  dy  -  2»^R!:;,oA 

I  shall  conclude  the  suhject  of  Cauchy's  formulcB  (on  which  a  great 
deal  more  might  be  said)  by  an  example. 

Example  1.  /12  s*'*(a+j:*)-~  m  being  a  whole  number,  and  a 
and  b  being  positive.  The  only  root  which  make8/j:=a  is  x=ak^ 
which  occurs  m  times.  Now  (x  -  a*)'"/x  is  (—it)*  s*^,  which,  differ- 
entiated m— 1  times,  and  divided  by  Ttw,  gives  (— l)-ife*"^  6*-*5*^, 
or  ^**-*  6*""*  6*^,  which,  multiplied  by  2*ir,  and  ak  being  substituted 
for  Xf  gives  by  the  second  theorem  above  (which  applies  here) 


j 


-.{a  +  a:V(-l)}'" "    r(77i)     ' 


This  theorem  may  be  verified  by  differentiation  with  respect  to  a, 
and  it  holds  good  when  m  is  fractional  and  positive  ;  but  it  is  not  true 
when  a  is  0  or  negative.  The  student  may  deduce  the  following  for 
himself,  using  either  the  second  or  third  theorem 


/ 


If  the  second  theorem  he  used,  x=iak  is  the  only  root  of /x  =  oc 
which  applies ;  but  if  the  third  be  used,  x-ak  and  x=  —6*  both  apply : 
a  and  6  being  positive  quantities. 

Before  proceeding  further,  I  shall  finish  what  remarks  are  necessarv 
on  the  singular  symbols  sin  a  and  cos  a.  The  continental  mathema- 
ticians with  one  voice  pronounce  these  symbols  to  be  indeterminate  in 
value,  which  is  strictly  true  as  far  as  a  priori  considerations  are  con- 
cerned; for  a  periodic  function  of  x  cannot  be  said  to  be  in  one  part  of 
Its  period  rather  than  anoiher  when  x  is  infinite.  If,  however,  we  assume 
4>x  to  stand  for  x  terms  of  1-  1  +  1  -....,  we  might  equally  conclude 
that  (px  IS  mdetermmate  when  x  is  infinite,  no  reason  existing  to  prefer 
0  to  1  or  1  to  0 :  nevertheless,  there  exists  no  doubt  that  this  series 
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represents  half  a  unit.  And  in  many  different  "ways  (some  of  which  are 
shown  in  page  571)  since  and  cos  oc  appear  in  formulse  which  can 
only  be  made  true  by  supposing  them  both  to  vanish.  It  must  also  be 
observed  that  every  instance  in  which  the  case  can  be  clearly  tried  by 
anything  resembling  an  d  priori  method  confirms  the  conclusion  that 
indeterminateness  of  value  is  to  be  removed  by  taking  the  mean  of  all 
the  results  between  which  the  doubt  arises.  Two  remarkable  classes  of 
instances  are  as  follows  : — 

1.  Take,  for  example,  a  +  ftj  +  ex*  +  aj^+ 6x*+ca:*+ •  •  •  •>  or 
(a+6x+cjr'):(l  —  J?").  This,  if  a+6+c=0,  becomes  0:0  when 
x=h  and  its  value  is  "-i(6  +  2c),  or  a+6-fc  — -K6+2c),  or 
I-  (3a+26+c),  the  mean  of  a,  a+6,  and  a+6+c.  Now  when  x=l, 
the  successive  summation  of  terms  of  the  series  gives  a,  a-h6,  a+^  +  c, 
a,  a+A,  tf+ft+c,  &c. 

2.  In  applying  Fourier's  theorem  (page  629)  to  discontinuous  func- 
tions, we  find  that  at  the  point  where  the  discontinuity  takes  place,  and 
a  function  which  generally  can  have  but  one  value  might  be  expected 
to  have  two,  it  takes  neither,  and  gives  only  the  mean  between  them. 

If  we  ask  for  the  mean  of  all  possible  values  of  sin  x  or  cos  x,  we 
find  0  in  both  cases,  since  every  positive  value  is  counterbalanced  by  a 
numerically  equal  negative  value.  This  affords  an  additional  confirma- 
tion of  the  general  principle.  But  it  would  not  be  safe  to  apply  this  to 
tan  X  or  sec  x,  &c.,  or  to  any  function  in  which  a  is  one  of  the  values. 

Unquestionably  the  clearest  way  of  considering  such  indeterminate 
results  is  to  make  them  the  limits  of  others  which  are  determinate  up  to 
the  limits,  whatever  they  may  be  at  the  limits.  Thus  1  — l+l— ...=J 
is  the  limit  of  1 — ar+x*— . . . .  =(14-j?)"*,  a  result  which  is  arithme- 
tically intelligible  whenever  x  is  (no  matter  how  little)  less  than  unity. 

It  must  not,  however,  be  dissembled  that  this  difficulty  still  remains, 
namely,  that  we  can  have  no  positive  proof  that  every  result  of  in- 
determinate form  will  give  the  same  value  whatever  may  be  the  function 
from  which  it  is  deduced  as  a  limit.     Thus,  though  we  can  show  from 

that  4  must  be  the  limit  of  a  — fcjr+ca?*— •  • .  •>  whatever  law  c,  6, 
c,  &c.  may  follow,  provided  they  approach  to  equality  when  x  approaches 
to  unity,  it  is  not  demonstrable  that  in  all  cases  sin  cc ,  considered  as  the 
limit  of,  say  f*fpx.coBx.dx,  (the  limit  of  4>x  being  unity,)  is  ==0. 
Difficulties  of  this  sort  must  occur  as  the  ideas  on  which  analysis  is 
founded  are  widened,  and  there  are  so  many  on  which  we  now  look  as 
completely  removed,  that  the  occurrence  of  new  ones  is  matter  of  hope 
and  not  of  discouragement.  In  the  mean  while  it  is  of  some  importance 
that  the  student  should,  at  the  proper  time,  be  made  aware  of  their  exis^ 
cnce. 

Those  of  the  continental  writers  who  reject  divergent  series  seem  to 
have  no  objection  to  retain  those  cases  which  separate  divergency  from 
convergency,  such  jis  1  - 14-1— . . . .  They  sometimes  express  them- 
selves as  being  willing  to  consider  this  series  as  being  1 — j;-h^— . . ., 
in  which  x  is  infinitely  little  less  than  unity.  But  this  principle,  taken 
alone,  would  seem  to  me  to  be  very  unsafe.  For  instance,  x  is  the  limit 
of  r^,X9  when  c  diminishes  without  limit.     However  small  c  may  be, 

2T 
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this  function  TaniBlies  when  x  is  infinite ;  it  must  he  said  to  do  the 
same,  then,  when  cis  infinitely  small.  Whence  x  itself  cannot  be  treated 
as  r^.Xy  c  being  infinitely  small :  and  were  it  not  for  what  we  know  of 
1  — x+x*— . . . .,  when  x  is  greater  than  unity,  I  am  inclined  to  aaaeit 
that  we  should  gain  nothing  by  the  fictitious  representation  of  1*+  i— 1 
4-  •  •  •  •  above  alluded  to. 

I  now  proceed  to  another  class  of  questions  depending  on  the  funda- 
mental integrals  in  page  605.  It  will  be  observeid  that  the  use  of  these 
has  been  avoided  in  pages  610,  &c.,  as  likely  to  lead  to  the  use  of  the 
unestablished  proposition  that  a  divergent*  series  vanishes  when  all  its 
terms  vanish.  If,  however,  we  have  a  series  of  the  form  A«4-AiCoajr 
+  •  •  •  -y  where  A«+ A|  +  •  •  •  •  is  itself  a  convergent  series,  we  may  than 
be  sure  that  multiplication  by  cos  mx  and  integration  from,  say  0  to  r, 
makes  the  whole  series  vanish,  with  the  single  exception  of  Uie  term 
Am/cos*  mx  dx.    Now  take  the  two  equations  (k  being  ^(—  1)) 

2 

which  may  be  easily  deduced,  as  in  page  244.  Let  oeo  and  jSo  be  any 
functions  which  from  xssO  to  ir=:ir  are  the  same  as  A«+AiCOSV^-Afl 
oob2v+  ....  and  Bisin  v+Ba sin 2v+ . .  • .  Multiply  the  first  equa- 
tion by  aor=  A^-h  • .  • ,  and  the  second  by  /3t7=sBi  sin  0+  •  •  • ,  and  integrate 
with  respect  to  v  from  17=0  to  v=:r.  Every  term  then  (page  605) 
vanishes,  except  those  which  are  retained  in  the  following  results, 
which  are  only  to  be  relied  on  when  the  series  are  convergent. 

=2A«  ft+ Ai  ^'a? A-l- A, ^"«  — -h . . . . 

2 

A* 

=Bi  ^'jT. A+B«f  « ";r  +  . . .  • 

Fkt)m  which  may  easily  be  deduced  (pages  242-3),  making  ^  (x-h  Ac^*^ 
=y:fe„  and  a  lying  between  —1  and  +I9 

a    f"  (V,— V».)  sm  rrf©  ,       ^  ^ 

»^J«   l-2acosi;-ha«  y\  ^     f     r  \^h 

Make  a=:0  in  the  first,  which  gives  T"*/(V,-f  V_)  di?=2fl^«,  aubtiact 
the  half  of  this  from  the  first  equation  itself,  which  gives 

*  Poitflon  (Jo.  Ec  Pol.,  torn.  zii.  p.  484)  has  made  the  enoxa  which  may  ariae 
from  such  use  of  divergency  an  argument  against  all  divergent  series.  There  were 
two  specific  reasons  why  his  particular  use  of  divergent  senes  should  have  there  led 
to  error:  the  first  noted  in  the  text  ahove^  the  second  that  pievioittly  meatioBed  in 
page  631  of  this  work. 
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(V,+V^)rfp    _2T0(j?+Ag) 
,1— 2aco8r+a«^       1— a«       ^^^* 

L«t  ^sTdf,  and  make  jr=0  in  the  result, 

COB  cv .  dv  ir(«* 


j: 


r. 


^1— 2aco8t;+rf      !-«•* 

Tlu8  equation  is  only  true  when  c  is  a  positive  whole  number,  for  it  is 
only  in  that  case  that  (x+h^y  can  be  expressed  in  integer  powers  of 
€^  when  xi=iO, 

Let  0j?=6",  then  V.+V_^=€"-»^.~"2co8  (cAsinv)  and  V,-V^ 
s^^*****^* 2A  sin  (cA sine).  Make  xr=0,  A=l,  which  affects  neither 
the  convergency  of  the  series  nor  the  generality  of  the  result,  and  we 
have,  from  (3)  and  (2), 

l-a«r'g'«»'cos(c8int?)cf©     _ 
*    J  0     1— 2acost;+a' 

2a  p*  «•  **  •  sin  (c,sin  v)  sin  v  dv^ 
» J  0         l  —  2aco8t;+a*       "" 

Now  (1— a'):(l-2acosi;+a^)=l+2aco8v+2a*cos2v+....  and 
a  sin  V :  (1 — 2a  cos  t;+ a*)  =ra  sin  v + (t^  sin  21^4- .  • . . :  expand  both  equar 
tions  in  powers  of  a^  and  equate  the  corresponding  terms,  which  gives  (n 
being  integer) 

2  ^ 

-Jl^*^"  cos  (c  sin  t?)  COB  nv  dv 

2  /** 

s=:-  /j  €•*"•  sin  (c  sin  v)  sin  n©  dvss-—^ ; 

except  only  when  7i=0,  in  which  case  the  first  integral  =:2,  and  the 
second  =0.  These  may  be  easily  verified  by  d£&rentiation  with 
respect  to  c. 

The  following  result  is  obvious, /jj  (cos  rMf+i^C—l)  sin  tup)  da:=0, 
where  n  is  any  integer,  positive  or  negative:  but  when  n=:0,  we  ob- 
viously have  2ir  for  the  mtegral.  Making  ^=^(—1)  as  before,  we 
have  then  (2t)"'J'±J  s*^  dxia  0  when  n  is  any  integer,  and  1  when  n 
is  nothing.  The  following  theorems  are  then  obviously  true,  whenever 
the  series  which  must  be  employed  in  producing  them  are  convergent. 

V/i* («+«*•) d*=*«.     ^/l:*(a+«*0.r-*-(i*=;    *^'^'' 


ftnd  all  these  theorems  may  be  altered  in  form  by  turning  ftl<t>tds 
into  /j{0JP+0(— *)}d».  Again,  if  0x=Ao-l-Ai«+ •• .  •>  and  if 
Yrxs=Bo+Bi «+ . . . .,  we  have 

^  /J::^ys-*'Ar=s A^Bo+A|  B,+ A, B,+ . . . . 

2T2 
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A,+A,    "'■••••~~2t   I       i_5-*«»     *• — A,+  ...—  I      Y+g-'^ 


A,     A.+,+ 2,J_      IJ 


dx 


Letx*=A«+AiJ?+-..M  and  developcytf-*'x(^/*^-^"*'='^- 
We  have  then 


V=A,Y''fi^*'.fi^*'+Ax  v^£-*'/g-*'+ A.v^'r*'  (/r^«6*'+ 


whence,  remembering  that  jx^r*'  .f^  dx  from  —  r  to  +»,  and  divided 
by  2w,  gives  the  value  of  x*"^a::2.3. . .  .n  when  j:=0,  and  that  — n 
written  for  n  would  give  0,  we  find 

^/±:  VAr= A.  (v/*/r) + A.f^  {f',  (/r)'}) 

parentheses  denoting  that  x  is  made  =0  after  differentiation.  Let  crx 
be  a  flinction  which  has  one  root  =0,  and  write  xifsx  forfx.  It  then 
appears,  from  Burmann's  theorem,  page  305,  that  if  A|=:  1,  As=i,  Aa=|^, 
&c.,  the  preceding  series  is  nothing  but  the  value  of  Y^jt — Y^  for  that 
value  of «  which  gives  <7X=1,  or  solves  the  equation  x=:fx.  But  x<' 
being  now  x+^ji^+  ....  is  — log  (1  —or),  whence  we  find  that,  a  being 
some  one  of  the  roots  of  x:=:fxy  the  following  equation  is  true, 

fa^yf^O^  -i-  flz  {V^r^'log  (1  -«*'/6-*')}  r*'  dx. 
Let  x— /r:^^*,  whence  I  --6*'/€~*'=fi*'^s^',  whence  we  find  that 

—  ^/i;yr^log(g*'0e-'').r-*'(ir=Y'a-yo. 

The  theorem*  noted  in  page  328  may  be  now  proved  in  an  extended 
form,  and  without  the  objection  there  advanced.  It  is  clear  that  the 
mode  of  developing  log  (c^^s'**)  assumed  in  the  theorem  is  as  follows. 
The  function  ^x  entered  in  the  form  x — fx  and  1  —  x~^fx  was  to  have 
the  logarithm  developed  into  — 3?~*/x  —  i*~*(y3F)* — •...,  without 
any  process  which  can  introduce  the  series  which  made  the  difficulty  in 
page  327.  This  being  done,  the  function  to  be  integrated  amounts  to 
writing  r^'  for  x  in  —  Y^'j?log(0j;:  J7).<r,  which  being  done,  and  the 
integration  and  division  made,  all  the  terms  arising  from  powers  of  x 

*■  The  first  case  of  this  theorem  (namely,  where  -^x^^x)  was  |pfai  by  Pazveval, 
(Sav.  £tr.,  vol.  i.  p.  570,)  in  1805,  and  the  definite  integral  just  gi^en  was  foond  by 
Poisson,  (Jo.  £c.  PoL,  vol.  zii.  p.  497.)  Mr.  Murphy  found  the  whole  theorem^ 
independently,  (Gamb.  Phil.  Trans.,  vol  tv.  p.  125,)  and  has  used  it  to  an  extent 
which  was  not  contemplated  either  .by  Parseval  or  Poisson,  the  latter  of  whom,  it 
may  t>e  noticed,  though  he  deduced  the  integral,  either  did  not  see,  or  set  no  ?alue 
no,  the  deduction.  , 
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must  vanisliy  leaving  only  the  coefficient  of  af^  or  the  coefficient  of  sr^  in 
the  deyelopment  of  —y^x  log  (0jp  ;  x) . 

If  we  meke  V,=Y/r^x(^/^')«*'^f  we  find  in  the  same  manner 


+Tfe  (^  !'f''W))+ (V.). 

None  of  these  theorems  are  altered  hy  changing  k  into  — A;,  and  if  this 
alteration  change  V  into  W,  we  easily  find  that  Ji;  Ydx=^fl  (V+ W)  cfcr, 
a  result  in  which  k  wiU  not  appear.  And  thus  we  may  in  many 
different  ways  find  definite  integrals  which  shall  express  given  series. 
Choose  forms  for  "^x  and^,  and  let  the  series  in  (V)  then  become 
A1O1  + AtOa+iAaOa+ . . . .,  in  which  O^,  Oa,  &c.  are  known.  We 
then  find  a  definite  integral  for  Bi+Bs+  •  •  •  •*  by  making  A|=:Bi07*, 
At^Bfl^'y  &c.,  provided  we  can  find  a  finite  form  for  AiX-\'Atx'^ 
+  ••-••  or  x^ — ^ot  when  Ai,  At»  &c.  are  thus  assigned. 

Let/j'ssl+x,  yjfx^x,  we  then  find 

^/;{xO  +  «*')-^'+xa  +  €"'0s^}rf^=A,+2A.+3A.+  .... 

For  many  curious  applications  of  the  theorem  deduced  from  (V),  the 
advanced  student  is  referred  to  Mr.  Murphy's  paper  already  cited. 
Much  more  might  be  said  on  the  subject  of  integrals  of  the  preceding 
form,  but  the  object  of  this  work  is  fiilfiUed,  so  fiu*  as  they  are  con- 
cerned, when  attention  has  been  called  to  their  leading  properties. 

The  student  can  hardly  fail  to  have  noticed  the  manner  in  which 
f<pv,g"*dv  preponderates  in  importance  Qver  other  forms,  and  par- 
ticularly when  the  limits  are  0  and  cc.  In  any  case  the  result  must  be 
a  function  of  x  which  diminishes  without  limit  as  x  increases  without 
limit ;  and  such  functions  can  frequently  (not  always,  witness  x€~^)  be 
expanded  in  negative  powers  of  x.  Let  4>x  be  such  a  function,  namely, 
of  the  form  Ajr*+Bj:"*+  ,  • . .  :  required  ^,  so  that  f^<t)V  6"*'di;=*«. 
Take  the  equation /J*yr"^'~*^*f/r=*y :  (a?— y),  supposing  j!>y  and 
V  the  only  variable. 

If  then  we  write  this  as  follows, 

—  — -   "T  W        T  •  •  •  •, 

y        3^ 

together  with  a  series  of  positive  powers  of  y.  If  then  we  esqpand 
*y.€^  in  positive  and  negative  powers  of  y,  and  if  we  assume*  the 
identity  of  the  two  sides  of  the  equation,  we  see  that  if  <fn)  he  the 
coefficient  of  y"*  in  ^ys**,  we  have  f<fv,^'^dv^^x  as  required. 
Thus,  if  for  *j?  we  take  j?"",  n  being  integer,  we  find  y^fi**  has 
t^*"' :  (2.3. . .  .71—1)  for  the  coefficient  of  y~S  whence  /J^  i;""*r^dt? 
=2«d . .  • .  (n— 1)  jc~",  as  is  well  known. 

*  This  assumption  is  by  no  me&ns  a  satisCEtctory  one ;  see  page  327. 
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If  ^  can  be  developed  into  A«+ Aio4-Ati^+. . . .,  we  have 

and,  by  parts, 

provided  0'w"**,  ^"vc"**,  &c.  vanish  when  i?=  oc .  We  have  thus  means 
of  representing  in  a  finite  form  many  infinite  series  of  the  most  divergent 
character.     For  example,  let  0v=z(l  +9)"^  which  gives 


j: 


r"'dv_\       1.2       2-3     2.3.4 

^    l+t>    *"«         JJ*         JC"  JF*  ••• 


The  operation  by  which  we  pass  from  jc^  dv  to  /^  €~"rfr,  between 
the  same  limits,  can  be  represented  as  follows.  Let  0t;=Ag4-AA« 
+  ••..,  which  gives 

s=  A«  /c"*"  rft>— Ai  —  /«"^  <fi7+  •  •  •  • ; 

whence,  D  standing  for  differentiation  with  respect  to  j*,  Ao — AiD 
+AtD*— . . . .,  or  0(— D)  is  the  operation  performed  on  fe'^dvy  so 
that 

/0rc"^d»==0(— D)./c"*di?=s01og(  r-— j./c~*'ite. 

»  • 

Now  01og(l  +  A)  can  be  developed  in  powers  of  A  by  Maclaurin*s 
theorem,  or  as  follows.  Since  0x=e*^^  is  the  representation  of 
Maclaurin's  theorem  in  the  calculus  of  operations,  we  have,  putting 
log(l+j?)  for  », 

01og  (1 +«)=(!+*)'' 0O=0O+D^.j?+D(D-1)^^  + ; 

which,  performing  the  operations,  gives 

^log  (l+a:)=^+^'0.«+(^"0-^'0)  y 

+ (^'0-80*0 + 2^0)  :^„+ . . . . 
And,  similarly,  writing  --log(l+a?)  for  j,  we  have 

01og(j^)=0O-0'O.ar+(0"O+0'O)  y 

Substituting  A  for  :r,  and  taking  fe"^  dv  from  0  to  oc, 

/.  00  €--•  (£r==^ -0'O  A  - +1— ^!^^^  A'-- . . . . 

tJf  X  JO  sc 
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This  series  must  be  the  preceding  series  (1)  in  a  different  form,  and 
from  it  we  therefore  learn  that  if  A^,.  represent  the  sum  of  the  products 
of  every  selection  of  m  numbers  out  (^  1,  2»  3,. .  •  .n. 


" r  •         111     •   r  t         t  rti   i    •  •  •  • 


0^+'      [jp,«+w]      [x,ap+7i+I]      [jr,j?+n  +  2] 

I  now  proceed  to  some  modes  of  calculating  definite  integrals  by 
series.  Integrals  of  the  form  /"qCos  (x"+aj:*"*  +...,)  rfx  (sometimes 
called  Fresnel's  integrals)  are  useful  in  optical  researches.  If  we  call 
this  /  cos  0x .  dx^  and  if  we  take  two  near  limits,  a  and  a+  h^  we  have* 

/;^* cos  ^r.d*=/J cos ^ (a+x).dj?=J'{ cos {^a+^'a. or} dj?,  nearly, 
since  x  is  always  small.    This  gives 

/!+*  cos  ^  ds=:-r  {sin  (^a+ f 'a.  A)  —  sin  ^a},  nearly. 

Thus,  by  proceeding  from  0  to  A»  A  to  2A,  &c.,  we  might  approxi- 
mate to  ffooB<px,dXy  provided  (j/x  vanishes  nowhere  between  :r=:0  and 
xr^nA.     But  a  better  approximation  would  be  obtained  by  writing 

/;'*"*cos^(ir  in  theform  /IJlcos^f  a+--|-j?  jcfcr,    • 

vehich  gives,  proceeding  as  above,  and  making  a+J^A=/i, 

/:+*  cos  <t>x  ^-^  {w»  Uh^ + *V  2)  """^  v'*  "■  ''''^  2)} 

^__^2  cos ^^ .sin  (J ^/4 . A) 

This  method,  though  of  an  enticing  appeanmce,  is  not  veiy  safe,  and 
is  not  in  reality  correct  to  more  than  terms  of  the  second  order,  as  the 
following,  whidi  is  preferable,  will  show.  Take  <P(a+^+x)^  or 
0  (/*+x)=:0/i+0'/i.x+  • . .  •,  and  integrate  from  x=:  —  jA  to  a;=+§A, 
which  gives 

for  0r  write  cos  0v,  and  we  have 

J'j+*  cos  (fa  .dxrz cos  (/>fi,h^  (cos  0/i  (<^'/i)*+ sin  ^/i .  0'V)  olTk  +  •  •  •  • 

If  we  now  expand  sin  (J^0V*^)  ^^  ^^^  preceding  result,  we  shall  find 
in  it  the  term  depending  on  cos0f(  and  on  co8  0/Di.(0^/i)',  hut  that 
depending  on  bin  ^ji,^"fA  will  be  missing.  Two  terms  of  this  latter 
series,  therefore,  will  be  more  correct  than  the  method  which  preceded  it. 

If  the  limits  be  0  and  cc ,  a  convei^ent  series  may  be  obtained  as 

*  See  the  Cambridge  Mathematical  Jonrnal,  toI.  ii.  p.  81. 
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follows,  whenever  ^x  ia  a,  rational  and  integral  function  of  d?.  Let 
<J)j:=ai*+  6x*~*+ .  • . . ,  we  have  then 

cos  <J)j?:=co8  ajf  { 1 — J  (6jf '  -+-..•  .)*+  • .  • . } 

— Binoj^Uftar  »+....) — h 1; 

which,  arranged  in  powers  of  jt,  shows  that  the  result  contains  two  series, 
arising  from  terms  of  the  form  A/cosojif  .jc^dr,  and  A/sincu^.j^dx. 
Now,  from  the  result  in  page  631,  we  have 

r-         ^  -»j       1   -£±i'     p  +  1      ^/;>+n 

\icoaaa^.ofdx=i-a    "  cos^— — icTX- ), 

•'•  n  2n  \   n  J 

r-  •       «  ^^   -1  -—  •   P+1      T./^P+l^ 
IftSmofl?  .oj'^ar  =-o    "  sm  S- — t.F    *^ !• 

•'^  n  2tt  V   y*   / 

For  instance,  let  <f>x=aj:^+^»  ^PP^y  ^^^^e  formulae,  and  we  have 

^•^•coaiT.ri      A»6*cosiir.ri 


2  2.3.4 

S/J^sin  flo?*  sin  6x  dx^ih*  6  sin  -J-  ir .  F 
h"  b*  sin  ^T.r  +     A«  6»  sin  it.T2 


S 
T 


2.3  2.3.4.5 


By  subtraction,  using  the  properties  of  the  function  F,  we  have 
/:co.(a^+6^)rf^=3F5Cos-  |l+-  — +-  -  2.3.4.5.6+"- 

"S^s'^^'^'e  I     "^8  2.3.4"^3  3  2.3. .  .e.T**"-- 'r 

This  series  might  be  more  briefly  and  symmetrically  deduced,  as  fol- 
lows. Let  it  be  required  to  find  jj  6- «^-**"  dr.  We  easily  throw 
this  into  the  form 

Now  jr6-«"JJ^dx=t— ITr^'j?-  -     dxr:  — a    *  F(  ^  ); 

•"  m  •'  m  \    m    / 

whence,  a  "*  being  A,  the  required  integral  becomes 

Mr  ^    A    f"""*"^  ^"^'^    r^"""^^  ^'"^'^'    F^"^^ ^"""^  I  ,.  \ 
m  I     wi*  ml  m       1.2  m     1*2.3     •*•]• 

For  a  and  6  write  aV(  —  1)  and  6V("~1)>  which  gives 


=a 
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0  being  an  odd  multiple  of  ir»  to  be  determined.  Let  A  be  as  before, 
and  we  have,  equating  the  possible  and  impossible  parts  of  the  integral^ 
and  dividing  the  latter  by  — VC""!)* 

/rcos(aar+&ar)(f^=—  |r  —  cos-!^  A-r^^ 
•'•  m    I     m        2m  m 

n—m  + lA"+»*  .^2n+l        2  (n-m)  +  l     A^'+'A"  1 

cos — ^-__+r cos ^-T-:; — \ 

2m  1  m  2m  1.2  3 


1     C      1  & 

Ji5»8m(ai:*+ftj')cir=—  -^T— sin-— A— T 


n+l 


.    n-m+1  «A"+»6  .  „2n+l    .     2  (n-m)  +  l     A*'+»6« 

nn — e—i \-T —  sm  ^  0 

2m  1  m  2m  1.2 


} 


The  value  of  6  is  found  to  be  t,  by  making  6=0,  and  comparing  the 
result  with  the  formula  already  obtained  for  fcoaojT.dx.  If  m2=3, 
n=  1,  we  find 

J;coB(ar»+&J?)<ir=-co8  -  jrg.A-r-  y 

4     A^y  5      h^b*  1 

■*"^  8  1.2.3        3  1.2.3.4"^""  ) 

/;8in(aa:»+6x)<fx=-  sin  ^  l^3-^"*'^3  X 

4    A*6»  1      1  (AV         A'ft'  1 

■^     8  IXS ■*■•'••)      3  I  2    "^2.3. 4.5"'"  •'••/• 

Tke  series  last  subtracted,  written  at  greater  length  to  show  its  law,  is 

1   {^        Wb'  l.2k*bl       1.2. 3  A"  6"  \ 

3  I    2     '*"2.3.4,5  ■'■2.3....8"*'2.3....12^ '*"r 

The  last  forms  are  more  symmetrical,  but  the  preceding  ones  are  fitter 
for  calculation. 

The  series  at  which  we  arrive  in  the  valuation  of  definite  iuteg^s  are 
frequently  of  the  kind  considered  in  page  226,  which  have  terms  alter- 
nately positive  and  negative,  and  diminishing  for  a  while,  after  which  they 
increase.  This  very  remarkable  class  of  series  has  the  property  which  is 
shown*  in  the  page  cited  whenever  Maclaurin*s  or  Taylor's  theorem  can 
be  applied,  namely,  that  the  successive  approximations  derived  from  the 
use  of  the  converging  terms  are  as  good  approximations  as  if  the  terms 
continued  to  diminish  ad  infinitum,  notwithstanding  the   subsequent 

*  I>r.  Peacock  refers  to  a  proof  by  Erchinger,  cited  in  Schrader's  Commentatio,  &&, 
as  relating  only  to  some  largeclassesofseriee,  the  chief  of  which  la  the  well-known 
deTelojpment  or  a^,  in  terms  of  diff.  co.  of  fx.  Such  a  proof  is  furnished  by  the 
formula  in  page  624,  as  there  given.  I  presume  from  this  reference  that  Dr.  Pea- 
cock would  imply  that  he  has  never  met  with  a  general  proof,  which  is  sufficient 
apology  for  my  not  making  any  search  after  one. 
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divergency.  This  property  is  proved  in  page  226  to  belong  to  every 
developmeDt  of  a  function  of  x  which  is  made  by  Maclaurin*8  theorem, 
as  long  as  the  diff.  co.  of  that  function  retain  the  sign  which  they  have 
when  4?s0,  but  I  am  not  aware  that  a  perfectly  general  proof  has  been 
given.  It  will  require  some  examination  to  point  out  the  cases  in  whidi 
this  theorem  is  certainly  true,  and  those  in  which,  till  proof  is  given,  it 
may  be  imagined  to  be  sometimes  false. 

Let  0x  be  a  function  which  is  positive  from  x=:ato  jr=oc«and 
diminishing  from  x=:a  to  <r=a+ib.  Let  Y'X  be  the  algebraical  expres- 
sion from  which  ^j?— 0  (j?+1)+^(x-|-2)— ..  •.  is  developed,  and 
which  must  therefore  satisfy  fx-^-f  {x-k-  l)=:0jr.    We  have  then 

ya=0a— 0(a+l)+0(a+2)-0(a+d)+.... 

Now,  according  to  the  theorem  Y'a<0a>0a  —0  (a+ l)i  &c.    But 

which  requires  that  ya,  f  (a+ 1),  ^^  (a-f  2),  &c.  should  be  positive.  The 
rest  of  the  theorem,  however,  may  be  made  to  follow  as  soon  as  it  is 
proved  that  yjra  is  necessarily  less  than  0a. 

I  see  no  prospect  of  a  general  proof  of  this  theorem,  and  I  think  the 
following  consideration,  while  it  establishes  it  in  ordinary  cases,  may 
throw  a  doubt  upon  others.  As  long  as  0 x  is  positive,  yffx+f^x+l) 
must  be  positive :  if,  then,  0x  be  always  positive,  which  is  the  case 
supposed  in  the  series,  yjfx  can  never  continue  negative  through  a  whole 
unit  of  variation  of  x,  since  in  that  case  Yf<r+y  (d?+ 1)  would  have  nega- 
tive values.  Hence,  if  "^x  ever  become  0  or  a,  and  change  sign, 
becoming  negative,  there  must  be  such  another  circumstance  for  a  value 
of  X,  not  differing  by  a  unit  from  the  former  value.  Consequently  the 
theorem  may  be  positively  asserted  whenever  '^x  is  a  function  such  that 
yj^x+fix+l)  is  always  positive,  "^x  having  no  pairs  of  vanishing  or 
infinite  values  corresponding  to  values  of  x  which  differ  by  less  thui  a 
unit. 

Take  as  an  instance  the  series  jr*—Tur*^+n(n+l)jr"*^ — ..,. 
We  may  easily  show  that  this  series  is  ^/c~'dr*<ir,  from  x  to  a,  so 
that 

F«  ^  r^"'^'  -^^  _r(n+l)   .r(;i+2) 

J.   ^    ""^^     — ;?+r-+    ^^     -•••• 

Let  rn.a^=0n,  and  the  preceding  becomes  0n — 0(n+I)+.. .. 
The  right-hand  side  has  no  finite  roots  at  all,  whence  the  Uieorem  ia  eer- 
tainly  true  of  the  preceding  series,  and  if  «  be  considerable,  a  few  terms 
will  give  a  good  approximation  to  the  value  of  the  integral.  Thua  we 
have  the  remarkable  relation 

— ^,  or  J    ^Yqp^==l--n+n(n+l)-n(n+l)(n+2)+,,, 

which,  when  n=l,  has  been  found  =*  596347362324,  lying,  as  might 
have  been  expected,  between  1  and  1  —  1. 

Divergent  series  of  this  hyperffeometrical  character  (such  has  been 
the  term  given  by  Euler)  may  generally  be  immediately  reduced  to 
definite  integrals.    Thus 
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1-1. 2+1. 2.3.4-....  =J7e-dj—J7e-'j*di?+.-.=  f  — 
the  yalue  of  which  is  '621449624236 ;  and 


or" 


1— 1.2.8+1.2.3.4.5— ...•=:/j£-(j5—jj»+....)=  j    — 


■*arcir 


the  Talue  of  which  is  ■  343279002556.  It  is  singular  that  the  rallies  of 
these  aeries,  such  aa  are  derived  from  the  equivalent  definite  integrals, 
may  be  obtained  fnm  the  divergent  terie*  tlienuelve*  by  continued  ap- 
plicatioos  of  Hntton's  method,  page  557.    Generally 

[m,nJ-[«,»+*]+[m,n+2*]-..,.s=|^/r£-^{«"— jr+*+... .  } 

—  n^dx 


rmj,  H 


n — fit  and  k  being  whole  number?. 

I  shall  give  one  more  instance  of  the  way  of  reducing  factorial  series  to 
definite  integrals.     Let  the  series  be 

a  ja+b)     (g+fe)(a+2&)        (a+26)(a+36) 

Let  a :  6=rm,  a :  i^s/i,  and 

_ 6^  Jm(m+1)  ^(m+l)(m+2)  1 

•*^/J«  l,i(;i+l)   -0*+l)0i  +  2)  *■*■••••/• 

Multiply  both  sides  by  a/*^\  and  di£ferentiate  twice,  observing,  that  in 
the  reverse  integration,  we  begin  from  j:=Oy 

-i^p-^=j.{«(m+l)ap^»±(fi.+l)(m+2)x^+...}. 

Multiply  by  d^^~^,  and  integrate  twice  from  x  =0, 

(/.^)..j^i^>}4(^.±."+....,=f.  ^: 

To  return  to  the  theorem  which  gave  rise  to  what  precedes :  a  proof 
of  it  may  be  given,  including  every  series  A^ — Ai+ At— . . . .,  in  which 
A99  2Ai,  2.3  At,  &c.  are  the  values  of  01,^^1,  ^''l,  &c.,  ^  being  a 
function  which  does  not  change  sign,  nor  any  of  its  diff.  co.,  from  «r=:0  to 
«s:l.    This  follows  from  Bernoulli's  theorem,  (page  168),  since 

from  which,  01,  0'1,  &c.  being  positive,  and  the  other  suppositions  just 
mentioned  being  made,  it  appears  that  the  error  arising  from  stopping 
at  any  term  is  of  the  sign  of  the  first  rejected  term,  which  is,  in  other 
wwdt,  precisely  the  theorem  to  be  proved.    Again,  from  the  tlieorem 
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we  may  easily  see,  that  if  0Vy  (t)'v^  &c.  be  alternately  positive  and  nega- 
tive when  v=0,  and  retain  their  signs  from  v=0  to  v=  cc»  the  same 
theorem  is  true  of  00+0^0+-  •  ••  But  the  preceding  requires  that 
<l>^*H.t'^  should  vanish  when  r=  oc,  for  all  values  of  n. 

This  theorem,  being  true  in  cases  so  extensive  as  those  of  page  226 
and  624,  and  those  obtained  in  the  present  chapter,  might  be  suspected 
to  be  universal,  and  is,  in  fact,  treated  as  such  by  some  writers.  I 
believe  it  would  be  impossible  to  find  an  instance  among  those  series  to 
which  it  has  been  applied,  in  which  it  is  not  true ;  but  it  must  be  re* 
membered  that  most,  if  not  all,,  of  these  are  cases  in  which 'y^jr,  a  function 
which  never  vanishes  for  any  positive  value  of  ar,  is  developed  into 
0x— 0  (x+l)+  -  •  •  •  >  and  in  such  cases  the  theorem  can  be  proved. 

It  may  not  here  be  out  of  place  to  give  what  is  perhaps  the  most 
direct  and  satisfactory  mode  of  assigning  the  remnant  of  the  series  in 
Taylor's  theorem.     We  obviously  have 

0  (a+A)=:0a+/j0'  (a+A)  dh; 
for  h  write  h^U  &nd  let  i  be  the  variable ; 

Successive  integrations  by  parts  then  give 

0(a+A)=0a+0'a.A+/J0"  ia-\-h—t).tdt 

and  BO  on :  whence  the  value  of  all  the  terms  after 

*«  a  — ^  i8  —i— /{^c+o  (o+A-0  .rdt. 

If  C  and  c  be  the  greatest  and  least  values  of  0^"+*^j?  between  x=a 
and  j:=a+A,  the  last  differential  must  lie  between  0^*'*'>^C.t"<f/ and 
0("+»>r.rrf^  whence  the  integral  must  lie  between  0^"+*^C.A"+»:(n+l) 
and  0^"+»^c.A-+^(n+l),  or  must  be  0^"+»>  (a  +  eA)A*^^:  (n+ 1), 
where  0  is  less  than  unity.  But  if  we  throw  the  integral  into  the  form 
^""''*/l0^""*'*^(a+AO.<"d^,  and  pursue  the  same  reasoning,  taking  0 
and  1  as  the  greatest  and  least  values  of  t,  it  is  found  that  all  the  terms 
after 

where  0  is  also  less  than  unity. 

I  now  proceed  to  consider  some  more  cases  in  which  definite  integrals 
are  expressed  by  series.  And  first  let  us  take  f^r^v^dv^  whi<£,  x 
being  positive,  is  always  finite.     This  is  easily  expanded  into  the  series 


n-fl      n+2     2(71+3)      2.3(7i+4) 


•  •  • 


in  which  C  is  to  be  determined.     If  ft  be  >  —  1,  we  may  make  jr=:0, 
and  the  first  side  becomes  F  (71+ 1 ),  or  C=r  (71+ 1).    And  the 
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on  the  second  side,  jc^"*"*  :  (n+ 1 )  — x*^ :  (  w+ 2)  +  &c.,  which  it  must  be 
observed  is  always  convergent,  does  not  increase  without  limit  as  x 
increases,  but  approaches  the  limit  F  (n+1)  ;  for  the  first  side  must 
=:0  when  jr=oc.  All  this  might  be  proved  by  calculation*  in  any 
particular  case,  the  restriction  being  — 1  (n)x,  and  x  being  anything 
whatever,  positive  or  negative.  But  let  us  now  suppose  n=  — 1,  in 
which  case  x  must  be  >0.     We  have  then 


x 


— =C-log.r+^--+— -^-^+ 


in  which  C  cannot  be  determined  by  the  same  mode.  A  very  simple 
process,  however,  will  do  what  is  required.  When  n>  —  1,  we  have, 
by  the  preceding  series, 

/:c-v-dv=r(n+l) — -— + T- 


•  •  • 


When  n=  — 1,  the  third  term  is  log  a?,  the  fourth  term  is  x,  Ac,  so 
that  it  only  remains  to  find  the  limit  of  the  two  first  terms.  Now 
(Chapter  IX.) 

zTz-'\        r(l+«)-l 
ra;— ar    ,  or ,  or r— 

z  z 

is  r'l,  or  — y,  (page  580,)  when  5r=0.  Hence  we  have,t  in  the  last 
series,  C  =  — y.  Now,  let  n  be  a  negative  fraction,  and  <  — 1,  say 
n=  ^m-^kytn  being  a  whole  number,  and  h.  a  positive  fraction  less  than 
unity.     Integrating  by  parts,  we  have 

r  d"  -,-  i       1      _    + L_ I 

J.»-+*  l(»i+*-l)x-+»-'     •'"-(m+A-l)(m+A-2)..*W 

the  last  integral  of  which  falls  under  the  first  of  the  preceding  series. 
And  if  n  be  a  negative  whole  number,  and  < — 1,  take  m,  so  that  i^=:l, 
in  which  case  the  integral  here  obtained  will  fall  under  the  second  of  the 
preceding  series.  And  if  in  this  second  series  just  mentioned,  we  use  ax 
instead  of  x,  we  find 


f. 


-^  = -y-log  a»+a*-^^ +^^ - . . . . 


*  The  common  series  for  cos  x  and  sin  x  would  (if  the  study  of  analysis  were 
made  to  end  a  little  oftener  in  computation)  have  habituated  the  student  to 
series  of  this  class^  which  are  always  convergent  and  calculable,  and  which  do  not 
lose  that  character  by  the  increase  oi  x.    In  my  ^'Elements  of  Trigonometry* 
(page  99),  these  series  are  actually  verified  when  x=  10. 

t  These  integrals  have  been  fully  considered  by  two  excellent  Italian  analysts, 
Mascheroni  and  Bulone.  The  methods  by  which  they  have  contrived  to  do  witnout 
the  use  of  the  function  F  (which  was  not  so  well  known  then  as  now)  are,  though 
prolis,  very  isgenious  and  succeasful. 
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^^°  J--=J.— ^ 

which  introduces  no  way  of  making  the  function  int^ated  infinite,  and 
does  not  destroy  the  convergency  of  the  series :  for  a  write  a,^( — 1), 
equate  possible  and  impossible  parts  on  both  aides,  and  we  have,  since 
log  ox  becomes  logax+logji — 1), 

J'*"co8  ai;  rfi?  ,  a'j^       c^s^    ^ 

/'fSOiav.iv  _IogV(— 1)  a'a^         a*** 

Now  logV(— l)=(^+i)*V(— 1)»  '  ^ng  ■"y  integer;  but  from 
page  631  it  appears    that  we  must   make  /=0,  or  write  \^  fat 

logV(-l):V(-l). 

For  m  write  successively  —  m^(— 1)  and  +»»^( — 1),  which  gives  for 
the  two  integrals 

€— >^^-'>  r  -  y-log  am-log  {  *  V(-- 0} -an»  V(- 1) 


g'rn*      g'mV(-l) 


...) 


2.8« 

E«-VC-»)  f^-y^log  am-log4/(-  l)+am  4/(-  O 


+ 


For  log4/(— 1)  wite  Ji-^C— 1),  and  for  log(— ^(— 1))  write 
~^^tJ{ — l),''values  which  will  be  justified  by  subsequent  verificatian : 
add  and  divide  by  2;  subtract  and  divide  by  2fn^(— 1).  We  tiien 
have* 


J 


e      vdv      T 
,  ■    ,  =  -  sin  ma — (y +log  am)  cos  ma 


/m*a*       m*a^    ,  \      .         /"         m^if^  \ 

+COS  ma  (^-^ -——+....  J-smma  (^iiia-j-^+. ...  j 


CO     _«> 


do       v  I 


J'  >  ,^>  =?r- cos^«+---  (y+log  am)  sin  ma 
^m»+»*     2m  m    '        o      -^ 

(m*(]^  \     8in77ia/m*a*       m^a*    .  \ 

•^-2:^ +••••; —;;r  (,-^ -2XT«+ •••  •> 

Differentiate  the  second  of  these  with  respect  to  a,  and  it  will  give  the 
*  These  results  agree  with  those  of  Bidone>  obtained  by  another  "Tftwl 


cos  ma 
m 
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first  with  its  sign  changed,  m  it  should  do :  the  details  of  this  yerifica- 
tion  will  be  found  instructive. 

For  a  write  successively  — oV(  — 1)  ^^^  +a^(—l),  subtract  and 
add»  dividing  by  2  V(— 1)  *^^  2.     We  then  have 


f. 


sin  av .  vdv      r         1  £*"  —  £ 


/ 


*-27^^-2— '^^-^^-2^ 


•cOSOP.rf*  IT      £*•  +  €-*•      |.±    J ZfZ    ^^(-l)=J!^c■ 


.'"^+t?"  ^2m  2  Tm    2.2V(-1)  2w» 

resulta  which  are  easily  deduced  from  those  in  page  577.    We  also 


have 


Jo  ^'+^"         2m     V      2.3«        y 


£**—£-*  /rn'o" 


2771 


(-2^  +2XP+  —  J 2  —  <r+»«8'»«) 


p-co8^^  =!r=Lr.  ('f»a+^.  + . . . . ") 
J  ,  m'+e*  2         V  2.3'  / 

2         V    2»       2.3.4*  y  2  '        ** 

Let  fn=ar:l,  and  remember  that,  by  common  expansion, 

/;«- dp :(!+»),    /rt-dt>:(l+t)»),    and/;£-iwf»:(l+«»), 

are  wjverally  Fl-r2+r3 ,  ri-FS+rS-. ....  and  r2-r4 

+r6— ;  BO  that  we  have 

1-1+1.2-1.2.3+  ■.•=«(-y+l— ^+0'~2X4«''"  "") 

1— 1.2+1.2.3.4— ...=co8lf~l+2y3i—-"j 

+«nl(y-^+2X4'~--") 
1—1.2.3+1.2.3.4.5-  ..  •  ="»  1  (J— 1 +2T3'~ ' ■  V 

-co.l^y-5;+2X4«~--'7' 

the  Taluei/*  of  which  have  been  given  in  pages  650,  651.    These  series 
may  also  be  expressed  as  follows : 

/"t-dw        (^%\avdv       poospdo 
.l+T'    J  .  1+"  '    J  .   1+"  ' 

*  There  5.  a  miipriat  (lin  for  cos)  in  two  places  in  Bidone,  which  might  lead  to 
•  wOToStioStCiltwae  w  error  in  reduction,  afifecting  the  .ub«quent  computed 
Sffi^Sr«imnrtipn.  howevsr.  I  find  that  the  leeult.  are  correct. 
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the  two  latter  of  wkich  may  be  shown  to  coincide  with  their  aeries  by 
expansion  of  (1+r)"*,  and  by  page  631.  Again,  if  v — 1  be  written  for 
V  in  the  two  last,  and  the  limits  changed  accordingly,  and  if  cos  (v — 1) 
be  written  cos  v.  cos  1  +8iB  t?  sin  1,  &c.,  the  second  side  of  the  preceding 
equations  may  be  obtained  by  taking  f  *  cos  vdviv  and  f^anvdviv 
from  the  series  in  page  654.  And  all  the  preceding  trigonometrical 
integrals,  as  well  as  the  case  in  which  m=a=  L  might  have  been  short- 
ened by  the  same  process :  but  the  preceding  is  valuable  as  an  instance 
of  the  legitimate  passage  from  possible  to  impossible  quantities. 

Various  other  ways  of  reducing  definite  integrals  to  series  might  be 
proposed,  but  in  the  preceding  will  be  found  enough  to  give  an  idea  of 
the  most  important  of  them.  I  have  now  given  a  sketch  of  the  principal 
methods  of  definite  integration,  meaning  by  a  method  anything  which 
applies  to  a  numerous  class  of  instances.  There  remain  yet  two 
particular  branches  of  the  subject  to  be  considered ;  first,  the  cases  in 
which,  owing  to  the  impossibility  of  expressing  a  general  integral,  its 
values  are  arranged  in  tables ;  secondly,  the  large  number  of  miscel- 
laneous definite  integrals  which  have  been  found,  each  as  it  could  be 
done,  and  out  of  which  it  may  be  advisable  to  make  a  small  selection. 

The  tabulated  integrals  with  which  it  is  most  necessary  that  the 
mathematician  should  be  familiar,  may  be  divided  into  those  which  are 
generally  useful,  and  those  which  have  been  computed  for  some  particu- 
lar purpose.  Of  the  latter,  it  will  merely  be  necessary  to  say  that  the 
student  who  reads  this  chapter  will  have  no  difficulty  in  mastering  any 
method  hitherto  proposed  in  works  on  mechanics,  optics,  &c.  for  the 
formation  of  a  table  of  any  definite  integral.  Of  the  former,  that  is,  of 
integrals  tabulated  for  general  use,  the  most  important  and  the  most 
accessible  are 

1.  Elliptic  integrals,  tabulated  by  Legendre. 

2.  fle-f*dt,  tabulated  by  Kramp. 

3.  Fj,  or  flt~*tf~^  dx^  tabulated  by  Legendre. 

4.  Logarithmic  transcendents,  tabulated  by  Spence. 

5.  r^,  tabulated  by  Soldner. 

1.  The  subject  of  elliptic  integrals,  if  entered  into  to  the  extent  neces- 
sary to  explain  methods  of  determining  their  values,  would  occupy  more 
space  than  we  have  to  give.  In  accordance,  then,  with  the  plan  pur- 
sued throughout  this  chapter,  which  is  to  enter  on  the  discussion  of  no 
integrals  except  those  of  which  the  actual  numerical  values  are  calcu- 
lated by  algebraical  formulae,  or  are  given  in  tables,  I  propose  only  to 
state  in  few  words  the  nature  of  these  functions,  with  references  to 
sources  of  information.  Important  as  elliptic  integrals  are  in  certain 
classes  of  problems,  and  numerous  as  have  been  the  properties  of  them 
which  have  been  investigated,  it  cannot  yet  be  said  that  either  these 
problems  or  methods  lie  so  close  to  the  grand  route  on  which  a  student's 
elementary  course  should  be  marked  out,  as  to  require  a  detailed  treatise 
on  them  to  be  inserted  here. 

An  integral  is  called  elliptic  when  it  has,  or  can  be  made  to  have,  the 
form  (Vdx :  QVR»  where  P  and  Q  are  rational  and  integral  functions  of 
Xy  ana  R  is  a  rational  and  integral  function  of  the  fourth  degree,  or  of 
the  form  o  +  6j+cj;«+i»a:»4-yap*.     And  it  is  shown  that  the  actual  calcii« 
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lation  of  all  such  integrals  is  attainable  as  soon  as  tables  of  the  following 
integraU  are  constructed, 

1  de 


l+«sin«eV(l-c»Bin*a)' 


r.W^i^y  /:V(i-c'Bin'fl).d.,j; 

in  which  c  is  less  than  unity,  and  a  does  not  exceed  }r.  These  are 
called  elliptic  functions  of  the  first,  second,  and  third  species :  extensive 
tables  of  the  first  two  kinds  have  been  given  by  Legendre,  with  methods 
of  approximating  to  the  values  of  functions  of  the  third  kind.* 


2.  The  values  of  f^s^^dtj  or  -  1  (log-)   dx    from  «=0 


to 


4?:=£^o*  may  be  calculated  from  pages  590-1,  and  the  following  is  an 
abridgment  of  Kramp'st  table.  But  it  must  be  noticed  that  the  most 
important  use  of  this  function  is  best  satisfied  by  tabulating 


jij /:.-*.  "i-;Jf|E^. 


of  which  any  value  may  easily  be  obtained  from  the  following,  the  value 
of  a  being  in  the  first  column,  and  that  of  f^e^t^dt  in  the  second  : 

•0097 
•0079 
•0064 
•0052 
•0041 
•0033 
•0026 
•0021 
•0017 
•0013 
•0010 
•0008 
0006 
•0005 
•0004 
•0003 
•0002 


*  The  newett  and  most  accessible  sources  of  infonnatioD  on  elliptic  functions  are 
as  follows.  Legendre,  Traits  det  Fonctioiu  Eliiptiquet,  2  vols.,  4to.,  1825  and  1826, 
with  three  supplements,  (1823,)  ia  which  the  subsequent  discoveries  of  Abel  and 
Jarobi  are  added.  Abel's  papers  were  orij^nally  scattered  through  Crelle's  journal, 
but  are  now  collected  in  the  edition  of  his  works,  2  vols.,  4to.,  Christianiu,  1839. 
JacobiV  work  is  Fundamenta  nova  Theori^g  Functionum  BUipiicarum,  Koni^ber}?, 


•00 

•8862 

•90 

•1800 

1-80 

•05 

•8363 

•95 

•1587 

P85 

•10 

•7866 

1^00 

•1394 

1^90 

•15 

•7373 

105 

•1219 

195 

•20 

•6889 

no 

•1062 

2^00 

•25 

•6413 

115 

•0921 

2-05 

•30 

•5950 

1-20 

•0795 

2-10 

•35 

•5500 

1-25 

•0683 

215 

•40 

•5066 

1-30 

•0585 

2-20 

•45 

•4648 

1-35 

•0498 

225 

•50 

•4249 

140 

•0423 

2-30 

•55 

•3870 

1-45 

•0357 

2-35 

•60 

•3511 

1-50 

•0300 

^2-40 

•65 

•3172 

155 

•0251 

2^45 

•70 

•2855 

160 

•0210 

2-50 

•75 

•2560 

165 

•0174 

2-55 

•80 

•2286 

1-70 

•0144 

2-60 

•85 

•2032 

1^75 

•0118 

Moseley' 
the  Encyclopffidia  Meuopolitana. 

f  Analym  det  JU/raetioru  Jtironomiquet,  Strasburg,  1799;  reprinted  in  the 
Kncyclopssdia  Metropolitana,  in  the  article  TTieury  of  Pt-obabilitiet*  In  the  latter 
article  is  found  the  Hecond  table  alluded  to  in  the  text,  as  also  in  the  treatise  on 
Probabilities  and  Life  Cuntinf^ncies  in  the  Cabinet  Cyclopaedia,  and  in  the  article 
on  the  sanis  subject  in  the  edition  now  pnblishlDg  of  the  Eneyclopasdia  Britanniea. 
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3.  On  the  fuDction  Tx  or  /*c~' v"'  cLr  enough  has  been  said,  and  a 
table  has  been  given  (pages  577 — 591.)  I  only  add  here  a  few  words 
on  thtfacuUies  of  numbers,  as  the  German  analysts  call  them,  all  the 
properties  of  which  are  really  included  in  those  of  Fx, 

The  use  of  the  term  powers  of  Xy  to  signify  xx,  xxx,  &c.,  suggested 
to  Kramp  the  application  of  the  kindred  term  faculties  of  jr,  to  denote 
X  (x+o),  X  (x+a)  (x4-2a),  &c.,  x  being  called  the  base  of  the  fieunilty, 
a  its  difference,  and  the  number  of  factors  its  exponent.  Others  have 
called  these  functions  factorials^  of  x.  Besides  the  notation  exemplified 
in  page  254,  the  following  has  also  been  used : 

(x,  +«)•=!,     (X,  +a)»=:x,     (X,  +a)«=x (x+a),  &c. 

(x,  +a)*=x(x4"a)(x+2a)..  ..(x+n— la). 

Many  properties  of  algebraical  functions  have  been  expressed  in, 
and  even  suggested  by,  these  notations;  and  the  extension  of  the 
system  to  faculties  or  factorials  with  fractional  or  negative  exponents 
has  been  made  in  several  different  ways,  ending  in  the  same  results. 
These  may  all  be  obtained  by  generalizing  the  equation 

(x,  +«)•,  or  x(x+a)..  ..(x+n— la)=a".  -f — 1-1  j.. .( — Hn— 1  j 


=a-r(f+»):r(f); 


a  result  which  admits  of  interpretation  when  n  is  fractional  or  negative. 
In  all  cases  the  notation 

x"**  or  (x,  +a)"  may  be  translated  by  a* j-:- — . 

Thus  rn=l»»-\  or  (1,  +1)-'. 

4.  The  logarithmic  transcendents  of  Spence  are  included  under  the 

formula 

•I*       ii*       J?* 
L-(l  +  x)=±x ± ± : 


the  first  of  which,  or  L  (1  +x),  is  obviously  log  (1  +x),  and  L*  (1  +x) 
=:(l+x)-*.     We  have  then 

L«(l  +  x)=  f-^,      I^(l+x)=  f  ~L'(l+r), 

L*(l+x)=  r-L«(l+r),&c. 
Into  the  theory  of  these  functions  the  authorf  has  entered  at  great 

*  This  term  was  suggested  by  Arbogast,  and  Kramp  himielf  sabecqneBtly 
adopted  it. 

t  William  Spence,  (bom  1777,  died  1815,)  of  Greenock,  was«  at  the  time  when 
he  first  studied,  one  of  the  very  few  men  in  Britain  who  acquiied  a  knowledge  of 
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length)  and  has  deduced  yalues  of  L'(l+^)  and  L'(l+dr)  for  integer 
▼alues  of  jr,  from  ar=0  to  j?=99.  He  has  also  investigated  the  pro- 
perties of 

Mr.  Spence  has  given  two  formulse,  by  which  x — 2~*  a^+S~*  jA—Slc^ 
or  the  function  from  which  it  is  developed,  can  be  calculated  when  diver- 
gent, by  means  of  the  case  in  which  it  is  convergent.  These  formulae 
are  as  follows :  let  «,=  I  —  2~"+ 3"*— . .  • . ,  and,  according  as  n  is  even 
or  odd,  we  have 

II.    (nodd)(x-|+^-....).(.-«-^+^-...)=: 

By  a  different  method,  which  is  simply  making  'use  of  the  remnant  of 
Taylor*s  theorem  as  given  in  page  652,  I  have  verified  these  formulae, 
and  found  others  analogous  to  them,  as  follows.  Let  S„=l  +2~"+3'~*' 
+  ••.•,  and  according  as  n  is  even  or  odd,  we  have 

III.  (neven)  (^+^  +-^+ . . .)  +('-'+^  +^+  •  •  •)= 

2^S.+  S._.  — ^  +  S^  -2XT+  •  •  •  +  ^  2.8...n-2y'  "TITT:^ 

IV.  (nodd)  (^x+_ +-+... j-(^^'+— +  —  +... j= 

By  the  same  method  the  following  are  also  found,  Q.  and  q,  represent- 
ing l+3-*+5-^+... .  and  1— 3"*+5'^— .. .. 

When  n  is  even  (using  Q«,  Q_«,  &c.,  and  ^..i,  g..^  &c.) 

the  works  of  the  continental  mathematicians.  His  essay  on  the  varions  orders  of 
logarithmic  transcendents  would  have  made  his  name  hetter  known  if  its  suhject 
had  been  of  more  general  interest  to  mathematicians.  It  is  an  ori^nal  work,  full 
of  methods  which  any  inquirer  who  is  occupied  in  the  investigation  of  the 
samerical  values  of  integrals  would  do  well  to  consult  for  hints.  The  first  edition 
was  published  in  1809 ;  the  second  (edited  by  Sir  J.  Herschel,  with  numerous 
additions  from  Mr.  Spence's  papers)  was  printed  in  1820,  but,  owing  to  the  impres- 
sion being  almost  entirely  forwarded  to  the  publishers  in  Scotland,  ( Messrs. 
Oliver  and  Boyd,  Edinburgh,)  and  other  circumstances,  it  was  never  known  in 
Snffland  as  a  work  on  sale  till  the  year  1840,  and  was  always  spoken  of  as  a  book 

ofnie  greatest  tcaroeness. 
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VI.  (.-|+ . .  .)-(^'-^"+  ..)=2  {«.-.'"ir'+- •n.gS) 

When  n  is  odd,  (using  Q..|,  Q.-t,  &c.,  and  q„  9,.^  &c.)> 

VII.  (.+1+ . .  .)-(^+'^+ .  •)='{«"''»'+-+«-^5t 

vi„.  (,-|^ . .  .yi^-'i*  ..)=»{,.+...+„  i^si 

In  VI.  the  Buceessive  is  of  terms  having  9.,  g^.^ 

5.  The  integral  Jl  dx :  log  «,  or  — /^~'  <i^  :  U  fron»  <=  —  log  a  to 
f=:oc,  or  f^dtit^  from  t=  — oc  to  <=logff,  has  been  tabulated  by 
Soldner  in  the  first  of  the  preceding  forms,  and  is  the  key  to  so  large  a 
class  of  definite  integrals,  that  it  will  be  worth  while  to  discuss  it,  and  to 
add  the  table.  In  the  first  place,  observe  that  when  a>I,  the  subject 
integrated  becomes  infinite  between  the  limits  of  integration  (at  x=l); 
in  which  case  the  principal  value  (as  M.  Cauchy  calls  it,  page  633)  is  to 
be  taken,  or  the  limit  of  fl'^+f%»»  when  0  is  diminished  without  limit 
Soldner  uses  the  symbol  li.  a  (from  the  initial  letters  of  logarithm-integral) 
to  stand  for  fldx-Aof^x;  a  notation  which  I  propose  to  follow. 

From  the  second  form,  and  page  653,  we  have 

,.  1  f     €-*di  .     .  ,        ,  (logg)'      OoRo)' 

'^•a="J  ^^^— =r+logloga-loga+-^  "2:^  + 

which  applies  when  a>l.    By  expansion  we  have  (a>l) 

(log  «)*-»• . 


•  •  » 


-r. 


2* 


_=y+ioge    -e    +-2.- 


Add  these  together,  and  diminish  6  without  limit,  which  gives 

C       e-'dt  ,     ,         .,  (loga)«      (Log  ay 

h.a=r-J  ^^  ^_-=y+loglogfl+logo+5^^  +i^8LZ  +  .... 

Observe,  that  if  in  the  last  we  were  to  change  a  into  a'^\  the  last 
scries  would  differ  from  li.  /z~*  by  log  ( — 1),  the  correction  for  dis- 
continuity described  in  page  633.     Again,  as  in  page  262,  let 

{log(l+x)}-'=a?-»+V,+V,ar+V,j^+.... 

But  (page  593)  the  value  of  y  shows  that  li.  a^log  (1 — a)  approaches 
without  limit  to  7  as  a  approaches  to  unity,  and  the  same  of 
li.  (1  —  a)--loga^  when  a  diminishes  without  limit.     Hence  we  have 

U.(l-a)=y+loga-V.a+iV,a«-...  . 
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-y+oga     2      2  12      3  24      4  720      5  16o" 

Again,   li.  (l+«)- J^^  bi^)=^^'"-  °^  ^/-+/'^  -bi^)- 

The  first  integral  is  found  by  making  a=d  in  the  last  series,  and 
the  second  from  the  original  development,  which  gives  log  a — log^ 
+ Vi  (a-^)+i  V,  (a"-0')+ . . . . :  the  addition  of  which  gives  for  the 
limit 

l..(l+«)=r+loga+~  --  -  +-  ---  1^+.... 

The  coefficients,  as  g^ven  by  Soldner,  which  can  be  partly  verified 
from  page  262,  are  as  follows,  (a")  meaning  coefficient  of  a". 

Ill  19  3 

(a)=-,  (a-)=-,  (a-)=-,  (a*)^^^^^,  (a^)^^. 

.  ..    863    .  ,.  275 

^*^  362880'  ^^'^  169344' 

((^=1  -00116956705,  (o»)=  '00087695044 

(a**)  =  •  00067858493,  (a")=  *  00053855062 
(a'*)  =-00043807461. 

From  Taylor's  theorem, 

li.(a+*)=ili.a+, +  \f  -  -T+— ^V- -•T-Q+---- 

log  a     aa    2     ,  aa*    2.3 

A  particular  case  of  Burmann's  theorem  is  also  applied  by  Soldner, 
which  may  be  useful  in  other  cases ;  namely,  a  method  of  expanding 
F(a+j)  in  powers  of /(or +«)—/«=*.  If  we  assume  ¥(a+x) 
=A«  +  Aj*4-i  At**+  .. . .,  we  easily  deduce 

A,- Fa,     A»-^^,     A.-^^    ^^,     A.-^^    ^^,  &c. 

Let  FT=li.  JT,  /ir=logx,  we  have  then 

a  _(loga-l)a      .  _{(loga)*~21oga+2}  a 

^'■"i^a'    ^-     (log  a)-    '     '^""  (log  a)' 

A^i=o(loga)-^»  {(log a)--n  (loga)-*  +  n  (n- 1)  (logo)-"—. . . 

+n(n— 1). ...  1}. 

Let  log(a+x)— loga=y,  and  let  the  last  factor  of  A«,  all  but  its 
first  term,  be  +  (n  - 1)  B«.     We  have  then 

r  /     L  ^-r      _l    «    „  .  {loga-B,}gy'  .  {(loga)^+2B.}ay 

h.  (a+j)=:li.  a+t vH 2-_ -, — \.  —  r-^ h. .  •, 

^         ^  loga^  2(loga)*  2.3(loga)» 

or  since  y+^  -i^^^  ....  =s»^ (•+•>-»»••-  l-f-. 
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log  a      2  (log  d 


).  {«•■ 


3loga  "^3.4 (log a)' 


•  • 


}• 


where  B,=l,  B,=B,-loga,  34=23,+ Qog  a)",  3*=334-(loga)% 
and  80  on.  This  series  is  very  convergent  when  a  is  considerable  com- 
pared with  X. 

I  •      "^ /// 

Lastly,  take  the  equation  li.  — =—  I        — —  (a>l),  and  convert 

<*  J  lof«        * 

the  integral  into  a  continued  fraction,  as  in  page  591.     This  gives 

,.    1  _         1         1     (logg)-*  (logg)-'  2  (log ar>  2Qoga)'^ 
a         aloga  1+       1+  1+  1+  1  + 

One  or  other  of  these  methods  will  apply  in  every  case,  and  by 
them  the  following  table  was  constructed,  for  values  of  a  less  than 
unity. 


a. 

•00 

•01 

•02 

•03 

•04 

•05 

•06 

•07 

•08 

•09 

•10 

•11 

•12 

•13 

•14 

•15 

•16 

•17 

•18 

•19 

•20 

•21 

•22 

•23 

•24 

•25 

•26 

•27 

•28 

•29 

•30 

•31 

•32 

•33 


li.a.(— ). 

a. 

li.a.(— ). 

a. 

li.a,(  — ). 

•0000000 

•34 

•1925852 

-68 

• 7270254 

•0018297 

•35 

•2019321 

•69 

•7534596 

•0042052 

•36 

•2115883 

•70 

•7809469 

•0069137 

•37 

•2215106 

•71 

•8095577 

•0098954 

•38 

•2317064 

•72 

•8393700 

•0131194 

•39 

•2421833 

•73 

•8704701 

•0165667 

•40 

•2529494 

•74 

•9029543 

•0202248 

•41 

•2640133 

■75 

•9369300 

0240852 

•42 

•2753841 

■76 

•9725181 

•0281416 

•43 

•2870714 

'77 

1^0098548 

• 0323898 

•44 

• 2990852 

•78 

1^0490943 

•  0368267 

•45 

•3114326 

'79 

1 -0904128 

•0414502 

•46 

•3241357 

'80 

I -1340120 

•0462592 

•47 

•3371959 

'81 

1-1801246 

•0512530 

•48 

•3506294 

'82 

1^2290215 

•0564316 

•49 

•3644496 

•83 

1 •2810197 

•0617955 

•50 

•3786711 

84 

1 -3364941 

•0673455 

•51 

•3933088 

•85 

!• 3958924 

•0730829 

•52 

•4083791 

86 

1-4597547 

•0790093 

•53 

•4238992 

87 

1-5287419 

'0851265 

•54 

•4398875 

88 

1^ 6036733 

•0914368 

•55 

•4563637 

89 

1^ 6855829 

•0979426 

•56 

•4733487 

90 

1 • 7758007 

•  1046467 

•57 

•4908650 

91 

1-8760780 

'1115521 

•58 

•  5089366 

92 

1-9887871 

'1186621 

•59 

•  5275895 

93 

2- 1172535 

•1259803 

•60 

•5468515 

94 

2-2663481 

'1335104 

•61 

•5667522 

95 

2-4436226 

1412566 

•62 

•  5873242 

96 

2-6617277 

1492232 

•63 

•6086021 

97 

2-9443801 

1574149 

•64 

•6306240 

98 

8*3448241 

1658366 

•65 

•6534306 

99 

4-0329587 

1744935 

•66 

•6770666  1  r 

00 

infinite. 

1833911 

•67 

•7015805  1 
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When  a>l,  \i.a  continaes  negative  uutil  li.  1*4513692346,  which  is 
:0,  after  which  it  continues  positive.     Also 


li.  -Irr-O' 0323897896 
li.lO=     6- 1655995048 


li.«-»= -0-2193839344 
li.£    =     1-8951178164 


The  following  is  the  tahle  for  values  of  a  greater  than  unity : — 


a. 

li-a(+). 

1-0 

infinite. 

11 

1-6757728' 

1-2 

0-9337783 

1-3 

0-4801779 

1-4 

0- 1449911 

1-5 

0-1250650 

1-6 

0-3537475 

1-7 

0-5537438 

1-8 

0-7326370 

1-9 

0-8953266 

2-0 

1-0451638 

2-5 

1-6672946 

3 

2-1635889 

4 

2-9675853 

5 

3-6345880 

6 

4-2222224 

7 

4-7570508 

8 

5-2537182 

9 

6-7212387 

10 

6- 1655995 

11 

6*5919851 

12 

7-0005447 

13 

7-3965480 

14 

7  -  7808256 

15 

8-1548249 

16 

8-5197165 

a. 

17 
18 
19 
20 
22 
24 
26 
28 
30 
32 
34 
36 
38 
40 
45 
50 
55 
60 
65 
70 
75 
80 
90 
100 
110 
120 
130 


li.a(+). 

8-8764646 
9-2258743 
9-5686258 
9 • 9053000 
10-562353 
11-200316 
11-821734 
12-428628 
13*022632 
13-605092 
14177131 
14-739697 
15-293602 
15-839544 
17*173366 
18-468696 
19-731245 
20-965412 
22-174669 
23-361813 
24*529138 
25-678554 
27*929887 
30-126139 
32*275096 
34-382807 
36-454085 


a. 


li. 


140 

38- 

150 

40- 

160 

42- 

180 

46- 

200 

50- 

220 

53- 

240 

57- 

260 

61- 

280 

64- 

300 

68- 

320 

71* 

360 

78* 

400 

85- 

440 

92- 

480 

98- 

520 

105- 

.560 

111* 

600 

117- 

640 

123- 

720 

136- 

800 

148* 

880 

160- 

960 

171- 

1040 

183- 

1120 

194* 

1200 

206- 

1220 

217- 

-  492841 

•  502303 
•485178 

-  380020 
'192168 
•932872 
-610933 
-233401 
-806034 
-333612 
-820157 

683375 
•417888 
•040677 
•565102 
-00191 

*  35993 
-64651 

-  86784 
- 13526 
-19668 
•07861 

-  80200 
•38376 
•83783 
•17582 
•40761 


When  the.  numher  is  very  nearly  equal  to  1,  the  tahle  may  he  ahan- 
doned  in  favour  of  the  expressions  for  li.  (1— o)  and  li.  (l+o),  in  which 
a  will  then  he  very  small,  and  the  series  very  convergent  Also  the 
formula  for  li.  {a-^x)  must  he  used  instead  of  interpolation,  if  values  of 
li.  a  for  large  intermediate  values  of  a  are  required.  The  following 
integrals  (and  many  others  of  more  complicated  forms)  may  he  ohtained 
by  means  of  li.  x,  in  which  it  is  to  be  understood  that  the  integration 
is  indefinite,  requiring  to  be  taken  between  limits,  or  a  constant  to  be 
added,  as  may  be. 

Cf^c=\l  ar^\  or  r  ?^=li-  b^^'  -li.  «-»+* 
J  log'T  J.  log  J? 

, — 7 — -7-T  =— li.(a+6j:),     =li.  €*,     =h.r- 

Jlog(a+6*)       b      "^  J     ^  J      « 
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J -J — ^,- — =li.  logdr,  /  li./j:dx=itli. /i— -  I  ^      dx. 

I  now  come  to  those  isolated  instances  whicb  cannot  be  made  to  oome 
under  any  of  the  preceding  methods :  of  these  there  is  a  considerable 
number  existing  in  various  works,  out  of  which  a  selection  must  be 
made,  and  it  is  a  matter  of  no  little  difficulty  to  settle  what  parts  of  the 
voluminous  writings  on  definite  integrals  are  most  likely  to  be  useful  to 
the  student 

Having  applied  the  remarkable  property  of  cosines  and  sines  in  page 
291,  it  may  be  interesting  to  point  out  some  other  functions*  which 
have  an  analogous  property,  and  which  are  of  great  importance  in  some 
questions  of  physical  astronomy.  Let  M=r+Jx  (1 — «■)>  which  gives 
by  Lagrange's  Uieorem  (page  170) 

1  \    d  a^lcT  ^a^ 

«=,+-(i-x.)x+--(i-.-).-+-_(i-0-27s+-- 


•  •  • 


But  u:= +— (l+2zjr+j:*)*,  -^=(l  +  2zj+df')-*.  Let  the  last 

XX  '  dz 

series  be  Po-l-PiX-|-P,Jc*+ .. ..  ;  then  P.  is  of  the  ?ith  degree  with 

respect  to   ar,    and  if  A<n,   we    have  for   2"r(n  +  1)  J'P,«*dr,  or 

/D"(l  — z")"2*dz,  the  following  terms, 

2*  D-'  (1  - zy  -  *«*-»  D"-«  (1  -  2«)»+  . . . .  ±  M  D--*-'  (1  -r«)-, 

every  term  of  which  vanishes  when  jc=:— 1  or  2=+l:  so  that 
ftX  P,  «*  (fz=:0,  if  k  be  aiiy  integer  less  than  n.  Hence,  if  m  and  n  be 
unequal,  we  must  have  /t}P,P*d5=0,  for  if  n  be  the  greater,  then 
Pm  being  rational  and  lower  than  P,  in  dimension,  we  see  that/PaiPstb 
may  be  made  to  take  the  form  2  {A^/P.s^dz},  k  never  beii^  so  great 
as  n.  And  each  term  of  the  last  vanishes,  whence  the  theorem  is 
evident.  But  if  m=n,  we  have  one  term  of  the  form  A,/P,«"rf2, 
which  integrated  by  parts  as  before  leaves  one  term  only.  ±  A,  F  (n+ 1) 
D"**  (1 — 2*)" :  2"  r  (n+ 1),  according  as  n  is  even  or  odd.  Now  (page 
580) 

/l{(l-^T^=2/i(l-zVd2=/Jx-*(l-x)-dr=^fi^> 

=  F  (n  + 1) :  (7i+i)(n- J)(n-t). . .  .^ .*.*• 

Now  A.  is  the  coefficient  of  z""  in  P„  or  in  2-"  D*  (1— «")" :  F  (n+ 1) ; 
we  have  then 

A.=  ±2-.2n(2n— 1) (n+l):r  (n+1),  (+,neven;  — ,nodd). 

*  These  are  certain  functiont,  by  aid  of  which  Mr.  Miirphy  (in  his  elementa  of 
electricity)  has  put  Laplace  9  coefflcientt  (page  540)  in  a  very  clear  point  Of  view 
as  to  those  primary  properties  011  which  their  utility  chiefly  depends. 


i 
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Hence  ±  A,  is  positive,  and 

f^.ptj-^A.p-wi     ,^,^     2^2n....(n-H)xn...,l 
J-^P:dx^^D    (1     '^-(n+i)(n-i)...4.iP(nTr) 

_        2.2"''.2n....2.1 2 

'^(2n+l)....3.1.r(n+l)"~2n+r 

If,  then,  (1  +  22X+J5')"*  be  expanded  into  P^+Pi ar+ . . .,  the  function 
P,  has  Uie  property  that  ft\  P»  P..  do?  is  =0  or  2 :  (2n+ 1),  according 
as  n  and  m  are  unequal  or  equal.     Also 

2"r(7i+l)      2-.1.2...n  d«»^       ^" 

Let  <l>x^ft~''yln)dvj  the  limits  being  anything  whatever  independent 
of  X :  if,  then,  we  change  x  into  j?+a»  and  subtract,  we  have 

A0J?  or  0  (jp+a)  — 0x=/€"*  (c"^—  1)  Y^  dr, 

with  the  same  limits;  and,  in  the  same  manner, 

A*0x=/c^^  (€"*•— ly^r do  (lin^ito  «•  before), 

Yry=l,    /;«— dr=-^,    /:£-«(£— -l)-dr=A-l. 


As  another  example,  integrate  both  sides  of  J**  e""^  do =•»"*,  from 
drsa  to  or =6,  which  gives 


/ 


—  dr=log— ,  and  Jo  € "''^^^rTT:' 


0  » 


^=^    /:.-(c--l)-^-^d.=AMog^; 

a  result  which  shows  that  an  integral  of  a  complicated  form  may  be  so 
dependent  upon  a  more  simple  one  as  to  be  calculated  without 
difficulty. 

Again,  /Jc"^  (£-*•—  I)  v'^  dt7=log  Jf-log  ( j?+ A)=  —  A  log  x. 

Integrate  both  sides  with  respect  to  d?,  and  then  take  the  diflference  of 
both  sides,  which  gives  (observing  that  the  second  operation  destroys  the 
constant  of  the  first) 

J76-^  (£-*•— 1)"  ©-•  d©=A*  (x  log  «- j?)= A"  (jplog«). 
Repeat  the  progress,  which  gives 

/:e-^(£-*'-l)'»-*d»==-A«r^logJ?~V--iA*(J^logi?)i 

and  so  on,  which  gives 

.     A-(jr-»logjp)      p/r 

From  page  575  we  may  deduce 
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J  ,  1  +  x      smair     J  ,     1+* 
The  transfonnatkm  is  made  as  follows : 

*c"*        ^      .^  r*  J^*  (1  +c cos 6.0?)  dx      rc^ cos oO 


(«      +*^'^J^    l+2c cos e.ar+c«««    "     si 


smav  Jo    l+-occose^.ar+crjf  smax 

if  Ji=^(— 1).    Make  c=  1  ;  a  correspondiDg  subtraction  gives 

J  ol+2cose.jr+j:*'  ° J  0  l+2cose.a?+a*^BinaT    sine"*'^  ^' 

the  second  being  obtained  by  changing  x  into  x"^  in  the  first    The 
transformation  already  noted  gives 


/. 


j?*+jr*  ,  gr      sinod 

axz=i 


0  l+2cos6«j;+^         sinar    sinO 
Multiply  the  two  last  by  2  sin  6  (26,  and  integrate  from  0=0» 

(l—cosaC). 


a  sm  ofjt 


In  (A)  write  l+log^.a+ ...•  for  ^,  and  let  sinodisinav 
=:Ao+Aia-f  • . . .  Equate  corresponding  powers  of  a  on  both  sides, 
and  we  have 

J  ol+2co8  6.x+x"     8m6 

whence  this  integral  vanishes  whenever  n  is  odd. 

In  page  593,  last  equation  but  two,  from  the  value  of  A(l+x),  or 
log  r  (I  +«),  find  A  (1 +x)+ A  (1  +y)-A  (1  +J?+y),  which  gives 


/ 


i(l-tf)(l-r»')    dv        ,     r(l+x).r(H-y) 

—  log 


l~t?  logt?        ^      r(l+«+y) 

Write  y+z  for  y,  and  subtract  the  first,  which  gives 


I. 


'  t;^(l-t>')(I-t^)   du  ^^      r(l+a?-hy).r(H-2+y) 
1-0  logi;      ^  r(l+y)r(l+j?+z+y)' 


Subtract  this  from  the  preceding,  with  y  changed  into  Zj  and  we  have 


i 
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1—1?  logi? 

==iocr  r(i+x)r(i.fy)r(i+2)r(i.fr+y.f») 
^    r(i+x+y)r(i+y+«)r(i+2+jr)     ' 

and  thus  we  might  proceed  until  there  are  any  number  of  factors  in  the 
numerator  of  ^e  subject  of  integration.  Many  integrals  may  be 
deduced  from  this  form. 

An  equation  in  page  243  gives,  with  ( — 1,  a,  + 1)) 

J^  jcdx  sin  a:  ^^  C^  smx,xdx       r^am.n2x,xdx 

pm«+««  I— 2a  cosa?+a*  ^ J  o    »»*+J^    ^J  o      wH^? 


(page  655)  =—  (€-*+c"*"a+  • . .  .)= 


2  "  '2   €*-a 

Change  dP  into  2^,  m  into  2m,  and  then  make  a  equal  to  + 1  and  —  1 
successively. 

J*a?catJP.(ir^     »  r*a?tan  j?.dar  _     » 

Change  a  into  —a,  and  add ;  in  the  result  write  a  for  a\ 

xdx  sinx  V        e"         1 


j: 


wi"+**  1 — 2acos2a:+a*      2   c*"— a   1+a 

f    1       xd*  »£* 

a=l  inves   I    -r: —   — r — 1=-= — ;• 
^       J  osmx  m*+ar     e**— 1 

In  the  first  equation  write  nx  for  x,  and  nm  for  m,  multiply  by 
2a<{n,  and  integrate  with  respect  to  n  from  n=0, 

c2x 


-p— 3log(l— 2acosfwr+a")-21og(l-a)      — 

P-     dn 


+*» 


J"    rfx  »  ' 

-J— |log(l— 2a  cos  nx+a*)= — log(l— oc"*^). 

DifTerentiate  this  with  respect  to  a,  make  n=l,  and  show  that  the 
result  is  the  same  as  we  should  have  got  by  beginning  with  the  equation 
in  page  242.  For  n  write  2?i,  make  a  successively  equal  to  — 1  and 
4-1,  and  subtract,  which  gives 

/"logsinwx.da:^  tt        l-c""*^       p'logcosn^rfjr 
0       m»+a:»         '2^®^      2~'    Jo     ^•+x" 


^  T        l+€"*~     r*  logtan«j?»<fj?  __  T  , 
""21^^       2~'  J  0       m«+««  2^  ^ 


c*^— 1 


The  preceding  two  pages  contain  cartain  excursions  (by  Legendre) 
into  the  field  of  definite  integrals,  not  made  with  any  fixed  object,  and 
guided  by  the  facilities  which  arise  from  being  able  to  find  some  one 
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fundamental  integraL  Whenever  we  are  able  to  find  ffx.4^€tx,dx^  for 
all  values  of  a,  it  is  generally  easy  to  find  a  function  /x,  which,  ex- 
panded in  the  form  Ai0(aiJ:)+A,0(a, j:)+.  . ..,  will  give  for 
fyffx.fx.dx  h  series  whose  invelopment  is  known.  But  this  method 
must  always  be  of  twofold  application;  for  since  J*yax.4>x.dx  follows 
from /yx.^or.cLr,  a  similar  process  can  be  instituted  with  functions 
which  can  be  expanded  in  the  form  AiY' (oi  jr)  +  Aj  |fr  (a,j)  +  . , . . 
For  instance,  we  have 


J*  «innx,xdx       v   _^     f*^ 
."^^T^-'T*    'J, 


COS  fix, dx T 


whence  if  ^  can  be  expanded  in  sines  or  cosines  of  x,  f^x  (m*4- jt*)~*  dr 
can  be  expanded  in  a  series,  the  finite  form  of  which  may  be  known. 
Let  us  now  take  fuuctions  which  can  be  expanded  in  terms  of  the  form 
A(m«+a?")-». 

As  a  preparatory  step,  it  is  required  to  expand  sin  ax :  sin  br^a  being 
<b.     Now  we  have  (page  586) 

sin  wax  ^  a    1  —a*  a"  4 — a*  j*  9 — a* x* 

idnisi^y'T^*"^'4^«^'9^r?''  • 

If  we  were  to  take  n  of  the  fractions  in  the  product,  not  counting  the 
first,  to  be  resolved  into  sums  of  fractions,  as  in  pages  270,  Ac,  we  should 
first  observe  that  numerator  and  denominator  have  the  same  dimension ; 
whence,  lowering  the  dimension  of  the  numerator,  we  have  o^ :  6**  for 
the  separated  quotient.  But  (a<6)  this  diminishes  without  limit  as  n 
increases  without  limit :  it  remains  then  only  to  find  the  fractions.  Pro- 
ceeding as  in  the  chapter  cited,  we  have  to  find  the  value  of  (it+6jr) 
sin  ireix :  sin  rbx^  when  bxz=:fky  k  being  a  whole  number.  By  Chapter 
IX.,  these  values  are  both 

.    leak         1  ,  .    rak 

—  sm 


'  "^^"~  -  "^  X  T^Tk  {kTVk  +r=6l}' 


b    *  T  cos  rk 

i2kim(vak:b)  ,    , 

or rnz — irm  w  one  term  required. 

T  cos  Tck  {fr — b*  cr)  ^ 

Make  k  successively  1,  2,  3,  &c.y  which  gives  (if a:  6=0) 


smvoj; 
sin  Tbx 

COSTTOJ? 


sinir6ar 


ax 2^  J    sin  a        2 sin  20      3sin38  1 

•fti^-Tll-AX      4— 6V  "^9— 6«  ^     •"•  ) 
— -?—  |-£21?L      4  COS  2d      9  cos  3Q  1 


2     i       a  o/j^A    ^6' J* cose      6«a:«cos2e,  \ 

=_  jeose-.cos2e  +  &c.+^3^  .^-:j^+ ....} 


1        2bx 
rbx       T 


{cosO  cos  26        cos  39  ) 


the  second  formula  being  obtained  by  differentiating  the  first  with 
respect  to  a, 

.     .       cos  rax  1— 4a*j?*  9  — 4a*j:*  25— 4a*** 
Again 


1 


cos»6x      l-46«a:«*9-46«ar"*25-46««" 


•  •  •  • 
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Repeat  the  same  process:  k  being  an  odd  number,  the  value  of 
ik  +  2bx)  COB  rax :  cos  irbxy  when  bx^  if  J*,  is  found  to  be  2  cos  (rak :  26) 
-f-»8in  (J»A:),  whence 

2  cos  ( j^)   f 1_  1      1  4Acosj^to 

ir8in(i»Ar)  U  +  26x  "*"*:— 26 ji'  °'' TsinJitrCJfe"— 46V) 

is  one  of  the  terms  required.     Make  Ar=:l,  3,  5,  &c.  successively,  and 

cos  irax  _  4    J  cos  JO  3  cos  f  d         5  cos  {d  1 

coTi^^V   ir^6«j«  "9-46*x»  "^25-46^"' J 

sinyftr^  2     j    sin^  QsinjQ        25  sin  ^4?  i 

cos  ir6jr  '"5r6i  1l— 46"x"  ~"9— 46V  "^25— 46V""*  "    J 

the  first  term  of  which  =0  (page  607).  Write  <3f^(— l):ir  and 
6;y(— 1) :  V  for  a  and  6,  (which  does  not  alter  6)  and  we  have  the  follow- 
ing results,  (two  of  which  have  already  appeared,  pages  611  and  612,)  0 
being  raib. 


€*'—£'■"    ^  _     nsin//d 
•=2ir2. 


€""+€""  1        ^,     ^       C0S7l6 

=7 26x2 


€*•-£-**  ""6a:  /iV"+6V 


=86x2     '^"*"^ 


€*'+e'"*'     ^    ^     ncos^TiO 
i=4ir2 


£*"+€-'*  n«T«+46V 


Where  2  implies  a  series  of  alternately  positive  and  negative  terms,  the 
series  on  the  left  being  summed  for  all  integer  values  of  ti,  and  those  on 
the  right  for  all  odd  values  of  n.  Now  make  6=t,  whence  9=a: 
multiply  the  first  and  fourth  by  cos  cor,  the  second  and  third  by  sin  ex, 
and  integrate  with  respect  to  x  from  0  to  oc,  remembering  that 


me 


r*  coscx.dx  ^    It       ~       r"  sincx.xdx  _^  T 
Jo    «"+g^    ""Wff^  ^''    Jo     n«+gx~^2^ 
In  this  case  6= a,  and  we  have  (a<7r) 

COB  ex  cLr = sin  a.  £~* — sin  2a .  £"*+ sin  3a  £"■* — . 

0  e--£— 

«-«  £~*sina  sin  a 

(page  243):=: 


1  +£"-^+2£"*cos  a     €*+£~*+2cos  a 


;*£■*  +  £"••  1 

— — ^^sin  cxix=s-- 
o  £   — £  2 


£•— £- 


J 


2    £'  +  £^+2cosa 

£"--e"^  .  ,       (£** — £~**)8inia 

sm  ex  ax=  — — — rrr — ^ 

J  £"+£"*  £*+«    +2cosa 

•  £-+  £-"  ,       (£*'+€'^)  cos  4a 

cos  ex  oxss 

,£-+£--'  £*+£-*+2cosa 


I  have  left  the  completion  of  the  processes  as  an  exercise  for  the 
student :  the  following  formule  will  be  needed,  . 
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.    «  .«/»..  •ill  ^  (* — ^) 

l+2co8  28.a*4-a^' 

l+2co8  26^+j^ 

Let  if+£'**=:2c(x),  £*--£""=:  28  (ar);   from  the  preceding  may  be 
deduced,  die  limits  of  all  the  integrals  being  0  and  a,  and  a<iry 

COS  c  J?  c2j?      1        1 


c(»x)         2   c(icy 


/sin cj? dr  ^  1    s (Jc)        T 

/coACx.xdx  ^\        1  psincr.xdr  _  1     8( 

8(«)      ""T  (cicV    J        c(«)        T  (eric)" 

/^4^^=itan4a,     (  ^4^<^=-:r  — r* 
bCttj?)         '^  J   c(irjp)  2   cosja 

Many  formulse  may  be  deduced  from  these  by  difibrentiation  or  integra* 
tion.  The  functions  denoted  by  c  (jx)  and  s  (^),  called  the  hyperbolic  sine 
and  cosine  (page  120),  have  properties  closely  analogous  to  those  of  the 
common  trigonometrical  sines  and  cosines. 

In  the  investigations  immediately  preceding,  it  has  appeared  abso- 
lutely essential  that  a  should  be  Uss  than  6:  if  a  were  even  =6,  a 
quotient  term  (unity)  would  appear  to  be  added  to  the  fractions  into 
which  sin  voj; :  sin  irhxy  &c.  are  decomposed.  If,  then,  we  were  to  make 
a=T,  we  might  expect  the  preceding  integrals  not  to  be  true,  and  this 
can  readily  be  verified  as  to  some  of  them,  though  some  happen  to  be 
true  even  in  this  case,  owing  to  their  being  derived  from  the  pre- 
ceding by  differentiation.  J*  To  deduce  a  result  in  the  case  of  azrrx,  first 
let  a=ir— ic,  which  gives 


Multiply  both  sides  by  sin  ex  dxy  and  integrate  from  0  to  oc ,  which 
gives 

1 £*—€"*   _        C 

2   ^+c""-I-2cos(t— id)  ""c*+tc 
Diminish  w  without  limit,  and  we  have 


-T- — -  8incj?iir. 


/ 


"  sincj?.cLr  ^  1    c'-hl       1 

T^^^^T"  ^T  7:^  ""2^ ^""^^ 


To  find  tan  vox  and  cot  rax  by  the  preceding  method,  make  a=:5 ; 
but  we  need  not  increase  the  series  for  sin  or :  cos  hx  and  cos  or :  sin  ^ 
by  unity,  the  quotient  term  which  the  method  in  page  668  would  give, 
since  these  series  are  derived  by  differentiation,  which  makes  that  con- 
stant term  vanish.     We  have  then  (jr=:l,  B^ie) 

8a  j     1  1  1       .  1 

1       2a  j     1       .      1  1  \ 

cot  ira= \' ^  +- — -5  +- — -5+ ....  >. 
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Abel  has  made  an  application  of  the  fonnula  (c)  which  deserves 
notice.  His  preliminary  assumption  is  that  every  function  of  x  can  be 
expressed  in  the  form  fe^^fb  av,  the  limits  being  independent  of  *• 
This  proposition,  however,  can  only  be  said  to  be  generally  tnie  on  the 
supposition  that  jfv  may  be  a  divergent  series ;  and  every  such  case  will 
need  inquiry  as  to  the  consequences  of  employing  the  series  in  integra* 
tion.  If  we  assume  <f>x:=zf^(r'^fvdv^  this,  if  J^  can  be  expanded  in 
positive  powers  of  v,  is  only  possible  when  ^x  can  be  expanded  in 
negative  powers  of  «r,  for  we  have  from  the  preceding 


fr=/(0).a?-»+/'  (0)  .ar-»+/"  (0),j?-*+ 


•  •  • 


so  that  if  ^=Aij:"''+AjJ:"*+...  .,  we  have  y»=Ai+AtV+JA,t? 
+i^  Ait^-f  •  • .  •  Such  cases  are  generally  those  in  which  ^x  dimi- 
nishes without  limit  when  x  increases  without  limit;  and  these  are 
the  cases  to  which  the  following  method  will  most  often  be  applied.  If 
w^e  take  any  other  limits,  say  — 1  and  1,  and  if  4>x  can  only  be  deve- 
loped in  whole  powers  of  x,  development  of  €~"*  shows  that  we  must 
have 

/±}»-ywd«=(-ir^«(o). 

Assume  for  v  a  series  of  the  form  A«R^-h  Ai Ri-t-  • . .  •,  where  R«=l» 
Ri=:D  (1— t^),  &c.  and  R.=D"  (1— t?")",  a»  in  page  664.  Since,  then, 
/-I  »*  ICh»  ^^  =  ^>  ^®  *^*^® 

Aj±\^dv=z4>iO),    A,/i:lR^vdi?+Ajl|R.rcfr=-0'(O),  &c.; 

from  which  A,,  A|,  &c.  can  be  found.  But  the  results  of  this  method 
will  give  for  the  most  part  divergent  series,  which  cannot  be  safely 
integrated.  - 

i^sume  <l>x=^fr''fv  rfv,  between  Jixed  limits,  but  of  what  value  is 
of  no  consequence.     We  have  then 


rt"^fv.dv 
<t>  (p^+)+4>  (a?+2)  +  . .   =/€—/«  (£--+£-"+. .  .)=J  —/Z]^' 

111      ^r  Bin  vt.dt 
Equation  (c)  gives  ^-^  =—  — -  +2J  ^    ^«^_^ 


-n: 


Emvt,e'''^fvdvdt 


+2   I      I  JM I 


€ 


<f>{x±t^—l)  =  St-"t'^-'fvdv  gives 

f  sm  vt t—'Jvdvx 2  J— I  " 

/*  .  .    ^r  ^   »(j+<v-i)-f(x-^/-i) 
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Let  the  last  factor  be  V^  (x,  0 1  we  have  then 

0  (1)  +  • ...  +0  (0?)=/;  <f>x  c/j?+i  (*«— 00) 

Let  ^=log  (l+^)«  and  deduce 

_, /      *<     \      dt     _* {log (1 +*)-!}   .log(l+x) 

.*"  Vr+s+^j-F^n 2 + — 4— 

iogr(i+«) 


/; 


I 


•  XBsr't.di  _2^     log(2T) 


This  theorem,  though  deduced  from  the  supposition  ^x^zft^^fv  cTr, 
may  be  proved  independently  of  any  such  assumption.  We  evidently 
have  by  expansion  and  page  581 


r<'-'rf<_r(2«)  n  .1  . 1  .     \_B>,. 

Substitute  the  values  derived  from  this  in  page  266,  in  the  value  of 
2^Xy  making  y^zz^x^  remembering  that  1 : 6,  1 :  30,  &c.  are  B|,  Bt»  &e* 

20  j= /;  0*  dlr-  i  (0x  -  00) 

.  r.r    dt       {^     ,     4^"x.t*  ,,^  I 

+2j^^T;r— ^  {0^x.<-^^^H.....-0'O.<+....[. 

the  last  factor  being  <!>(«+<  V-l)—*('«^—'V-l)-{*('^-0 
—0  (— '  V— 1)};  «^^1  divided  by  2  V— 1  •  Subtract  00  from  both  sides, 
and  add  0r,  which  turns  20 J  into  01  +  . .  ..-j-0r,  and  makes  the 
preceding  correspond  precisely  with  what  was  proved  before.  The 
following  case  arises  from  0a;=rsin  ax  or  0jr=cosa«,  x  disappeaiing  of 
itself, 

J-r-j —  ctt= «C0t-,   whence  -rr — r  =:;Tr- 

0  c**-l  a     2       2'  J  ,£»"-l      24 

the  last  is  already  known :  as  v  furnishes  another  verification. 

In  the  value  of  0 (j?+1)4-  •  • .  •  first  found,  add  0jr  to  both  sides^ 
and  for  <f>x  write  02j?,  putting  j^  for  or :  the  result  is 

0a+0(a+2)+ =/J10(2:t)<iar+i0a 

^  f"    dt      0(a+2/V— l)-0(o— 2/V-l) 
J    jfc< I  2a/— 1 
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Multiply  by  2,  and  subtract  the  value  of  <f>a+  <}>  (a+ 1)  +  •  • .  • , 

^a— ^(a+l)+0(a+2)- = 


,^-.;;^.*(f: 


2V-1 
0(a)+^(a+l)+0(fl+2)+....= 

/:*ipA?+*0a-2j  ^^^i^j-^  >  "^     gyJ:^ — - — ^. 

For  ^  write  ^  ( — x),  and  having  determined  ^  (— a)+0  ( — a— 1) 
+  ...«)^^  ""^  ^^  ^<  '^^  theorem  in  page  561  is  then  easily 
verified.  Moreover,  whenever  0 (a + < ij —  I)— 0(a— i^— I)  is  posi- 
tive from  ^=0  to  (=:0Cy  the  theorem  in  page  650  easily  follows^  since 
0a — 0  (a+ 1)  +  •  •  •  •  being  then  algebraically  less  than  ^  ^a^  is  less  than 
0a  (if  0a  be*  positive). 

In  the  preceding  theorems,  the  original  supposition  ^x:^fCfv  do 
has  been  rendered  unnecessary  by  a  demonstration  which  is  independent 
of  it.  Resume  this  supposition,  (which  Abel  takes  as  always  possible,) 
and  take  the  known  equations  (from  tsO  to  /=  x  ) 

/cosgpf.A^y    ^      r^mavt.tdt^'w    ^      C^inavt.dt^        _^^ 
1+f  ""2^   '  J    1+^    ^2*   '  j'Tlx+e)^2^       ^' 

the  last  from  —-; — -— •  =— -z r :  it  being  remembered  that  a  must 

be  positive.  Write  x-^-aisJ — 1  and  x-^atsj — 1  for  or,  which  easily 
give* 

•'        sin       '  *'  2or2V— 1 

Now  J    Y"^  {/£—  cos  avt  .fe  do)  =  J  j  J  ^  "^^^'    j  «""/»  du 

which  last  is  iv^(:p-fa):  proceeding  thus,  we  get  the  following 
theorems. 

Let       E(,.«/)=tLHi'?^Vzl)+iC!z£V=:i). 
o  («4<rf)- 27=1 ' 

the  fourth  formula  being  obtained  from  the  second  and  third.  Different 
forms  may  be  obtained  by  making  a^=j;tan^,  and  substituting. 
We  shall  presently  cite  an  example,  but  we  may,  by  means  of  the 

2X 
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preceding,  refute  the  notion  that  every  function  of  x  can  be  expressed 
hjjc^fb  dv^  between  limits  independent  of  x. 

Let  fx:=ur,  then  E  (x,  at):^x,  and  if  x  can  be  expressed  in  the  form 
fc'^fv  dVi  we  have 

r — -J  =—  («+a),  which  is  false  unless  a=0; 

consequently  it  is  not  true  that  xssfe'^fv  dv  can  be  satisfied  by  any 
form  of  yb  which  allows  of  integration. 

Remember  that  in  the  application  of  the  preceding  formulie, 
fx^fe^^fv  dv  must  not  only  be  true  numerically,  but  essentially  true 
in  form,  so  that  x+at^-^l  and  x — at^J — 1  may  be  substituted  for  «. 
For  instance,  if  we  were  to  take 

J_-i+£-"    J,  1+r    »inx   ^ ' 

tnd  apply  the  first  theorem,  it  'would  give 


I. 


J  €**— 2cos2j?,c"^+1    1+^     48injfsin(jp+a)' 

But  this  is  not  allowable;  for  the  definite  integral  with  which  we 
commence  is  only  true  in  a  numerical  and  limited  sense,  from  x=0  to 
drsv,  both  inclusive ;  nor  can  it  be  permitted  to  substitute  x+aijj^\ 
for  X,  Moreover,  the  result  is  false,  it  being  easily  shown  that  the 
left  side  remains  finite  when  x  approaches  r — a,  whereas  the  right  side 
increases  without  limit 

The  following  theorem,  however,  will  be  afterwards  shown,  and  may 
be  verified  when  x±at  ,J^  I  is  substituted  for  .r, 

/*«'•• dt?=log  (1  +  J?^— log  *.     . 

Let  then  0*  be  log  (1+ a?)— log  j:,  and  apply  the  theorem,  which  gives 

^  *"«  { ^+^7= )  IT?  =2  ^^(-i+^ J 


/;tan-  (      f\  J±  =^  log 


l+x+a 
x-\-a 


Again,         /+;  r"  r*-  dv=:^'*JtZ  €■«'+•>"  dvznjr.^: 

apply  the  theorems  to  fr =£■•=*,  and  the  resulte  maybe  easily  shown 
to  be  false ;  and  the  same  in  every  case  in  which  the  limits  of  int^;ra* 
tion  which  give  ^ar  have  different  signs.  Here,  as  in  page  dOl,  we 
must  not  use  a  result  which  is  subsequently  to  enter  into  the  subject  of 
an  integration,  unless  that  result  be  true  throughout  the  limits  of  inte- 
gration. Now,  in  obtaining  the  first  of  Abel's  theorems,  of  which  we 
are  now  speaking,  we  have  to  use  the  intwral  f^ZQ^avidi\i\-\-n^ 
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the  following  manner. 

Let  fx:^e~^fi)dv^  the  limits  being  — «  and  +j8,   negative  and 
^dtivei  andlet  this  theorem  be  universally  true.    We  have  then 


poBiUve, 


I    [jT^f^^'^^^^^f^^A 


Now  in  the  first  integral  v  is  negative,  and  in  the  second  positive ; 
proceed  accordingly  with  the  include  integral,  and,  on  the  same  reason- 
ing as  before,  we  have,  by  this  and  similar  processes, 


Apply  this  to  /t?=£-*,  fr  =  ^t. «*•■,  E  (a?,  2a0  =  ^r.  e*-"-^*  Cos  axt, 
0{Xy2at):=:Aj'w.i^^'^^iinaxt.  Then,  remembering  that  a=— oc, 
/3=4"OC,  and 

J^t-  '^^  dv=i^^  flr^^T  dv-€^^  /;  €-•*  dv, 
we  have  the  following  equations, 

smojri.zai      t  -i — ~  ^ i ,  ,  -^  j      *^ — r — /••      -^^.. 


1+^  2 

p-^sinx<.(ff  ^^pj^r^dv--lS:.r^'dv=rf^r^dv. 


The  third,  diflferentiated  with  respect  to  ar,  may  be  verified  by  page 
634 ;  the  two  first  may  be  thus  written,  after  reduction,  with  an  obvious 
abbreviation, 


the  second  of  which  may  he  verified  by  differentiating  the  fint  with 
respect  to  x.    If  a;=:0,  the  first  may  be  reduced  to 

All  these  integrals  can  then  be  calculated  by  Kramp's  table  (page  651). 
*  2X2 
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If  we  throw  the  latt  result  into  the  farm 


J.  W  =\/5-*"Ai«-"*. 


we  may  see  that  differentiations  with  respect  to  a  and  &  will  enable  us 
to  apply  the  table  to  the  determinatioo  of  f^^"^  Pdt^  where  P  is  any 
Amction  which  has  a  rational  and  int^pral  function  of  f  for  its  numera- 
tor, and  an  integer  power  of  6+^  for  its  denominator. 

Two  integrals,  each  of  which  is  infinite,  may  have  a  finite  difiEerence. 
Thus,  if  in  those  of  page  630,  we  make  n  diminish  without  limit,  the 
first  increases  without  limit,  while  the  second  becomes 

-.     .  sin  6j  ,  ,  /  ft  \ 

Now  let  tan~*  (& :  a)ssfi,  tan~'  (V :  </)=/$'«  tnd  we  have 

/.-(er  COS  bx-e-'-  CO.  b'x)  X-'  d*=r«  {-—^     (^+V^*-}' 

Expand  the  second  factor  in  powers  of  n,  which  gives  for  the  whole 
product 

rn.n{ilog(a'«+6'*)-ilog(a«+6*)+A»+Bn«+....}; 

and  Fn.n  or  T(n+ 1)=:1|  when  n=:0.    Consequently  we  have 

€-^cos&J— €"*"cos6'ar_,       1,     af^+V* 
ajr=--log— = — rr 

/•c-"— £-^'j       ,       a'        T'cosftj-cos^jr,       ,       b' 
^  -^— rfx=:log  -.  J  ^ ^ dr=log  -. 

The  following  integral  can  be  found  in  finite  terms : 

bv  changing  x  into  a :  x.  But  the  latter  multiplied  by  ^2  is  dy  :  cto, 
whence 

^+2y=0,  y=C£-*=iV'.c-*', 

the  constant  being  determined  by  making  asiO. 

The  following  is  a  remarkable  instance  of  discontinuity.  Expand 
and  add  log  (1— of'V'*)  and  log  (1— ac"'^-!),  yfUck  readily  givea 

(a*  a*  \ 

a  cos  0?+— cos  2r+-x' cos  d«-|- •  •  •  •  L 

a  series  which  is  convergent  from  a= — 1  to  a=  +  l.  Integrate  with 
respect  to  a;,  from  aszO  to  xssv,  and  we  then  have 

/llog(l— 2acosj:+a0.</«=0        (a»<  or  =1). 


/: 
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But  this  process  cannot  be  depended  on  when  a>l  or  <— 1 :  let  such 
he  the  case,  then  the  preceding  is  true  if  for  a  we  write  ar^^  which  gives 
from  the  preceding 

/llog(«*— 2aco8a:+l) dj?2=2»log'fl        (a*>  or  =1); 

80  that  the  first  of  these  equations  really  involves  the  second.  Make 
one  step  in  integration  by  parts,  and  we  have 

J  ,1— 2acosx+a*      a     ^  ^         a     ®\       a/ 

according  as  a*<  or  >1.    Also 

Jjlog8in*.dur=f  logl.    Jl£-^d'=iH^' 

where  fii  is  the  lesser,  and  jS,  the  greater,  of  the  values  of  a  in  a* — 26a 
+  1=0.  The  two  results  agree,  since  )8i)8s=:l.  When  the  roots  are 
impossible,  or  i<l,  still  6 — ij(t^—l)  must  be  taken  for  A,  and 
6+^(6' — 1)  for  fit :  that  is  to  say,  such  an  assumption  is  only  a  part  of 
that  law  of  continuity  of  form  which  is  always  to  exist  in  the  transition 
from  possible  to  impossible  quantities.  If  6  be  impossible,  then  the 
values  of  a  may  also  be  reduced  to  the  form  m±.ntj — 1 ;  but  it  is  not 
easy  to  settle  d  pruyri  which  form  is  to  be  used. 

This  chapter  contains,  in  the  parts  immediately  preceding,  a  few,  and 
but  a  few,  of  the  very  large  number  of  isolated  definite  integrals  which 
have  been  given,  the  number  of  which  is  daily  increasing.  Of  them  all 
it  may  be  said,  that  though  the  results  are  in  general  of  little  import- 
ance,  the  methods  of  obtaining  them  are  highly  instructive,  and  the 
cautions  which  they  afford  are  absolutely  necessary.  I  have  omitted  for 
the  most  part  all  results  which  can  be  obtained,  ].  from  ordinary  in- 
tegration ;  2.  from  differentiation ;  3.  from  transformation. 

To  exemplify  the  two  last,  let  us  take  the  following  integrals. 


P    c/  ~*  cos  JC  A^Qi 


X 

Differentiate  the  first  n  times  with  respect  to  fr,  and  we  have 

Again,  change  h  into  1 : 6,  and  we  have,  by  the  same  process, 

/^  sinjp.jdlr  _2ir       J6+1->V(1-6')1 
/l— 6  cos*  "6    ^^l  b  J 

Binjr.cos*j?.j"dj:  2t         d"     1  ,      (6+1 — J{X—^\ 

5r--6-^°«i — h — r 


L 


(1-6C0SJ:)-        r(n+l)  dh* 


in  the  result  of  which  h  may  again  be  changed  into  1 : 6.  Now  differ- 
entiate the  second  integral  n  times  with  respect  to  a,  or  27ior  2n4*l 
times  with  respectto  fr,  which  gives 


678  •  DIFFERENTIAL  AND  INTEGRAL  CALCULUS. 

f:r^co,bx.^ds   =(-1)- ^  ^  (a-» «-=) 

in  all  of  which,  integration  is  made  to  depend  upon  differentiation.  We 
also  learn  incidentally,  that  ef^e"^'^  ia  a  function  which  gives  the 
same  results,  whether  it  he  differentiated  2n  times  with  respect  to  b^  or 
n  times  with  respect  to  a.  Let  the  student  apply  a  similar  process  to 
differentiations  of  f^e"^  tinbxdx  Bud  f^t"^  omIx  dx,  and  compare 
the  results  with  those  of  page  630. 

As  to  transformations,  let  us  take  the  integrals  which  are  frequently 
called  Euler's  integrals,  or  Eulerian  integrals. 

For  X  write  —log «,  and  Tn=i  j    f  log  —  j    dx. 

A  reader  of  Legendre  would  hardly  know  the  first  form  of  Fn,  or  of 
Poiflson  the  second :  and  it  is  the  same  with  many  other  integrals  in 
different  forms;  insomuch  that  there  is  hardly  any  point  attention  to 
which  will  save  so  much  time  and  trouble,  as  the  formation  of  quick 
and  ready  habits  of  transformation. 

In  the  second  integral  change  x  into  af^^  k  being  positive,  and  for  m 
and  n,  write  m :  k  and  n :  ft,  which  gives 

r  —  r  — 

fV-'ri'-a*)^'"'  dx- — ^ ^,  denoted  by  (^ : 

J.        „(^+-)     K-) 

a  notation  altogether  opposed  to  analogy.     Let  m :  k=:m\  n :  k=in\  ftc 

/n\  fn+m\  _    Trn'Tn'      TJTi+nQ.ri' 
\mj\    I    J     ArCm'+nO'ArCn'+m'+O 

This  form  is  the  one  under  which  the  integral  was  first  presented  by 
Euler,  and  the  property  just  proved  contains,  as  remarked  by  Legendre, 
nearly  all  the  theory  of  these  transcendents.  The  ease,  however,  with 
which  they  can  be  reduced,  and  if  need  be,  calculated,  by  means  of  Ff  , 
renders  this  separate  theory  almost  superfluous. 

I  shall  conclude  this  chapter  with  some  extensions  of  the  preceding 
theory  to  certain  multiple  integrals. 

Let  there  be  n  different  variables,  jTi,  x^.  • .  •«,,  it  is  required  to  find 

I  Xi      bTf     •  •  t  •  Xf^     ttX^  CLX^ .  •  •  •  tZTn, 

where  the  limits  of  each  integration  are  to  be  so  *t«ke|i  diat  every 
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positive  value  of  every  variable  is  to  be  included  between  them  which 
will  make  jr|+i't+  •  •  •  •  equal  to  or  less  than  unitv^  Let  us,  for  in- 
stance, take  five  variables,  v,  w^  jp,  y,  z^  and  find  the  mtegral 

ftr-'  uf"'  x^-*  j^-"  z'-*  dodtDthdy  dz. 

In  the  first  place,  and  beginning  by  integration  with  respect  to  z^ 
it  18  obvious  that  z  nnust  take  every  value  ^m  0  to  1— v— lo— ;»— y, 
in  which  y  nnist  take  every  value  from  0  to  I — v^tr— iT,  in  which  x 
must  take  every  value  from  0  to  1 — v  — IP,  w  every  value  from  0  to 
1 — 9,  and  V  every  value  from  0  to  !•    Now  we  have 

/;a:-(a— j?)-rfj=:(r+"^'r  (m+l),r  (n+1)  :r  (m+n+1). 
Apply  this,  and  /i-'-^-^^««-»(fc=:(l— r-«?— j?-y)'  fT^^y^^f 

Jo         ar    rioy    ^,i    v   w   ^j     r(£+8+l)  r(c+i) 

J  a;       uax        ^i     v     v;  j.  (c+a+y+I)  TCc+J+I) 

J,    «r     I.CW     u     I';       rr    p(^^g^y^^^l)  r(£+8+y+I) 

i>.^,iB^^r«>r(6+8+y+/^+l)       Tfi.Ty.TS.Te 
J*        '^      '"rCc+a+y+jS  +  a+DTCfi+J+y+jS  +  D 

fltr^'tr^' x^-* V^' «'-' rft? rfw dcr dy dz  =^^F'''^/^^'^'P^^   . ; 
•'•  ^  ^  r(a+i3+y+a+«+l) 

and  the  same  process  may  readily  be  generalized.  For  v  write 
(©:P)',  for  IT  write  (ic:Q)',  &c.,  and  for  a  write  a:p,  for  )S  write 
iS :  9,  &C.9  and  we  have 

•'  P'i^^*  tU +A +z +1 +±+1) 

\p        q       r        s  J 

all  dements  being  indaded  in  the  integration  in  which 

(t)'+©'<0h.(|.)V(0 

does  not  exceied  unity.  ' 

For  instance,  the  quarter  of  a  circle  is  j  dxdy^  where  •r'+y*  ia  not 
>«•;  It  is  then 

572  ^*  <«i(ny^'4'^  therefore  r(i)=V». 

Reqtiired  the  vahie  of  the  total  element  of  the  first  preceding  integral  in 
which  the  sum  of  the  variables  lies  between  c  and  c+dc.  It  will 
be  sufficient  to  take  three  variables,  x,  y,  and  x^  and  to  suppose  that 
the.integral  ia  qiitttion  is 
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/  jT'*  ^  z'-*  dx  dydz^  subject  to  *+y+2,  not  >c^ 

which  must  fint  be  found.     For  x,  y,  z  write  ex^  ey^  cz,  and  the  fve- 
ceding  becomes 


,  <r^+*  /  x^l  y*-'  «^-*  rfj  dy  (fa,  where  jp+y+ri8iiot>l; 

and  the  integral  is  a  constant  already  determined,  ctll  it  C.  Con* 
sequently  the  int^ral,  x-^y+z  not  exceeding  c,  u  Gc!*^^^,  and 
*+y+«  not  exceeding  c+rfc,  it  is  Cc^'^+(a+/?+y)C<r^^*^^rfc; 
whence  the  hitter  term  is  that  element  of  the  integral  which  answers  to 
the  aggregate  of  values  of  x,  y,  and  z,  which  satisfy  the  condition  of 
^+y+x  lying  between  c  and  c+dc. 

Next,*  it  is  required  to  find  f  zT'^y^'z''-' /(x+y-^z^dx^dz, 
on  the  supposition  that  x+y-^-z  never  exceeds  L  All  the  dements  of 
this  integral  answering  to  values  of  x  lying  between  c  and  c+dc  are 
aggregated  in  (a+j3+y)Cc*+'^^"""/ccfc.  Consequently  the  integnd 
required  is 

(«+/»+r)Ci:c— /cdc.  or  (^^tl^i^/.  c— ./cdc, 
and  by  a  change  similar  to  that  already  made,  we  find 

/-•«"."/0)V©V(i)>*^ 

r —  T  —  T^ 


<ih(i>(i) 


never  exceed  /. 


By  this  process  can  be  immediately  solved  many  problems  connected 
with  the  eighth  part  of  any  solid  whose  equation  is  cu*+fry*+c;r"s=:l, 
among  which  are  spheres,  spheroids,  and  ellipsoids :  including  par« 
ticularly  the  determination  of  their  solid  contents  and  centres  of  gravity. 
And,  similarly,  of  all  curves  whose  equation  is  o«*+6y'=l,  including 
circles  and  ellipses.  Something  of  the  same  sort  may  be  done,  but 
not  so  easily,  when  the  limits  are  0  and  cc.  Take,  for  instance, 
SlS^^ix-\-y)^^dxdy.  Assume  j:=rcos"^,  y=rsin*^;  the  pro- 
cess in  page  395  gives  f/^r.(r  cos*  0)' (r  sin"  6)' 2r  sin  ©cos  6  ilnl9, 
from  r=sO  to  r=r cc,  and  from  6=0  to  6=Jt  ;  or 

2/^.»'+'+'dr./sinV+»6coB«*+'  ©rf^, 

*  This  theorem  is  das  to  M.  Lionville ;  all  |thst  precedes  has  been  wed  \ff 
Laplace  and  others  in  problems  of  probabiliiy,  but  only  m  the  case  of  whole 
exponents:  M.  Lejeune  Dirichlet  appears  to  haTe  first  drairn  attention  to  the 
ffeneral  form  of  the  theorem.  There  is  a  paper  containing  another  demontralioii, 
by  Mr.  D.  F.  Gregoiy,  in  the  Cambridge  Mathematical  Jottinal,  voL  ii»  p«  215. 


or 
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r(«+i)r(i8+i) 


TfaTj^Sti>r^^^'^'<'r; 


the  second  integration  being  actually  performed  by  making  sin  9=v, 
and  changing  the  functions  and  the  limits  accordingly.  For  x  and  y 
write  ojT  and  6y",  for  a  and  j3  write  (a+ 1)  :  m— 1  and  ifi+l):  n— 1, 
and  we  have 


.+1     «j..    T,  a+1  „^+l 


mn        j./«H-l   i^  +  ^y 
\  m  n   / 

the  limits  being  0  and  oc  for  every  variable.  It  would  make  no  differ- 
ence if  we  wrote  fljf+  bx'+c  and  (pir+c).  If  we  now  ask  for 
/4>  («+y+«)  afy^  «*  ctr  dy  dz^  first  let  x  be  constant :  we  have  then 

J  0  (*+y + 2)  3^  z^  dy  dz=^-^^;^^±^  /0  (x+r)  r^^+'  dr. 

Multiply  by  jr*(/x,  iind    integrate  the  second  side  by  the    same 
formula,  which  gives  for  the  integral  required 

Proceeding  in  this  way,  the  general  theorem  is,  that 

0  and  oc  being  the  limits  of  every  variable.  A  transformation  may  be 
made  by  writing  a^  a^^,  &c.  for  Xi,  &c.  This  theorem^  however,  is 
nothing  more  than  the  last,  since  /  may  have  any  value :  and  in  thQ 
proof  just  finished,  the  upper  limit  of  r  may  be  any  whatever.  But 
those  of  6  must  be  0  and  j^ ;  or  yx  or  tan'  0  must  take  every  pos- 
sible value.  To  make  x=r  cos'  0^  y=ir  sin' &,  and  to  assign  0  and  /  for 
the  limits  of  r,  and  0  and  j^ir  for  those  of  0,  is  in  fact  to  make  x  and  y 
take  all  possible  values  in  which  x+y  does  not  exceed  /. 


Chapter  XXI. 


ON  DIFFERENTIAL  EQUATIONS,*  AND  EQUATIONS  OF 

DIFFERENCES. 

Hitherto  I  have  only  considered  the  general  theory  of  this  subject, 
with  a  few  applications  to  actual  solution.    The  present  chapter  is 

*  It  would  have  been  a  more  difficult  task  to  have  selected  the  matter  for  this 
chapter  fiom  the  mast  which  has  been  written  on  the  subject  had  I  not  derived 
much  assiftance  on  this  point  from  thxee  very  excellent  French  works  which  have 
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intended  to  exhibit  those  isolated  modes  of  solution  which  may  one  day 
form  part  of  a  general  theory.  It  will  be  most  conyenient  to  divide  this 
chapter  into  articles,  after  the  manner  of  Chapter  XIII.  By  y,  y'',  •  •  • 
3^^"),  Ac.  are  meant  the  first,  Beoond,...7tth,  &c.  diff.co.  of  ywtthreq>ect 
to  «  as  usual. 

(1.)  The  equation  y^'^=(f>x  is  integrated  as  follows.  Let  Cg,  Cu 
Ct....C.-i  be  the  values  which  yty>'y",.  ••.y^*"'^  are  to  have  when 
«r=0.    Then 

where  ifdx)*  is  the  symbol  of  n  successive  integrations  with  respect  to 
<r.  This  successive  int^;ration  may  be  reduced  to  single  integrations  by 
the  following  theorem,  which,  with  its  inverse,  I  leave  to  the  student. 
Let  I.= (/(£«)•  ^J?,  P.=/^^^cir, 

P.ssoi^Ii— ?w*"»I,+7i(n— l)*^^!,— ....  ±n(n— l)...ai»4.|. 

(2.)  If  we  take  the  equation  a^ir4-^y.y^=0,  we  have  the  complete 
integral  in  aJ(t>xdx-\-j4^  dy^Q^  provided  that  f4>xdx  can  be  found. 
But  if  this  integral  should  be  an  unicnown  transcendental,  we  are  not  to 
conclude  that  the  equation  cannot  be  integrated,  for  it  may  happen  that 
a  relation  between  y  and  «r,  independent  of  the  transcendental,  can  be 
obtained  from  an  equation  involving  this  transcendental.  Let  fx  and 
yfT'^x  be  inverse  functions  of  .7,  in  such  manner  that  Yr^-'*x:=x,  and 
'^"^yjfx^^x.  Let  Ox  be  another  function  of  x,  and  let  us  consider 
^It&f^Xy  or  the  performance  of  two  inverse  operations  separated  by  the 
performance  of  an  intermediate  operation  0.  It  by  no  means  follows 
that  f&f^x  contains  yffx  directly :  for  instance,  when  ^  and  0  are  con- 
vertible, or  Y^x=^a?,  we  have  y0y-*j:ssev^-*a=d*.  Now  let 
'^x:=iJ*ipxdXi  whence  the  preceding  equation  gives 

aYfa?+V^=C,  or  ys^'^CC-aY^Jt) 

dx     dti 
a ^-^=sO  gives  y=rlog^*(C— alogjc)=:8^ 

X       y 

lately  made  their  appearanee,  and  which  I  have  thus  been  able  to  follow,  to  a  con- 
siderable extent,  in  the  choice  of  topics.    They  are 

1.  Goiimot,  Trait6  ^l^mentaire  de  la  Throne  des  Fonctions  et  du  Calcul  In- 
finit^siixial.    Paris,  Hachette,  1841.  (2  vols.  8vo.) 

2.  Duhamel,  Cours  d* Analyse  de  I'Ecole  Polytechnique.  Paris,  Bacfaelier. 
(vol.i.  1841,  vol.  ii.  1840.) 

3.  NaTier,  (suivi  de  notes  par  Liouville,)  lUtfum^  des  Legons  d* Analyse  donne^t 
&  I'Ecole  Polytechnique.    Paris,  Garilian-Goeury,  1840.  (2  vols.  8ro.) 

Each  and  all  of  these  works  I  can  most  cordially  recommend  to  teaehen  and 
students.  There  is  also  another  work  to  which  I.  may  yst  have  to  acknowledge  my 
obligations,  but  hitherto  only  the  first  volume  has  appeared,  and  too  late  for  me  to 
avail  myself  of  its  contents. 

Moigno,  Logons  de  Calcul  DifKrentiel  et  de  Calcul  Int^gml  r^digte  d'apres  les 
mahodes  et  les  ouvrages  poblite  ou  inMits  de  M.  A*  L,  Cauchy.  Parbi  Bacbelier, 
1849. 
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TCTT^"  +^7(iz^=Ogive8y=Bm(C-aBm  '^); 

or,  wben  a=s:l,  yisBinCVCl—^^'^^co*  C. «. 

In  fact,  the  last  result  depends  upon  sin  (a  sin^^  x)  and  cos  (a  rin'~^dp), 
irliich  are  simple  algebraical  functions  whenever  a  is  a  whole  number. 
Thus  sin  (2  sin~*  af)=2  sin  (sin'^or)  cos  (sin""*  jr)5=2jc^(l — 2?*).  When 
the  transcendental  introduced  by  integration,  and  its  properties,  are 
well  known,  the  reduction  of  the  int^al  to  its  simplest  form  is  easy 
enough.  And  there  are  some  cases  in  which  the  same  determination 
can  be  obtained  where  the  transcendental  is  unknown,  of  which  the  fol- 
lowing are  historically  remarkable : 


Va-e'sin'O)  "VO-^'s™**) 
Assume        ^= V(l-c' sin'  6),  whence  ^=qFV(l  -c«sin« 0) 

— =— e»sin8coB6,  —  =  —  c'8in0cos0, 

g  +^=-e«8in(O+0).co8(^^0) 
di^      dr 

^  -^=-c'(8in«e-sin«A)=-.e»Bin(e+^).sin(6-0) 
di^      dir 

i      J.     *v  ^^  •  •  ^     der   d^  ,   .         .    ^ 

(0+e=:<r,0-^=8),-7j5=--c*sm<rco8  6,   —  .^=— e"sm<rsind 

.    ^  d'<r  ^di  dcr     _     da     ^  .    ^ 

or  V(l-e'8m»e)  + VO  -e*Bin»^)=C8in  (6-^), 

or  VO-«^«n*»)±V(l-e'Mn»=— ^an  (^+<f>). 

Let  1^±J=0.    '^xs^(a+ix+cj>+ea»+fx') 

^    <t>y 

dx  dy  .  « 

Assume        j7=f«>    ^-^^»    j;+ff=ff.    «-'y=«. 

Proceeding  u  before,  2 -^  =6+2cir+3ei*+4/j(',  *c. 

^  .^=S  {6+c<r+ie(3a*+4')+i/(«F'+«rS')} 

5*  \  df      dl   dtj    '     •' 

1    rfo»     _,  .- 

Multiply  by  2d<r,  and  integrate,  which  give*  tj  ^=C+c<r+/<T*, 

or  <^«+<^y=(a;-yV{C+<f(x+»)+/(«+y)*}. 


1 
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In  both  these  cases  the  evaded  tranacendental  is  <,  an  ellipde  function, 
(page  656). 

(3.)  Let  a?=/(3/),  then  dy=:y'dx  gives  y=3//(y')-//(y^.<fy': 
if  this  can  be  integrated,  f/  must  be  eliminated  between  the  values  (^  x 
and  y,  and  the  primitive  equation  is  obtained. 

(4.)  Let  y:=zf(y')f  then  (/  being  dx :  dy)  we  have 

between  which  a/  is  to  be  eliminated. 

(5.)  Let  y=«0(y^}+Y^(y)»  of  which  the  equations  in  pages  196 
and  365  are  particular  cases.    Differentiation  gives 

y'=0  (yO  +  {ar<f>'(yO + V^'  (yO}  y"  (write  z  for  yO, 
dx       <t/z  -^z  J*:^  r^'z  dz  - / ii* 

az      2 — ^z       z^fz  J  z-'^z 

from  page  195.    Eliminate  z  between  this  and  y^r^x^z+fz, 

(6.)  The  equation  y^<t>{x^y^  can  be  made  to  depend  on  one  of  a 
linear  form,  and  elimination.  For  y' write  z^  and  differentiate  with 
respect  to  x,  which  gives 


=P^«-     (P=g,    Q=S) 


This  equation  is  of  the  first  order,  and  of  the  first  degree  with  respect  to 
dz :  dx.  If  it  can  be  integrated  (say  it  gives  j;=^  (.r,  c) )  we  have  then 
y^4>{x,f(jK^c)],  Thus  ysx+Z*  gives  2=l-f2«z',  or  x=C+2« 
+2log(«— I),  whence 

x=C+2V((y— «)+21og(V(y-«)-l) 
is  the  primitive  equation. 

Again,  y=ajp+6+0y'  gives «=a+0'«.«',*=  j  -^^+C=Y'X+C, 

whence  a:=Y^~'^  —  ax — fc)  +  C  is  the  primitive  equation,  or 
y=:ajr+6+x(*— w. 

(7.)  The  equation  (aa?4-6y+c)+  (Aj?+By+C)y'  can  be  reduced  to 
the  homogeneous  form  by  making  x=:v4-oe,  y£rto+)8,  and  taking  a  and 
/3,  so  that  aa+&>3  +  c=0,  Aa+B)8-hCr=0,  in  which  case  we  have 

dw 
(ar+6i£7)+(A©+Btr)  —  =0,  integrable  by  page  194. 

uV 

There  are  two  cases  of  exception,  I.  When  a  or  /3  are  infinite,  or  when 
A :  B  =:a :  6.  2.  When  they  take  the  form  --,  in  which  case,  besides  the 
preceding,  we  have  C :  A=c :  a.    In  the  first  case  ax+6y=z  gives 
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from  which  the  form  dx^Zdz  can  be  obtained.  In  the  Becond,  the 
equation  can  be  reduced  to  (ax4-6y+c)(a-f  Ay'):=:0,  andif  the  first 
fiictor  may  be  rejected  (which,  however,  depends  ou  the  problem),  we 
hare  0+Ay'=:O  for  the  equation. 

(8.)  y+Py^Qy%  P  and  Q  being  functions  of  jp,  is  reduced  by 
simple  division  by  y",  and  making  y"*+*=z,  to  the  form  —  (n— I)~*a:' 
+P2=Q  (pftge  195).    The  exception  when  n=l  is  obvious  enough. 

(9.)  The  factor  which  will  make  an  equation  integrable  per  se  (page 
196)  would,  we  might  suppose,  be  the  principal  instrument  in  the 
integration  of  equations :  but  it  is  rendered  almost  practically  useless  by 
the  difficulty  of  finding  it.  It  can  always  be  determined  when  the 
equation  is  integrated  (that  is,  when  it  is  no  longer  wanted).  Reduce 
the  equation  to  the  form  y'— x('^»y)=^»  ^^^  ^^^  y=^("^»c)  be  the 
primitive,  or  c=^  (<37>y).    We  have  then 

d4f      ,  ,  d^     ^       3     r      X         dif  d^ 

so  that  ^^x^x^y)  multiplied  by  d^idy  becomes  d.^:cLr,  and  is 
integrable.    And  if /4>  be  any  function  of  ^  (r,  y ),  the  factor 

/4>  —  makes  the  equation  integrable. 

f^  d^ 
If  the  form  of  the  equation  be  P+Qy'=0,  the  factor  is*^   -j-. 

(10.)  When  the  factor  is  a  function  of  «r  only,  or  of  y  only,  it  can  be 
found.  Take  the  equation  wb^ch  determines  tlie  factor  M  (page  199), 
and  since  any  solution  is  a  sufficient  factor,  let  there,  if  possible,  be 
one  in  which  M  is  not  a  function  of  y,  so  that  dM :  (fy=0.  The 
equation  then  becomes 

M   dx      Q  Vdy      dx/  ''^  ^^    *  » 

provided  the  second  side  be  a  function  of  x  only. 

(II.)  If  an  equation  of  the  nth  order  be  reduced  to  the  form 
yC-)+0(y(— »),.... y^,)=:0,  or  y^"> + Y = 0,  Bttd  if  y(y^""^.. .  .y,J^) 
=0  be  one  of  its  immediately  preceding  equations  of  the  (n— l)th 
order,  the  factor  may  be  shown  in  the  same  manner  to  htf^  (dfr :  dy^*~^>). 
And  if  y|SG|,  ya=Ct,  &c.  be  the  n  equations  of  the  (n— l)th  degree 
from  either  of  which  the  given  equation  will  follow,  it  may  be  shown 
that 

/i  W^;^)+/«  (V^«)  xfe)+  •  •  •  •  «  an  integrating  factor ; 

f\%fb  ^'  being  any  functions  whatever. 

(12.)  In  the  case  of  y^sz<i>x,  in  which  1  (or  any  constant  c)  is  a 
fiictor,  *  is  also  a  factor,  and  xt/'zhx^x  gives  y'x'-y=fz</>x  rfjr,  which 
is  one  of  the  corresponding  equations  of  the  firet  degree.  The  other  is 
2/^ssf^xdx.  . 
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(13.)  When  Tdx+Q4p=0,  wboe  P  and  Q  aie  ImmogcaMiM  fime- 
taoDs,  the  diraor  Tx+Q^  gites  tbe  heUxt  wfaich  nukes  the  eqiuatkni 
became  integrable;  for 

and  if  P  and  Q  be  lioinogeneoaa  functions  of  the  nth  degiee,  we  have 
(lHigea64,)94) 


(^f-^)-0 


d*^*  dry'' 


(14.)  The  functional  equation  0x+^=0(x+y)  baa  a  aolntion 
which  is  well  known  to  be  the  only  one,  f^xszcx^  and  the  proof*  ia  given 
in  Euler'a  celebrated  proof  <^  the  binomial  theorem.  But  a  more 
simple  proof  is  derived  from  differentiation.  Consider  y  aa  oonatant, 
and  the  preceding  gives  0'j?=0'(dr+y);  whence,  y  being  arbitrary, 
^x  must  be  always  the  same,  or  ^szcx+Ci,  ^PV^7  ^^^"  ^  ^^ 
equation,  and  we  find  Ci=0.  From  this  equation  it  may  be  immediately 
found  that  ^a:x^=^  (,^+y)  has  no  other  solution  Uian  ^r^c*,  that 
(/)x+^y:=^(xy)  has  no  other  solution  than  fx^clogx,  and  that 
^xX  0y=^  (^)  has  no  other  solution  than  <l)x=:jf. 

It  IS  important  to  observe  that  the  limited  character  of  the  preceding 
solutions  IS  entirely  due  to  x  and  y  having  no  dependence  on  each 
other :  take  any  instance  of  such  dependence,  and  the  case  is  much  altered. 
For  instance,  let  y=a?,  or  2^=r0  (2r).  This  is  solved  by  ^=cx,  as 
before,  and  also  by  0x=:xy  (2irlogj?:log2),  where  fx  is  any  really 
periodic  function  of  sin  x^  cosx,  &c. 

(15.)  Any  differential  equation  may  be  reduced  to  a  set  of  simulta* 
neous  diff.  equ.  of  the  first  order.  Thus,  if  in  y'"+Py"+Qy'+Ry 
-l-SsO,  wc  make  y"=t?,  y'=^w,  we  have  the  three  simultaneous 
equations 

t/  +  Pt|/4.Qy'+Ry+S=20,      »=«/,      10=^. 

Conversely,  any  simultaneous  equations  may  be  reduced  to  single  diff. 
equ.  between  two  variables.  For  example,  let  x,  y,  z  be  functions  of  £, 
and  let  three  equations  contain  diff.  co.  up  to  r",  y^',  and  z^.  To 
obtain  an  equation  between  x  and  t,  differentiate  each  equation  6+7 
times,  giving  89+3  equations  involving  16,  19,  and  20  diff.  co.  of  the 

*  In  brief,  that  proof  is  as  follows.  The  equation  immediately  gives  f  (ms) 
=mfT,  m  being  any  integer •    Let.M  be  another  integer,  and  let -^•->- 


gives  mfxTzn^z,  or  ^  -  j***-  ^,  so  thai  the  preceding  holds  when  m  is  firactional. 

But  from  the  equation,  t^+^sAdr,  or  ^»0,  and  ^+^(— jr)a»cO»0,  wbenee 
—^=s^(— ar),  <p(— ma'W— ^(»w)=— m^,  or  the  equation  holds  when  m  is 
negative.  Ilence  ^  (otd?^ »m^  is  universal,  and  x^ml  fgjiveg  pnssmflf  io  that  at  in 
^  can  only  eoter  as  a  simple  factor  i  and  the  same  of  jt  in  fr« 
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•everal  rariables.  Between  these  42  equations  eliminate  y,  ^»  •  •  •  • 
s, 2',.  * . .,  19+ 1+20+ 1,  or  41  quantities :  the  result  is  a  difF,  equ.  of 
the  16th  order  between  :o  and  U  To  generalize  this,  let  there  be  the 
▼ariables  x^^  <ra.  •  •  •<r,  and  U  &nd  n  equations  going  up  respectively 
to  the  A^ith,  Agth, ....  A.th  diff.  Co.  of  the  several  variables.  DifiPerentiate 
each  equation  A,4-^a+ .  •  •  •  +^i.  times,  which  will  give 

n  (/:«+*,+  • .  • ,  +  W+w  equations  in  all. 

These  equations  contain  Xj  and  (Ari+*«+. ..  .+^,)  diff.  co.;  a?,  and 
(2A,+  A»+  . . .  .+Ar.)  diffl  co. ;  j?,  and  (^t+2^s+ . . . .)  diff.  co. ;  and 
so  on.  Exclusive  of  x^  and  diff.  co.  there  are  then  (A:i+^i+  • . . .  +i&a 
being  k) 

l+('c-*i+W  +  l+(ic-*i+A:.)+....+l+(jc-*.+AO, 

or  n—  1  +  (n—  1 )  (k— ArO + ic— A^i,  orn  (k-  -  *,) + n  —  1  quantities ;  with 
n  (jc — ArO+n  equations,  as  before  shown.  The  equations  exceeding  the 
quantities  by  one,  all  may  be  eliminated,  leaving  an  equation  of  the  icth 
order  between  x^  and  U 

For  instance,  let  there  be  two  equations  of  the  form  Py+Qy'+Rj? 
+  Sy+T=0,  between  j?,  y,  and  t.  Differentiate  each  once,  giving  two 
new  equations  of  the  form 

Aj?"+By"+Ca/+IV+Ej?+Fy+G=:0; 

between  the  four  equations  eliminate  y,  y\  and  y" ;  there  remains  an 
equation  of  the  second  degree  between  x  and  U 

This  is  the  general  theory  of  the  reduction  of  such  equations :  but  it 
would  hardly  be  safe  to  say  that  the  elimination  is  always  practicable 
without  any  of  the  circumstances  which  sometimes  require  additional 
consideration  in  algebraical  elimination. 

(16.)  The  only  case  in  which  there  is  anything  like  a  method  of 
integrating  simultaneous  equations  without  elimination  is  when  they  are 
linear.  Suppose,  for  example,  that  x  and  y  are  functions  of  i  to  be  deter- 
mined from  (x'  means  dx :  dX^  &c.) 

P.«'+Q,y'+Riic+S»y+T|=0,    P,a/+Q,y'+R,j?+S,y+T,=  0, 

where  P„  Q,,  P^  &c.  are  functions  of  i  only :  this  is  the  most  general 
linear  form.    Reduce  these  by  elimination  to 

a/=A.x+Biy+C„    y'=A«x+B,y+C,. 

Let  0  be  a  function  of  )f  to  be  determined ;  add  the  second  multiplied 
by  0  to  the  first,  and  assume  z= j?+dy,  which  gives 

«'-yO'=:(Aj+A,0)(«--%)  +  (B»+B,0)y+C,  +  C,^. 

Take  9  so  as  to  make  the  coefficient  of  y  vanish,  which  requires 

e'=:A.^«+(Aj-B,)a-Bi, 

and  gives  j/^CAi+A,©)  2+Ci+C,e. 

If  the  first  can  be  integrated,  the  second,  by  substitution  of  d,  is  made 
Uiiear,  and  z  can  be  found.    Also,  since  the  integral  of  the  first  equation 
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must  contain  a  square  root,*  two  distinct  forms  can  be  given  to  6,  and 
two  forms  of  z,  or  x+Oy  found.  Hence  x  and  y  can  be  found. in  terms 
of  ^. 

When  Ai,  Bi,  A«  and  B,  are  constants,  it  is  sufficient  that  0  should  be 
a  constant,  and  a  root  of  A,0'+(Ai  — B«)^-Bis:0.  Let/i  and  k  be 
the  roots  of  this  equation,  then 

«+ vy =€C^i+^«  *>  7(Ci +C,  v)  r-^Ai+A,.)r  ^ 
f    When  fi  and  v  are  equal,  the  values  of  x  and  y  obtained  from  these 
take  the  form  r- ;  and  the  real  values  may  be  found  by  Chapter  X. 

But  in  the  particular  case  preceding,  a  more  simple  artifice  will 
suffice.     The  two  original  equations  give 

a'+^rrCAi+eA.)  a:+(Bi+eBOy+C,+aC,. 

Let  e  be  so  taken  that  81+664=0  (Aj+OA«),  then  x+Oyzzz  gives 
«'=(Ai+0A«)z  +  C|+6Ct,  and  the  solution  is  as  before. 

(17.)  The  same  process  may  be  applied  to  the  case  of  three  or  more 
variables.  Thus,  let  the  equations  be  (a?'  meaning  dxidl^  &c,  as 
before) 

a?'=AiX+Biy+Ci2-fEi,    y'=A4«+&c.,    s/szAbX+Ac; 

Ai,  At,  &c.  being  functions  of  t  only.  Multiply  the  second  by  0,  the 
third  by  0,  and  add,  making  u=x-}-0y +0z,  which  gives 

t*'— (Ai+^A,+0Ae)  tt=Ei+eE,+*E, 
if  we  assume  e'sCAi+OAt+^A.)  e-.(Bi+6B.+0Ba) 
0'=(A|+0A.+0A,)  0  -  (Ci  +  eC,+0C.). 

Thus  the  question  is  reduced  to  integrating  a  pair  of  simultaneoua 
equations  between  0,  0,  and  t :  if  this  can  be  done,  substitution  makes 
the  first  of  the  three  equations  a  common  linear  equation  between  u  and 
t.  If  all  the  coefficients  be  constant  except  £1,  £«,  and  E^  it  ia 
sufficient  that  6  and  0  should  be  the  roots  of  the  pair  of  equations  got 
by  writing  0  for  €^  and  0'.  If  Ai+OAi+<|>Aj=a,  we  may  reduce 
these  to 

(a-  B,)  0-B,<|>=:Bi,     (a-C.)  0— C,a=Ci ; 

and  the  values  of  0  and  0  hence  obtained,  substituted  in  Ai+Ai^ 
4-Aa<f>=a,  give  an  equation  of  the  third  degree  to  determine  a;  from 
which  $  and  0  may  be  found  by  the  two  last.  Each  root  of  the 
equation  of  the  third  degree  gives  one  form  of  u'— au=£|+a£«-f  0£^; 
and  three  final  primitives  are  thus  determined. 

(18.)  Leta/'=A,j:+Biy+Ci,  andy''=A8af+Bty+CtoWhereAt,A„ 
B|,  Ba,  are  constant,  and  Ci  and  €«  functions  of  t  only.    Multiplication 

*  As  appeart  by  instances,  except  when  Ag  =  0.     But  in  the  latter  caie 

y'-sBsy+C*  <^^  be  integrated  separately,  and  ibe  value  of  y  substituted  in  the 
other  equation. 
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of  the  second  by  0,  addition,  and  assumption  of  B|+B|9=6(A|4-A«9)» 
*=x+ay  give 

which  can  be  integrated,  as  in  page  155. 

(19.)  If  the  equations  be  linear  and  with  constant  coefficients,  the 
solution  always  depends  upon  that  of  common  algebraical  equations. 
For  instance. 

Assume  0?=^*,  ysr/Sr*,  which  gives 

Eliminate  /3,  and  we  have  an  equation  of  the  fifth  degree  to  determine  a. 
Let  the  five  values  of  a  aud  fi  be  a„  0^9  &c.,  j8|,  /Sg,  &&  The  complete 
integral  is  then  got  by  adding  all  the  particular  integrals  multiplied 
by  constants,  and  this  giv^s  the  equations 

jr=C,r»'    +C,g*«,    +C,r»'    +C^t*'    +C^^ 

(20.)  If  any  of  the  roots  be  equal,  a  wider  form  must  be  taken ;  but 
the  following  (which  might  also  be  applied  in  pi^e  211)  is  the  best 
mode  of  obtaining  it.  Let  ai  and  a^  be  unequal  (as  yet),  and  put  the 
two  first  terms  of  x  into  the  form 

r^'(C»+C.€(-«--^>'),  or  t^'(c,+C+C, (a,-ad <+^' (^^«'^'^+  . .  A 

Now  let  ot — ai  diminish  without  limit,  by  approach  of  «>  to  ai ;  and 
as  this  process  goes  on,  let  Ct  increase,  so  that  Cg  (a. — ai)  inftj  always  be 
Kt;  while  at  the  same  time  Ci  alters  so  that  Ci+Cj  is  always  Ki.  Then 
C,(ai— flEi)^or  Kt(eK9— ai)  diminishes  without  limit,  and  still  more  the 
succeeding  terms,  so  that  s*''  (K,+Kt  0  is  the  final  substitute  for  the  two 
first  terms  when  at  becomes  =  av  Similarly,  fii  £*^'  (Ki+  K,  t)  must  be 
put  for  the  first  two  terms  of  y. 

(21.)  Generally,  let  a?=:Ci0(afiO  +  C,0(«4O+ ••  ••  be  one  of  the 
solutions  of  a  set  of  equations  where  a^  oi,  &c.  are  the  roots  of  an 
algebraical  equation.  If  any  of  these  roots  become  equal,  some  of  the 
solutions  merge  into  one  only.  Suppose,  for  example,  four  roots  equal, 
required  the  general  form  of  the  solution,  so  that  the  number  of  con- 
stants shall  remain  the  same  as  in  the  case  of  unequal  roots.  Let 
ot^ai+O^  a3=eri+^s>  (X4=aci+^4«  whence  the  solutions  belonging  to 
these  four  roots  may  collectively  be  brought  to  the  form 

(Ci+C.+C,+  C,)0(a,O  +  (C,0.+  C0.+C,0,)^'(«,O.< 
+  (C.«  +  C,eJ+C,^)0"(aiOy 


+(c.0S+c,a;+c,^)0"(aiO^g+.... 


2Y 
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As  0>i,  Oa>  04  dimimsh,  let  C,*  C«,  Cs,  €«  be  always  dAtermioed  so  as  to 
make  the  four  first  coefficients  be  Ki,  K«,  2Ka,  2.3  K^.  Suppose  also, 
which  is  allowable,  that  the  above  conditions  are  fulfilled  in  such  way 
that  Ca6S,  0,6!,  O46J  shall  have  finite  limits,  or,  say,  shall  be  always 
finite  quantities  L^,  L^,  L4.  This  does  but  require  that  0^  699  O4  shall 
diminish  without  limit  in  such  a  way  that 

shall  always  be  finite  and  equal  to  2Ks  and  K, ;  whidb,  as  there  are  three 
quantities  diminishing,  with  only  two  conditions,  is  always  possible. 
Hence  it  follows  that  CtOa+Os^i-^C^^t*  ^  diminish  without  limit, 
being  La^t+ijs  0^+^04*  &c.,  and  the  final  solution,  belonging  to  the 
four  equal  roots,  is 

Ki0(aiO+K,*;(a,O.^+K,*"(«iO.^'+K,*'"(aiO.<*, 
and  so  on  for  any  number  of  roots. 

(22.)  Take  the  equation  N^ +P3^*+Qy+R==0,  and  for  y  substitute 
V :  (W+«).    Multiply  by  (W+z)\  and  we  have 

-NV2'+B«'+(NV'+QV+2RW)« 
+N  (WV- VW0+PV«+QVW+RW«=:O, 

which  has  several  integrable  cases.  First,  when  R=0,  this  equation  is 
integrftble  whatever  Y  and  W  may  be ;  but  in  this  case  the  original 
equation  is  easily  reduced,  for  if  y=s~',it  becomes  — N2'4-P+Q*=0f 
and  is  linear.  Hence  the  equation  before  us  can  be  integrated  (and 
thence  the  original  one)  whenever  V  and  W  can  be  found  so  as  to  give 

N  (WV'-VW0+PV«+QWY+RW«=O. . .  .(V,W) , 

which,  however,  supposes  (let  the  studeut  show  it)  that  a  particular 
solution  of  the  original  equation  can  be  found,  but  expresses  this  con- 
dition in  a  useful  form.  Let  V :  W  be  a  particular  value  of  y,  ascer- 
tained by  trial  or  other  means,  and  =  Y,  whence  the  preceding  condition 
is  satisfied.    Determine  Y  from 

NY'H-QY+2RY-»Y=0,  or  V=r-' ""^T-*  . 

We  have  left  then  -  NY;5'+  Ra*=  0,  or  ;5=  - 1 :  {  f-^-^ c| ; 

VY    . 
and  y  =  ^mY   "  ^^^  complete  solution. 

(23.)  Thus,  if  P+Q+R  should  happen  to  be  =0,  in  which  case  it 
is  clear  that  ^=5 1  is  a  particular  solution,  we  have  (making  N=l  for 
simplicity)  a  complete  integration  in 

(24.)  Again,  let  Y  and  W  be  determined  by  QY+RW=0,  which 
reduces  (V,W)  to  N(WY'-YW')+PY»=:0.  From  .these  two  we 
have 
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which  equation  is  therefore  necessary  to  the  success  of  this  artifice: 
and,  this  condition  suhsisting,  QV+RW=0  alone,  satisfies  (V9W). 
Now  assume  NV'-|-QV+2RW=0,  giving  NV'-QV=0,  or 

as  before.    The  complete  integral  is  y=V :  {W+z}, 

/QV      R 
(25.)  Assume  PV+QW=0,  which  shows  that  f -^  J  =  tjt  is  the 

necessary  condition.     And 

NV'+QV+2RW==0  gives  log V=  rir2Rj-Q^(fT,  W==-^V; 

and,  z  being  found  as  before,  this  case  is  int^able. 

Q      P'     R' 
(26.)  Assume  PV*+RW«=0,  which  gives  2-^  =p-  -g;  *<>  'atisfy 

(V,W).     Here  NV'+ QV+ 2RW=0  gives  . 

logV=-Ji(Q+2./=:PR)rf^,    W=:^(-~-').V; 

and,  z  being  found  as  before,  this  case  is  also  integrable.  All  these 
cases  really  depend  on  the  same  principle. 

(27.)  From  the  preceding  it  may  be  shown  that  the  complete  integral 
of  Ny'+Py'+Qy+R=0  must  be  of  the  form 

c  being  an  arbitrary  constant,  and  ^j?,  &c.  not  containing  any  arbitrary 
constant. 

(28.)  Also  by  determining  V  from  -NV=R,  and  W  from  NV 
+  QV4-2RW=0,  the  equation  may  always  be  reduced  to  the  form 
y'-hy«+S=0. 

(29.)  If  in  §  (22.)  we  make  Ni=:-NV,  IP.^R,  Qx=NV'+QV 

+  2RW, 

Rj=N(WV'-VW')+PV«+QVW+RW«; 

wehaveNi2'+Pi«'+Qi«+Ri=0,  and  if  we  make  5;=:V|:(W|+20, 
we  get  another  equation  of  the  same  form,  and  so  on.  Hence  we  reduce 
y  to  the  continued  fraction 

_  V       Vi  v«       . 

which  may.  in  certain  cases,  exhibit  its  law  with  sufficient  distinctnesi, 

when  only  a  few  of  the  first  terms  are  found.     Suppose,  for  instance, 

^  2  Y2 
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we  want  a  continued  fraction  for  (1  +  j)"^.  We  f5nd  that  yzi^c  (1 + *)"" 
gives  (l+j?)y'+f7iy=0.  Let  V,  Vi,  &c.  be  Aj?*,  Bjc^,  &c.,  and  let 
W=:W|=. ..  .=:1.  It  is  evident  from  the  form  of  the  fraction  that 
we  must  havea=0,  A=c;  assume  y^ciCl^-^),  or  V=c,  W=l, 
which  gives  (N=1+JP,  P=0,  Q:=:m,  R=:0) 

—  (l+«)car'+mc«+mc=0,  or  — (1+j?)  «'+*w«+m=:0. 

If  ;:  were  Bjf,  — (l+x)«'+wi2+m  would  be  —  B/3i^'+(m-Bi8) 
a?^+^»  which  vanishes  with  x  when  /3=:1,  B=m.  Now  when  x  is 
small,  z^=:Bx^  nearly,  as  is  evident  from  the  fraction,  so  that  it  is  only  by 
this  supposition,  namely,  making  Bx^  approximate  to  a  solution,  that 
we  can  get  a  continued  fraction  of  which  all  the  terms  after  Bjt^  :  (1  +  •  • . ) 
become  comparatively  insignificant  as  x  is  diminished.  Assume  then 
2=mjr:  (l4-^i)j  or  form  the  new  equation  with 

N=— (1+j:),    P=0,    Q=m,    R=m,    Vrrwir,    W=l; 
which  gives 

il+x)mJcz\+m2*+{m\T+(l'^x)m}zi'-(l-^x)m+m^x+m:=zO^ 
or  (1 4-x)  xz\+z\-{-  (mx—x+ 1)  r,  +  i?M:--a:=0. 

If  2^1=01;^,  it  will  be  found  that  similar  reasoning  gives  y=l» 
C=— j(m— -1),  ana  proceeding  in  this  way  it  will  be  found  that  the 
successive  values  of  V  are,  after  c  and  mx, 

(m— l)j?      (m  +  1)  J?  (m~2)  x      (m-f  2)  i     (inS)x 

>  a  »  if  9  1  rk     '    »"~         , «      "  >  »C. 


6       '  6       '         10      '         10 

/I  ,    x-m_  1     '^^   jt(//i-l)r^(m  +  l)x  A(wi_2)a:  TV('»+2)r 

0+^)   -r+  Yn  -y^i fir 1+ firrr- 

Find  log  (I+j:)  by  taking  the  limit  of  (l+x)*— 1  divided  by  m 
fm=0) 

iogfi+^)-i:;  y:;  i:p  r+  r^i  y:;  yt:~- 

Find  €'  by  taking  the  limit  of  (1-f  jp:m)*  (wi=oc) 

,    _£^  il  if.  if  15?  ll«[f     tVj 
""  "^l-  1+  1-  1+  1-  1+  1-....' 

(30.)  Every  difF.  equ.  is,  or  amounts  to,  an  expression  of  some  one 
difF.  CO.  in  terms  of  those  which  precede  it,  and  of  the  variables.  Hence 
by  differentiation,  every  difF.  co.  can  be  expressed  in  terms  of  a  given 
number  of  them.  If,  then,  for  any  one  value  of  or,  the  value  of  y  and  of 
a  sufficient  number  of  diff.  co.  be  given,  Taylor's  theorem  may  be  applied 
to  the  development  of  y  in  terms  of  x.  For  example,  lety^sr^y'+y, 
from  which  we  find 

y'"=:ay'+2y=(2+^)y'+*y 
y-=(2+^y+3ry'+y=(5jr+jj0y'+(3+^')y; 
and  so  on.    Or  thus,  let  y^"^=A,y'+B.y,  which  gives   (y"  being 
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y<-+«=(A,«+A',+B,)y'+(A«+B;y) 
A.+,=A.a?+A',+B„    B,+i=rA.+B'. 
A^^iXy    B,=  l,    Aa=j^+2,    B8==J,    A^r^ij^+hx 
B^=if*+3,    A5=rj:*+9x'+8,     B,=x"+7a?; 

and  so  on.  Let  it  be  known  that  v^y^,  and  %fr=itf^  when  x^zx^ :  we 
have  then,  by  Taylor's  theorem,  making  a;=Xo  in  the  preceding  expres- 
sions, 

y=yAy\  (*-*.)  +  (A.y'.+B,y.).^=|!^V(A.y',+B,y.)  ^^^+..., 

a  result  which  may  generally  be  advantageously  used  for  obtaining  actual 
values  of  y,  when  x  differs  little  from  x^.  This  method  is  so  easy  in  its 
principle,  however  laborious  the  details  of  instances  may  be,  that  no 
further  examples  will  be  necessary. 

It  seems,  however,  as  if  there  were  three  arbitrary  constants,  jt^,  y^ 
and  y^g ;  for  it  is  certain  that  the  preceding  value  of  y  solves  the  equation 
for  any  and  every  value  of  either  of  these  three  quantities,  as  may  easily 
be  verified,  by  making  x — Xo=X,  and  applying  the  preceding  expression 
to  the  equation  y''=(X+j*o)y'+y'  ^^  will  be  found  that  all  the 
coefficients  of  powers  of  X  vanish,  if  in  all  cases  we  have  A,4.9=(n+1) 
A.+'TA.+i  and  B„+,=  (72  4-l)B,+xB,+i,  which  will  be  found  to  be 
true  of  the  preceding  values  of  A,  and  B..  But  only  two  of  these  con- 
stants are  introduced  by  integration ;  the  third  arises  from  an  arbitrary 
supposition.  If  the  complete  value  of  y,  containing  its  proper  number 
of  constants,  be  0J7,  it  is  always  possible  to  give  another  by  develop- 
ing 4>^  in  powers  of  j?— -<re,  x^  being  taken  at  pleasure. 

(31.)  The  form  y'srPy-l-Q  is  completely  integrable;  the  next  form, 
y'r=Py*+Qy4-R,  will  never  be  completely  integrated  until  a  mode  is 
devised  of  expressing  3^  by  a  definite  integral,  as  is  shown  by  the  only 
case  which  has  yet  been  integrated.  This  equation  can  be  reduced  to 
the  form  y'=2/*+Sj  as  in  §  (28.),  or  as  follows. 

Write  vy  for  y,  and  make  t?'=Qi',  or  »= 5^*",  which  reduces  the 
equation  to 

ry'=Pi>*y«+B,  or  y'-V^^.f+^Sir^^. 

Next,  determine  x  in  terms  of  I  from  d^^Vsf^^'.dXy  say  a?=V^{,  and 
substitute,  which  gives 

-^=y«+|~^  r-w^  with-Y^f  substituted  for  x\. 

(32.)  The  simple  case  y'=y«+ax"*  goes  by  the  name  of  Bfcca^iV 
equation.  It  is  obviously  integrable  when  m=0,  and  also  when 
ms=— 2;  for  in  that  case  the  substitution  of  1 :  a:  for  x  reduces  it  to 
— ^•y'=y*+aa:*,  an  homogeneous  equation.  Assume  y=cj;*+j?^«, 
which  turns  the  equation  into 

J?-*  w' = J"*  tt* +«*"*,  if  CSS  — 1,  a=— 1> /3=— 2; 
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or,  putting  a?""*  for  t,  -w'=t**+aar^"'+^^  bo.  that  the  equaticfn  is  inte- 
grable  when  wi=— 4.  For  u  write  1 :  m,  which  reduces  this  to  w'=l 
-f-ar~^"+*^  t£*,  and  for  on  write  x%  which  produces  a~' jr*+'tt'=l 
-i-ar"^"***^*?**,  in  which  make  --a+l=  —  (wi  +  4)  a;  this  gives  a  new 
equation  of  the  form 

m+3        m+3      '        *        m+3' 

which,  by  a  repetition  of  the  process,  is  integrable  if  nii^ — 4. 
Similarly,  if  mt= — (''^1+4} :  (^1+3),  the  equation  is  made  integrable 
by  another  such  transformation  if  mj=: — 4,  and  so  on.  The  law  of 
regression  is  pointed  out  in  mrr  —  (3m, +  4):  mi +1),  and  if  we  begin 
with  — 4,  and  proceed  backwards,  we  find  the  series 


-4,     — . 


8  12  16  4k 


3*  5'  7 2k-\' 

k  beinff  any  whole  number.     In  any  such  case  then,  the  equation  is 
int^able. 

Again,  if  in  y'=y*+ar^,  we  write  1  :y  for  y,  we  have  — y'=l 
+ai*y*,  and  a;*  for  x  gives  —  a-'jT^^y'zr  l+fl.x:**y",  in  which 
— a+l=wia,  or  a=l:(l+m)  restores  the  original  form,  with 
— m :  (1+m)  instead  of  wi.     It  is  enough  then  that 

m  4k  4^ 


or  msr  — 


1  +  m        2k-V  2ft+l' 

The  final  result  then  is,  that  Riccati's  equation  is  certainly  integrable 
whenever  m  is  negative,  with  a  numerator  divisible  by  4,  and  a  denomi- 
nator one  more  or  one  less  than  half  the  numerator.  No  other  int^able 
cases  have  been  found,  except  the'  extreme  limit,  (already  mentioned,) 
when  k  is  infinite,  or  m=  —  2.  The  transformations  of  the  preceding 
method  are  numerous  and  troublesome,  and  we  shall  presently  see  an 
easier  mode  of  proceeding. 

(33.)  As  to  equations  of  higher  orders  than  the  first,  we  need  hardly 
consider  any  except  those  of  the  second..  Very  little  indeed  has  l)een 
done  in  the  way  of  general  solution  even  when  the  equation  is  only  of 
the  second  order. 

If  the  equation  be  linear,  or  of  the  form  y^"^+Piy^"""*^+. . .. 
+  P,y=0,  and  if  n  particular  solutions  V„  Vg. .  • .  V,  can  be  found,  so 
that  y=Vi,  y=Vt,  &c.  severally  satisfy  the  equation,  then  y=C,V| 
+  CtVt+.*«  is  the  complete  solution.  That  it  is  a  solution  is 
evident  by  trial ;  and  it  contains  n  distinct  arbitrary  constants.  And  if 
the  equation  were  y^"^+ . .  ► .  +Piiy=X,  the  application  of  the  principle 
explained  in  page  155  would  give  a  complete  solution,  by  considering 
C„  C|»  &c.  as  functions  of  Xy  to  be  determined  by  the  equation  itself, 
and  previous  assumptions  similar  to  those  in  the  page  cited.     These 

assumptions  are  2C'V=  0,  SCV'rr  0,   1C^"=: 2C'V^-'<>=0, 

whence  y=2CV  gives  ^=207',  /=2CV" andy^->=2CVW 

'+2C'V^-'>,  whence  the  equation  is  satisfied  by  ZCV^—^rrX,  since 
the  terms  containing  C„  C„  &c.  all  .make  y^"^+  . .  • .  +P,y=:0.  We 
have  then  to  determine  C/,  &c.  from 
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ZCVsO.     ZCV'arO,     2C'V"=0,. . .  .2CV(-'>=X, 
by  common  ulgebra :  and  integration  giyes  the  yalues  of  C^,  Ga,  &c. 

« 

(34.)  Apply  the  preceding  to  af  y'^'— 3jf"-V'+6j?""*y— 6x»-*y=X- 
If  X=:Oy  the  complete  solution  is  y^^CiX+CgO^-^Cgj*,  whence  we 
have 

C\  +2(y,ar'+3C',««=0,  C',=  -Xa?-" 

2C't    +6G',x=Xar%     C',=4Xa^<-^« 

(35.)   The   equation    (a  +  6ar)*  v^"^  +  Ai  (a  +  6j')*-'  y^""*^+ 

+A«(a+&J^)^~"y=0  has  n  particular  solutions,  and  thence  a  general 
solution,  found  by  assuming  y=(a4-6ir)'',  which  gives 

m(m— l)...(fii-n4-l)+ Aim  (m-1)  •.•(!»— n+2)  +  .«.+A,=0, 

an  equation  of  n  dimensions :  let  its  roots  be  fftit  mi,. .  •  .m..  The  com- 
plete solution  is  then 

y=:Ci  ia+bx)^+C,  (a+6«)"«+  . . . .  +C.  (a+&r)"^, 

subject  to  modifications  already  explained,  (pages  211  and  689,)  the 
solution  for  a  pair  of  equal  roots  being  (C|+C|log  x)  (a+6x)7S  &c.  If 
a+6x  be  made  =€*,  this  equation  can  be  reduced  to  the  common  linear 
equation  with  constant  coefficients. 

(36.)  In  theory  it  is  permitted  to  suppose  the  solution  of  any  alge- 
braical equation ;  but  in  practice  the  inability  to  do  it  in  finite  terms 
frequently  makes  a  great  difference.  Suppose  one  differential  coefficient 
given  in  terms  of  another,  for  instance  y^=0  (t/")>  If  y'"=2,  we  have 
2;''=0  (z),  and  if  this  can  be  integrated  in  the  form  z^fx^  we  have 
yTsz^Jdafy^^T,  But  suppose  that  (as  is  indeed  generally  the  case)  we 
can  only  obtain  the  form  x^fz,  inconvertible  in  finite  terms.  We 
must  then  take 

y''=/y''^dxs=/3^yy''\dy'''=rX3/'^y'==/y''dr=5/xy'^y^^^ 
=tsry^';  y=:f7/dx=fmy"'.f'y'^.dt/^=zwy'", 

and  y  must  then  be  eliminated  between  x^y^"^  and  yssart/'^ 

(37.)  0(x,y',y")— 0  is  reduced  to  the  first  order  by  y'srr,  which 
gives  0  (j, «,  /)=:0,  or  z^fx^  y^fyx  dx.  But  if  x^fz  be  the  form, 
we  must  find  y  or  j}fdx^  or  fzyjf'z  dzy  or  x^»  a^d  eliminate  z  between 
the  two  equations.  And  0  (y,  y,  y")=0  may  be  integrated  in  a  similar 
manner  by  changing  ihe  independent  variable,  writing  1 :  af  for  y\  and 
^x" :  of*  for  y ;  which  brings  the  equation  to  the  form  f  (y,  a?', «")— 0. 
Or  thus :  making  i/szz^  we  have 

from  which  equation  of  the  first  order  «  is  to  be  found  in  terms  of  y. 
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and  07= J*je~~'  dy.  Or  if  y  be  found  in  terms  of  z,  say  y^^'^z^  then 
«r:=:  J*?"*  yffz  dZf  and  z  must  be  eliminated. 

(38.)  liCt  the  complete  integral  of  <|>  (a?,y,y,. . .  .y^'^)=0  be  known, 
and  let  it  be  y=^f  (a?,  a,  6,  c, . . .  • ),  a  function  of  x  and  of  n  arbitrary 
constants*  The  equation  <f>=0,  being  identically  true  when  f  is  snbsti- 
tuted  for  Xy  gives 

d.<p  d(t>  dy    d<t>  d^  d4>    dy^-> 

"d^""»  ""^  Ty  dk'^Trf  rffl"^  •  •• '  "^dyw  -^ 

rfv  ,    .  d(b  d<b  du  ,  .    d0     d"M 

or  n= c/y^:  (fa  is  a  solution  of  this  last  linear  equation,  in  which  the 
coefficients  of  v,  u%  &c.  are  functions  of  x,  a,  by  &c.  By  the  same  pro- 
cess it  will  be  found  that  u^^drjf :  (f6  is  a  solution  of  the  same^  and  so  on. 
Hence  the  complete  solution  of  the  last  equation  is 

d'^f        d^t 
M=A  T^  +  B  1^+  •  •  • '     A,  B,  &c.  being  new  constants. 

For  example,  the  equation  xyy" +yy^—xt/*=0  has  yzzai*  for  its 
complete  solution.    The  new  diff.  equ.  then  is 

or,  dividing  by  s^\       b*  u+0"-2b)  xu'+x^u^'=zO, 

---rrx*,  -~=alogcr.a;*,  whence  ?^=:(A+Blogir)  a;*  is  the  complete 

solution  of  the  last,  which  shows  that  the  equation  deduced  from  §  (35.) 
would  have  a  pair  of  equal  roots;  as  will  be  found  to  be  the  case. 

(39.)  The  equation  0  (x,  y^*\  y*+*^ y^*+"0  can  be  reduced  to  the 

nth  degree,  as  is  shown  by  making  y^*^=z;  when  z  is  found,  3^  is 
found  by  direct  integration.  But  if  x  can  only  be  found  in  terms  of  z, 
a  process  similar  to  that  in  §  (36.)  must  be  followed. 

(40.)  The  equation  Py"+Qy^=:R  is  integrable,  if  P,  Q,  and  Rbe 
functions  of  y.  Divide  by  P,  which  leaves  the  form  3/'+Qy*=R, 
multiply  both  sides  by  €^*^,  and  it  will  be  found  that  the  first  side  it 
the  diflF.  co.  with  respect  to  x  of  y'tf'^*'^     We  have  then 

dx^         ''^  dx  dx  \         dxj  dx 

\       dxJ       J  ^'  J  V(2/R«^'»dy)' 

By  changing  the  independent  variable,  it  veill  be  found  thatj/'+Py' 
+ Qy'«=:0  is  integrable  when  P  and  Q  are  functions  of  x.  To  solve 
this  directly,  multiply  by  s^^^  which  call  W,  and  we  then  have 

I :  U  being  Wy'.    Hence  U=^(2/QW-*</x),  and 


ON  DIFFERENTIAL  EQUATIONS.  697 


■"J  WVC2fQW-*rfx)^J; 


(41.)  In  tlie  aarae  way  can  be  integrated  .y"+Py^+Qy*=0,  when 
P  and  Q  are  functions  of  y,  and  y"+PyH-Qy'*=0,  when  P  and  Q  are 
functions  of  jr.  The  results  are  most  easily  obtained,  that  of  the  first 
from  the  second,  that  of  the  second  from  y=^Zy  which  gives  z'+P^c 
+  Q2"=  0.     This  last  gives 

which  is  easily  integrated.     This  case  belongs  to  the  general^  form 
0  (•^9y>y)=^>  which  is  reduced,  as  in  §  (37.)  preceding. 

(42.)  The  complete  integration  of  y"+Py+Qy+ll=0,  P,  Q,  and 
R  being  functions  of  j?,  requires  ouly  any  particular  solution  of 
y"+Py+Qy=0,  other  than  y=0.  Let  y=Y  be  such  a  particular 
solution,  and  assume  y=:Yt7  for  the  general  solution.  The  equation 
then  becomes 

Yi?"+2Y'V+Y'r+P(Yt'-fY'v)  +  QYr+R=0, 
or  Yt;"+(2Y'+PY)«'-fR  =0; 

since  Y"+PY'+QY=:0,  by  hypothesis.     This,  with  respect  to  v',  is  a 
linear  equation  of  tlie  first  orders  which  gives 


,^,.=  .,J{1^^},,. 


Reduce  this,  when  R=:0,  to  the  form  in  §  (33.) .    The  negative  sign  may 
then  be  omitted,  or  replaced  by  any  constant.     Why  ? 

(43.)  If  R=:0,  we  find  for  the  complete  solution  of 

(44.)  If  in  §  (42.)  we  suppress  the  condition  that  Y  is  to  be  a 
particular  value  of  y,  we  have 

Yt/'+(2Y'+PY)  iy+(Y"+PY'+QY)  t7+R=0 ; 

and  Y=r*-^  gives  the  form  Yv"— JY  (P+2P'-4Q)  i?+R=0. 

(45.)  If  Y  be  a  particular  yalue  of  y  in  y'+Qy=0,  the  complete 
values  of  y  in  the  following  equations  are  as  written, 

y"+Qy=0,    y=CYj^;   y'+Qy+R=0,    y=Yji^dr. 

(46.)  The  equation  y"+Py'+Qy=0  is  reduced  by  y^s-^''  to 
i?'H-t>"+Pi?H-Q=0.  The  solution  of  this  last,  §  (27.),  is  of  the 'form 
i7=r^+Y^ :  (^4-C).  I  leave  it  to  the  student  to  reduce  the  value  of  y, 
as  derived  from  t;,  to  the  form  CY+CiYi  which  it  is  known  to  have. 


1 
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(47.)  When  an  equation  cmn  be  made  homogeneoaa  on  any  paitiealar 
snppontion  as  to  the  dimenaioBs  of  the  di£  oo.,  aobadtittions  invented 
accordingly  will  frequently  reduce  the  order  of  the  equation.  For 
example,  y*y+«*y*=^y''  is  homogeneous  if  y,  y',  i^'  be  of  the 
dimension  of  df,  x^^  j^.  Assume  y^ahiy  y'^xv^  which  gives  tc'v*4-v* 
=sy".  But  2itt+xV=xt!,  or  2udx+xdu^vdx  ;  and  aV+t^=xi/+p, 
or  (u*  r* +tf — v)  dx= xdv.    Hence 

dx  dv  du 


an  equation  of  the  first  order  between  u  and  r.  The  reduced  equation 
may  be  as  difficult  as  the  original  one,  but  there  is  always  an  advantage 
in  knowing  how  to  form  an  equation  of  a  lower  degree :  and  it  may 
generally  be  taken,  that  if  the  reduced  equation  cannot  be  integrated  by 
our  present  means,  neither  can  the  original  one;  or  vice  versS^  that  if  the 
original  equation  can  be  integrated,  methods  can  certainly  be  found  for 
aucceeding  with  the  reduced  equation. 

To  generalise  this  process,  let  0(i^,y,y',y^)=O  be  homogeneous 
when  y,  y',  y"  are  of  the  dimensions  n,  n— 1,  n  —  2.  Assume  y  =ytt, 
y'=:ir*"'t;,  y"=s:af"*ip,  which  gives  an  equation  of  the  form  y  (ti,t',iD) 
=:0,  by  hypothesis.    Again, 

TU'^'tt+xVssj?*''!?,  or  dr:ir=du:(r— Titt) 


(n— l)a:*~*t>+af"V=:jp*^«r,  or  d»:x=:^:(io— n— If); 

V — nu       ID  — ^71 — i)  V 

substitute  for  w  its  value,  and  we  have  the  reduced  equation  required. 

(48.)  When  the  equation  is  homogeneous  with  respect  to  y,  y',  y, 
&c.,  the  reduction  of  one  unit  of  the  order  is  always  practicable,  by 
assuming  y^is^**.    Thus  yy'*y"=(«*y*+y")'  gives 

(49.)  An  equation  may  sometimes  be  reduced  to  an  integrable  form 
by  a  change  of  the  independent  variable.  Let  it  be  i/'+Py^ + Qy + R=0, 
and  assume  x::s^{.     we  have  then 

.    dy  dx       itf^  ^y     ^y  ^^\  fdx^ 
'^"d£'*^'    ^  ""VdS  d{*  "rf{  dff)'\di,) 
dx  cPv     /^  dx*      (fx\  dv     ^da^       ^  dx* 

To  destroy  the  second  term,  we  must  integrate 

But  if  we  have  P=0,  and  want  to  restore  a  second  term  in  which  the 
coefficient  is  the  function  n  of  (,  we  must  integrate 

ChX  dx  Jk  TT 

— ^=n  -^  which  gives  j?=/€"^"*  d{. 
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(50.)  The  Bolutions  of  eome  equations,  otherwifie  unattainable,  hav( 
been  ezpreBsed  by  definite  integrals,  but  a  general  method  of  passing 
from  any  equation  to  such  a  solution  has  not  yet  been  ascertained.  The 
following  are  examples. 

Lety=/6^"(1— i?^*dt;j  we  have  then,  diflferentiating  with  respect 
to  X,  and  integrating  by  parts  with  respect  to  9, 


^szaf^O-^v^yvdv 


dx 


a       __       ^...    .     a'j? 


Let  the  limits  of  integration  be  —1  and  +!>  the  separate  term  |then 
vanishes  at  these  limits,  if  n+ 1  be  positive,  and  we  have 

^   c^x  X      d^y 

or     g+  ^  |-«V=0  gives  y=/i55-(l-.^'*. 

A  little  examination  will  show  that  this  integral  undergoes  no  altera- 
tion when  the  sign  of  a  is  changed,  and  also  that  n  must  be  >  —  1,  or 
2n+2  positive.  The  preceding  value  of  y  may  of  course  be  multiplied 
by  an  arbitrary  constant,  but  it  is  not  yet  complete.  The  following 
artifice  will  find  another  solution,  and  avoid  the  (in  this  case)  com 
plicated  form  of  §  (43.)     Assume  y=^;r,  which  gives 

y  _  A     zl_     f_y2^    L    £    zL    £-^!z*    ?i  £    £ 

y^x      z*      y      J/"""      jf     z      X**      y"^    a^       x    z       z 

y      2n+2  y       ,     «^      2ifc+2;t+2   /    ,  A:*— A  +  (2n+2)^      , 
1 a  = 1 H J —a . 

y  X       y  z  X  z  or 

Assume  *■— A+(2n+2)  4=0,  or  A::=  — 2n— 1,  which  reduces  the  pre- 
ceding to 

!LJ^  — -o'r=0,  and  «=:/ll6'"(l-r»)— 'd© 

Z         X      z  '' 

satisfies  this  if  n  be  negative.  But  since  2/1+2  is  to  be  positive,  n 
must  lie  between  0  and  --1,  or  2n+2  between  2  and  0.  Let  2n+2 
=m;  it  then  appears  that,  under  the  restriction  0  (m)  2,  the  complete 
solution  of  y"+ma:~*y— a«y=:0  is 

y =Ci  /+!  fT  (1— r»)*"- » dv+ Ct  ar*+*/l{  ^  (1  -  v*)"**  dv ; 

which  this  is  not  altered  by  changing  a  into  —a.  Do  this,  add  and 
divide  by  2,  and  write  a^— 1  for  a,  which  gives  for  the  complete  solution 
ofy"+fiUJ"Y+aV=0 

y==C| /!}  COB  o^.  (1-rO*""' rf»+C.af--"^*/i|  COS  oxr  (1 -©0"*"  cft;» 
When  ms=0,  the  whole  process  fails,  since  the  separated  term  in^the 
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first  integration  does  not  vanish ;  but  still  the  second  solution  is  th^i  of 
the  form  Cssineu;,  which  is  a  solution  of  y''-|-a^=:0.  When  m^siQ^ 
the  process  of  the  second  solution  fails,  and  that  of  the  first  gives  a  solu- 
tion :  but  this  case  is  best  treated  by  observing  that  y^+ar^^y 
^('3^)"!*>  whence  the  equation  becomes  (a?y)"+a*jfy=0,  and  its 
solution  is  <ry:=:Ci  cosajr+Cs  sin  oj?. 

When  m=l,  the  two  solutions  are  no  longer  distinct,  and  we  must 
proceed  as  in  §(2l.)  Let  m=l — i;  the  second  solution  without  the 
constant  arises  from  integrating  with  respect  to  r,  co8dkrv.(l — v}^ 
multiplied  by 

«> (!-»»)«,  or  l+A  log.^(l -»•)+—  {log.*»(l-»')}«+ ; 

and  for  the  first  "solution,  in  place  of  the  preceding  we  must  put 
(1  —17*)-*^  or  1— i^  log  (1— V*)  4-  •  •  •  •  Hence  the  two  together  give  a 
solution  arising  from  integrating  coBavx.(J  — 1?*)~*  multiplied  by 

C,+C,+i5C,log*»+i^(C,-Ci)  log(l-v')+. . . . 

As  2  diminishes^  let  Ci+C,  have  the  limit  Ki,  and  let  dC«  approxi- 
mate to  K,.  Then  h  (C|— C.)  has  the  limit  K, — limit  of  5  (Kj — CO,  or 
2K«,  since  3Ki  has  0  for  its  limit. 

And  it  is  easily  shown  that  the  remaining  terms  diminish  without 
limit,  whence  K| + Kt  log  •r-fK,  log  ( 1  —  v*)  is  the  limit  of  the  preceding, 
or  the  complete  solution  of  y"+j?~"'y'+a*y=0  is 

y = Ki  /+{ cos  axv  (1  — v*)  *♦  du+K,  f±\  cos  ajr»  (1  - 1;^~*  log  (x  l-t)*)  dv. 

When  m  does  not  lie  between  0  and  2,  only  one  solution  can  be  obtained 
by  this  method,  namely,  that  one  in  which  the  exponent  of  1 — o*  is 
greater  than  —1. 

(51.)  Many  equations  can  be  reduced  to  one  of  the  preceding  forms : 
thus  y=^x*z  turns  i/'-\-a*yz=7i  (n— 1)  x^^y  into  2"+27U?"*«'4-a««=0. 
Again,  Riccati's  equation,  §  (32.)9  can  be  made  to  depend  upon 
y^'ssiaiTy,     Change  the  independent  variable,  and  make  xsrj'*.     We 

have,  then,  §(49.),  J  -^  ^-a,i«r^*^-y=0. 
_  _    2         tfy        m      1   dp  4a 

Agaia>  let  y=a£**.y.    Assume  {=s^,  or  <r=2log(:fr.    This  gives 

The  student  may  tiy  the  following.  If  o  be  a  function  of  /,  and  y  of 
X,  and  if,  moreover,  9=x(f>0i  '==V'(*'>0>  then  the  equation 
»"+Py'+Qy=0  gives  R»"+Sc*+Tt)'«+U«'+V=0,  where 

T=x~y.-V'~x.+2(x-Y'.-Y'-x.)+PV'.(2x.Y'.+x.^.)+8QxY'If. 
U=x..V'.-Y'«  X.  +2  (x-  V'-y*  x.)+Pf.  (2x<  Y'.+x.Y'0+3Qx¥>. 
v=x«Y'.  -  y-xi  +Px.Y'?+QxV'?- 
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This  method  cannot  reduce  the  equation  y''+&c.=:0  to  the  first  degree* 
unless  a  solution  be  already  known.     Why  ? 

(52.)  One  or  other  of  the  solutions  in  §  (50.)  is  integrable  whenever 
m  is  an  even  number,  positive  or  negative,  since  Js"*  ^  dv  can  always 
be  obtained  when  ^  is  a  rational  and  integral  function.  But  the  follow- 
ing application*  of  the  method  of  generating  functions  (page  331)  will 
ahow  us  how  to  obtain  the  complete  integral.  Take  the  equation 
y"+mjp'"y +a"y=0,  and  let  y  be  the  generating  function  of  a,  to  the 
variable  jp— c ;  that  is,  let  y  have  the  form  ...  -f  a»  (or— c)'+a,+i  (j?-c)*"*"* 
+  .  • . .  :  call  this  Sa.  (j?— c)".  Then  y'  is  the  generating  function  of 
(n+l)flr,+,,  or  is  S  (/i+l)(»,+i  (j?— c)",  andm,»"y  isthatof  m(n+2) 
a.+f,  while  y''  is  that  of  (n+2)(n+l)  a,+t;  ana  since  every  term  of 
y"4-7njf~'y+fl*y  must  vanish,  we  have 

{(n+2)(n  +  l)+m(n+2)}a,+,+  a«fl,=0. 

Assume  (n + m — 1 )  a,  =  (n + 2)  6,+t,  and  therefore  (n  +  m + 1 )  a«+t 
=  (71  +  4)  ^,+4,  which  give  by  substitution 

(«+4)(n+w-l)6«^^^-a*6.+,=:0,  or  (rt+2)(nH-ffi-3)  6.+,+a**.=0  ; 

whence  2  in  ;t"+(wi— 4)a?"*«'-f  a'z=0  is  the  generating  function  of 
6,.     Now 

^  +  ^    r         L  m— 3    ,  m— 3       ,  ,.  , 

7i+m-l   ^       ^'    71+771-1   ^       ^         a*  ^ 

But  since  h^^  is  generated  by  * :  j*,  and  (7i  +  4)  6,^  by  z' :  *t*,  we  find 
that  if  we  can  integrate  2"+(m  — 4)  jf"*2'+a**=0,  we  can  also 
integrate  a"-j-77iJ?"*s'+a*2=0;  and  that  we  find  y  from  z  by  the 
equation 

z      m — 3   «' 

Now  we  have  integrated  when  77i=0  and  when  771= 2,  in  finite 
trigonometrical  terms;  hence  we  can  integrate,  also  in  finite  terms, 
when  771=4,  8,  12,  &c.,  or  6,  10,  14,  &c. :  that  is,  when  f7i  is  any 
even  number. 

The  preceding  reduction  applies  whatever  may  be  the  value  of  tti,  so 
that  all  cases  are  integrable  as  soon  as  the  integration  is  practicable  for 
all  values  of  77t  between  —2  and  +2. 

(53.)  Considering  the  nature  of  the  preceding  reasoning,  it  may  be 
desirable  to  give  a  verification  of  the  result.  This  may  be  done  as  follows, 
stating  only  results.  Starting  with  the  last  equation,  difierentiate  both 
sides  t^ice,  but  as  fast  as  2/'  makes  its  appearance,  substitute  the 
value  derived  from  z'+  (tm  -4)  oT^ «'+  a*z=0.    This  gives 

'         Z  f    .        (771 -1)  (771-3)1     Z 

9 

*  See  a  paper  by  Mr.  R.  L.  Elli^,  in  the  Cambridge  Mathematical  Journal^ 
vol.  ii.  pp.  IG9  and  193. 
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whence  it  readily  follows  that  y"+mjp~*  y'+a'y=0. 

(54.)  The  preceding  gives  no  clue  to  the  case  in  which  m  is  a  nega- 
tive even  number,  but  another  transformation  may  be  made  which 
applies  both  to  positive  and  negative  even  numbers.  For  a*  write  a, 
or  let  the  equation  be  y^+war-^Z+ayssO,  and  let  in=:2p,  p  being 
integer  and  positive.   We  have  then,  on  the  same  suppositions  as  before, 

(n+2)(n+2p+l)  a.+a+a.a*=0. 

Assume  a»,=6,:  (w+l)(n+3). .  ..(n+2/?— I),  which  readily  gives 
(n+l)(n+2)  6,+t+a6«=0,  or  what  we  should  have  got  at  first  i£p  had 
been  =0.  Hence  S6^ic*  is  to  be  Csin(^a.J?+CO»  the  complete 
integral  of  y +ay=0.  Now,  to  take  an  instance  of  the  mode  of  obtain- 
ing Sa«df  ^m  S6»2%  observe  that,  if  p=:8, 

or  af'*(a;f^dxYbn^dj:; 

signifying  that  the  operations  of  multiplying  by  dxy  integrating,  and 
then  multiplying  by  <r,  are  to  be  repeated  three  times  in  that  order ;  the 
whole  ending  with  division  by  a:*.  Applying  this  to  every  term,  we  have 
for  the  complete  solution  of  y"+2p:r~*y' + ay =0, 

y = Cx"*  (a?/,  dxy  sin  Qa .  ap+  C,). 

[    The  form  of  this  may  be  usefully  changed  as  follows.     Since 

y=iCjr*^  {»Ja. xf ^di^Ja, x)Ysm{iJa. x+Ci) ; 

the  power  of  a  introduced  being  immaterial,  on  account  of  the  arbitrary 
character  of  C.  Now  in  f^  4>Cja .  x) .  d  {^Ja .  j),  it  is  indifferent  whether 
we  suppose  a  or  x  to  vary ;  let  us  then  suppose  a  to  vary,  and  «  to  be 
constant;  we  must  then  integrate  from  a=0.  To  show  the  sort  of 
result  we  get,  let  us  take  pc:3 ;  at  full  length  then  we  have 

Cj?"^  A/a.xfd (tja»x)  ,^/a.xfd  Qa.x)  ,Ja.xjd  (^a.x)  sin  (^a,jc+  Ci) 

since  C  may  be  any  function  of  a.    And  thus  we  have  generally 

y"+2p*-  i/+ay  gives  y=:C  (pa)'  «'"(Va*+C.)^ 
Hence  we  might  suppose  by  analogy  that 
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y'-2pa:  Y+ay  gives  y=C(^^j  — ^  j^  ; 

and  this  may  easily  be  confirmed.     Starting  with  this  equation,  we  come 
by  the  process,  as  before,  to 

0i+2)(n-.2p+ 1)  a.+,+aa.=0. 

Assume  a^^{n  -  l)(n— 3) ....  (n— 2p+ 1)  6„  which  gives 

(«+2)(n+l)6.+,+a6,=0 

as  the  first  would  have  been,  had  p  been  =0.    Now  we  see  that  a^x* 
is  made  from  h^a^  by  the  following  operation, 

''-*"=^(^  ^)'(*-^>'  ory=C^(^.^)'.8in(Va.x+C.). 

the  operation  being  successive  division  by  x  and  differentiation.     This 
c«n  be  reduced  to  the  form 

dQa.x)  ija.xj       ^^ 

and  if  we  now  make  tja  the  variable  of  differentiation,  x  being  constant, 
we  find  that* 

#1    «.      ,1.  ^    .  ^/ dV  Bin(^a.jr+C|) 

It  must,  however,  be  carefully  remembered,  that  the  validity  of  the 
last  operation,  as  in  the  corresponding  integration,  depends  solely  upon 
the  function  with  which  we  start  being  a  function  of  the  product  tja.x, 

(55.)  We  may  now  see  how  it  arises  that  Riccati's  equation  can 
only  be  integrated  in  finite  terms  in  certain  particular  cases.  By 
§(46),  y'+y'szaz*  depends  upon  y"=:aar"y,  and  by  §(51.),  this 
depends  upon  an  equation  of  the  preceding  form,  in  which  2p=nt: 
(m+2).  Hence  m  must  have  the  form  4p:(l— 1^),  which  will  be 
found  to  agree  with  §  (32.). 

(56.)  Another  method,  proposed  by  Poisson,  is  as  follows.     Let 
yssj'tf— 1>«— aa"©-«dt?,  a  and  n  being  positive, 

^=-n(n-l)  aj"-«/;;€-t;--iM:«»-  ~+nV**-*/r«"*^'"**"^^- 

-—.rff — -  I  or,  by  parts, 

_  ff—t,*— ax*tr-*J ff-o"— aj!"»-"ift;-| fg-t;*— ar"«-" — , 


The  first  term  vanishes  at  both  limits,  and  substitution  gives  simply 

*  The  preceding  articleB,  (52.)  and  (54.))  are  iaken,  with  some  alteration  of  form, 
from  the  very  ingeniouB  paper  already  cited,  which  contains  several  generalisations 
of  the  process  highly  worthy  of  the  attention  of  mathematicians. 


704  DIFFERENTIAL  AND  INTEGRAL  CALCULUS. 

i/'z=:n*ax'^y.  Let  the  preceding  be  /©  Vrfv;  then  Cf^Ydv  is  a  solu- 
tion of  y"=:n*  oj^y.  If  7i=  2,  the  preceding  is  integrable,  and  all  its 
solutions  are  contained  in  y=C5*^"'+CiS"*^*-'.  Hence,  for  some 
values  of  C  and  C|,  we  have 

But  since  the  Rrst  side  must  diminish  without  limit  as  x  increases,  we 
have  (on  the  principle  explained  in  page  576)  C=0,  and  since  x=:0 
gives  jf^T  for  the  first  side,  we  have 

Change  v  into  sja.v,  fl€-«^-^^ dv^z^sy^r*"^''. 


JJff— »■-<?**«'''' ^17^  di?,  where  0»  is  a  rational  and  integral  function  of 
o*  and  ©"■.  For  our  present  purpose,  however,  let  c^=«*in  the  first 
integral,  so  that  we  have 

This,  then,  is  integrable  whenever  2^-*  — 1=2/1,  p  being  a  positive 
or  negative  integer :  that  is,  when  n  is  of  the  form  2 :  (1  +2p),  or  n—  2 
(the  exponent  of  the  equation)  is  of  the  form  —  4p:  (l+2p);  which 
agrees  with  preceding  results. 

(57.)  The  solution  of  y"=:n'aj?"^y  above  obtained  has  only  one 
arbitrary  constant,  consequently  the  solution  of  z'+x"  =  7raj""* 
derived  from  it  has  none,  and  recourse  must  be  had  to  the  method  of 
§(43.).  To  show  how  this  arises,  suppose  that  y"+Py'+Qy^O  is 
completely  solved  in  y=CV+CiW,  then  yrze^**  gives  *'+2*+P« 
+  Q=:0.    But  we  have 

^- y       CV+C»W' 

and  the  only  arbitrary  constant  in  z  is  C:Gi;  but  this  is  still  one 
arbitrary  constant,  and  therefore  the  equation  of  the  first  order  is 
completely  solved.  But  if  y=CV  only  had  been  gained,  the  value  of  z 
would  have  been  simply  V :  V,  without  any  constant  at  all. 

(58.)  To  form  a  proper  notion  of  our  state  with  respect  to  the 
solution  of  differential  equations,  I  repeat  the  supposition  of  page  103. 
Let  us  suppose  we  had  not  been  in  possession  of  the  operation  inverse 
to  involution ;  so  that  all  problems,  the  solution  of  which  is  reducible 
to,  say  j:=^a,  would  have  presented  the  difficulty  which  those  who 
know  better  would  call  a  want  of  adequate  means  of  expression.  The 
first  thing  noted  would  be  that  such  problems  are  soluble  when  a=0, 
1,  4,  9,  &c. ;  in  fact,  when  a=rnxn.  Other  cases  would  have  their 
solutions  obtained,  by  some  in  approximate  fractions,  by  some  in  series. 
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by  some  in  continued  fractioi^s,*  and  so  on.  Finally,  the  acquisition  of 
a  distinct  idea  of,  and  notation  for,  the  square  root  of  a,  would  reduce 
all  those  problems  to  one  class  which  had  been  practically  divided  into 
several. 

Thus  it  has  stood  hitherto  with  the  equation  of  Riccati,  y'-fy'=:aj:"*, 
or  with  y'sroor^y,  from  which  it  springs.  Count  Riccati  first  pointed 
out  (Leipsic  Acts,  1732,  according  to  Dr.  Peacock)  that  there  were 
integrable  cases :  why  those  which  remained  were  not  integrable  did  not 
appear.  The  various  modes  in  which  the  remaining  cases  were  after- 
wards integrated,  by  means  of  series,  definite  integrals,  &c.,  were  gene- 
rally themselves  only  partially  applicable.  At  last,  the  general  equa- 
tion y"-J-wwp~*y+ay=0,  had  its  complete  solution  expressed  by 
y=CD~**{sin(^a.j?+C|)  :/ya},  in  which  D  denotes  differentiation 
with  respect  to  a ;  a  resultf  which  is  unintelligible  whem  m  is  anything 
but  an  even  numbex,  positive  or  negative.  Any  other  supposition 
throws  us  upon  the  difficulties  of  fractional  diff.  co.  (pages  598—600). 
But  at  the  same  time  we  see  that  the  difficulty  arises  from  our  not 
having  well  understood  means  of  expression  in  which  to  convey  the 
Bohition. 

It  is  a  remarkable  point  in  the  history  of  this  science,  that  most  of 
the  results  which  ordinary  notations  can  express  were  obtained  at  an 
early  period.  Any  stoppage  has  almost  always,  sooner  or  later,  been 
found  to  arise,  not  from  the  defect  of  methods,  but  from  the  non- 
existence of  the  proper  mode  of  expression.  If  we  take  any  general 
form,  and  proceed  to  its  differential  equation,  we  shall  always  see  that  the 
equation  bo  obtained  is  one  of  those  which  admits  of  solution.  For 
example,  y2=C0(j7-f  CO  gives  y':y=0' (a?-fCi)  :  ^  (a? +Ci),  whence 
ar-fCi  must  be  a  function  of  y  :y.  Say  jp+Ci=Y^(y':y);  then  we 
have 

an  integrable  diff.  equ. ;  provided  that  the  solution  of  all  algebraical 
equations,  or  the  inversion  of  all  functions,  be  assumed.  The  following 
forms  may  be  readily  obtained : 


y=C^(C.T)  gives    ^  =x(^^ 


*  It  may  interest  the  hiBtorical  reader  to  know  that  the  continued  fraction 
was  used  in  the  extraction  of  the  square  root  long  before  the  time  of  Lord 
BiDunker,  to  whom  the  invention  of  this  mode  of  expression  is  generally  attributed. 
It  was  lately  claimed  by  M.  Libri  for  Pietro  Antonio  Cataldi,  whuve  work  on  the 
square  root  n6l3)  is  cited  in  support  of  the  assertion.  On  examination  of  this  work 
I  find  that  there  is  no  doubt  of  the  fact,  and  the  following  sentence  will  be  sufficient 
to  show  it.  The  author  is  speaking  of  ^18  (page  70) ;— **  Notisi,  che  no  si  potendo 
cGmodamete  nella  stampa  formare  i  rotti,  e  rotti  di  rotti  come  andarianoi  ciod  cost 
4.  &  2  come  ci  siamo  sforzati  di  fare  in  questo,  noi  da  qui  inSzi  gU 

^  ^  ?.  formaremo  tutti  a  qsta  similitudine  4.  &  -  &  -  &  -,   facendo 

8  &  2  c.      o.      o. 

Q        vn  punto  all  '8  denominatore  di  ciascvn  rotto,  i  significare,  che 
^        il  seguente  rotto  h  rotto  d*efso  denominatore.*' 
t  This  result  is  stated  to  have  been  first  given  in  the  form  of  a  question  proposed 
for  solution  by  Mr.  Gaskin,  in  the  Cambridge  Examination  Papers  for  1839. 

2Z 
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y=«(*+C)+C,  giTCS       f-xifi 

y^fj>  (C  J)  fC,  ....      y"=:jr*  X  (y'') 

y=C(*x)^orC.cr   ....    w"=y"+yy'x' 

In  all  these  cases,  the  solution  may  be  obtained  from  the  eqoation,  if  fx 
be  an  ordinary  function. 

(59.)  The  mode  of  deriving  the  singalar  solution  of  a'  dififerentiai 
equation  from  the  primitive  (page  190)  may  sometimes  be  insufficient, 
aswhen  y=0(jr,c)  is  first  introduced  in  the  form  y(^y)=:c.  The' 
method  may  be  thus  extended,  it  being  remembered  that  the  object  is 
nothing  more  than  to  make  c  such  a  function  of  x  and  y  as  will  not  alter 
the  form  of  y.  Let  the  primitive  equation  be  ^(x,y,c)=0,  and 
assume  c  to  be  a  function  of  x  and  y.  We  have  then,  using  the  notation 
of  page  388, 

*,+*,y+0e(c.+c,y')=O,  or  y'=: -^4x^'' 

and  in  order  that  y  may  not  be  affected  by  changing  c  from  a  constant 
into  a  variable,  we  must  so  choose  the  form  of  c  that 

5^  _<^,+0.c,       0>  (j,  y,  ^  (.g,  y))  _0>  (^.  y,  c)  -f  0,  (x,  y,  e). g, 

0,     0y+0.V       0jr('.y»*("r,y))      0,(j?,y,c)  +  0.(x,y,c).r/ 

where  0  (.r,  y,  c):=:0  is  supposed  to  give  c=:^  (x,  y),  and  the  substitution 
is  made  on  the  first  side,  in  obedience  to  the  well-known  mode  of  form- 
ing y*  for  the  ordinary  diff.  equ.  Observe  also,  that  the  first  side  of  the 
equation  is  the  same  thing  as  <&«  (iT,  y)  :<&,  (T,y).  Here  then  is  a 
partial  diff.  equ.,  from  which  we  might  suspect  that  the  form  of  c 
required  contains  an  arbitrary  function.  But  it  is  not  so,  as  follows. 
The  complete  solution  of  the  preceding  partial  diff.  equ.  is0(«r,y,c) 
s:/^  (j?,y),  as  may  easily  be  verified ;  /  being  an  arbitrary  function. 
Combine  this  with  0  (<r,  y,  c)=0,  and  we  only  get  f^  (f,y)=0,  wbich« 
/  being  arbitrary,  merely  amounts  to  ^  (j*,  y)  =  const.,  the  original 
equation.  Any  other  solutions  of  the  proposed  question  can  then  only 
be  obtained  by  other  and  particular  considerations.  First  let  it  be  pos- 
sible to  assign  c  so  that  0«(jr,y,c)=O;  it  then  appears  that  the  two 
forms  become  identical  if  c= ^  (<r,  y),  or  0  (x, y,  c) r=0 ;  so  that  c  must 
be  derived  from  0«=O,  for  substitution  in  0=0 :  this  is  the  common 
mode,  explained  in  the  page  above  cited.  But  there  may  be  others,  and 
the  whole  point  will  require  the  following  elucidation. 

(60.)  An  equation  of  two  variables,  such  as  or  —  a=(y—&)y'9  is  said 
to  be  solved  when  a  relation  between  x  and  y  is  found,  which  satisfies 
it,  and  completely  solved,  when  that  relation  introduces  an  arbitrary 
constant.  Thus  j:— a=y— 6  is  a  solution,  but  not  complete:  (*— a]^ 
s=(y — ^)*+C  is  the  complete  solution.  Nevertheless,  d:=a,  y=6 
satisfies  the  equation,  and  should  therefore  be  called  a  solution,  but  not 
a  solution  for  which  recourse  must  be  had  to  the  differential  calculus :  it 
would  equally  be  a  solution  if  y'  stood  for  something  else,  and  not  for  the 
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diff.  CO.  of  y.  Let  the  former  be  called  differential  solutions,  and  the 
latter  extra-differential.  A  relation  between  x  and  y  may  even  be  extra- 
differential,  as  in  (i?— y)(j?+yy')=0,  which  is  satisfied  by  y=:jr,  but 
without  reference  to  the  meaning  of  ^. 

An  equation  of  three  variables  may  also  have  its  differential  and  extra- 
differential  solutions:  thus  (x— a)ar,+  (y— 6)  5r^=j? — a  is  satisfied  by 
z=ix^  and  this  is  a  differential  solution,  as  it  is  only  a  solution  when  z, 
and  Zg  are  diff.  co.  of  z.  Again,  x=za,  y:=^b  is  an  extra-differential  solu- 
tion, and  iTsa,  2=j?  is  a  mixed  solution,  the  meaning  of  Zy  being 
required,  and  not  that  of  z,.  Now  it  appears  that  the  main  question  of 
the  last  article  is  reduced  to  the  solution  (of  what  sort  matters  nothing) 
of  a  partial  diff.  equ. ;  and  also  that  all  the  differential  solutions  lead  to 
the  constant  value  of  c ;  all  other  forms  of  c  must  therefore  be  derived 
from  the  extra-differential  solutions.  One  of  these  is  obviously  seen ;  it 
IB  the  pair  of  relations  4>=0,  <^e=0:  it  remains  to  inquire  if  there  be 
any  others.  The  equation  A=(B-f-Cm) :  (Bi+C/i)  cannot  be  true 
independently  of  m  and  tz,  unless  either  0=0,  or  B  and  Bi  be  infinite 
in  the  ratio  of  A :  1  and  C :  B,  be  nothing.  Applying  this  to  the  partial 
diff.  equ.,  we  find,  then,  that  all  its  extra-differential  solutions  are  con- 
tained in  the  determination  of  c  from  the  condition 

0,=  cc ,    0„=  a ,    ---=  0 ;  or  from  0«=O. 

Thus,  if  the  original  equation  be  c=*  (x,  y),  giving  0=:c— -*,  we  find 
^e=  1,  and  cannot  be  made  =0 :  but  4>e  •  0y=  ""  1  *  *af«  ^^^  **  ^J^d  *y 
must  be  both  infinite  for  any  singular  solution  of  the  differential 
equation;  which  agrees  with  page  191. 

The  equation  0(j,y,  c)=0  implies  that  y  is  a  function  of  j?andc, 
such  that  dy:dc-n — <t>e'4>99  ^^  ^^^^  ^^^  ^^^  preceding  cases  come 
under  dy:  (2c=:0;  and  every  different  form  under  which  y=Yr(ar,  c) 
can  be  converted  into  4>  (x^y^  c)=0,  gives  the  singular  solution  of  the 
diff.  equ.  in  its  own  way ;  some  by  ^e^O,  some  by  0^=  a . 

(61.)  The  manner  in  which  Clairaut*s  form  is  often  solved  (page 
196)  may  be  extended.  The  equation  y^}/x'{'fy'y  being  differentiated, 
gives  (r-|-/'y')y"=0,  and  y"=0  leads  to  the  ordinary,  and  a?-h/y=0 
to  the  singular,  solution.  Now  let  0  (j?,y,  c)=0,  and  let  0,-|-0,.y'=O, 
derived  from  differentiation,  give  c=F(T,y,  y').  Consequently  the 
diff.  equ.  is  ^  (x,  y,  F)  =  0,  which  gives 

*.+*^5-y'+*F(F.+F,.y'+Fy.y")=O,or0p(F,+F,.y'+Fy.y'O=O, 

which  is  satisfied  either  by  F.+Fj,.y'+Fy.y"=0,  or  ^p=0.  If  the 
first  can  be  generally  solved,  it  leads  to  the  form  y=/(<2?,C„Cf),  and 
the  diff.  equ.  derived  from  0=0  may  be  satisfied  by  /,  or  rather  only 
kads  to  a  relation  between  C,  and  G„  which  reduces  these  two  con- 
stants to  one.  But  0p=O,  combined  with  0(a:,y,  F)=0,  gives  the 
singular  solution  of  this  same  diff.  equ.  in  the  usual  manner. 

(62.)  Given  a  solution  of  a  diff.  equ.  y'=x(*»y)'  "^^^  containing  an 
arbitrary  constant,  it  is  required  to  ascertain  whether  it  is  a  particular 
case  of  the  general  solution,  or  a  singular  solution.  In  the  first  place, 
if  ysfsjo?  be  this  solution,  try  whether  this  last  supposition  makes  x. 

2  Z  « 
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and  Xy  infinite :  if  not,  it  is  certainly  not  the  singular  solution  (page 
193),  and  must  therefore  be  a  case  of  the  ordinary  solution:  if  it  does, 
it  must  be,  in  the  geometrical  sense,  the  singular  solution.  But  we 
must  bear  in  mind  that  a  solution  which  is  in  every  property  singular, 
for  instance,  which  belongs  to  a  curve  touching  all  the  curves  denoted 
by  the  diff.  equ.,  may  also  be  itself  only  one  case  of  the  ordinary  solu- 
tion, and  therefore,  in  the  distinctive  sense,  not  singular.* 

(63.)  The  theory  of  the  singular  solutions  of  equations  of  higher 
orders  than  the  first  has  no  very  striking  results,  either  in  geometry  or 
analysis ;  the  following  will  be  a  sufficient  specimen  of  it.  Let  Y:=0  be 
an  equation  between  a?,  y,  c,  and  Cj;  and  let  V,+Vyy'=:V'.  A  diff. 
equ.  of  the  second  order  is  produced  by  eliminating  c  and  Ci  between 
V=0,  V'=0,  and  V',H-V'„y'  or  V''=0.  Now  suppose  that  c  and  c, 
are  functions  of  x  and  y;  it  is  required  to  determine  them  so  that  the 
diff.  equ.  of  V=0,  both  of  the  first  and  second  order,  may  remain  the 
same  as  before.  Let  c'=r,-hCyy',  c'|S=(c,),+(ci)yy'.  Differentiation 
gives  V.+Vj,y'+V,c'+VeiC'i=0;  assume  VeC'+V,jC'i=:0.  and  wc 
have  the  same  equation  as  before  for  forming  diff.  equ.  of  the  fiirst  order. 
The  last  equation  then  remains  V'=0 ;  differentiate  again,  and  we  have 
V'.+V',3/+V'.c'+V',,c',=0;  assume  V',c'+ V,,  (/.rrO,  and  we  hare 
again  V"=0,  as  before,  to  be  joined  to  the  former  two  for  obtaining  the 
diff.  equ.  of  the  second  order.  The  two  assumptions  give  V^V'^j- V^jV'^ 
=  0 :  with  this,  and  V=0  and  V'=:0.  eliminate  c  and  Cj.  The  result  is 
an  equation  between  or,  y,  and  y',  which  is  a  first  integral  of  the  diff. 
equ.  of  the  second  order,  but  cannot  be  deduced  from  either  of  its 
ordinary  first  integrals  by  giving  any  particular  value  to  the  constants. 
If  we  integrate  this  singular  integral  of  the  first  order  generally,  we 
have  an  equation  between  x.  y,  and  one  constant,  which  is  a  singular 
primitive,  but  cannot  be  deduced  from  the  complete  primitive.  A  com- 
plete example  of  this  will  be  desirable.     Let  us  have 

(1)  y=:c€'+c,€— +cci,     (2)  y'=ce'— Cjc-*,     (3)  i/'^ic^+c^r* 
(1,2)  y=(l  +  c»Oy'+2c»£-+c?€-^,    y=-(l+C£')y'+2c€'+c«£«' 

(1,2,3)  4y=y'"+4y'-y'«. 

Here  are,  the  primitive  equation,  its  two  diff.  equ.  of  the  first  order, 
and  one  of  the  second.  Assuming  c  and  Ci  to  be  functions  of  x  and  y, 
we  must,  to  preserve  the  same  resulting  equation,  have 

(£'  +  C,)  c'+(€-'H-c)c\=:0,      c-c'— t-'c'iSrO, 

*  A  proof  is  frequently  given  which  professes  to  show  that  when  y^wr  makes 
Xy  infinite  and  ;^  finite,  that  is,  when  ;^(x,w4-A)  has  a  fractional  power  of  A  in  its 
development  with  an  exponent  less  than  unity,  the  solution  y^aw  cannot  be  deduced 
from  the  general  solution  by  giving  any  particular  value  to  its  constant.  At  the 
same  time  another  proof  is  given  that  the  curve  which  touches  every  curve  that  is  a 
solution  of  a  diff.  equ.  is  itself  the  singular  solution.  These  propositions  palpably 
contradict  each  other :  for  example,  a  given  parabola  moves  with  its  vertex  on  a 
fixed  parabola  of  the  same  focal  length,  and  so  that  the  axis  of  the  moving  parabola 
is  normal  to  the  fixed  parabola.  The  fixed  is,  therefore,  by  the  second  proposition, 
the  singular  solution  of  the  diff.  equ.  of  all  the  moving  parabolas,  and  by  the  first 
proposition  it  is  not  itself  one  of  the  moving  parabolas :  but  it  is  evident  that  the 
fixed  parabola  t«  one  of  the  moving  parabolas.  The  defect  is  in  the  first  proposition^ 
which  applies  the  expansion  of  x  ^^t  *+A)  in  a  very  dubious  manner. 
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which  give  Cf'+Cj £*"•=— 2,  and  from  this,  and  (1)  and  (2),  we  find 

(4)     y'«+4y+4=0  giving  (5)  y  =  -j)«+Ki?-l-iK«; 

(4)  gives  y"=— 2,  y*=— 4y— 4,  which  satisfy  (1,2,3);  and  (5)  also 
satisfies  (1,2,3).  But  (4)  is  not  a  particular  case  of  either  of  the 
equations  (1,2),  nor  (5)  of  (1).  Hence  (4)  is  a  singular  solution  of 
(If  2, 3)  of  the  first  order,  and  (5)  a  singular  primitive  of  the  same. 
But  note  that  the  singular  solution  of  (4),  or  y=?  —  1,  does  not  satisfy 
(1,2, 3).  Also  observe,  that  if  we  had  deduced  a  singular  solution  from 
either  of  the  equations  (1,2),  by  making  Ci  or  c  variable,  we  should  in 
either  case  have  found  the  equation  (4)  again. 

The  geometrical  meaning  of  the  preceding  is  as  follows.  The  equation 
(1)  belongs  to  an  infinito- infinite  number  of  curves,  since  any  one  value 
of  c  admits  of  an  infinite  number  of  curves,  belonging  to  the  different 
values  of  c,.  Any  relation  whatever  between  c  and  Ci  amounts  to  a 
selection  of  a  class  of  curves,  every  one  of  which  is  touched  by  another 
curve.  Thus  take  Ci=0c,  find  the  singular  solution  of  y=C£'H-0C£~* 
"i-Ci^c^  and  we  know  that  the  curve  thus  found  touches  every  one  of  the 
curves  (1)  which  has  its  Ci  equal  to  the  function  </>  of  its  c.  But  the 
curve  (5)  is,  for  every  value  of  K,  still  more  closely  connected  with  a 
class  chosen  out  of  (1)  ;  it  not  only  touches  every  one  of  them,  but  has 
the  same  curvature  with  each  of  them  at  the  point  of  contact.  Take 
any  given  value  of  x  and  y,  and  from  (1)  and  from  C£*+Cifc"*= — 2 
determine  c  and  c^,  and  from  (5)  determine  K :  then  the  curve  (1),  or 
its  particular  case  thus  determined,  touches  the  particular  case  of  (5) 
just  determined,  at  the  given  point  (.r,y),  and  the  two  have  the  same 
radius  of  curvature  at  the  point  of  contact.  Moreover,  for  any  one  value 
of  K,  ehminate  x  and  y  between  (1),  C€*-fC|£'*=— 2,  and  (5),  the 
result  will  be  a  relation  between  c,  Ci,  and  K,  which  expresses  how  to 
choose  those  curves  which  are  all  touched  by  that  case  of  (5)  which 
belongs  to  the  value  of  K  chosen. 

(64.)  It  is  worth  noting,  that  if  3/^"^=0  (y^""^ y,  J:)  be  a  diflF. 

equ.  of  the  nth  order,  its  singular  solution,  if  any,  of  the  degree  imme- 
diately preceding,  makes  the  partial  diff.  co.  dy^'^idy^"^^  become 
infinite*    Thus,  in  the  example  above,  we  have 

y'=-2±V(y"+4y+4),  |:'=±-^^_. 

which  is  made  infinite  by  y'*+4y -1-4=0. 

(65.)  The  equation  Xdx+Ydy-{-Zdz:=0  does  not  of  necessity  arise 
from  a  relation  of  the  form  0(jp,y,  2)=0;  if  it  be  the  unaltered  con- 
sequence of  such  a  supposition,  we  must  have  Xy=rY„  Y,=:Zy, 
Z,=X,.  In  this  case  the  integration  is  an  extension  of  that  in 
page  197 ;  suppose  z  a  constant,  or  ciz=0,  integrate  Xdx+Ydy  on  this 
supposition,  as  in  the  page  cited,  and  let  P  be  the  integral,  or  rather 
P+C,  where  P  is,  or  may  be,  a  function  of  or,  y,  and  z,  but  C  is  a 
function  of  z  only.  Differentiate  this  last  on  the  supposition  that  all 
three  vary,  then  P,c?a:-|-Pyrfy-|-P,«?«  +  C,rfz  must  be  identical  with 
Xdx'+Ydy+Zdz.  But  P  was  so  found  that  P,  cir+Py  dy  should  be 
Xdx+Ydy^  whence  (P.-fC.)  d^=Zrfz,  or,  C  being  a  function  of  z  only. 
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Z  —  P,  must  be  the  same,  and  C=/(Z — P,)  dz.  It  will  most  firequently 
happen,  unless  a  complicated  instance  be  contrived  for  the  purpose,  or 
some  peculiar  arti6ce  employed  in  integration,  that  we  have  P«=Z,  or 
C  is  merely  a  constant.  For  eiample,  let  (y  +  2)ciT+(z+Jr)^y 
^-(x+y)(fz=:0,  which  fulfils  the  conditions.  Make  z  a  constant,  or 
dzszO^  and  P=x^+yz+zjr+C  is  the  integral,  deriyed  from  intCCTating 
(y+2)(£r+(z+j:)dy.  But  P,=j+y,  or  P,=  Z;  whence  C  is  a 
constant.    Now  tiy  another  mode :  make  z  a  constant,  and  we  have 

(y+z)dz+(2+x^dy,  or  — |^  +—^=0,  or  (y+2)(x+z)+C=P=rO 

y+z      x+z 

P,=:(T+y+20,     Z-P,=— 2z.     C=  — z'+const. 

(jr+z)(y+z)  +  C=jry+yz+2x+con8t.,  as  before. 

(66.)  Suppose  that  a  factor  M  has  disappeared  from  XiLr+&c.  after 
differentiation.  Then  MX  dx  +  &c.  is  a  complete  differential,  or 
(MX),,=(MY)«  (MY).=(MZ)„  (MZ),=(MX)..  Dcvelope  these 
equations,  and  we  have 

M(X,-Y,)=YM.-XM„    M(Y.-Z^)=ZM,-YM^ 

M  (Z.-X.)=XM,— ZM« 
giving  Z  (X,-Y.)+X  (Y.~Z,)+ Y  (Z,-X.)=0. 

Unless  this  condition  be  fulfilled,  no  factor  can  make  Xdx+&e. 
integrable.  If  it  be  fulfilled,  make  z  constant,  or  dz=0,  integrate 
Xdx-\-Ydyr=iO  as  an  equation  between  two  variables,  make  the  result- 
ing arbitrary  constant  a  function  of  z,  and  proceed  as  before.  The 
following  instance  will  show  the  method. 

Let         xyd2+yzdx+zxdy+xyz(dx+dy-\-dz)=0; 
the  equation  of  condition  (divided  by  j!yz)  becomes 

(l+z)(x-y)+(l+y)(z-x)  +  (l+x)(y-2)=0, 
which  is  true. 

(fz=0  gives  (y+xy)  dx+{x+iy)dy=0,  or  log(jry)  +  r+y=2:, 

where  Z  is  a  function  of  z.  Now  consider  z  as  variable,  and  for 
yzdx  +  zxdy-^xyz^dx -^^  dy)  write  its  value  xyzdZ,  which  gives 
xydz-^xyz  dz+xyz  dZ=0,  or 

(l+z)dz  +  «(fZ=0,  or  Z=con8t.— logz— z; 
whence      log  (  xyz) + x  -f  y + z  =  const.,  or  xyz  g'+^'+'s:  const, 
which  is  the  primitive  equation  required. 

(6T)  Next,  let  X(ir+Ydy+Zdz=0  be  neither  integrable  of  itself, 
nor  by  the  addition  of  a  factor.  Returning  to  our  geometrical  illustra- 
tration,  it  appears  then  that  this  is  not  the  equation  of  any  surfiaure  what- 
soever :  that  is,  there  is  no  surface  on  which  any  point  (x,  y,  z)  being 
assumed,  and  given  infinitely  small  increments  dx  and  dy,  dz  ia  always 
expressed  by  ^(Xdx+Ydy):Z.  But  on  any  one  surface  it  maybe 
possible  to  draw  a  curve  through  any  point,  such  that  at  every  point  of 
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that  curve,  traneition  from  (x,  y,  2)  to  a  point  infinitely  near  it  an  the 
curve  may  satisfy  the  condition.  To  try  this,  let  U=:0  he  the  equation 
of  a  surface^  giving  Pcfjr+Qdy+R^z=0.  Let  M  be  an  undetermined 
factor,  multiply  the  first  equation  by  it,  and  add  the  result  to  the  second. 
We  have  then 

(P+MX)crx+(Q+MY)dy+(R+MZ)rf;K=0 (M), 

which  is  integrable,  with  or  without  a  factor,  by  the  preceding  article,  if 
M  be  determined  from  the  partial  diff.  equ. 

(R-\-MZ)(J-  P+MX-^  Q+MyV&c.=0. 

Assuming  then  the  possibility  of  integrating  all  partial  diff.  equ.  of 
the  first  order,  we  can  find  M  so  that  (M)  shall  be  integprable :  let  it  give 
V=0,  then  V=0  and  U=0  together  give  Xdx+&c,=0,  or  the  curve 
which  is  the  intersection  of  the  surfaces  U=0  and  V=0  satisfies  the 
required  condition.  And  since  V=0  contains  an  arbitrary  function,  an 
infinite  number  of  curves  may  be  made  to  pass  through  any  given  point 
of  U=0,  on  each  of  which  any  point  being  supposed  to  move,  its  velo- 
cities in  the  directions  of  a?,  y,  and  z  always  satisfy  Xdx :  dt+Ydy :  dt 
-^Ttdz :  (f/=:0.  Or  any  surface  may  in  an  infinite  number  of  ways  be 
supposed  to  be  the  locus  of  a  family  of  curves,  a  motion  on  any  one  of 
which  will  give  this  relation  always,  but  motion  from  any  one  curve 
across  the  rest,  never. 

Another  way  of  viewing  the  subject  is  this :  assume  y=^,  and  sub- 
stitute, which  gives  (X+ Y  ^'jr)  dj+Zc/2=0, 4*x  being  written  for  y  in 
X,  Y,  and  Z.  Let  the  last  give  z=.f  {x^c)^  then  the  curve  which  is 
the  intersection  of  the  cylinders  y=f  x,  2:=if(x^  c)  satisfies  the  equation. 
Then  an  infinite  number  of  curves  can  be  drawn  which  satisfy  the 
relation ;  but  the  preceding  is  more  satisfactory,  as  showing  that  every 
surface  may  admit  of  having  such  curves  drawn  upon  it. 

(68.)  Equations  of  a  higher  order  between  dxy  (fy,  and  dz  are  not 
usually  integrable  per  se;  the  following  example,  however,  will  be 
instructive.  In  dz^:=.dLi^^dy*  we  see  an  equation  which  can  have  its 
most  general  solution  given  in  few  words,  as  follows.  This  equation 
denotes  no  general  relatiqp  between  jt,  y  and  z ;  but,  if  y=:0x,  z  is  the 
arc  of  the  curve  whose  equation  is  y=i>x.  Let <  us  proceed  to  such  an 
integration  as  that  of  the  last  article,  without  any  reference  to  this  pro- 
perty.   One  solution  can  be  readily  seen :  let  $  be  any  constant,  and  if 

a:  sin  6+ y  cos  0= A,  then  z^=ix  cos  0 — ysinO+B. 

Now  let  A  and  B  be  functions  of  ^,  but  such  that  a?  cos  0  — y  sin  0= A', 
— a?Bin0— -ycosd+B'sO.  The  equation  dz*=:dx*+dy*  will  still 
remain  true,  and  we  shall  have  B'=A.  But  xcoBd^yBin6=B'' 
and  .r  sin  0+y  cos  0  =  B'  give 

ap=  B' sin  0+B"  cose,    y=B'cose— B"sina,     2=B"+B. 

Take  B  any  function  whatever  of  6,  and  if  the  first  and  second  equations 
give  the  coordinates  of  a  curve,  the  third  gives  the  arc,  measured  from 
some  point  to  be  determined :  or  rather,  since  x  and  y  involve  only  diff. 
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CO.  of  By  it  would  no  ways  alter  the  question  to  add  a  constant  to  B,  and 
to  determine  that  constant  so  that  z  should  vanish  for  a  given  value  of  ;r. 
The  solutions  x^az-^b^  V^^iJi  ^  — ^)  •  ^ + ^>  treated  in  the  same  man- 
ner, will  lead  to  the  well-known  determination  of  the  arc  by  means  of 
the  involute  (page  364).  The  student  may  also  tiy  to  understand  the 
following :  the  first  solution  above,  when  6  is  constant,  amounts  to  sum- 
ming the  elements  of  a  tangent  of  the  curve ;  when  6  is  variable,  it 
amounts  to  summing  the  elements  of  the  tangent  supposed  to  roll  over 
the  curve,  each  element  being  taken  into  the  sum  as  soon  as  it  coincides 
for  one  instant  with  an  element  of  the  curve. 

(69.)  In  the  preceding,  integration  is  reduced  to  the  solution  of  a 
functional  diff.  equ.,  thus.  Let  y=/r  be  the  equation  of  a  curve,  and 
jiJids^-^-dy*)  is  found,  as  soon  as  06  is  found  so  as  to  satisfy 
0'6.co8a  — 0"6. Bin©  =/(0'6. sine +  0"6.co86).  The  foltowing  is 
another  instance  of  the  same  kind,  which  I  leave  to  the  student :  show 
that /Yrjr.cLr=;0'0x.0tr — 00jr,  if  0j  can  be  found  so  as  to  satisfy 
0jr.^j?.0^'0j7  =  yj:.  In  both  these  cases,  the  converse  is,  generally 
speaking,  the  easier,  namely,  to  satisfy  the  functional  equation,  or  to 
depress  it,  by  the  integration:  a  circumstance  which  points  out  the 
utility  of  noticing  such  relations,  since  it  will  generally  happen  that  a 
mode  of  making  the  easier  of  two  processes  depend  on  the  more  difficult, 
is  also  a  mode  of  making  the  more  difficult  depend  on  the  more  easy. 

(70.)  The  general  process  of  page  203  has  been  extended  (by  Jacobi) 
as  follows.  Let  there  be  any  number  of  variables,  say  three,  tt,  v,  w, 
each  of  which  is  a  function  of  any  number  of  independent  variables,  say 
two,  X  and  y^  and  let  there  be  three  equations,  as  follows,  it,  meaning 
du :  dr,  &c., 

Xti.+Yti,,=U,    Xr.+Yr,=V,    Xi£?,+Yi£V=W fl), 

where  X,  Y,  U,  V,  W  may  each  be  a  function  of  all  the  five  variables. 
Grant  that  the  simultaneous  equations  (4,  or  3+2 — 1  in  number) 

du      dv      dw      dx      dj^ 

U       V      W      X       Y ^^ 

ean  be  integrated,  and  let  P=con6t,  Q^const.,  R=const.,  Ss=const 
be  the  primitive  system,  where  P,  Q,  R,  S  may  each  be  a  function  of 
the  five  variables.  Then  the  system  (1)  is  satisfied  by  the  values  of  ti,  », 
w  in  terms  of  x  and  y^  deduced  from 

«(P,Q,R,S)=0,     *c(P,Q,R,S)=0,     p(P,Q,R,S)=0 (3). 

where  f!r,  «f,  p  are  any  functions  whatsoever.  Differentiate  each  of  (3) 
with  respect  to  <r,  and  we  have 

«^«+w,tt,+«^.f,+BT««r,=:0,     i:,+&c.=:0,    p,+&C.=0 (4), 

also                  tsT,  (fjT+cTy  dy-\-m^  du-^-  m,  (fr +«J,  (ftt?=0, 
or  Xtsy^+YcT^  +  Ut^.+Vw.+WcT^rrO (5), 

by  (2)  :  and  similar  equations  firom  *c  and  p.  Let  Xi,  X«,  A«  be  such 
quantities  as  will  satisfy 


ON  DIFFERENTIAL  EQUATIONS.  713 

XiW,+X4if,+X,p,=0|  and  let  x»jn 

Multiply  equations  (6)  by  v„  tD„  and  (7)  by  v^  and  add;  which 
gives,  by  (4), 

— (XiCT,+X,/c,+Xap,)=Au, 

and  — (Xi«'i,+XeiCy+X,p3,)=Aii^  by  a  similar  process. 

Now  multiply  the  equations  (5)  by  Xi,  Xt,  X,,  and  add,  making  use  of 
the  equations  (6)  and  (7))  and  those  just  found,  and  we  have 

-AXt/,-AYt/,+  AU=0,  orXM,+Yi/,=:U, 

whence  the  first  of  (1)  is  satisfied:  and  similar  processes  may  be 
applied  to  the  second  and  third. 

(710  The  preceding  theorem  shows  on  what  the  integration  of  the 
general  equation  u=^(^x,y,u„Uj,)  depends.  Let  ti,=py  tiy=7,  and 
we  have 

or         |?-<|>,=(^p  Px+0,Pa,        9-0,=0^9*+*,9, (1), 

since  Py=7«.  First,  let  us  integrate  these  equations  independently  of 
the  condition  Py=9«.     We  are  then  first  to  integrate 

dp     ^    dq     __dx  ^dy 
p— 0»  "q—^j,  ~0p  ^  0/ 

let  P= const.,  Q= const.,  R= const,  be  the  integrals  of  this  system: 
thenfj(P,Q,R)=0,  jc(P,Q,R)  =  0  are  the  integrals  of  the  equations 
(1),  independently  of  ^^=9,.  Now,  considering  crand  k  as  functions 
of  P9  9»^»y>  form  the  four  equations  of  which  the  first  is  t!7,-f  tsr^jo^ 
-I- 17,  9,= 0,  by  ordinary  difiPereutiation.  Add  the  fifUi  equation  pg=zo^ 
and  eliminate  the  four  quantities  p«,  p^,  9,,  ^y,  from  the  five;  toe 
result  is 

drsT  dx      dK  cter     dw  dx     dK  dtj 

dx   dp      dx  dp      dy  dq     dy  dq^    '** 

Then  any  forms  jc=0,  t7=0,  being  taken  which  satisfy  this  equation, 
and  p  and  q  being  obtained  in  terms  of  y,  and  substituted  in  the  first 
value  of  u,  the  solution  of  the  given  equation  is  found.  One  mode  of 
satisfying  this  equation  is  ic=yt«7,/ being  any  function:  but  this  suppo- 
sition is  equivalent  to  reducing  f7=0,  jc=0  to  one  equation  only. 

(72.)  Another  general  mode  is  as  follows.  However  p  and  q  may  be 
expressed,  the  equation  d.p:dy=d.q:dx  remains  true,  every  mode  in 
which  p  and  q  contain  x  and  y  being  taken  into  the  account.  Let  the 
partial  diff.  equ.  be  reduced  to  the  form  9=<i>  (p,  J7,y,tt),  and  p  being 
supposed  a  function  of  or,  y,  1/,  form  the  preceding  relation.  We  have 
then 
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(?-0,.p)|-0,|+|=*.+0.p....(i); 

the  shorter  notation  expressing  explicit  dififerentiations  from  g^^. 
Here  p  is  a  function  of  u,  t,  y,  and  the  solution  requires  first  the  pre* 
vious  solution  of  the  simultaneous  equations 

dp      ^      du      ^     dx  ^ 
0,+0«P  "^— 0p.p^      0,""  ^' 

If  these  can  he  integrated,  we  have,  say  M|=Ci,  Mi=Ca,  Ms=:ct«  and 
/(M|,  Ms,M8)  =  0  for  the  solution  of  (1).  Take  any  one  solution  in- 
volving an  arhitrary  constant,  and  having  expressed  p  hy  means  of  it,  it 
will  frequently  happen  that  z  can  he  expressed,  either  hy  integrating 
9=^,  or  d2=pdx+qdy.  Another  arbitrary  constant  will  thus  enter, 
and  a  primary  solution  §  (76.)  is  obtained,  from  which  the  general  solu- 
tion must  be  got  in  the  way  presently  pointed  out.  Of  course  those 
solutions  should  be  taken  in  which  p  is  expressed  in  terms  of  x  and  y 
only,  or  if  u  enter,  it  should  destroy  t^  in  4>  after  substitution ;  or  if 
not,  u  should  enter  only  as  a  common  factor  in  p  and  q. 

(73.)  Thus,  let  9=p"  XYU,  X,  Y,  and  U  being  severally  functions  of 
«,  of  y,  and  of  u.     The  differential  equations  then  are 

dp  du  dx  , 

—  —  =rfy. 


p-X'YU+p-'^^XYU'     p"  XYU-7/p"XYU        np-»  XYU 

From  the  first  and  second  dp'\ =r-  duH — -  du^O. 

n  — 1  X  ?i— 1    U 

From  the  second  and  third 

J      ^-1    J  ^    .  PX'       ,      1      pU'         ^ 

du= pdx^  or  dp+Sr  dx-] r  ^=r-au=0; 

n  wA  n — 1     U 

11  i     JL 

whence         log  p  H —  log  X  -| log  U =log  a,  or  pX  •  U«-* = a 

9=p-XYZ=(aX"-  \r^d\YV= or YU'^i 
rfv=U"^i  K,aX'»dx-\-arYdy) 

/U*^  du=.fl/X"-  cir+a"/Y(fy +6. 

Here  is  a  primary  solution.     Make  6=<|>a,  and  the  general  solution  is 
determined  by  differentiation  with  respect  to  a  and  elimination. 

(74.)  The  singular  solutions  of  partial  diff.  equ.  have  not  been  ui- 
vestigated  in  any  manner  which  deserves  the  name  of  a  general  theoiy. 
The  general  solution,  when  it  contains  an  arbitrary  function,  is  itself 
the  singular  solution  of  one  which  contains  an  arbitrary  constant.  Let 
Xw,+ Ym,=U,  and  let  the  equations  dx:X=:dy:  Y=du :  U  be  satisfied 
by  M=c,  M|=C|,  M  and  Mi  being  functions  of  x,  y,  u,  and  c  and  r, 
being  constants.  Each  of  these  equations  satisfies  the  given  equation : 
for  this  given  equation  is  in  fact  the  same  as  XF«+YFy+UF«=0, 
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where  F^Ois  an  equation  involving  :r,  y^  and  if.  This  followB  from 
tt,=  — F,:F,.,  T/y= -Fy:F„.  But  Mcsc  gives  M,da;+ My rfy+M.dr 
=0,  or,  by  the  equations  rfj: :  X=rfy :  Y=flftt :  U,  we  have  XM,+ YM^, 
+  UM,=  0,  whence  M=c  satisfies  Xi/,+Yt/yr=U.  Now  the  two 
solutions  M=c,  Mi=Ci  answer  to,  and  are  involved  in,  AM+ Ai  Mi= Ai, 
BM  +  BiMi=Ba,  where  A,  B,  &c.  are  functions  of  any  number  of 
arbitrary  constants:  for  these  merely  imply,  and  are  implied  in,  M=c, 
Mi=c,.  Hence  AM+AiMi=:As  satisfies  the  partial  di£f.  equ.  Now 
let  its  constants,  instead  of  being  constants,  become  functions  of  jr,  y^  u, 
such  that  for  every  such  function  a,  we  have  A^M-f  (Ai)aM,=(A,)a; 
80  that  no  differential  relations  of  the  first  order  are  disturbed.  There 
will  be  as  many  of  such  equations  as  of  functions  which  were  constants ; 
and  from  them,  a  and  all  the  rest  may  be  deduced  to  be  functions  of  M 
and  Ml.  Let  the  values  of  these  functions  be  substituted  in  AM + Ai  M| 
=:A8,  and  we  have  0(M,Mi)=O^  in  which  there  is  no  restriction 
upon  <^,  because  A,  &c.  may  be  any  functions.  Here  is  the  common 
general  solution,  which  is  therefore  nothing  but  a  singular  solution  of 
the  most  general  form  which  satisfies  dx:X=dy:Y=du:\], 

Cl^.)  Let  a  particular  integral  of  any  partial  di£f.  equ,  be  found 
which^contains  two  arbitrary  constants,  sayj  (x,  y^  u,  c,  Ci)  =  0.  Let  C|  be  a 
function  of  c,  then,  if/e+/eic'i=0,  c  may  be  supposed  to  be  a  function 
of  Xy  y,  and  t/,  provided  c  be  obtained  in  terms  of  j?,  y,  and  u  from  the 
preceding  equation :  which  introduces  an  arbitrary  function,  since  Ci  may- 
be any  function  of  c.  This  illustrates  the  last  article :  but  a  singular 
solution  maybe  often  found,  by  making /^rr 0,^^=0,  finding  the  definite 
values  of  c  and  c^  which  satisfy  these,  and  substituting.  When  such  a 
solution  can  be  found  the  geometrical  explanation  is  as  follows.  The 
equation  /=0  belongs  to  an  infinito-infinite  number  of  surfaces,  cor- 
responding to  different  values  of  Ci  and  c.  Every  law  of  relation  which 
connects  c  and  C]  points  out  one  peculiar  family  of  these  surfaces,  which 
family  has  a  connecting  surface  :  the  solution  which  contains  the  arbi- 
trary function  belongs  to  all  these  connecting  surfaces.  But  these  last 
surfaces  may  themselves  have  a  connectiBg  surface,  which  is  related  in 
the  same  manner  to  all :  the  solution  without  either  arbitrary  function  or 
constant  belongs  to  the  last. 

For  instance,  u=:cx-{-Ciy+aiJ{l+c^+c*)  is  the  equation  of  every 
possible  plane  which  has  a  for  the  perpendicular  dropped  on  it  from  the 
origin.  From  such  planes  an  infinite  number  of  developable  surfaces 
may  be  formed;  let  Ci=:<l>c,  and  the  equation  of  such  a  surface  will  be 
found  by  eliminating  c  between  the  preceding  and 

a?+<|>'c.y+o{l+c*+(<|>c)«}-*(c+<|>(7.<|>'c)=0. 

All  these  developable  surfaces  have  their  tangent  planes  also  touching 
the  sphere  whose  radius  is  a.  Eliminate  c  and  C|  between  the  first 
equation  and  the  two  following, 

j:+a(l+cHc!r».c~0,    y+a(l+c'-hc?)-*Ci=0; 

and  we  have  a^'\-y*+u*=a\  the  equation  of  the  sphere. 

(76.)  It  thus  appears  that  we  may  distinguish  the  solutions  of  partial 
diff.  equ.  of  the  first  order  into  three  kinds.  1.  One  which  contains  two 
arbitrary  constants  more  than  were  in  the  equation.     2.  One  which  con- 
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taios  an  arbitrary  function.  3.  One  which  contains  neither  constant 
nor  function.  Lagrange  termed  these  severally  the  complete,  general, 
and  singular  solutions.  To  the  third  term  there  can  be  no  objection, 
but  the  distinction  of  complete  and  general  is  not  easily  made.  The  com- 
plete solution  may  be  a  very  limited  case  of  the  general  solution,  as  in 
i4=c<r-f  Ci  y,  which  is  the  (so  called)  complete  solution  of  u:=xv,-\'yu^ 
The  general  solution  is  u=x<p(t/:ai)y  one  form  of  which  is  cj?+Ciy 
+c^y*:<2:+c,^:j^+..  ••  ad  inf\  It  will  much  offend  our  ideas  of 
language  to  say  that  this  last  is  completed  by  making  C|=0,  03=0,  &c. 
It  would  be  better  to  call  the  first  solution  primary,*  the  second  general, 
and  the  third  singular. 

Let  0  (x,^,  i£,  a,  6) =0  be  the  primarv  equation,  then  the  partial  diff. 
.equ.  is  obtained  by  eliminating  a  and  6  between  0=0,  0,+0Mt/,=O, 
0y+0ii  t^9=0;  or  by  considering  a  and  6  in  the  first,  as  functions  of  x, 
y,  11,  obtained  from  the  second  and  third.  Suppose  that  this  substitution 
made  gives  Y'  (jp,y, «,/?,  g) =0,  where  p=w,  and  g=tt,.  Then  f=0 
is  an  equation  identical  ih  meaning  with  ^=0,  when  a  and  b  are  con- 
sidered as  above.  If,  then,  from  Y'=0  we  find  u  in  terms  o(  x^j/jp^q^ 
and  substitute  it  in  0=0,  we  have  (as  in  page  192)  an  equation  abso- 
lutely identical,  independently  of  all  relations :  and  every  diff.  co.  of  0  so 
altered  is  identically  =0.  Differentiate  then  separately  with  respect  to 
p  and  q ;  the  first  operation  gives 

<f>«Wp+0.(o«tt,+«p)+0&(6.v,+  ^p)=O : 

the  implied  suppositions  are  that  0  contains  p  through  u,  a,  and  6, 
while  1/,  deduced  from  f=0^  contains  p,  and  a  and  b  contain  p  both 
directly  and  through  u.  Now  from  Y'=0,  the  proposed  diff.  equ.,  from 
which  tt  is  obtained  for  substitution  in  the  preceding,  we  have  Y'^-f  y.t*, 
:=:0;  substitute  for  tip  in  the  preceding,  go  through  a  similar  process 
relatively  to  9,  and  we  have 

fl  _     0ag|>+0fc^,         IK  _     0>g,-!-06ft, 

y«         0«+0«a»+0i^«'        V'.         0«  +  0«fl».+  0»^.' 

Now  the  singular  solution  is  derived  from  ^«=0,  ^6=0,  and  f =0 
necessarily  contains  f/,  so  that  0«  is  not  :=0 :  consequently,  unless  a^  or 
6p  are  made  infinite  at  the  same  time  that  0«  or  0^  vanishes,  a  singular 
solution  will  give  yf/^if^^O  and  f^iyf/^zriO.  Singular  solutions  then 
may  be  sought  among  those  relations  which  satisfy  ^^=0,  V^f  ^0,  f^ 
being  finite ;  or  among  those  which  make  f^  infinite,  f,  and  y,  being 
finite.  But  it  does  not  follow  that  these  modes  will  give  all  the  singular 
solutions ;  for  a,  and  b,  may  possibly  become  infinite  when  f «  and  f » 
vanish. 

(77.)  For  example,  take  the  surface  on  which  the  normal  intercepted 
between  the  tangent  plane  and  that  of  jry  is  always  of  the  same  length 
k :  the  equation  of  which,  j*,  y,  u  being  the  coordinates  of  any  point,  is 
found  to  be  w*  (l  +  p'+^O— ^*=0.  The  singular  solutions  maybe 
contained  in  2u"p=0,  2u^9=0;  now  v=0  does  not  satisfy  the  equa- 

*  Even  R^Dst  this  word  lies  the  objection  that  there  is  an  infinite  number  of 
primary  BolutioDs  :  thus  y»-»  tt=cj*+Cj  j'"-»y  is,  for  all  values  of  w,  a  primary  mAn- 
tion  of  the  proposed  vquat^^'n. 
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tion»  but  p=0  and  9=0,  implying  u=:  const.,  do  satisfy  the  equation,  if 
that  constant  be  ±Ar:  and  «• — ^'=0  is  the  singular  solution.  It  is 
evident  enough  that  the  two  planes  thus  obtained  are  the  envelopes  of 
all  surfaces  of  the  kind  required.  For  the  primary  solution  it  is  obvious 
that  a  sphere,  with  its  centre  on  the  plane  of  xy  and  a  radius  k^  will 
answer,  or  (x— a)*+(y— fc)*+M*=^*.  Assume  then  b^tfia^  and 
eliminate  a  between  the  preceding  and  (t  — a)  +  (y  — ^a)  0'a=O,  and 
we  have  the  general  solution.  The  primary  solution  is  thus  a  sphere  of 
given  radius,  the  general  solution  a  tube  (page  402)  made  by  the  motion 
of  that  sphere  with  its  centre  on  a  given  curve  in  the  plane  of  xy^  and 
the  singular  solution  the  pair  of  planes  parallel  to  xy  within  which 
all  such  tubes  are  contained.  (This  tube  is  called  surface^canal  by  the 
French  writers.) 

(78.)  In  the  same  way  it  may  be  shown  that  u^=^px+qy+f(pj  q) 
has  for  its  primary  the  plane  u^=ax+bij-{-f(a^b)  ;  for  its  general  solu- 
tion the  result  of  eliminating  a  between  this  and  Jr+^'a.y+^+/&0'a 
=0,  which  gives  a  developable  surface,  and  for  its  singular  solution 
the  result  of  eliminating  a  and  b  between  the  original  and  j7+yi=0, 
y+/i=0. 

(79.)  I  now  take  some  detached  artifices  which  have  been  given  for 
the  integration  of  various  partial  diff.  equ.  of  the  first  order. 

/(p,9)=0,  or  g=^,  the  general  equation  of  developable  surfaces. 
Here  du = pdx + j>p  dy^ 

u=:px+4'P-y'''fi^'^4^P»y)  4P»  ^^encc  x+<f/p.yzz9a,y  y'p, 
or  w=p«+^.y— VT^i    J?-f-0'p.y— Y^/?=0. 

Eliminate  p,  and  we  have  the  general  solution.  This  case  is,  under 
another  form,  a  repetition  of  that  in  the  last  article. 

(80.)  «=/(p,9).  It  may  be  discovered  from  §(71.)»  that  «= 
^  (y+^^)  must  contain  a  solution  of  this  equation  :  or,  for  some  form  of 
4>,  we  have0 (y +cj)==/{c0'  (y +c.r), 0'  (y+cx)  }.  For  y+cx  write  jt, 
and  for  0  (y+cJ?)  write  y,  which  gives  y=^f{cy\  y'),  a  common  diflF.  equ. 
from  which  can  be  found,  say  y = y  (j?,  Ci ) .  Hence  z=^f  iy+cx^Ci^is  & 
primary  solution  of  z=if(p^  g),  from  which  the  general  solution  can 
be  found.  For  mstance,  let  2=pg,  then  y^cy'*  is  the  difF.  equ.,  which 
gives 

Let  Ci=0c  and  «=:[  ^L- — |-^c  ]  (jr+2^'c)  : 

eliminate  c,  and  the  general  solution  is  found.     Or,  eliminate  c  firom 
2V.-J--Vc--*c=:0and2^  -^-0'c=:O. 

(81.)  0(p,«)=y(<7»y).  Let  0(p,a')  =  a,  y(g,y)=a,  whence 
P=0i  (*i  a),  9=Y^i  (y,  a), 
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^=/{*i  ('.«)  ^+^^1  (y» «)  dy}=0,  (a?,  a)  +y,  (y,a)+6, 

a  primary  solution.  Assume  ^=xtf,  and  eliminate  (for  the  general 
solution)  a  from 

:r=0,(j',fl)  +  y,(y,a)+x«i  ^=^* +■£'+x'«• 
(82.)  If  ^(r,y)  be  differentiated  twice  completely,  it  gives  ^„dr* 
+2ilfggdxdy+^„dy*y  say  rdjfi+28dxdy+tdy^ :  and  the  conditions 
under  whidi  such  an  expression  is  completely  integrable  are  ry=«^ 
Sg=itg,  But  it  is  seldom  that  a  factor  can  make  such  an  expression 
integrable.  Let  R<2j7*+ 2S  dx  dy-{-l!dtf^  be  integrable,  if  possible,  after 
multiplication  by  M ;  we  have  then 

(MR),=:(MS)„  or  SM,-RM,=:M  (R^-S.) 
(MS),=(MT)„  or  TM,  -SM3,=  M  (S,-T.). 

From  these  find  M« :  M  and  M, :  M,  say  A  and  B.  Then,  if  Ay=B«9 
M  is  possible,  and  logM  is  found  by  integrating  A<ix+B(fy.  Hence 
it  appears,  1.  That  when  the  expression  is  integrable  already  there  is  no 
factor  imder  which  it  will  remain  integrable,  except  when  S*=RT,  in 
which  case  there  is  an  infinite  number.  2.  When  the  expression  is  not 
integrable,  there  may  be  one  factor,  but  generally  only  one,  and  most 
frequently  none ;  except  when 

o  r  X  I  r  Jtv  r  o  •  I  xik^''*~djy  *  dy  ~  i  j^ , 

in  which  case  there  is  an  infinite  number.  Foi*  example,  y*cLc* 
+  2(jy-f-l)dj:dy+jp*rfy«  is  not  integrable:  to  determine  the  factor, 
if  any,  we  have 

(j^y + 1)  M,-y«  M,,=My         A=M, :  M=y 

and  kdx+^dy  is  integrable,  and  gives  xy,  whence  M=:€^:  multiply 
and  integrate,  and  we  have  ^  itself  for  the  primitive  function. 

(83.)  If  we  take  a  partial  diff.  equ.  of  the  first  order,  containing  two 
arbitrary  constants,  we  may  from  it  form  one  of  the  second  order.  Thus, 
if  f  (^,y,i^,p,9,a,6)=0y  we  may  determine  a  and  h  from  <|>,+<f>pr 
-f  ^,f=0,  ^y+0p«4-0,<=rO,  in  terms  of  jt,  y,  t/,  p^  q^  r,  *,  and  t 
These  values  substituted  in  0=0  give  an  equation  of  the  second  order. 
Again,  assuming  6=x^  ^e  get  precisely  the  same  equation  of  the  second 
order  if  a  and  h  be  functions  of  x,  y,  u,  p^  9,  provided  that  a  be  deter- 
mined from  0a +06 -^0=0,  or  0,+0fc.x'^=^*  Hence  we  can  get  a 
solution  of  the  first  order  having  an  arbitrary  function,  since  x  ^ 
arbitrary ;  and  if,  therefore,  we  can  integrate  this  equation  of  the  first 
order,  which  integration  will  introduce  another  arbitrary  function,  we 
have  the  complete  solution  of  the  given  equation,  with  its  two  arbitrary 
functions.  But  we  must  first  extend  the  conclusions  of  page  64  to  the 
extent  of  showing  that  two  arbitrary  functions  cannot  always  be  elimi- 
nated in  the  formation  of  the  equation. 

Let  A  and  B  be  given  functions  of  x^  y,  and  «,  and  /(r,  y,  t£,  0A,  frB) 
=0,  an  equation  in  which /is  a  given  iform,  and  0  and  f  any  functiooa 
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whatever.  Differentiate  with  respect  to  x,  ^,  xx^  ay,  and  yy,  which 
g^ves  altogether  six  equations,  involving  0A,  y^B,  0'A,  y'B,  0^'A,  ^"B, 
with  *,  y,  u,  p,  7,  r,  *,  t,  and  the  known  functions  of  them  A,,  A,,  B^ 
&c.  Now  six  quantities  cannot  generally  be  eliminated  from  six 
equations:  therefore  the  equation /=0  is  not  always  the  solution  of  an 
equation  of  the  second  order.  It  certainly  very  often  happens  that  the 
process  which  eliminates  five  also  eliminates  the  sixth.  Therefore, 
although  the  preceding  part  of  the  process  shows  that  every  equation 
which  has  a  primary  of  the  first  order  containing  two  arbitrary  constants 
has  two  arbitrary  functions ;  yet  the  converse  is  not  true.  If  a  represent 
the  number  of  arbitrary  functions,  and  r  the  number  of  complete  orders  of 
differentiation  performed,  the  excess  of  the  number  of  equations  over  that 
of  the  functions  given  and  introduced  by  differentiation  is  i^  (r+  l)(r-f  2) 
— a(r+l).  This  can  never  be  unity  (which  is  required  that  one 
equation  may  be  a  necessary  consequence  of  elimination)  except  when 
a=l,  r=l.  If  a=5,  then  i(r+l)(r+2)  first  exceeds  5(r+l) 
when  r=9,  and  the  difference  is  5.  Consequently,  an  equation  of  five 
arbitrary  functions  has  five  distinct  equations  of  the  ninth  degree,  in  all 
cases  in  which  there  is  not  some  peculiarity  in  the  elimination :  and 
this  is  the  first  set  in  which  all  traces  of  the  arbitrary  functions  vanish. 

(84.)  It  is  not  certain  that  every  partial  equation  of  the  second  order 
even  has  a  solution.  The  most  general  case  in  which  anything  like  a 
method  has  been  proposed  is  as  follows.  Let  Rr+ Sj+T<=V,  where 
R,  &c.  may  be  functions  of  jt,  y^  z^p^q  :  this  is  the  most  general  equa- 
tion of  the  second  order  and  linear  form.  The  principle  of  solution  is 
that  explained  in  page  203,  and  may  be  stated  as  follows.  There  are 
already  three  ordinary  diff.  equ.  existing  between  the  quantities  jr,  y.  u, 
p7  9*  ^i  '»  ^9  namely 

du=pdx-^qdy,    clp=rdx+sdyj     dq=:8dx+ldf/y 

which  are  universal,  or  true  when  u  is  any  function  whatsoever  of  x  and 
y.  To  make  use  of  them  then  is  not  introducing  any  new  condition 
into  the  question  ;  for  that  u  should  be  a  function  of  x  and  y  is  already 
an  implied  condition.  Consequently,  the  given  equation  is  neither 
more  nor  less  than 

ax  dy 

or        R  dp  dy+T  dq  dx^-^dy  dx=s  (R  dy«— S  dx  dy+T  dj^). 

If  we  call  this  last  ff'=fa,  we  see  that  the  equation  includes  among 
its  conditions  that  if  tr  vanishes  a  must  vanish,  and  vice  versa.  This 
is  not  all  the  meaning  of  the  equation,  but  a  part  of  it,  and,  so  it 
happens,  enough  for  our  purpose.  Proceeding  in  the  same  manner 
with  r  and  t,  we  find,  making 

Tidpdx-dqdy^-Sdpdy+Vdy^^ip  Rdy«-  Sdxdy-\'Tdj*=a 

Rdpdy+Tdqdx — Vdxdy  =ff  du—pdx^qdy  =w 

R  (<f^  dy— dp  dj?)  — Sd^  do?  +  V(ii*=r 

that  the  given  equation  is  equivalent  to  either  of  the  following,  p^roj 
asziUy  ri=^ta.    Whence,  u  must  be  such  a  function  of  x  and  y  as  will 
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makeall  the  four,  p,  a*  r,  a^  vanish  when  any  one  of  them  vaniaheB.  But 
the  equations 

Rp4-S(T+Tr=Vcr,     adp=pdx  +  (Tdy,     adq  =  <rdx-^Tdy^ 

which  may  easily  he  verified,  show  that  the  four  equations  psO,  a=0, 
r=0,  a=0,  are  all  satisfied  when  any  two  are  satisfied.  Hence  we 
satisfy  the  original  equation,  though  hy  far  from  a  complete  solution, 
when  we  find  any  primitive  of  the  following  syslem,  containing,  1.  Any 
pair  out  of  p=0,  (7=0,  r=0,  a=0.  2.  The  equation  v=0.  Here  are 
three  equations  between  five  variables  jr,  y^u^p^qi  let  A=a  be  one  of 
the  primitive  equations,  of  which  there  may  be  three,  two  variables 
being  independent.    We  have  then 

A,rfx+A,rfy+A,(iu+Apdp+A,dj=0. 

Let  a=0  give  dyzs^idx^  and  then  e7=0  gives  Rfidp+Tdq — Yfidx 
=0,  from  which  substitute  for  dq^  and  for  du  from  v=0.  The  result 
contains  only  dx  and  dp,  and,  every  necessary  condition  having  been 
used,  this  must  be  true  independently  of  dx  and  dp,  which  might  be 
made  the  two  independent  variables.  Equating  each  coefficient  to 
nothing,  we  have 

A.+A,,fi+A.0>+9/i)  +  A,-^=0,    A,-A,^=0 (e7,a). 

Let  B=6  be  another  primitive,  which  will  give  similar  equations. 
Then,  as  in  page  203,  the  condition,  not  that  the  diff.  equ.  a=0,  ^'=0, 
should  be  satisfied,  but  that  one  should  be  satisfied  whenever  the  other 
is,  may  be  expressed  by  B=0A,  among  the  cases  of  which  we  are 
therefore  to  look  for  solutions  of  Rr  +  S«+  T<=y.  And  on  examination, 
as  in  the  page  cited,  we  shall  find  that  every  form  of  ^  satisfies  it,  as 
follows.  Take  the  equation  .B,  da? +B^rfy+&c. =0'A  (A,  rfx+&c.)» 
and  for  A,  and  A,,  B«  and  B,  write  their  values  from  (ff,a)  and  the 
corresponding  equation  for  B.     The  first  side  becomes  ^ 

Yu 
— B,/idx— B,  ip+qfji)  dx-B^-^dx 

'¥B,dy+B,(pdx+qdy)+B,'^dp+B,dq, 

or  (B,+9B.)  (dy-/idx)+^  (R/idp+Td^-V^  dx}, 

which  is  ^'A  X  a  similar  function  of  A,  so  that 

_     B,+qB.^(t>'Ai\,^qK) 
T-«(B,-0'A.A,) 

gives  R/i  dp-\-Tdq — V/i  dx= oi  (jdy—fidx), 

which  verifies  the  assertion  above  made  relative  to  B=<|>A.  Far  dp 
and  dq  write  rdx+sdy  and  idx-\-idy^  and  dx  and  dy  being  independent, 
we  have 

R/if + T«— V/i + w/x= 0,    Rfi5 + T/— « = 0 ; 

or       R^r+(R/i«+T)5+T/i/-V/i,  or  /i(Rr+Sj+T/-V)=0, 


ON  DIFFERENTIAL  EQUATIONS.  721 

since  R/**— S/i+T=0.  Hence  the  equation  is  satisfied  by  B=^A. 
It  may  be  observed  that  jx  has  two  values,  either  of  which  may  be 
chosen ;  or  it  may  happen  that  it  may  be  convenient  to  use  both. 

For  example,  let  R,  S,  and  T  be  constants,  and  V  a  function  of  x  and 
y ;  whence  /i  is  a  constant,  and  dy—fidx  gives  y:=ijixr{'a^  which  substi- 
tute in  V.  Then  Rfidp-^Tdq-Yfidx^O  gives  R/xp+Tg— /x/Vdx 
=6.  After  integration  of  Vdx,  put  back  y — fix  for  a,  and  the  first 
integral  of  the  given  equation  is 

RfjLp  +  Tq-rfifydx^tj)  (y—fix)y 

with  either  value  of /i.  If  we  proceed  to  integrate  this  equation  by  page 
203,  we  must  first  integrate  the  system 

R/i(iy— Tda?=0,  or  c^y— /xictr=0, 

(fii  being  the  other  value  of  /i,  and  jifxi  being  T :  R)  and 

R/i  du = fjifYdx .  cLf + 0  (y — jjlx)  .  dr. 

The  first  gives  y^fiiX=a;  substitute  for  y  in  the  second,  then  since 
f^  (a-^fiiX  — fix^.dXf  (ft  being  arbitrary,  is  simply  itia+fi^x—fix), 
which  has  the  same  appellation  if  divided  by  ^R,  we  have  for  the 
integral  of  the  second  equation,  putting  back  y — jUi  a:  for  6  after  integra- 
tion. 


uz=  ^fdxfYdx+ 0  (y^fxx)+b. 


Where  the  meaning  of  fdxfVdx  has  much  more  than  the  notation  ex- 
presses, nor  does  the  operation'  occur  often  enough  to  require  a  distinct 
notation.  We  begin  with  V= y  (a?,  y),  which  we  change  into  "^  (j?,  /Lcx+a), 
and  integrate,  giving,  say  fiix^a),  which  we  re-convert  into  V^i(j?,y-fta?). 
Then  we  change  this  into  Y^i  (x,a-|-fti -J?— /^)>  and  integrate,  giving, 
say  ft  (x,  o),  which  we  then  re-convert  into  y,  (-r,  y — fti  x).  From  the 
equation  y— fti  ar=a,  and  the  last,  we  now  have 

M=  ^fdxfvdx-^-it^  (y--/*«)+y  (y-A*i  J?), 

<p  and  yff  being  any  functions  whatever.  Let  us  choose,  for  instance, 
r+6»-h5<=j?-hy.  We  have  then  /*■— 6/i-f5=0,  or  5  and  1  are  the 
values  of /*.  Proceed  with  V=jc4-y  in  the  way  pointed  out,  and  we 
have 

fix-\-a+bx)  dx=z3j^+axy  for  which  put  3a?*+(y— Sj)  j?,  or  ay— 2**. 

Integrate  j:  (a+j?)  —  2jt',  which  gives  Jaj^  —  ^x^^  for  which  put 
i  (y — •2?)  J^— i'^9  or  iyx^—^j^.     The  solution  is 

tt=iya:«— |x'+0  (y— 5ar)+ V^  (y— a:). 


equation  would  certainly  be  as  well  satisfied  if  to  the  preceding  we 
added  A;r+By+C,  whence  it  might  seem  as  if  we  had  not  the  complete 
solution.    But  observe,  that  A^v+By+C  may  be  made  to  bexx)me 

3A 


r 

I 
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E(y— 5j)+F(y-x)+C,   if  E+F=B,  5E+F=— A;  bo  that  the 
preceding  addition  only  amounts  to  an  alteration  of  ^  and  y. 

When  the  roots  fi  and  /Z|  are  equal,  first  assume  /X|=;i+^  then  show 
by  the  method  of  §  (21.),  that  the  complete  solution  is 

u=—fdvf\dx+x(t>  (y— /tr)+y  (y— /iJr), 

which  requires  the  assumption  (obviously  allowable)  that  an  arbitrary 
constant  of  any  value  may  be  a  multiplier  of  either  function. 

(85.)  Looking  at  the  preceding  method,  and  generalizing  by  analogy 
from  ordinary  diff.  equ.,  we  might  seem  to  have  all  but  a  demonstrative 
right  to  infer  that  every  partial  diff.  equ.  of  the  second  order  has  two  of 
the  first  order,  each  containing  one  arbitrary  function :  which  two  arise 
from  one  primitive  containing  two  arbitrary  functions.  All  this  is  very 
often  true,  no  doubt ;  but  there  is  not  a  single  point  of  it  which  cannot 
be  refuted,  if  asserted  universally,  or  at  least  shown  to  be  hitherto  in* 
capable  of  general  proof,  and  very  unlikely  in  certain  cases.  First,  in 
the  equation  (r=«a,  we  have  begun  by  presuming  the  existence  of  a 
solution  which  allows  a  to  vanish,  when  of  course  tr  vanishes.  The 
solution  we  thus  obtain  may  be  the  most  general  of  its  kind :  that  is,  of 
those  which  allow  cc  and  ^  to  vanish ;  but  how  do  we  ascertain  that  there 
are  no  solutions  in  which  this  is  impossible  ?  or  how  do  we  know  that 
there  are  not  some  in  which,  when  a  vanishes,  s  necessarily  becomes 
^infinite,  and  sa  remains  finite  ? 

But  do  not  these  objections  equally  apply  to  the  solutions  of  equations 
of  the  first  order  in  page  203  ?  Undoubtedly  they  do,  and  the  proof  of 
the  perfect  generality  of  such  solutions  is  therefore  not  complete  till  page 
204.  It  may  be  thus  further  illustrated,  with  our  knowledge  of  primary 
solutions. 

JjCt  /  (j,  y, «,  0A)  =  0  be  the  solution  of  a  partial  diff.  equ.,  /  and  A 
being  given  functions,  the  latter  of  x,  y,  m  ;  and  (p  the  arbitrary 
function  introduced  by  the  common  method,  which  we  may  therefore 
write  c^A+CiX^-  ^^^^  h&ye  then  one  primary  solution,  with  two  in- 
dependent constants.  If  there  be  any  other  general  solution,  we  can 
obtain  it  in  an  infinite  number  of  modes  by  making  c  and  C|  fimctions  of 
Xj  y,  and  u ;  and  we  have  a  right  to  one  relation  between  c  and  c^.  Let 
it  be  Ci=t!Tc :  and  solve  /=:0  with  respect  to  ^A,  giving,  say  c^rA+c^  xA 
=F(a:,y,tt).  If  then  we  determine  c  from  Y'A  +  ^'c.xArsO,  giving 
for  c  and  Cj  functions  of  A  only,  all  differential  relations  of  the  first 
order  remain  as  they  were  when  c  and  Ci  were  constants;  and  the  partial 
diff.  equ.,  from  which /=0  arose,  is  satisfied:  but  cyA+CixA  is  still 
only  an  arbitrary  function  of  A. 

The  process  of  page  204  might  be  extended  to  the  proof  in  §  (84.), 
and  we  might  be  compelled  to  admit,  that  when  two  arbitrary  functions 
appear,  the  most  general  solution  is  gained.  But  whether  every  diff. 
equ.  of  the  second  order  has  two  arbitrary  functions ;  and  whether  every 
Buch  equation  has  a  solution ;  as  also  whether,  if  it  have  a  solution, 
there  are  diff.  equ.  of  the  first  order  belonging  to  it, — are  all  unsettled 
questions.  To  take  a  well  known  instance  illustrative  of  these  doubts^ 
let  r=q  be  the  equation,  or  R=l,  S=0,  T=0,  Vsr:^.  We  have  then 
p:=qdy*f  9^{dp^qdx)  dy^  T=:dqdy^(dp''qdx)  dz^  a=rfy*, which  vanish 
simultaneously  if  dyrsO,  rfx=0,  or  if  ay=0,  dp^-qdxzzO.    Tlie  first 
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vould  give  the  solution  y:=z(f>x,  'which  does  not  contain  Uy  and  must  he 
rejected:  the  second  cannot  spring  (with  du=pdx+qdy)  from  any 
relations  hetween  x,  y^  z^  p^  and  9,  all  variahle :  and  q^c  can  only  give 
the  solution  r=Jcjr'+cy+CiJf.  But  the  following  solutions  can  easily 
be  verified,  or  (the  two  latter)  obtained  by  indeterminate  coefficients^ 

«=Ci€«i'+*»!y+C2  6'^^+'"Jy+Ca6'^*+'"!y+ 

u=4^y+fy.x+(t>'y.  —  -]rfy—+(f>''yj-^+..--   : 

In  all  three,  two  ^r-differentiations  give  the  same  result  as  one 
y-differentiation :  which  is  all  that  the  equation  requires.  The  third 
seems  to  inyolve  two  arbitrary  functions,  and  really  does  so  with  respect 
to  3^ ;  but  yet  these  two  only  amount  to  one  with  respect  to  <r,  as  in  the 
second  solution.  For  if  0y=cfo  +  aiy+  .  •  •  •>  and  fy  =r  5o+  ^ly 
+  ....;  if,  after  substitution,  Oo+b^x+Ui  jp"+6,  j^+  •  • .  •  be  called 
4>Xy  the  third  is  converted  into  the  second.  We  shall  see  the  complete 
integration  of  this  equation  presently. 

(86.)  The  most  important  equation  of  the  second  degree,  beyond  all 
question,  is 

changing  the  variables*  for  convenience,  since,  in  mechanical  pro- 
blems, one  of  them  is  usually  the  time  (0*  If  an  elastic  fluid  be  con- 
tained in  a  tube  of  very  small  section,  and  if  a  be  the  velocity  with 
which  sound  travels  in  that  fluid,  then,  the  preceding  equation  being 
solved,  du :  dx  will  represent  the  velocity  of  the  particles  at  the  distance 
X  from  an  arbitrary  origin  in  the  tube,  at  the  end  of  the  time  ^,  and 
du'.dt  will  be  always  proportional  to  the  compressing  force.  This 
equation  has  been  already  integrated;  we  have  R=l,  S,  0,  T=— a*, 
V=0,  ^«-a*=:0,  /4=  ±a,  and 

where  0  and  y  are  arbitrary  functions,  deducible  from  the  state  of  the 
tube  at  any  one  moment.  « 

An  independent  integration  may,  however,  be  desirable,  and  we  may 
obtain  it  as  follows.  Supposing  the  equation  to  be  r=:^,  p=ii„  9=1/^ 
the  equation  gives  pt=q^  and  the  property  of  all  functions  is  p«=9«. 
We  have  then  p«+gi=p,+g,,  andp,— 91=— (;?,— 7,).  Hencep+g 
ia  a  function  which  satisfies  (p  +  9)t=(p+9)«  and  we  must  have 
p+9=/(x+0;  and  p  —  q  satisfies  (p— g)<=  — (p— 9)x»  or  we  must 
have  P'—q=f(X''t),    The  functions  being  arbitrary,  we  have  at  once 

11=01  (»+0+Y'i(a?-o+«^y>     tt=0i(j?+O+V'i(a?— 0+x*; 

*  The  two  different  meanioes  of  t  must  be  distinguished :  both  are  so  sanctioned 
br  custom  that  the  clashing  of  the  two  cannot  always  be  avoided. 

3A2 
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equations  which  can  only  agree  when  tsy  and  \x  are  constants,  and 
therefore  may  be  considered  as  included  in  the  arbitrary  functions.  Or 
we  might  integrate  by  page  203  either  P+9=/(a?+0  or  p-q^fix^O^ 
and  we  should  produce  the  same  results.  Change  t  into  at  on  both 
sides,  and  we  obtain  Vt=:a*Ugg  and  its  solution. 

(87.)     jfr'\-2xys-\'y*t=0  gives  u=x4^(t/:x)-\-f(i/:x) 
g*r— 2/?^«+|)"<=0  gives  u=(f>  {x^lni+y) 

r  —  f=2p:a?  gives  «= 0(y+ a?) +Y'(y ""•*)""*  {^(y+^)~"Y^(y""^) }- 

For  Rr+Sf+T/=0,  when  R,  S,  and  T  are  functions  of  p  and  9,  see 
page  473.  Apply  §  (84.)  to  this,  and  a=0  gives  /x  a  ninction  of  p 
and  q ;  whence  V=:0  shows  that  o-=:0  can  be  reduced  to  an  equation 
which  can  be  integrated  under  the  form  f{p,q)  =  c.  Also  this  and 
dy:=:fidx  give  du  =  vdjCy  where  'fi  and  y  can  be  made  functions  of  p  and 
c  only.  Elimination  of  p  gives  an  equation  between  dr,  dy,  duy  and  c, 
whicn  may  sometimes  be  integrable.  From  the  preceding  we  gain  this, 
that  some  class  of  developable  surfaces  must  be  a  solution  of  the  given 
equation. 

Rr=V  and  T^= V,  when  the  coefficients  are  functions  of  x,  y,  and  p 
only,  and  of  x,  y,  and  q  only,  are  only  ordinary  diff.  equ. :  for  y  must  be 
constant  throughout  the  first,  and  x  throughout  the  second.  Thus, 
tbke  p  for  a  variable  in  the  first,  and  we  have  the  form 

4^[(^^yyp)  ^=V'C^,y,p),orp=x(x,y,/3y),  u=fx'dx-Voty, 

P  and  a  being  arbitrary  functions. 

(88.)  Let  0(r,«,Q=:O  be  the  equation,  not  containing  jr,  y,  u,  p,  or 
q.  Let  X  and  y  be  each  considered  as  a  function  of  both  s  and  t^  and 
dp=:rdx+8dy  and  dq=8dx+tdy  then  give 

p:=:^rx+sy-'  fixdr-^-yds)     9=^x+<y— /(xdf+ydO-  •  •  -(Pi  q\ 

and  xdr+yds  and  xds-j-ydt  must  be  complete  differentials.  Assume 
then 

xds + ydt= dvy  OT  x==-rt    y="7;««  ••(«')• 

OS  at 

The  original  equation  gives  (prdr  -^  ff),d8  +  </>tdt  =  0 ;  from  which 
xdr-^-yds  becomes  (and  which  must  be  a  complete  differential) 

-*tK'l;-')*-s('|)=s('M 

But  from  0=0,  r  is  a  function  of  «  and  <,  giving  r,=: — 0«:0r9 
rt=i^fl)f:  0,,  whence  in  the  last  equation  two  terms  disappear,  and  we 
have 

0,  dx      0,  dx     dy       ^  ^^     j    ^^       ,  ^ 

a  linear  equation,  similar  to  those  already  considered.  If  v  can  be  found 
from  it  in  terms  of  s  and  t,  we  have  x  and  y  from  (v),  and  thence  p  and 
q  from  (p,g),  after  which  we  find  u  from  u^ripx+qy^f^xdp+ydq). 
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For  example,  r^—«*=:0  gives  i--;r-+2« -77-7  H r:=0-   so  that 

^  ^  df  dtds      t    d^ 

e=stf(s:  t)  +f  («:/),  from  §  (87.)    Hence 

and  we  see  that  this  merely  amounts  to  supposing  p  any  function  of  g»* 
adding  to  px-^-qy  any  other  function  of  ^;  with  ttie  condition  that,  if 
u=ryj:+9y+Q)  we  must  have  Jcdp+ydq+dQ=0.  The  latter  agrees 
with  §  (79.). 

This  particular  example,  however,  is  thus  most  easily  integrated. 
The  equation,  for  dp  and  dq^  combined  with  r<— x'zrO,  give 


8 


dpzsrdx+sdy^-j-  {sdx+tdy)= — dq, 

whence  p=^fq  necessarily  (page  199).     Afterwards,  as  in  §  (79.)« 

d"u  d*u  d*u 


(89.)  Let  a^  3::i+ai  ^_^,  ^. .+  • .  •  •  +««  3^,=^ (J^i^)- 


Without  going  into  the  full  investigation,  the  process  may  be  described 
as  follows.  First,  when  ^  {x,  y)=0,  let  fci,  /u«,  &c.  be  the  roots  of  the 
equation  Oofi"+Oi  A*""*+  •  •  •  •  +«n=0.  If  all  these  roots  be  unequal, 
the  solution  is  tt=yi  Cy+/uia7)  + Y^g  (y+/igir)+  . . . . ,  "^^i,  "^j,  &c.  being 
arbitrary  functions.  But  for  every  set  of  equal  roots  write  Y^i  (y +fti  J?) 
+^«  (y+/*i  *)  +  ^  Y'*  (y+Mi"^)  +  ••••»  with  as  many  terms  as  there 
are  equal  roots.  Next,  when  0  ix^y)  is  not  =0,  treat  it  successively 
with  ail  the  roots  in  the  manner  pointed  out  for  two  roots  in  §  (84.), 
y-f  ;aj?=c  being  the  equation  from  which  y  is  obtained.  Divide  the 
result  by  a^  and  annex  it  to  Y'i  +  y8+. . .  . ,  or  whatever  the  preceding 
part  of  the  method  gives.  Suppose,  for  instance,  that  n=3,  and  that 
/i'+6/Lt*+Il/i+6=0  is  the  equation,  the  roots  being  —I,  —2,  and 
—3.  I  write  down  without  explanation  all  the  substitutions,  integra- 
tions, restitutions,  &c.  &c.,  0(x,y)  being  =jpy. 

.    ^    ^      a^      cx^      a?»     .         .  x«      yj*      (^ 
^,   ^(^+0),    -+—.     ^+(y-a:)-,    — -- 

.«    .    N  **      ^      a^  ,     3?      X*       a?*  ,  ,       ^  .0^       X*     yj^      x* 
(2X+C)---.     4+Cg-24.     4+(y-2*)6--24'      6    -"s 

*  To  solve  fjf/jr,dx=:rY(//x<ix).    Diffiarentiaie  both  sides,  which  gives  ors 
F'  (//«  dx),  say  JTjp  dx^x*  5  whence  /r=  ;^x,  and  is  therefore  found. 


JF 


i 
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whence  _+65^^+ll^^.+6^=:ry 

the  complete  solution. 

(90.)  If  the  linear  equation  with  constant  coefficients  have  also  dift 
CO.  of  lower  order  than  the  nth,  assume  U'=^^^^.  An  equation  is  then 
found  between  /x  and  y,  which,  being  solved,  gives,  say  y=4*f'^.     We 

have  then  a  very  general  solution  in  u=  SCfi'*^*'^,  where  there  may  he 
any  number  of  terms  (even  an  infinite  series)  and  two  distinct  arbitrary 
constants  in  every  term.  For  instance,  let  ar-\'b8+ct+ep+fq+gu 
=0.  The  supposition  tt=£'*"*"^  gives  a/x*+6/xv+cv*+c/i+/i'+g'=:0, 
from  which,  if  y=i<f)fiy  we  have  a  solution  of  the  form 

C.,  &c.,  /ii,  &c.  being  any  constants  whatsoever.  An  infinite  number 
01  arbitrary  constants  is  a  circumstance  of  identical  meaning  with  an 
arbitrary  fiinction,  for  ^  (j?+^)i  for  instance,  ^  being  arbitrary,  and 
Co(x+y)*+Ci(j;+y)^+., . .,  Co,  Ci,  &c.  being  arbitrary,  are  con- 
vertible; as  are  also  <i>(x+y)  and  CoyoC-^+y)+Ci^i(x-fy)+ .. .., 
'^of  V^i  being  forms  of  a  given  law.  It  may  happen  that  two  infinite 
trains  of  arbitrary  constants,  as  in  the  last  result,  are  equivalent  to  two 
arbitrary  functions :  but  this  is  by  no  means  always  the  case.  We  must 
now  consider  the  question  of  the  arbitrary  functions  which  enter  into 
results,  as  to  the  means  of  determining  them. 

(91.)  It  will  be  advisable  to  dwell  on  one  particular  instance,  and 
view  it  in  more  than  one  light,  since  it  is  not  practice  in  the  operations, 
80  much  as  a  dear  view  of  the  office  of  the  arbitrary  functions,  which  is 
required.  Let  the  equation  be  r=za*  <,  of  which,  beyond  all  question,  the 
complete  solution  is  u=0  iy-\-ox)+^  {y  —  ax\  and  the  solutions  of  the 
first  order  are  p+aq:=:2a(t)  (y+ax\  f—aq  =  —2(£^  {y—ax).  If  x,y, 
u  be  coordinates,  we  have  here  the  equation  of  a  doubly  infinite  class  of 
surfaces,  of  which  the  third  ordinate  u  is  the  sum  of  the  ordinates  of  two 
cylinders,  whose  generating  lines  are  parallel  to  the  plane  of  xy^  and 
make  angles  with  the  axis  of  jr,  of  which  the  tangents  are  a  and  —a. 
Let  there  be  a  curve  of  which  the  equations  are  J?=au,  y=i8j?,  u  =  yvi 
the  surface  will  pass  through  this  curve  if  the  forms  of  <{>  and  ^  be  pro- 
perly assumed.  In  order  that  it  may  do  so,  the  equation  yi? 
=0(/5i;+aa»)  +  ^(/3c  — aat>)  must  be  identically  true.  This  can  be 
done  in  an  infinite  number  of  ways :  let  tav  be  the  inverse  function  to 
fin  +  ««»,  80  that  fitssv  +  oarav  =  v.  We  have  then  ynjv  =  0i7 
+ Y^  {fi'^v — acctxji?),  and  whatever  "^  may  be,  ^  can  be  found  accordingly. 
Let  there  be  a  second  curve,  jrrajV,  y=^ir,  w=yir,  and  let  fii^xtf 
+0^1  t7i  or:  v.  We  have  then  another  equation  like  the  preceding,  and 
subtraction  gives 
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in  which  f  is  the  only  unknown  function  :  say  the  ahove  is  ^fdiV—yffOv 

We  have  here  a  function&l  equation,  like  that  in  page  228,  and  though 
our  present  means  of  expression  hardly  enable  us  to  lay  the  merest 
rudiments  of  what  will  one  day  be  the  calculus  of  functions^*  yet  as 
much  as  this  is  known,  that  many  such  equations  can  be  solved,  and  that 
there  is  an  infinite  number  of  solutions  in  most  cases.  To  try  an  instance, 
let  us  ask  whether  such  a  surface  can  contain  two  straight  lines,  both 
passing  through  the  origin.  Let  a,  «»,  &c.  be  not  functional  symbols, 
but  simple  coefficients :  this  converts  the  curves  into  straight  lines,  as 
required.  We  have  then  t:T=:(j3  +  aa)-*,  ^i=(fii+aai)-'\  and  the 
functional  equation  is 

(fii  —  aai  \        /fi — aa  \ /     y,  y    \ 

T^t    ^""^°^  ^t"i-ggi_       /      yi y__\  fii-¥aai_. 

For  V  write  v  (fii+aot^)  :  )8|— oaj :  and  yffv — Y^  {kv)=zlv. 

This  equation  has  one  solution  evident:  let  fv:=cV'j-C  and 
c:=l :  (1 — k).  Hence  ^y  is  of  the  first  degree,  and  also  0r,  whence  the 
equation  u=0(y+ax)+Y' (y— aj^)  is  that  of  a  plane.  But  C  need 
not  be  a  constant ;  it  may  be  any  function  of  v  which  remains  unaltered 
under  a  change  of  v  into  Ay,  whence  we  have  ' 


Iv     .  ^       /2irlogc\ 
V.=— +6cos(^^J; 


l-^• 


which  6  may  be  any  function  whatever,  provided  that  0  (cos  x)  does  not 
contain  x  except  under  a  periodic  trigonometrical  function.  There 
exists,  then,  an  infinite  number,  or  a  whole  class,  of  surfaces,  which 
satisfy  the  required  condition. 

(92.)  It  was  at  one  time  a  question  much  discussed,  whether  the 
arbitrary  functions  which  enter  into  a  solution  may  be  discontinuous : 
and  D'Alembert  maintained  the  negative  against  Euler,  Daniel  Ber- 
noulli, and,  finally,  Lagrange.  The  latter  is  now  universally  considered 
to  have  settled  the  question  in  the  affirmative.t  That  discontinuous 
curves  can  be  drawn  upon  a  continuous  surface  is  obvious  :  consequently, 
it  is  certainly  possible  that  continuous  surfaces  may  sometimes  be  drawn 
through  discontinuous  curves.  Hence  it  might  be  a  question  what  sort  of 
discontinuity  is  allowable  in  av,  fiv^  &c.,  so  that  0  and  Y^,  as  deduced  from 
them,  may  be  continuous.     This  discussion  would  probably  be  wholly 

*  In  my  article  **  Calculus  of  Functions,'*  in  the  Encyclopadia  Metropolitana, 
references  will  be  found  to  the  principal  sources  of  information  on  this  subject,  con. 
sidered  apart.  Most  mathetnaiical  works  in  the  higher  branches  have  more  or  less 
to  do  with  the  first  principles  there  laid  down. 

t  The  considerations  connected  with  periodic  series  employed  by  Lagrange  were 
replied  to  by  D'Alcmbert,  who  thought  he  had  shown  his  opponent's  operations  to 
involve  an  absurdity,  by  proving  them  to  contain  the  tacit  assertion,  sin  oonO:  see 
pages  (G06, 641). 
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above  the  present  state  of  mathematics,  and  that  of  which  we  have  just 
spoken  was  a  different  one :  namely,  whether  it  is  allowable  to  suppose 
0  and  ^  themselves  to  be  discontinuous.  The  necessity  of  meeting  this 
difficulty  arose  from  the  physical  questions  which  were  considered.  The 
equation  Uu^=^a*  u„  was  found  to  be  that  of  a  vibrating  chord,  and  of  a 
thin  column  of  air  in  a  state  of  oscillation.  Now  suppose  that  a  stretched 
elastic  string  were  constrained  into  an  arc  of  great  radius  towards  the 
middle,  remaining  straight  towards  both  extremities.  The  figure  would 
then  be  discontinuous ;  but  if  the  constraining  apparatus  were  instanta- 
neously removed,  the  string  would  certainly  begin  to  vibrate  and  yield  its 
tone.  No  question  also  that  during  the  whole  motion  the  law  of  accele- 
ration would  be  determined  by  !/«=«*««(,  at  every  point  except  where 
the  effects  of  the  first  discontinuity  are  found  for  the  time  being. 
D*  Alembert,  having  remarked  that  the  force  of  acceleration  depends  on 
the  curvature,  asks  what  force  shall  be  considered  as  applied  at  a  point 
of  discontinuity,  that  measxired  by  the  curvature  on  one  side  or  by  that 
~  on  the  other.  The  proper  answer  would  have  been  either,  or  both,  or 
neither,  or  any  other :  for  the  general  state  of  the  string  would  not  be 
affected  if  any  infinitely  small  portion  of  it  were  supposed  to  have  any 
finite  extraneous  forces  applied.  D'Alembert's  question  amounted  to 
carrying  the  notion  (convenient  when  properly  understood)  of  maUrial 
points  too  far:  whatever  mathematical  convenience  there  may  be  in 
this  phraseology,  in  physics,  force  requires  mass  as  much  as  it  does 
time :  and  a  pressure  might  as  well  be  supposed  to  act  for  no  time  at 
all,  as  to  be  communicated  by  means  of  no  mass.  If  a  mechanical 
problem,  solved,  were  altered,  say  by  allowing  a  very  small  mass  to 
have  m  times  its  proper  gravity,  the  solution  would  require  less  and 
less  alteration,  as  the  mass  affected  was  supposed  less  and  less :  and 
if  the  mass  were  only  one  of  the  infinitely  small  elements  of  the 
differential  calculus,  it  would  require  no  alteration  at  all.  The  same 
writer  required  that  the  solution  should  be  expressed  by  one  equ- 
ation, ''une  seule  et  m^me  Equation."  The  answer  of  Ltagrange  in- 
volved some  of  the  considerations  of  pages  605 — 630,  and  actually 
showed  how  to  proceed  by  one  equation.  From  the  pages  cited,  it 
appears  that  any  curve,  however  discontinuous,  may  have  one  and  the 
same  equation  throughout :  subject  at  most  to  a  disturbance  of  results 
at  the  points  of  discontinuity,  which,  for  the  reasons  above  m^itioned, 
does  not  affect  its  application  to  physical  questions. 

Had  the  considerations  with  which  Lagrange  closed  the  discussion 
taken  that  hold  on  the  mathematical  world  which  they  did  not  do  till  the 
time  of  Fourier,  it  would  have  been  matter  of  wonder  if  the  conclusion 
had  not  been  carried  further,  so  as  to  affect  equally  the  constants  of  an 
ordinary  diff.  equ.  and  the  functions  of  a  partial  one.  Let  us  take  the 
equation  y^'^O,  of  which  the  complete  solution  h  y^ax  +  b.  Let  these 
constants  be  discontinuous,  so  that  the  equation  may  represent  the 
slopes  figured  (dotted)  in  page  621,  of  which  the  equation  is  given  by  a 
periodic  series  in  page  622.  If  y"  be  taken  from  the  series,  it  will  be 
found  to  be,  by  page  607,  =  0  at  every  point  except  the  junction  of  the 
right  lines,  at  which  it  will  be  infinite.*     In  like  manner,  throwing  out 

*  Ud'^:  dx*  be  taken  as  the  limit  of  A'y :  Az\  from  the  figure,  it  will  give  0  if 
we  vtart  from  the  junction  either  way,  and  oo  if  one  of  the  neceisaiy  elements  be 
taken  on  each  side  of  the  ju action. 
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only  the  epochs  of  discontinuity,  any  other  ordinary  di£P.  equ.  may 
have  discontinuous  constants.  In  the  same  manner  any  primary  solu- 
tion of  a  partial  diff.  equ.  may  have  its  constants  discontinuous,  which 
will  produce  functions  of  a  similar  character  in  the  general  solution. 

(93.)  Let  us  now  consider  Utt=:a*u„  as  the  equation  which  gives  the 
law*  of  small  oscillations  in  an  infinitely  thin  tuhe  of  air.  Here  v,  repre- 
sents the  velocity  of  any  particle,  and  u^ :  a*  is  the  compression,  or  the 
difference  hetween  the  density  of  the  particle  and  that  of  ordinary 
air.  The  functions  0  and  Y^  are  determined  as  soon  as  the  state  of  the 
tube  at  any  one  moment  is  known,  say  when  ^=0.  At  this  epoch,  let 
otx  be  the  velocity  of  the  particle  distant  by  x  from  an  arbitrary  origin 
taken  in  the  tube,  and  fix  its  compression.  Consequently,  when  ^=0, 
we  have  Ti»=ajr,  u^^c^fix^  or,  since  M=0(jr+o^)  +  Y^(x — aQ,  we 
have  (t/x-\-f'x=aXj  (f/x — \l/xz=afiXy  whence  <l>'x  and  'f'x  are  found. 
First,  the  tube  l)eing  supposed  of  indefinite  length,  let  the  initial  state  of 
the  system  be,  that  it  is  all  at  rest  and  uncompressed,  except  only  in  the 
interval  from  a?=c  to  «=c+A,  in  which  the  velocity  and  compression 
follow  such  laws  that  0j:=$x  and  yf/x^z^x.  We  have  then,  using  the 
notation  of  page  616,  0jp=I;"*"**j?,  fx=z\l'^^'^x,  where  i;"*"* means  a 
constant  which  is  1  whenever  the  subject  of  the  function  lies  between  c 
and  c+hy  and  0  in  all  other  cases.  Calling  v  the  velocity  of  a  particle, 
and  s  the  compression,  we  have  then 

»=ir**'  (x+aO+V.^^^'ix-aOy    flw=l:+**'(j:+«0-Ic"^*'i''  (j?-a^). 

At  the  end  of  the  time  tj  then,  the  state  of  the  tube  will  be  this ;  all 
those  particles  in  which  x+at  lies  between  c  and  c+A  will  be  affected 
with  velocities  represented  by  $'  (j^+aQ,  and  compressions  represented 
by  a"*  *'  (jf+aO  :  while  those  in  which  a?  — a<  lies  between  c  and  c+A, 
have  the  velocities  and  compressions  '^''(af — at)  and — a"*'*'(j:— aQ. 
All  the  other  particles  are  at  rest.  The  first  and  last  points  of  the 
former  disturbance  are  at  «=c — a^  and  j:=c+A— o<;  of  the  latter  at 
xz^ic-^-at  and  J7=c+A+^^  :  whence  it  appears  that  the  two  disturbances 
travel  uniformly  along  the  tube  in  different  directions  with  equal  and 
opposite  velocities,  — a  and  a.  When  ^=0,  the  same  parts  of  the  tube 
are  acted  on  by  both  disturbances:  until  c+A— a^  becomes  equal  to 
c+cUy  or  until  ^=A :  2a,  there  are  still  points  affected  by  both  terms  of 
the  velocities  and  compressions ;  after  h:2a  of  time  has  elapsed,  the 
effects  of  the  two  functions  are  clear  of  each  other,  and  while  one  dis- 
turbance is  making  its  way  in  one  direction,  and  the  other  in  the  other, 
the  intermediate  spaces  are  reduced  to  rest,  until  they  feel  the  effect  of 
another  and  a  new  derangement  of  a  portion  of  the  system.  It  thus 
appears,  that  only  what  we  may  call  simple  disturbances,  in  which  the 
velocities  and  compressions  are  derived  from  ^{x-\-at)  alone,  or 
^  (x—at)  alone,  are  capable  of  being  propagated  in  either  direction 
without  alteration. 

Let  us  now  suppose  that  a  disturbance  commencing  at  the  origin 
(c^O),  and  extending  over  a  length  A,  is  of  the  sort  which  can  be  com- 
municated onwards  in  the  positive  direction  (u=^).  At  the  distance 
i  (>A),  let  there  be  a  fixed  obstacle  or  closed  end  in  the  tube.  Con- 
sequently x=l  always  gives  i;=0  for  every  value  of  t.    By  the  equation 

*  The  demonstration  may  be  found  in  any  work  on  analytical  mechanics. 
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=IJ  ^'(^— o/),  t?  is  0  until  l^at=:k^  but  from  thence  to  /— a/=0, 
there  would  be  a  Buccession  of  different  velocities  if  it  were  not  for  the 
obstacle.  The  moment  this  begins  to  take  effect,  we  have  no  longer  any 
reason  to  suppose  that  the  disturbed  parts  of  the  tube  are  affected  by  4^ 
only ;  hut  we  must  take  tlie  complete  solution  1;=^'  (i?+a/)+^  (x—ai). 
We  have  then  O' (/+«/) +  *' ('-«0=0  for  all  values  of  t  greater 
than  (/—A): a;  consequently,  after  this  epoch,  we  have  ^(l+at) 
=^  (/— aO,  by  integration  with  respect  to  L  Write  {t-^  I)  :  a  foT  t^ 
and*/=^(2Z-0i0r 


w=*  (2/— J?+aO  +  '*'  (*^«0»      «=  -^  (2/-ar+aO+'J^  (x— irf)  ; 

in  which,  by  the  initial  condition,  "^z  has  value  only  when  z  lies 
between  0  and  h.  The  obstacle,  then,  introduces  a  disturbance  which 
travels  in  the  contrary  direction  to  that  of  the  one  first  given,  and  gives 
velocities  to  the  several  particles  contrary  to  those  of  the  first.  If 
2/ — (5-|-o^)=j?— o^,  or  a? +  £=2/,  the  particles  distant  by  £  and  jr  from 
the  origin  will  be  similarly  disturbed  in  everything  but  direction. 
Hence  it  is  easily  shown,  that  the  effect  of  the  obstacle  is  simply  to  turn 
back  every  disturbance  which  reaches  it,  and  to  make  it  travel  in  the 
contrary  direction ;  the  effect  being  exactly  the  same  as  if  a  second 
disturbance  similar  to  the  first  had  begun  to  progress  in  the  opposite 
direction  from  a  point  distant  by  /  from  the  obstacle  on  the  other  side.* 

(94.)  Finally,  with  regard  to  discontinuity  itself,  it  may  be  observed, 
that  there  is  no  difference  between  a  continuous  and  discontinuous  curve, 
except  one  which  may  be  made  as  small  as  we  please.  As  in  page  610 
we  may  find  a  curve  which  shall  with  any  degree  of  accuracy  represent 
a  succession  of  arcs  of  any  different  curves.  Hence,  were  there  any- 
thing solid  in  the  refusal  to  admit  curves  (or  functions)  incapable  of 
being  represented  by  one  and  the  same  equation,  it  might  be  answered 
that  even  discontinuous  curves  may  be  so  represented  within  any  degree 
of  approximation,  and  in  finite  terms :  so  that,  in  fact,  yfx  and  y^jt 
(discontinuous)  may  be  made  to  stand  on  precisely  the  same  footing  as 
objects  of  algebraical  calculation. 

(95.)  If  we  make  £=y— ax,  i7=y+ar,  which  simply  amounts  to 
changing  the  coordinates  in  the  plane  of  jcy^  with  the  same  origin  and 
the  same  axis  of  ?/,  we  have  w,=:i/i^+w„i;,=awn— flti^;  proceeding 
thus, 

w„=a«  ('?/»,»— 2uj, +!/„),     t/j^=Ww+2f/jn+«„ ; 
whence  u„:=  a*  u^y  gives  t* „= 0,  or  m = 05  +  V^. 

On  the  planes  of  m,{  and  «,iy  construct  two  curves,  tt=^J,  v=zffi: 
then,  if  £  and  rj  be  taken  at  pleasure,  and  if  P  and  Q  be  the  points  of 
those  curves,  a  plane  drawn  through  P,  Q,  and  the  origin,  has  0£+^i7  for 
u,  where  £  and  17  are  the  coordinates  used  in  finding  P  and  Q.  If  0 
and  Y^  be  discontinuous,  the  mode  of  performing  this  construction  is  as 
easy  as  before,  and  the  discontinuous  surface  thus  produced  is  readily 
shown  to  be  a  solution  of  the  equation. 

*  The  elementary^  notions  of  the  transference  of  waves  contained  in  the  article 
jtcousiies  in  the  Penny  C)  cloj'SBdia,  may  be  of  use  to  thoise  students  who  are  new 
to  this  suhject. 


f 
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(96.)  An  equation  being  proposed  which  inTolyefi  any  number  of 
diff.  CO.,  the  solution  may  be  generally  expressed  in  powers  of  x,  or  in 
powers  of  y :  but  in  the  former  case  the  arbitrary  functions  can  be  most 
conveniently  determined  by  knowing  values  of  u^  u^u,,,  &c.  when  ir=:0, 
in  the  latter  by  values  of  w,  My,  i/^^,  &c.  when  y=0.  Suppose,  for 
instance,  M+i/,=i/gy:  assume  tt=A-hBj?+iCi'+J^Ej:^+ . . . .,  and 
the  equation  obviously  requires  that  A,  B,  &c.  should  be  functions  of  y, 
and  that  Aj^=A+B,  B„=B+C,  Cao,=C  +  E,  &c.  Hence,  from  A 
only,  all  the  rest  can  be  determiued,  and  we  have  m=A+(Aj^ — A)  a: 

+i  (A,,^-— 2A^+  A)  0:*+ The  value  of  A  is  that  of  u  when 

•r=0,  and  this  solution  has  only  one  arbitrary  function  of  y.  Now 
assume  u=A+B^+^Cy*+. .  .  •,  A,  B,  &c.  being  functions  of  ;r.  We 
have  then  A+ A,=C,  B  +  B.=E,  &c,  so  that  M=A-|-By+J(A+A,)y* 
+H^  (B+B«)  y'H-  •  •  •  •  Here  A  and  B  are  arbitrary,  and  are  deter- 
mined by  the  values  of  u  and  m,  when  y=0.  There  are  then  two 
arbitrary  functions  of  x.  Nor  is  the  second  solution  more  general  than 
the  first;  for  either  may  be  reduced  to  the  other,  as  in  the  example  of 
§  (85.) .  It  appears  then  that  the  number  of  arbitrary  functions  depends 
upon  the  manner  in  which  they  are  to  be  determined.  In  an  ordinary  diff. 
equ.  0  (j?i  ^,  y,  •  •  •  • )  =  0*  ^^^  constants  can  only  be  determined  by 
giving  values,  expressed  or  implied,  to  y  and  its  diff.  co.,  for  some  specific 
value  of  x;  and  we  learn  that  the  number  of  constants  depends  on  the 
degree  of  the  equation.  The  general  theory  of  partial  diff.  equ.  would 
seem  to  point  out  that  there  must  be  as  many  arbitrary  functions  as 
there  are  units  in  the  highest  degree  of  the  equation :  but  it  must  be 
remembered  that  that  general  theory  does  not  succeed  in  integrating  any 
equations  except  those  in  which  either  one  variable  is  not  used  at  all  in 
differentiation,  as  in  §  (87.),  or  in  which  there  is  the  same  order  of 
differentiation  with  respect  to  both  variables.  The  preceding  instances 
lead  us  to  conclude  that  when  arbitrary  functions  are  to  be  determined 
by  values  of  u  and  diff.  co.  with  respect  to  any  one  variable^  their  num- 
ber will  be  determined  by  the  order  of  the  equation  with  respect  to  that 
variable.  It  would  also  appear  that  the  arbitrary  functions  in  such  an 
equation  must  either  enter  with  their  derived  functions  ad  infinitum^  or 
under  the  symbol  of  definite  integration ;  certainly  not  in  an  ordinary 
algebraical  form.  Take  the  equation  Uyy=:Y£+i/«,  and,  if  possible,  let 
tt=/(j?,y  Y^U)  be  the  solution,  /  and  U  being  determined  finite  alge- 
braical forms,  and  Y^  arbitrary.  The  first  side  must  contain  Y^'^U,  and 
the  second  cannot ;  it  is  therefore  absurd  to  suppose  that  u=/can  make 
Vj^  and  i*+t/,  identical.  But  this  absurdity  disappears  if  fV,  Y^'U, 
Ac.  enter /ad  infinitum,  or  if  yfflJ  appear  under  the  sign  of  definite 
integration,  in  which  it  may  happen  that  U'{-u^  can  be  reduced  to 
identity  with  u„  by  integration  by  parts,  whicli  may  introduce  Y^'U 
into  u+Ug. 

(97.)  I  now  proceed  to  point  out  the  manner  in  which  Laplace, 
Fourier,  Poissou,  Cauchy,  &c.  have  exhibited  the  solution  of  some  partial 
diff.  equ.  by  means  of  definite  integrals.  First  take  the  equation  Ut.=  au^ 
u being  a  function  of  t  and  x.  Assume  m=A  +  Bx+ JCx*+ . . . .,  from 
which  we  readily  find,  as  in  §  (96.),  B  =  afdt.A,  C  =  a*  (fdiyA, 
E=:a«  (fdty  A,  &c.  Let  A=Y^/+c,  and  let  Y'l  t,  Y^,  /,  &c.  be  the  suc- 
cessive integrals  without  any  constants  added.     We  have  then 
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B  C  ct^  E  c^       off 

Let  0x=c+a.aa?+  . .  • .,  and  we  have 

no  constants  being  added  in  either  integrations :  in  fact,  supplying  the 
constants  in  either  set  of  integrations  would  only  alter  the  arbitrary 
function  with  which  the  other  set  commences.  For  a  similar  reason  we 
may  make  each  integration  begin  where  we  please.  But  from  §  (1.)  we 
have 

r  (n+ l)(/;<te)*+*0'x= J-/; 0't? rfp-«j»-'/jt;0'i;rfr+ . .  • 

zr:fi(x—vy<ti*vdVf  and  similarly  for  y'^.     Substitute,  and  we  have 

/  ft— t?Va'x"      (t—vYi^a^  \ 

+/;0'»(i+(«-t?)a«+....); 

the  second  series  merely  interchanging  x  and  t.    But  (page  292) 

frsin'"ede=:^'^'^'"^^''^  -, 

/*'sin«-6d0 


1*.2*...  n*      ». 1.2.3..  .2n 
'  ,  .         «•  .    ^"    .  2  -.    /,     2*8in*0.2     2^sin*a.«',        \  .^ 

Similarly,  for  w^=  —aw,  we  have 

^  «= /J  /*-  cos  (2  sin  e  Vft— v)  aj?)  Y^'v  rf»  dfl 

+ /J  /r  cos  (2  sinOVCx— t?)aO  0'»  dr  da. 
If  we  had  begun,  as  Poisson*  does,  by  expanding  in  powers  of /— ^ 

*  Theorie  de  ia  Chaleur,  pages  150, 151.  In  the  first  page,  three  lines  firom  the 
bottom,  supply  a  in  two  of  the  valaes  of  ^ ;  and  in  page  151,  at  and  after  the  SMond 
value  of  y,  for  sin**  read  sin  «. 
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and  X — Ar,  we  should*  have  had  in  the  final  result  /l  and  fi,  with 
a  (x— ft)  and  a  (t^h)  in  place  of  ax  and  at.  If  a=0,  the  preceding  is 
ohyiously  of  the  form  1^=^-1-^^^ 

(98.)  Next  assume  tti=a(tt„+Vj^).  Assume  tt=Cr'+*+**,  which 
satisfies  the  equation  if  y=a  (o^+fi*).  We  have  then  for  a  general 
solution 

the  constants  heing  any  whatever.  Hence  we  have  a  right  to  assume 
as  a  solution  tt=//0(a,i8)r'+'*';6^+'^d«rfi8,  with  any  limits,  and 
any  function  (/>;  for  every  element  of  this  integral  satisfies  the  equation 
independently.     But  we  have 

/!:£-*+•"  dv^zi^'ftZ^^'^^  avals'' flZr^dv=^T.t' ; 
for  c^  write  <U.a*  and  at,^\  using  di£ferent  variahles,  and  we  have 
tt=r//0  (a.  /3) .  r*.  g*'.  (/+:/!:  r-^—+'^-'-^«^*'-^  dv  dw)  da  d^ 
=ftZftZff<f>  (a,  fi)  g<'+*'V-) .  g(3H^v-)  /» g-'-««  d,;  dw  da  d^. 

Make  the  integrations  first  with  respect  to  a  and  /3|  and  it  is  obvious 
that  the  indeterminate  character  of  0  gives  simply  "^  {X'\r2v  tjat^ 
y'\'2u)  tjat)^  whence  we  have  as  a  solution 

The  same  method  would  obviously  apply,  whatever  might  be  the 
number  of  variables  on  the  second  side  of  the  given  equation.  The  solu- 
tion is  also  complete,  for  the  equation  is  only  of  the  first  order  with 
respect  to  <,  and  f  must  here  be  determined  by  making  ^=0,  and 
assigning  u. 


(99.)  We  now  consider  the  other  form  of  solution,  of  Ut^au,M^ 
derived  from  the  series  as  in  §  (85.). 

y^^t+^'t^+<t"t  ^^.  + .. .  +v«.«+TK«  2^^+ 

in  which  ^^•><-i.2.3.'r2/..(^=1.3.52«~ri.2.3...n  (0*'"'* 
(page  640)  J  __^^^^ ^_  ^^^,  -^  ^^^^^  -(„_j)(„_ j.) . .  .^,  ' 

*"■  1 .3. .  .2n— 1  ~  V»  J  -.(c+t>  V-1)"**' 

The  first  part  of  « is  therefore  (c+»  V~  ^  being  called  «"') 
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V*  J  —     I  ■*'4a(c-|-i;V-l)J  (c+t?V~l)*" 

since  the  second  series  is  obtained  by  differentiating  the  first  v  ith 
respect  to  <r,  multiplying  by  a,  and  then  changing  07  into  "^U  And 
<f)t  and  Y^^  are  the  values  of  u  and  v^  when  ar=0.  And  c  must  be  some 
quantity  >0,  it  does  not  matter  what. 

(100.)  When  the  complete  integral  requires  two  arbitrary  functions, 
the  preceding  method  will  generally  give  them.  Let  t/„4-t/^+v„=0, 
and  assume  t/zrCg^^"".  We  find,  then,  a'  +  i8«+/=0;  or  if 
a=XV— li  i3=/i4/— 1,  we  have  y=^(X" +/*!),  in  all  of  which  the 
square  roots  may  have  any  signs.     Hence  the  following  is  a  solution : 

multiplied  by  any  constant;  and  the  same  if  — 'JQ^*'\-fJ^*)  be  used. 
Hence,  as  in  the  last  article,  we  have  for  u  ;, 

//(0  (X,  ft) .  cos  Xx .  cos  /ly  £va«+A^.*  jx  rf,i 
+  //f  (X,  ;i) .  cos  Xx. cos  fxy .  g-v(>.«+^..  ^^  d/x : 

any  limits  being  taken  at  either  integration ;  for  every  element  of  either 
integral  satisfies  the  equations.  Any  transformation  that  we  may  make 
cannot  prevent  the  whole  integral  from  satisfying  the  equation,  though 
it  may  not  yield  separate  elements  which  also  satisfy  it.  Thus,  Let 
rsin0=X,  rcosX=^,  and  proceed  by  page  395,  which  gives  for  tf, 
<ji  (r  sin  Oy  r  cos  0)  being  really  of  the  same  effect  as  0  (r,  6), 

//0  (^> ^)  cos  (^ sin  0.x). cos  (r  cos  0.y)f  rdr  dB 
+ff^  (r, e)  cos  (r sin  e.x)  cos  (r cos  d.y)  r^rdrdd; 

any  limits  being  taken  for  r  and  0,  and  not  necessarily  the  same  in  both 
terms. 

(101.)  Let  i/e=a"(?/^— mx^u).  Assume  «=?«•'■*,  P  being  a 
function  of  x  only.  We  have  then  Pa=:F' — mx""P.  Letn  (n-l)=iii, 
giving  two  values  for  w,  except  only  when  4m=  — 1.  We  have  then 
§(51.),  P=x"Q,  where  Q''+2»x-*Q'— aQ=0,  the  complete  integral 
of  which  is  by  §  (50.). 

Q=rC,  ft\  g^""  (1— ««)-'  di?+C,x-«-+»/±l  gV..«  (!-»«)- cfo. 

Let  p  and  q  be  the  two  values  of  ti,  then  using  p  for  n  in  the  last, 
— 2/?+l  =  — p+7>  since  p+g=l.  Make  i;=costr,  then,  remember- 
ing that  the  arbitrary  constants  may  have  any  sign,  we  have 

P= Ci  Jffl  g'V.  CO. «  gin«p-»«,  dw + C,  x'/j  6'v.  CO. «  giii«t-i,^  ^,p 

For  g-'-*  write  »-*/i:  £-'+'"'^-' dr,  and  Pc^-*  can  then  be  expressed. 
Let  C|=:0ada,  Ct^^'^^a da,  then,  since  any  number  of  such  terms  may 
be  in  the  solution,  we  have 

sjx.u=:3fffl  ftZ r^+('«-+'-vov. 0^ nirfi-^w.da  dw dv-^a/^f,  &c. ; 
the  second  term  being  a  similar  function  of  q  and  f.    Int^rate  fint 


ON  DIFFERENTIAL  EQUATIONS.  735 

with  respect  to  a>  which  merely  introduces  an  arbitrary  function  of 
X  cos  tr+  2ar  tjt^  so  that  we  have 

u:=za^flftl(t>  (x cos  w+2av  ^i) . 8in*»'-*M?.r*'  dw  rfc+ j'/j,  &c. 

This  solution  can  generally  only  be  depended  upon  when  p  and  q 
are  positive,  or  2p— 1  and  2q  —  l  each  >  — 1,  for  reasons  shown  in 
§  (50.),  If,  however,  p  and  q  have  the  form  X±/ii/— 1,  it  will  appear 
on  substitution  that  X  must  be  positive.  The  form  sin*'*^~'ti?  is  but  a 
transformation  of  cos  (/x  log  sin  u?)  ±  ^  —  1 .  sin  (/*  log  sin  it),  which  is 
never  infinite. 

When  4m  = — 1,  and  p  and  q  are  each  equal  to  J,  proceed  as  in 
§(50.):  make  9=jr-i-^i  reason  in  the  manner  cited,  and  it  will  be 
found  that  the  result  is 

u=:Jx.flfl2<f>.r^dw  dv+JjtflftzH^.  r^  log  («  sin«tt?)  dw  dv, 
in  which  the  subjects  of  <f}  and  yjf  are  omitted  for  abbreviation. 

(102.)  The  introduction  of  the  arbitrary  fiinction  in  §(98.)  and  §(101.) 
depends  upon  the  following  assertion :  any  function  whatever  of  x  can 
be  represented  by  A6*'+Bff"+  . . . .,  if  the  constants  may  be  any  what- 
soever, even  infinitely  small  or  great.  In  converting  this  series  into 
f<f)V .  s"*  <fv,  and  making  the  result  represent  any  function  of  j?,  we  should 
be  in  fact  making  the  mistake  alluded  to  in  pages  671  and  673,  if  we 
were  not  to  remember  that  'LAf  might  be  here  written  for  f(pv.6*'dv. 
If  we  would  have  the  preceding  give  us  a:",  for  instance,  we  only  give  the 
limit  of  (€^—1)*"  :  /x",  when  /x=0.  Knowing  that  whatever  is  true  up 
to  the  limit  is  true  at  the  limit,  we  may  therefore  write  j:*",  because  we 
may  write  (s^  —  1  )"• :  /it"  for  any  value*  of  /i,  however  small.  Also  in 
regard  to  the  results  of  the  preceding  articles  generally,  the  student  is 
referred  to  the  higher  class  of  works  on  physics  for  the  manner  in  which 
they  are  used.  What  is  now  evident  is,  that  whereas  no  general  case 
(that  is,  with  any  given  values  of  the  arbitrary  functions)  was  actually 
attainable  before  these  transformations,  any  such  case  is  now  calculable 
from  the  definite  integrals :  and  that  which  is  prohx  is  substituted  for 
that  which  was  unattainable. 

(103.)  Whenever  one  of  the  variables  j:  or  y  is  missing  from*'the 
coefficients,  and  the  equation  is  homogeneous  with  respect  to  u,  u,^  and 
1/y,  the  equation  may  be  reduced  to  depend  on  a  common  diff.  equ. 
For  example,  let  wJ+Pi/*=Qu',  P  and  Q  being  functions  of  x.  Assume 
i/=zr*,  z  being  a  function  of  x,  which  gives  z'*+Pa'z*=Q2",  or 

This  is  a  primary  solution,  since  there  are  the  constants  C  and  «; 
whence  the  general  solution  can  be  found,  as  in  §  (75.).  As  another 
example,  take  wJ+wJ  =  m*.  A  primary  solution  is  found  in  «= 
Qg«»».*f.ta«.v.  make  C=€**,  and  find  e  from  — BinO.a:+cosO.y+0'fl 

*  Abel,  whom  I  have  mentioned  as  having  made  this  incautioas  assertion  rela- 
tive  io/^.t^dVf  generally  uses  it  only  when  2A1**  would  have  done  as  well,  and 
therefoie  avoids  error.  This  is  to  be  particularly  noticed  in  regard  to  his  view  of 
the  calculus  of  operations,  alluded  to  in  the  P^nny  C^cicpadia,  article  Op^raiiom, 
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= 0 .  S  ubstitution  gives  the  general  solution .  Thus  4>'0'=^c  cos  Q—Ci  sin  0, 
will  be  found  to  lead  to  Cogw)'=(ci  +  -2?)*+(c4-y)*,  which  may  easily 
be  verified,  and  may  itself  be  taken  as  a  new  primary  solution.  When 
the  equation  is  linear,  this  method  will  lead  to  a  definite  integral. 

(104.)  An  equation  of  differences  can  hardly  be  properly  understood 
without  some  notion  of  a  functional  equation.  If  /  ( J,  ^crx,  0i8a:,  0yx, 
&c.)=0,  in  which  ^  a,  i8,  &c.  are  symbols  of  known  functions,  and  ^ 
of  one  to  be  determined,  we  have  before  us  a  functional  equation,  from 
which  it  is  demanded  to  determine  ^j?  so  as  to  satisfy  this  equation.  One 
of  the  simplest  of  functional  equations  is  a0j?=:ar,  where  a  is  known. 
One  solution  is  0x=x;  but  there  are  others:  for  if  0x=y,  every  solu- 
tion of  ay^ouc  solves  the  equation.  Let  a^^  x  denote  any  solution  of 
ay^x;  then  of  all  the  values  of  a~'crx,  one  is  x,  and  the  others  are 
different  functions  of  x;  but  in  every  case  aa~*j?=j:,  by  hypothesis. 
liCt  a"'  always  denote  the  inverse  of  a,  which  gives  a""'ax=jr;  let 
a.,  X  denote  any  other  inverse  of  x :  let  the  first  be  called  a  convertible^ 
the  second  an  inconvertible j  inverse.  It  is  found  from  the  natore 
of  the  solution  of  an  equation,  that  for  every  solution  which  oyrsx  can 
have,  ay  has  one  peculiar  form,  with  which  one  of  the  inverses  is  con- 
vertible, and  all  the  rest  inconvertible :  so  that  every  inverse  is  con* 
vertible  with  some  form  of  the  function.  For  example,  if  y*+2ay=dr, 
or  y— — o±V(^+<**)5  "where  tj  signifies  extraction  without  change 
of  sign,  we  find  two  forms  of  y*+2ay,  namely,  (y+a)' — a*  and 
{-^y^ay—a*.  Let  y*+2fly=aty,  and  to  the  first  form  — a+^(«+<:^ 
is  a""*ar,  giving  a'^ax:=ix\  while  —  a  —  ^(jc-ha')  is  a^xX^  giving 
a_iCKC=: — 2a— y.  But  to  the  second  form  —  a— ^(j?+a*)  is  a~*jr^ 
and  —  a+i^Car+a")  isoK^iX.  And  it  may  be  shown,*  that  whenever 
tey:=ix  has  only  a  fmite  number  of  solutions,  every  form  of  or.t  ckt  is  a 
repeating  t  function ;  that  is,  if  a.,  ax  =  fix^  and  if  /3x,  fi  Ox), 
fi{P(fix)}y  &c.,  or  j3«r,  i3*jc,  ^Xj  &c.  be  formed,  we  must,  for  some 
value  of  n,  have  fi*x=Xy  /3"+*j=:)8a?,  &c. 

Let  /(x,  <t>Xy  Y^i  ax,  "f^o^x^. . .  O^O,  where  a  is  known,  and  Y'l,  f^ 
&c.  are  arbitrary.  Find  fix  from  ajSr:=ax,  and,  if  there  be  enoagh, 
form  one  more  of  the  following  equations  than  there  are  arlHtrary 
functions, 

/(a?,  0j?,  Y^i  ax,  %o^x,.. .  .)=0, 

/03j^,  *)8x,  f, afix,.. .  .)=:0,    /(/?j?,  (/>fi%. . .  .)=0,  &c. : 

then,  remembering  that  a/3j?=ax,  a)8*x=:cKX,  o^/3x=a**,  &c.,  eliminate 
the  n  arbitrary  functions  Y^i  or,  Y^s  a*jr,  &c.  from  then+I  equations. 
The  result  is  an  equation  of  the  form  F  (jt, 0j?,  0)8 j?,  ^jS'jt,.  •  •  .)srO : 
and  if  the  question  be  now  inverted,  and  this  last  equation  proposed  as 
a  functional  equation  to  be  solved,  we  see  that,  if  p^x  be  the  highest 
function  of  fi  in  it,  its  solution  depends  upon  n  arbitrary  functions 
fx  or,  ^s  a'x,  &c.,  where  a  may  be  any  solution,  and  ought  to  be  the 
most  general  solution  of  £j8x=:|x :  from  which  £x  is  to  be  found.  I  do 
not  say  that/z=:0  is  the  most  general  solution  of  FsO;  but  it  is  the 
most  general  which  we  can  find. 

*  Encyclopisdia  Metropolitaoa,  Caleulut  of  Functiontf  }  32 — 36. 

f  I  use  the  word  repeating,  and  not  periodicj  because  I  consider  that  ihe  latter 
term  is  waniiog  to  express  the  diffi;rence  of  chaxacter  between  algebraic  and 
trigonometrical  quantities. 
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The  only  mode  of  solving  ifix=^x  which  has  yet  heen  given,  when 
fix  is  not  repeating,  depends  upon  the  expression  of  fi*x  as  a  function  of 
n  and  x.  Let  p*xz=x  (^>  *)•  This  function  x  ^*  ^o*  altered  hy  a 
simultaneous  change  ot  n  into  n  - 1,  and  x  into  fix :  if,  then,  n=Bi:  be 
the  solution  of  con8t.=x(n,  x),  the  function  Bx  is  a  solution  of 
Bfix=:3x — 1.  Consequently,  co6  2irBj;  is  one  solution  of  Ifixzrz^Xy 
and  6  cos  2t  Bj?  is  a  very  general  solution,  where  6  is  any  function  which 
does  not  contain  inverse  trigonometrical  operations. 

But  when  fix  is  a  repeating  function  of  the  nth  order,  any  symmetri- 
cal function  of  J7,  fix^  /J'x, .  • .  .i8"~*j?  is  a  solution  of  {/3.r={jr.  But  so 
much  is  not  necessary:  for  any  symmetrical  function  of  the  set 
X  ('.  )8j:,  . . .  .fi^'x),  X  (fix,  fi*x, . . .  -x),  X  (/^•r,  fi'x. . . . /5x),  &c.  will 
do ;  and  the  last  is  not  necessarily  symmetrical  with  respect  to  x,  fix^ 
&c.  Thus  ab^c^+bc^<f+ca*b*  is  not  symmetrical  with  respect  to  a, 
A,  c. 

The  equation  F=0  may  sometimes  (theoretically,  always)  be  reduced 
to  an  equation  of  differences ;  that  is,  to  one  between*  u„  Au„  A*u„  &c., 
or  between  u^  ii,^„  t/,^,,  &c.  Let  ti,^,=i8u«  be  capable  of  solution, 
and  let  ^tf,=:r,.     In  F=0  write  «,  for  «,  which  gives  F  (?/,,  t?„  v,^.,,  ] 

&c.)=0,  another  equation  of  differences.  If  the  last  can  be  solved,  and 
if  it]  give  r,=Vrt  we  have  ^(«,)=V„  where  «,  is  a  known  function  : 
from  this  ^x  can  be  found.  In  this  subject  the  inversion  of  every 
function  is  assumed. 

The  arbitrary  functions  which  enter  into  F  (i/„  v^  t?,+„  ....)= 0  must 
be  solutions  of  {(jr+l)^:^^?!  of  which  every  expressible  solution  is  con- 
tained in  6  cos  2irj*.  If  a  solution  can  be  found  which  contains  any 
number  of  arbitrary  constants,  each  constant  may  be  altered  into  any 
function  (except  an  inverse  trigonometrical  one)  of  cos2tx:  for,  in 
satisfying  the  equation,  the  asserted  solution  undergoes  no  change  except 
what  arises  from  changing  x  into  x+l:  consequently,  cos  2tj?,  and  all 
functions  of  it,  remain  unchanged.  To  show  how  material  this  con- 
sideration is,  let  it  be  proposed  to  find  the  equation  of  all  curves  which 
have  equal  diameters  (or  lines  drawn  through  a  given  pole).  Referring 
the  curve  to  polar  coordinates,  we  have,  say  r=i4«  for  its  equation,  and 
t^«+v«-i-r=A  expresses  the  fundamental  condition  of  the  curve.  Let 
tt#=/(d :  t),  and  let  »,=/&,  then  0 :  t  being  jr,  we  have  ©,+ v»+i==ff»  an 
equation  of  which  v^ss^a+CcosTo:  is  one  solution,  and  v,=j^a 
"j- am  irx"^  COS  2jrx  the  complete  solution.  This  gives  r=^a+cosd. 
y  cos  2d,  which  satisfies  the  condition.  Had  we  not  changed  C  into 
Y^  cos  2Tjr,  we  should  have  obtained  only  one  of  the  infinite  number  of 
curves  which  are  answers  to  the  question. 

(105.)  We  shall  now  consider  the  formation  of  an  equation  of  differ- 
ences in  a  manner  corresponding  to  that  of  an  ordinary  diff.  equ.  Let 
y:=ax+^at  where  a  is,  for  the  present,  a  constant.  We  have  then 
Ay=aAj?9  and  elimination  of  a  gives  y = (Ay  :  Ax)  .a:+0  (Ay :  At),  an 
equation  of  differences  of  which  one  complete  solution  is  seen  in 
=iax+<tiay  if  a  be  any  periodic  function  of  cos  {2xx :  Ar).  But  if  a 
e  any  other  function  of  x,  we  have  Ay=:aAj:-h«:cAa-|-Aj:.Aa-t-A^a, 
and  assuming  (j^+Aj)  Aa4-A0a:=Oy  we  have  the  same  equation  of 

*  In  all  questions  connected  with  equations  of  difitsrences,  u'  stands  for  a  function 
of  jr,  v*  for  another  function  of  x,  and  so  on. 

3  B 
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differences  as  before.  If,  then,  a  be  determ'med  from  the  last  equation, 
say  =Yr  (t,  h)y  b  being  a  new  constant,  we  have  for  a  new  solution  of 
the  equation  of  differences  the  following,  y=Y'(*»^)-^+^V'C^»*)- 
This  seems  to  answer  to  the  singular  solution  of  a  diff.  equ.,  though 
there  are  some  remarkable  points  of  distinction,  as  the  following  example 
will  show. 

Let  y^ax+a\  to  which  the  equation  of  differences  is  y  =  (Aj^  i  At)  x 
+  ( Ay  :  Aj?)'.  Assuming  a  to  be  a  Unction  of  Xj  we  find  that  Ay = a  Ax 
remains  true  only  when  xAa  +  Ar.Aa  +  2aAa+ (Aa)'=0;  reject 
Aa=0,  which  gives  the  ordinary  solution,  and  we  have  x+^a+Aa 
+ Ar=0,  of  which  the  first  of  the  following  equations  is  a  solution,  the 
second  being  the  resulting  value  of  y': 

J?      Ar  f,  *       Arl*     x* 

This  last  equation  is  as  complete  a  solution  of  y=(Ay:Ax).JC 
+(Ay  :At)'  as  y^cuc+a*  itself,  but  it  involves  Adp  necessarily,  and 
gives  impossible  values  except  when  je  :  Ajt  is  a  whole  number.  It  would 
not  be  right  to  call  the  second  a  singular  solution,  because  if  the  second 
solution  were  taken  as  the  principal  solution,  the  first  would  become  its 
singular  solution,  as  follows.  Assume  6  to  be  a  function  of  Sy  and  Ay 
in  the  last  remains  of  the  same  form  as  before  when 

r26(— l)"^-y+A6(-l)'='^^A6(-l)'  =  A«2.0; 

the  first  factor  of  which  vanishes  if  6= — (kx+c)C — l)"^,  if  such  a 
root  of  — 1  be  taken  in  the  value  of  6  as  is  the  reciprocal  of  that  used 
in  the  value  of  y.     Substituting  for  b,  we  have 

y={-ix+c-iAr}«-Ja:», 

which  becomes  ax+a\  where  a  ia  WTitten  for  — c+i  Ax. 

If  Ao?  be  made  infinitely  small,  the  equation  of  differences  becomes  the 
diff.  equ.  y^^y'  x+y'^;  the  first  solution  remains  as  before,  and  the 
second*  becomes  yzr— Jj?*,  the  singular  solution.  For  ( — 1)"^ 
=cos  (vx :  A  J?)  +  V — 1  sin  {vx :  Ax),  which  vanishes  when  the  aisles 
become  infinite. 

The  following  method  of  Poisson  puts  the  preceding  question  in  its 
proper  point  of  view.  The  fundamental  equation  y=ax4-a*  gives  two 
values  of  a,  say  u  and  v,  which  become,  say  V|  and  Vi,  when  x  becomes 
x+Ar.  The  equation  of  differences  is  then  obtained  by  eliminating  a 
between  (a— M)(a— 1?)  =  0  and  (a— i/i)(a— rj)=0.  Now  as  either 
factor  in  each  equation  may  be  made  to  vanish,  we  have  four  results, 
«=ttj,  i;=:pi,  tt=rj,  i/i=i;.     And  we  have 

M=:— Jx+^(ix*+y),    v=— ix— V(iJf*+y). 
Now  the  first  pair  of  equations,  amounting  to  Au=0,  Af  =0,  give 

*  M.  Charles,  (Mem.  Acad.  Sci,  1 788,)  who  first  noticed  the  second  solutioa  of 
an  equation  of  differences,  has  attempted  to  show  that  there  is  another  solution  of 
a  common  diff.  equ.  of  which  the  singular  solution  is  a  particular  case.  But  his 
method  contains  the  sine,  &c.  of  an  infinite  angle,  which  he  tidkes  to  be  finite. 
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vssa,  ttca,  wbich  amount  to  the  original  equation  yssax+a*:  and 
either  of  them,  cleared  of  radicals,  would  give  the  original  equation  of 
differences.    The  remaining  pair  give,  X  being  V(i  <^+y)9 

AX+2X+iAJ?=0,    AX+2X-jAr=0;  take  the  first, 

Clear  this  of  radicals,  and  it  will  be  found  to  lead  to  the  original 
equation  of  differences,  while  it  can  be  solved  in  the  form  AX+2X 
+iAa?=0,  and  gives  X=6(  — 1)"^ — i  Ax,  from  which  the  second 
solution  is  found.  The  equation  AX+2X — ^Arr=0  gives  X  =  — 
6  (— l)'*^+i  Ar,  which  also  gives  the  second  solution.  The  truth  is, 
that  complete  algebraical  elimination  of  a  between  (a — u)  (a — 1?)=0 
and  (a— tt,)  (a— i7i)=0  gives  (ui—m)  (Ui — t;)  (vi — M)(t?i— v)=0;  or, 
if  X  become  Xi,  when  x  becomes  4:4- Ar, 

(-JAj?+X»-X)(-iAjp+Xi+X)(-4A:r-Xx-X) 

(-iAj?-X»+X)=0; 

or  tV  i^y-  (X!+XO  -i  (Ax)«+  (X!  - X«)«=0, 

or  (Ay)* + J?  Ay  Aa:— y  ( A  jj)  '  =  0, 

by  simple  substitution:  so  that  the  equation  of  either  of  the  four 
factors  to  zero  amounts  to  the  last  equation.  This  casts  some  new 
light  on  the  singular  solution  of  a  diff.  equ.,  or  rather  on  how  it  happens 
that  the  two  distinct  solutions,  with  arbitrary  constants^  of  an  equation 
of  differences,  do  not  give  two  such  solutions  to  the  corresponding  diff. 
equ.  which  arises  on  the  supposition  of  the  increments  being  infinitely 
small.  In  this  case,  the  equation  of  the  product  of  the  four  factors  to 
zero,  gives  us 

(-Jda?+dX)(-i(ir+2X+dX)(-idx-2X-rfX) 

(— Jrfa;— dX)=0. 

Now  the  first  or  fourth  factor  being  equated  to  nothing  gives  a  simple 
diff.  equ.,  and  both  come  to  the  same,  when  cleared  of  radical  quantities'. 
But  — 4da:+2X+(iX=0  and  —  i  dar— 2X— rfXssO  is  each  incon- 
gruous with  itself,  amounting  to  the  equation  of  an  infinitely  small  quan- 
tity with  a  finite  quantity,  unless  X=0  and  — |^<ir±dX=0  are 
co-eriatent.  Now  X=:0  gives  ysr— Jo^,  and  the  second  equation  may 
be  reduced  to  y:=r/x+y\  which  X=0  will  be  found  to  satisfy.  From 
this  sort  of  process  an  independent  proof  might  easily  be  given,  that 
where  an  equation  is  reduced  to  the  form  a=:4>  {x,y),  the  singular  solu- 
tion of  its  diff.  equ.  is  among  the  solutions  of  da :  (ij?=  cc, 

(106.)  An  equation  of  diflBerences  may  be  written  either  in  the  form 
^  (j?,  tt„  Au„  A'  w„  &c.)  =  0,  or  V^  (^,  w.,  m,+i,  w,+«,  &c.)  =  0.  The 
second  may  be  reduced  to  the  first  by  writing  u^+Au,,  «,+2Au,+ A  w„ 
&c.,  for  M,+„  M,+j,  &c.  The  first  form  best  preserves  the  analogy  with 
ordinary  diff.  equ.;  the  second  is  more  generally  used,  and  perhaps 
more  convenient.  The  only  case  which  admits  of  complete  solution 
from  among  the  general  forms  is  Au,+  K,tt.=U,  or  its  equivalent, 
«,^j— P,tt,=Q,:  but  this  complete  solution  cannot  be  obtamed  with- 
out supposing  that  we  can  always  solve  the  equation  Att,=Rxi  R*  being 


or 
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a  given  function ;  just  as  in  the  integration  of  ordinary  diff.  equ.  every 
equation  is  considered  as  solved  when  it  is  reduced  to  the  form  dy^zi^x  dx. 
Ajb  before,  we  denote  by  ZR^  the  function  whose  difference  is  R^ 

In  solving  equations  of  differences,  we  are  generally  obliged  to  have 
recourse  to  the  insufficient  forms  of  functions  which  are  intelligible 
only  when  x  is  integer;  such  as  we  have  already  reduced  to  more 
general  forms  in  pages  593 — 597.  For  example,  in  the  case  of 
w,+i  —  P,  w,=  Q,,  let  X  be  integer,  and  divide  both  sides  by  P,.Pi. . . . 
P,.    We  have  then 

«^-n tt.  ^       Q* 

X0  X  X  A  i  •   •  •  Xg  Xq  Jl  I  vat  fV^l  *  0  *  I  •  •   •  *  « 

i/.=PoP|....P.-,2(^p^p^  '  pj 

^^•^^•••^'-4^+p;+pT?;"'"''**'*"PoPi.."'pJ' 

where  C  is  any  function  of  x  which  does  not  change  when  x  is  changed 
into  <r  + 1 ;  that  is,  any  really  periodic  function  of  cos  2'sx,  This  solu- 
tion, which  may  be  easily  verified,  becomes  unintelligible  when  x  is 
fractional,  and  will  remain  so  until  we  can  find  the  general  solutions  of 
tV+|  =  P,v,  and  «7,+j — M?,=:Q,:  t?,+i,  in  such  forms  that  no  number  of 
terms,  nor  number  of  factors,  shall  be  a  function  of  x.  In  that  case  we 
shall  have  m,=v,  tc„  tt,+i — P,u,=t',+i  w,+i — »«+i«?«=Q«.  As  we  now 
stand,  Po  Pi . . . .  P,--i  and  C  +  0, :  Po+  . . . .  are  the  same  sort  of  antici- 
pations of  Vg  and  Wg  which  1.2.3...  .(j? — 1)  is  of  Fx,  until  we  become 
acquainted  with  the  generalities  of  that  function,  or  which  a  x  a  x  a. .  • . 
{x  factors)  is  of  a*,  until  we  arrive  at  the  full  notion  of  an  exponential 
Unction. 

For  example,  let  u.^i — ai/«=a:,  the  solution  of  which  is 

I        cr      a'  a     J  1 — a     (1— fl)* 

where  Ci  is  a  function  of  the  same  sort  as  C.  In  this  instance  the  sum- 
mation can  actually  be  performed,  as  also  in  every  case  of  ti^i — oti^ 
=  P«,  where  P,  is  a  rational  and  integral  fimction  of  x.  If  a  particular 
solution  CT,  can  be  found  by  easier  means,  then  cj.-|-Ca'  is  the  general 
solution. 

(107.)  Three  modes  may  be  suggested  of  saving  some  of  the  details 
of  the  last  mentioned  case.     Suppose,  for  instance,  the  equation  is 

i*,+i— aw,=a:^+2j5«+ 1. 

First,  assume  w,=pj^+^j7*+rj:+»,  Pf  </,  &c.  being  functions  of  «• 
Substitution  gives 

T>(J-a)=l,    3/>+9(l— a)=r2,    3;?+2g+r(l-fl)=:0, 

P  +  g  +  r+f(l— o)=:l; 
from  which  we  get  for  the  general  solution 
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=  00-4.—      t2fl4-I)a^     Qa-Dx     a'+7a-2 
■*"l-a        (1— fl)»  (1-a)'  (1— fl)*  ' 

Secondly ;  the  Bolution  of  t/,+i— aw,= A,  being  a'  2  (A,a"^"*'*0>  and 
OTie  case  of  2r,  being  A^'t?,,  or  v,-i+v,,^+ .  • . ,  o^  iw/.,  we  may 
throw  the  preceding  solution  into  the  form  A,.i+A,_,.a+A,_8a* 
+  •-.•,  which,  moreover,  obviously  satisfies  the  condition.  Apply  the 
calculus  of  operation,   and    this    becomes    the    operation    (i+A) 

+  (l  +  A)-'^a+....,or(l  +  A-ar^or  (l-a)-»-(l— a)-«A4 
performed  on  A„  which  gives  for  the  complete  solution 


— 1 


• » • 


A.  AA,  A' A.         A»A, 

1— a      (l-a)«"^(I-a)«      (1-a)- 


which  takes  a  finite  form  when  A«  is  a  rational  and  integral  function. 

Thirdly;  proceeding  by  the  formula  in  p.  311,  §  174,  we  obtain  for 
the  complete  solution  (A'„  A"„  &c.,  being  diff.  co.  with  respect  to  x) 

»-=<^+i^„*-(r:b  A'.+o^  %-a^.  rl+-- 

where  6,=l+«,ft»=l  +  4a+«%ft4=l  +  ll«+lla*+a", 

&,=  l  +  26a+66a«+26a"+a%6e=l  +  57a+302a*+302a"+57a*+a». 

If  a  be  negative  in  the  above  example,  say  a=r  — c,  the  only  circum- 
stance which  requires  consideration  is  the  change  of  Ctf*  into  C  (  —  c)*, 
or  C  (  —  l)'.c*.  Here  C  ( — 1)'  implies  a  function  which  changes  sign 
only  and  not  value,  when  x  becomes  x+ 1,  and  its  plainest  real  form  is 
cos  vx,f(coB  27rx),  where /(cos  J?)  is  truly  periodic. 

(108.)  If  we  take  Vf+i*— at/«=j?~\  we  find  for  the  solution 
«,=C«-+a-(l+^+A.+  ....+_i_); 

which  is  intelligible  only  when  «r  is  integer,  unless  it  be  thrown  into  the 
form  of  a  definite  integral,  (the  only  finite  form  known  for  it,)  in  which 
case  it  becomes  generally  intelligible.  If  a>l»  the  following  is  the 
form: 

T*  «—*— -1 
--V^dv. 


r~^ 


Having,  in  Chapter  XX.,  fully  considered  the  method  of  transforming 
finite  series  into  definite  integrals,  and  of  making  the  definite  integrals 
so  found  apply  to  cases  in  which  the  finite  series  become  incon- 
ceivable, from  the  letter  which  expresses  a  number  of  terms  becoming 
fractrional,  we  have  nothing  to  do  in  this  chapter  except  to  consider  the 
method  of  finding  solutions  to  equations  of  differences  in  the  manner 
preceding,  namely,  in  the  form  of  a  finite  series  for  integer  values  of  x. 
The  subsequent  attainment  of  a  definite  integral  by  means  of  this  series 
is  a  subject  apart.  Laplace  has  shown  how,  in  a  few  instances,  to  pass 
from  the  equation  at  once  to  the  definite  integral,  but  the  cases  in  which 
the  application  is  practicable  are  mostly  those  in  which  it  could  be  dis*- 
pensed  with.  And,  moreover,  it  does  not  apply  to  equations  which  have 
a  term  independent  of  i/,. 
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(109.)  The  general  reduction  of  a  continued  fraction  to  another  form 
depends  upon  equations  of  differences.  If  N«=ff«  :(6«+(a»+i:  (6^1 
+  ••  ••)))> '''^e  obviously  have  N,=a,:(6,+N,+i),  or  N,N,+i+6,N, 
=a,.  This  equation  may  be  reduced  to  a  linear  form  by  assuming 
N,=:u,+i :  w,,  which  gives  tt,+»+6,  w^i=a,  u,.  But  even  if  this  equa- 
tion could  be  integrated,  two  periodic  functions  would  enter  into  the 
complete  integral,  and  it  would  not  be  easy  either  to  distinguish  the 
cases  in  which  these  Actions  are  only  simple  constants  from  the  rest,  or 
to  choose  the  proper  periodic  function  in  those  cases  which  require  it. 
In  fact,  a  continued  fraction  ranks  with  a  divergent  series  whenever 
a, :  b^  a,+i :  6,4.1,  &c.  are  or  permanently  become  severally  greater  than 
unity:  so  that  the  continu^  fraction  can  only  be  known  from  its 
inveloped.  form.  To  show  the  difficulty  more  closely,  take  the  inverse 
method  derived  from  the  above,  and  assume  6«=I.  We  have  then 
a,=N,(N,+,+l),or 

T^      N,(N,+t+l)  N^i(N,4^+l)  N,^.(N,.H.+1) 
^•■"  1+  1+  1+&C. 

^           .               «(x+2)  (j+l)(jr+3)  (a?+2)(j+4) 
N,=:ar  gives    x=-^ — i  +  &c.       ' 

We  might  now,  perhaps,  be  inclined  to  say,  that  if  this  divergent 
development  represent  anything,  it  is  x:  but,  if  we  take  it  as  an  object 
of  inquiry,  we  find  that  the  continued  fraction  last  written  might  be 
derived  equally  from  N«  any  solution  of  N.N.+i+N,=x  (x+2).  If 
the  fraction  were  convergent,  we  might  decide  by  the  common  approxi- 
mative process,  in  particular  cases,  whether  it  is  or  is  not  equfd  to  x : 
but  as  this  cannot  be  done,  and  as  in  common  algebra  a  divergent  series 
produced  from  a  frinction  of  ambiguous  value  can  frequently  be  shown 
to  be  an  analytical  representation  of  any  one  of  the  values,  I  think  it 
would  not  be  safe  to  say  anything  else  of  a  divergent  continued  fraction. 

(110.)  The  general  equation  of  the  second  order  «*+i+P,u,4.i+Q,tt, 
4-Z,=0  can  be  solved  as  soon  as  a  particular  solution  of  ti»+,4-P,ii,^j 
-f.Q,w,=:0  is  found  :  that  is,  it  can  then  be  reduced  to  the  solution  of  a 
general  equation  of  the  first  order. 

Let  tt,=t3T,  be  such  a  particular  solution,  and  let  i/.=t3',t?,  be  the 
solution  of  the  complete  equation.     We  have  then 

«y,+i  (t?.+2Ar,+ A*tJ,)4-P.t!T,+i  (v,+ At7.)  +Q,CT.t;.+Z,=0; 
which,  since  w,+s+P,^,+i+Q,«y.s=0,  gives  (At>,  being  called  O 

«y.+t  A*  V, + (2c7,+8 + P,  tsj.^.^)  Ar, + Z,= 0, 
or  txT,+,  «,4.i  +  (tjy,^,  +  p,  fsy,^^)  z^    +  Z,=0 ; 

fromwhich,z,  being  found,  tt,=isT,2«,.  Two  constants  enter,  one  in 
5-,,  and  one  in  the  summation.  If  Z,=0,  we  find  for  the  general  solu- 
tion of  t/,+,+ P.  t/,+i + Q,  v,=:0, 

..=c..{i+P.5-...±(i+P,J) (,+p,_^^.)}+c.... 


ON  DIFFERENTIAL  EQUATIONS.  743 

which  may  be  reduced  to 


tSf 


«9 


where  C  and  Ci  are  functions  of  cob  2tj7.  In  this  manner  m,+«—  2u,+i 
+«,=0,  which  is  satisfied  by  tt,=C,  is  also  found  to  have  for  its  com- 
plete solution  M,=Ci  J?+C. 

(1 11.)  The  general  linear  equation  of  the  nth  degree, 

«,+.+P,w^+,.i+Q,u,+,_,  +  . ..  .  +  Z,=0 (1), 

if  completely  integrated  when  n  arbitrary  constants  (or  functions  of 
cos  2vx)  enter  the  solution,  is  integrable  when  n  distinct  particular  solu- 
tions can  be  found,  satiating  the  equation  deprived  of  the  term  Z,. 
Let  those  particular  solutions  be  u,=^tjj^  t/,=ic,,.  • ,  .u,=:(ii, :  then  the 
equation,  deprived  of  its  last  term,  will  be  completely  satisfied  by 

To  pass  to  the  integral  of  (1),  assume  instead  of  A,  B,  C,  &c.  functions 
of  cos  2irXj  Aj,  B„  C„  &c.  any  requisite  functions  of  j*,  which  being  n 
in  number,  we  have  a  right  to  choose  n — 1  assumptions.  Let  S  be  the 
symbol  of  summation  with  reference  to  the  various  solutions,  so  that 
w,=  S(A,tjJ  or  S.A^cr,.  Then  ii,+|=:  S.A,tJ^^  +  S.AA,zir,+ij 
assume  S .  ot,+i  AA.  =  0.  Again,  u,^.,  =  S .  A,  tsT,^.,  -|-  S  .  AA,  w,^., ; 
assume  S,tzr,+,AA,=:0.  Proceed  in  this  way  until  we  come  to  w,+„„, 
=  S .  A,  trr,^^j,  by  which  time  we  shall  have  made  n — 1  assumptions, 
namely 

S .  w^i  AA,=:  0,     S .  tar,^,  AA, = 0, .  •  • .  S .  ^t+n^i  AA,= 0. 
Finally,  «,+»=S.A,tir^+,-|-S.«r,+,AA«  and 

w*+«+P*«,+^i-h +Z,=  S, A,  (^,+,+P,tsT,+i,-i+ . . . .) 

+  S.'ar,+,AA,+Z,; 

of  which  S.  A,  («y*+»+  . . . . )  vanishes  in  every  term  contained  under  S, 
because  t?,,  &c.  are  particular  solutions  of  the  equation  deprived  of  its 
last  term.  We  have  only  then  to  add  to  the  7i — 1  assumptions  the 
equation  S.«r,^,  AA«-{-Z«=:0,  and  thus  we  have  n  linear  equations  to 
determine  AA.,  AB,,  &c.  from :  after  which  A^,  B«,  &c.  must  be  deter- 
mined by  integration  or  summation,  each  having  an  arbitrary  constant, 
or  function  of  cos  2vx. 

For  example,  Wx+i+P«w*+i+Q*^'*=0>  being  satisfied  by  i/,=«s7,  and 
i/,=i:,,  has  u,=AcT,+B«:,  for  its  general  solution.  Assume  «,=A.«t, 
+  B,  K',  for  the  solution  of  tt^+t+P,t/,+i  +  Q,  «,-hZ,=:0,  and  we  have 

tt,+i=A,tsT,+i+B,A:,4i,  if  we  assume  tsj^+i  AA,-f*:,+i  AB,=0 

w,+i=A,tzr,+,+B,i:,+a+«^.+iAA,-hf*+i^B, 

w,+i  +  P,  w,+i+Q,w*+Z,=A,(cT,+,-f-P.«:T,+j+Q,t!i,) 

+  B,  (k-,+,-|-P,  Jc,+i-fQ.fc-,)+cT,^.,  AA.+*:,+,  AB,-hZ, ; 

whence  the  complete  equation  is  satisfied,  since  c7«+t+P«^»+i+Q«^« 
=  0,  ic,+,-hP,'e,+i  +  Q,<c.=0,  by 
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w.+.AA^+Kx+iAB^+Z.sO,  if  CT.+,AA.-fr^,AB.=0;' 


or  by   AA,  = ,  AB,= 


whence  v,=tiy,  2 *- ic,  2 

(112.)  If  it  should  happen  that  two  or  more  of  the  solutions  become 
the  same,  in  any  particular  case,  a  process  resembling  that  of  §  (21.) 
must  be  employed.  Suppose,  for  example,  that  v,+«+  P,  tt,+,_i+ .... 
-fY, ti,=0  has  for  its  general  solution  tt,=  Acy,+Bic,+  Cp,+ .. . . 
Suppose,  moreover,  that  vs,  contains  the  given  constant  a,  that  k,  con- 
tains by  pjf  contains  c,  &c.,  and  first,  when  6=0^  let  cr.=jc„  so  tliat  in 
that  case  the  compound  solution  At«j,-}-B«:,  is  only  (A+B)w„  and 
contains  one  arbitrary  constant  only.  liCt  6=a+A,  and  let  accentua- 
tion refer  to  differentiation  with  respect  to  a ;  we  have  then 

At!T,4.Bic,=  (A+B)  isT,+BAo'.+iBA«.«r",+ .... 

As  h  diminishes  without  limit,  let  B  increase  without  limits  so  that 
BA=Bi,  and  at  the  same  time  suppose  A  to  increase  without  limit  with 
a  contrary  sign  to  B,  in  such  manner  that  A4-B=:Ai.  The  next  term, 
or  ^B|to",  diminishes  without  limit, 'and  still  more  those  which 
follow ;  so  that  Ai  c,+Bi  C3^,  is  the  part  of  the  complete  solution  which 
must  be  substituted  for  Af7,+Br«  when  A=:0>  or  a£r6.  Again,  if 
a^c  makes  p,=i!x„  we  have,  making  c=a+A, 

A|t!T,+B»©',+  Cp,=(A,+C)t!T,+(B,+C)te'«+iCA«©«',+. . .. ; 

whence  it  may  be  shown  in  the  same  manner  that  Ajcr^+BatD'^+Ci©", 
is  the  part  of  the  general  solution  which  must  take  the  place  of 
At3r,+Bif,+  Cp,  when  b:=:c=:a :  and  so  on. 

(113.)  The  theory  of  the  linear  equation  tt,+,+Pi/,+.-i+ . . . . 
-fYi/,=0,  where  P,  Q,  &c.  are  constants,  closely  resembles  that  of 
differential  equations  of  the  same  kind.  Assume  i/^=c',  and  let  cr, 
i:,  p,  &c.  be  the  roots  (supposed  unequal)  of  c"+Pc*'"*+. . . .  +¥=0. 
Then  the  general  solution  is  «,=:At!j'+Bif'+Cp''+ ....  If  any  num- 
ber of  roots,  say  four,  are  equal,  C7  being  one  of  them,  the  part  of  the 
general  solution  corresponding  is,  by  the  last  article, 

Af3'+ Ai  Jrtff— *  +  A,  X  (a:— 1)  tsr— ■+ A,  x  (j— 1)  (J— 2)  ©-•  ; 

which  is  of  the  same  form  as  ro*  (A+ A,  Jc+A,a:'+ A»  j;*). 

The  general  solution  of  v,+i+Pt/,+i+Qt/,4-Z,=0,  P  and  Q  being 
constant,  and  isj  and  k  the  roots  of  c'+Pc+QsO,  is 

u,= Ata'+B.' +-^  2  J^,  — ^  2  % 


except  when  t7=K,  in  which  case  it  is 

(j+l)Z,         ,«   Z, 


tt,=tD^(A+Bj)+o'  Z^  "LV.     -■^'  2  ^^,. 


ON  DIFFBRENTIAL  EQUATIONS.  745 

(114.)  The  following  mode  is  in  theory  applicable  to  equations  of 
any  order.  Let  us  take  one  of  the  third  order,  w,+,+  P,«,^.,+  Q,i/,^,| 
+  R,«x+Z,=0.  Assume  v,+i+p,  v,+  g,=0,  and  let  ot^  and  j3,  be 
two  undetermined  functions  of  jr.     We  have  then 

which  becomes  the  given  equation  if 

or  a,=P,— p,^„     ^,=0.— P,;?^i+p,+ip,+to 

Though  this  last  equation  be  not  of  the  first  degree,  it  is  of  an  order 
inferior  by  a  unit  to  the  given  equation ;  and  if  only  a  particular  solu- 
tion of  it  can  be  found,  the  value  of  f,  thus  obtained  will  produce 
corresponding  values  for  or,  and  fi,  with  which  the  complete  value  of  q, 
must  be  found  from  the  equation  for  Z,,  containing  two  constants. 
Then  the  equation  t«,+i-f*p«Vjr+9*  must  be  integrated,  from  which  v, 
may  be  found  with  three  arbitrary  constants. 

If  we  apply  this  method  to  an  equation  of  the  second  degree, 
t*,+i+P,  »,+i+Q,  w,+Z,=0,  we  find 

«.= P*— P*+i>    Q*=P»  p.— P*  P*+i- 

From  this  it  appears  that  when  P,  is  =0  the  equation  is  always  theoreti- 
cally integrable,  since  logp,  =  ^,  enables  us  to  determine  t»  from 
/,+i+'.=log(-Q,). 

(115.)  The  equation  «,+,  + p,  P,  w,+,.»,  +  p.  P^i  Q*  «,+,_,  +  ... . 
+P*P*-i*  •  •  'P'-B+i  Y,i*,  is  reduced  by  the  assumption  ii,=poPiPi.  •  •  • 

(116.)  I  shall  enter  no  further  into  the  subject  of  simultaneous 
equations  of  difierences  than  to  show  how  to  integrate  the  pair 

Ai  v,+i+B,t?,+i+A?/,+Bv.=rO, 

*,  and  ^,  being  functions  of  «,  and  Ai,  «>,  &c.  being  constant.  Multiply 
the  second  by  a  constant  0,  and  add  it  to  the  first,  which  gives   . 

(A.+a.a)  {„„,+|±^;.^.}+(A+.e)  {«,+|±iJ  r,}=*,+<^,e. 

Assume  ^,  so  that  (Bi+6,0)  :(Ai+a|6)=:(B+6e)  :(A  +  ae)=;i. 
This  gives  two  values  for  Q  {Q^  and  d,)  and  two  values  for  /n  (/ii  and  ^j). 
If  v,+/iiV,=M^.»  and  «,+^  !?,=«/'«  we  have 

(Ai+a»  a,)  tt/,+i+  (A+aeO  ti/,=*,+0. 0» 

(A|+a^a.)2(?Vi+(A+aeOti/'.=*,+0,e,; 
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and  when  vf,  and  to'^  are  found  from  these  equations,  u,  and  v«  can  be 
found  from  those  which  precede. 

Or  as  follows.  From  the  two  equations  given,  and  the  two  which  are 
found  by  changing  x  into  x+ 1,  eliminate  v„  t?,+i,  and  v,^% :  the  result  is 
a  linear  equation  of  the  second  degree  between  u,j^^  t/^r^i,  and  u,. 
This  is  a  method  which  will  apply  to  linear  equations  of  any  order,  and 
any  number  of  variables,  on  considerations  similar  to  those  in  §  (15). 

(117.)  The  solution  of  linear  equations  with  constant  coefficients 
may  be  effected  even  when  there  are  more  variables  than  one,  by  means 
of  the  theory  of  generating  functions  of  which  the  first  principles  are 
explained  in  page  337.     Let  the  equation  first  be  of  one  variable, 

«»M,+«+«»-i  w*+»-i+  ....  +ai  w,+i +(/,«,= 0. 

For  the  complete  solution  of  this,  we  must  have  either  the  set  of  it 
values,  i/o»  Ui>  t<ti .  •  •  •  v».i9  or  the  means  of  determining  them.  Let  ^  be 
such  a  function  that  ii«  is  the  coefficient  of  t,  in  it;  or  let  ^^=tio+Ui  < 
4-Us^'+. . . .  :  that  is,  let  0<  be  the  generating  fimction  of  fi«  for  all 
positive  values  of  x.  Then  the  first  side  of  the  preceding  equation  has 
for  its  generating  function 


which  function  accordingly  \&y  as  far  as  positive  powers  of  /  are  con- 
cerned, identical  with  0  +  0 .  /+0  .<•+....  or  0.  But,  from  the  form  of 
0<,  it  is  obvious  that  negative  powers  of  i  up  to  fr^  may  enter  the  above 
product.    Assume  then 

(flf.  r-+fl,.i  r^-»  + . .  +ai  r'+oo)  0^= A,  r-+A.,i  r<-»+ . .  +Ax  r\ 

which  gives  0^=^  ^-»  ^'*"^—  <•+....  +Ai  r-' 


0.+  fl..i  <+  a»-,  «*+ +  tfi  r-»+ao  r ' 

let  A«...Al  be  so  determined  as  to  make  the  first  n  terms  of  this 
development  become  Wo+w,  <+W8<'-h. .  ..+tv.i«"'*,  and  the  rest  of 
the  development  will  then  give  t/.  f + w,+i  <"+*+ ....  of  itself.  If  any 
of  the  various  modes  in  Chapter  XX.  of  expressing  the  coefficient  oil' 
in  the  development  by  a  definite  integral  be  adopted,  there  will  result  a 
solution  of  the  equation.  But,  as  far  as  we  have  yet  gone,  the  method 
will  be  more  powerful  in  making  the  solution  of  a  linear  equation  give 
the  general  term  of  a  development  than  in  making  the  latter  give  the 
former. 

For  example,  required  the  development  of  1— 2i-2^*,  divided  by 
l  +  ^+^+«'.  First,  find  the  solution  of  w,+,+  i/,+.+w,+i+u,=0,  for 
which  we  must  have  the  roots  of  c*-f-c«+c+l,  which  are  —1,  »]—\y 
and  — >y—  1.     Hence  the  solution  required  is 

«.=A  (-1)'+B  (^-  1)'+C  (--y-1)'. 

Now  the  first  three  terms  of  the  development  are  1— 3<+0<»,  or  «,=:!, 
«i=— 3>  i/t=0.  Hence  we  have  the  equations  A+B  +  C=:l, 
— A+B  V— 1-CV-.1=— 3,  A-B— C=:0,  from  which 
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=;;:(- ir+2(,^8^-5  sin -J; 


2 


from  which  we  find  for  the  coefficients  the  cycle  1,  —3,  0,  2,  1,-3, 
0,  2,  &c. 

Id  this  way  an  expression  may  always  be  found  for  the  general  term 
of  any  algebraical  development 

(118.)  Let  ««.  y  be  a  function  of  x  and  y,  and  let  any  equation  of  the 
form   au,,y=:0  be  proposed;  for  instance,  such  as 

Assume  u^^y'sik'W^  whence  it  appears  that  any  values  of  A  and  B 
give  a  solution,  which  are  connected  by  the  equation 

a+6A+cB+eA«+ ....  =0 (2). 

Say  this  gives  B=0A,  consequently  2^A'  WA)'  is  a  solution,  k  bemg 
constant.  This,  as  in  §  (98.),  we  may  make  equivalent  to  /A'  (0A)* 
Y'A  rfA,  for  any  limiting  values  of  A.  Or,  if  the  equation  (2)  give  n 
values  of  B  in  terms  of  A,  namely,  0i  A,  09  A,  &c.,  we  have  for  a  solu* 
tion 

u„,=/A'(0,A)«'V',AdA+/A'(0.A)^V^,AdA+ 

containing  n  arbitrary  functions.  Analogy  might  lead  us  to  suspect 
that  we  have  here  the  most  general  solution,  even  though  finding  B  in 
terms  of  A  might  five  a  solution  with  a  different  nuniber  of  arbitrary 
functions,  since  the  same  sort  of  thing  occurs  in  partial  diff.  equ., 
§  (96.)  But  such  a  conclusion  would  be  unsafe,  for  we  have  no  infor- 
mation on  the  genesis  of  partial  equations  of  finite  differences  which 
warrants  it. 

Suppose  «,,y=att,+i,  y+ 6m,,  y+x+CM,+,,y+i,  which  gives  l=aA+6B 
+cAB,  or 

If  b  and  c  be  both  finite,  this  may  be  brought  into  cither  of  the  forms 

Yo/A'V^AdA+Y,/A'+»  V^ArfA+ . . . ., 
or  Yo/A'f  AdA+ Yi  /A'"*  Y^A  (iA+ 


• .  •  • , 


where  Y^,  &c.,  are  functions  of  y  (not  the  same  in  both  expressions). 
Now,  attending  to  the  remark  in  §(102.),  it  is  seen  that JA' Y^A dA 
is  merely  an  arbitrary  function  of  j,  so  that  Y^^j? +Y|0  (ari-'^' 
+ Ya0  («r  ±  2)  +  •  • . .  results.  If  6  or  c  vanish,  the  series  may  be  made 
finite,  and  the  form  may  easily  be  altered  into  Xo  0y  +  X{  ^  (y  + 1)  + . . . , , 
which  may  be  made  finite  if  a  or  c  vanish. 

Again,  M,,y=aM,+i,a,+6M,.y+i     may    give    w„y=6-*/A'(I-oA)* 
fk  aA.    Assume  Y^AcsAA*+/A^+7»A'*+  • . . . ,  whence 
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a-o  6*  «„  ,=:  A/A'+«  (^  -  aY^A  +  If  A'+Y^-  A  J  dA  +...." 

(page  679)    =*o^  "^  ' =- — ;; ; ^^^r H ....<.       .        _, 

.A.       '  *a~'"r(j+.c+l)r(y+l) 
or   a-l^u.,,^^     T(.+y+.+2) 

.fa-"-r(.r+X+l)r(y+I)  . 

+     f"(:nir+M:2)    "+••••' 

in  which  Ara"*"\  /a~^~\  &c.  arc  merely  arbitrary  constants. 

(119.)  Such  equations  as  the  preceding  occur  in  the  theory  of  pro- 
babilities, and  Laplace  treated  Uiem  by  the  method  of  generating 
functions,  as  follows.  Let  the  most  general  solution  of  the  equation  (1) 
be  adopted  in  the  particular  values  Ut,e,  Uo.i»  tii,o>  &c.»and  let  00,  v) 
be  the  function  which  can  be  developed  into 

Reduce  the  equation  (1)  to  the  form 

aw*,y+6M,.j,,+c«,.^i+cw,.^,+  ; . .  .=0 (3), 

which  can  always  be  done:  thus  tt,,^ — ^'x+i, » — <^tt«,»+i=^  w  trans- 
formed as  follows.  Let  t^*,  y=U_,,  .y;  substitute  and  change  the  sign 
of  X  and  y,  and  we  have  U,,,--6U^i,y— cU,.y_i=0.  When  U,,yi8 
found,  u,,  y  is  therefore  found.  Frequently  the  change  is  more  simply 
made;  thus  «#,„+««+!,  y+i=0  is,  writing  x— 1  for  x,  and  y — 1  for  y, 
reduced  to  w,^  y +m.-i,  y-i=0.  Let  0  (t,  v)  be  the  generating  function  of 
1/,,  y  above  written,  or  t/o,o+Wi,o'+  •  •  •  •  j  then  the  generating  function 
of  the  first  side  of  (3)  is  (a-f  6i+ct;+e(»+  . . . .)  0  (^  *')>  "which  must 
be  a  function  of  t  and  r,  to  be  determined  by  such  conditions  as  the 
problem  requires,  and  must  give  0  for  every  term  P^^i'tJ^,  which;is 
such  that  u^^  ^  can  be  the  first  term  of  (3).  Subject  to  this  condition  we 
must  have 

For  example,  let  t/,.y— ttt,.,,y— cw,,y_i=:0,  which  gives  0(<,v) 
^V'  ('» ^)  •  (1— 6^— cr).  Now  the  terms  between  which  this  equation 
cannot  establish  relations,  if  only  positive  values  of  x  and  y  be  contem- 
plated, are  all  the  cases  of  f/o,y  and  v,,,.  Let  it  be  required  that  «„» 
shall  be  £^  and  that  t/«,y  shall  be  i7y,  it  being  understood  that  £t=i|f 
This  is  not  assigning  too  much,  for  it  gives  Ui,  1=6171 +cC|,tc^|=:6ii,,i 
+cfft  &c.,  «i.i=6»?a+cti,.„  &c.,  not  more  than  enough  to  proceed  with. 
It  is  then  required  that  Y' (/,  c)  :  (1  -6^-ct;)  shall  be  (£0  or  i?o)+ii  <+fi<* 
+  - . .  .  +»7i  r-fi/g  v*+  . . . .  +  terms  in  which  t  and  v  both  occur;  which 
condition  being  fulfilled  as  to  the  simple  powers  of  t  and  v,  the  deve- 
lopment will  in  other  terms  generate  the  coefficients  required  by  the 
equation. 

For  instance,let  tt.,^=0,ii,,ys=l,  (if  y>0);  we  then  require  that 

y  (fy  v)  :  (1— W- ct;)=t?+t?^+t?*+  ....=»:  (1— r) 
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shall  be  true  without  interfering  with  terms  containing  powers  of  t^ 
which  gives  simply 

_  V    r        bt         vt*    .       1 

and  the  coefficient  of  fv'  is  that  of  i^  in  ft't?(l— i;)"' (1  — ci?)~*. 
Now  it  is  easily  found  that  the  coefficient  of  v^  in 

6'(t?+v"+t?*+....)(  l+JP.cv+o:— ^c'!;*+..,  •  j 

18   =6'jl+ac+x—-c"+. ...+«——-.•. . — fr?"^    f  » 

which  isy  therefore,  t««,  y  required.  It  is  not  easy  to  see  that  it  satisfies 
u,,  o=0»  which  is  a  case  resembling  in  difficulty  that  of  F  (I),  when  Tx 
is  known  only  from  1 .2.3.  •  • .  (a?—  1). 

If  it  be  required  that  u^^^  and  u«,  o  be  any  given  functions  of  y  and  Xj 
find  Ti  and  V,  the  generating  functions  of  v,^  o  ctnd  t/o,  ^^  or  let 

the  generating  function  of  u,^ ,  is . ,  . 

(120.)  When  we  make  the  solution  take  such  a  form  as  that  given 
above,  a  change  of  sifl;n  in  x  and  y  produces  an  unintelligible  result,  so 
that  we  cannot  immediately  pass  to  the  solution  of  «*.„— 6,+i,,,—  c,,y+| 
=:0.  In  fact,  an  equation  of  this  kind,  in  which  there  is  not  a  highest 
term  with  respect  to  both  x  and  y,  presents  difficulties. 

The  application  of  the  method  of  generating  functions  is  complicated, 
and  it  is  best  to  have  recourse  to  that  of  definite  integrals,  as  in  §  118. 

(121.)  As  another  instance  of  this  method,  let  us  take 

U,^y^  6U,_i,  y'^CVx,  3,-t  — ^W,_i,y_i=0. 

In  order  to  solve  this  completely,  we  must  know  «o,y,  «i,y,  u,,09  and  «,,,. 
Let  the  generating  functions  of  these  be  fv^  "^iV,  0^  and  0^  t.  The 
generating  function  of  m,,  y,  or  0  (^, »),  is  of  the  form  a :  (1  -  6^-  cr*-  du), 
and  having  four  conditions  to  satisfy  in  or,  let  us  assume 

The  values  of  u«,o  AQd  t/o,,  require  that  0  (^,  0)  and  0  (0,  v)  should  be 
if>t  and  fv^  whence  we  have 

*  The  ftudent  who  kuows  a  little  of  the  theory  of  probabilities  will  see  that  this 
is  a  solution  of  the  followiog  question.  B  and  G  want  severally  x  and  y  points  of 
the  ^me,  their  chances  of  makin?  a  point  at  each  trial  are  b  and  c  (6-^—1), 
required  the  chance  which  B  has  of  winning.    This  chance  is  ur,^,  as  found  above. 
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P,+Qo+S«<=:(l-W«)0«  and  Po+Q,+B«t^=:(l— cv«)  V^r, 

Again,  the  value  of  d<f){tyV):dtf  vihen  <:=0,  is  fiV^  and  that  of 
d<t>  (ty  v) :  dv  when  r=0  is  4»i  t.    These  give  (since  Po+ Qo=^=^0) 

R,= (1  -  60  *i  <  -  e^  *<  —  S'o  <  +  R«- V^O. 

Whence  the  form  of  a  is  found :  R'o+S'^  is  Y^i  O-eyrO,  or  ^'iO-e0O, 
which  are  the  same,  and  we  have 

—vt  (R'o+S'o)-0'O.<— Y^.v— (i^O. 

For  example,  let  6=1,  c=l,  e=2,  and  let  Vo,«=l,  Wi.o=l»  «o,i=l> 
?/a,o=:l,  i^M— l»tio,t=l«&iid  in  all  other  cases  let  u^«»  Vf,,,  «i.,9tt«.t 
vanish.    We  have  then 

The  generating  function  a. :  {1— (^+^)'}  <^^  ^^^  ^^  reduced  to 

Expanding  the  last  term,  which  gives  49^/*(^+o)*"  for  a  general  term. 
It  is  obvious  that  i'  r/'  never  occurs  except  in  the  term  4^v  it+v)"^''*y 
which  has  no  existence  unless  x+yht  even.  Consequently,  the  sola* 
tion  of  tt„  y =u,^  ^4-  2m,_,,  y_i+u„  y^  is 

"  (^+y-4)(«+y-5)....(a?-l),    ,  ^ 

w..jf=^(«+yodd); 

provided  that  u,,9(x+y=  or  <2)  =  1,  t^<^o=0,  tii^y^O  (in  other 
cases). 

(122.)  The  verification  of  such  a  result  as  the  preceding  may  be 
made  by  actual  solution  ;  that  is,  by  forming  a  table  of  double  entry  for 
Ur,  y,  putting  the  given  values  in  their  proper  places,  and  calculating  the 
rest  from  them  by  the  equation.     This  is  done  to  some  extent  in 
following  table  :*— 


0 


11       lU 


IV 


VI 


Vll 


Vlll 


0 

1 
n 

•  ■  • 

111 
iv 

V 

vi 

•  • 

vii 

•  •  ■ 

vui 


1 

1 

1 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

1 

0 

4 

0 

4 

0 

4 

0 

0 

0 

0 

8 

0 

16 

0 

24 

0 

0 

4 

0 

24 

0 

60 

0 

0 

0 

0 

16 

0 

80 

0 

224 

0 

0 

4 

0 

60 

0 

280 

0 

0 

0 

0 

24 

0 

224 

0 

1008 

0 

0 

4 

0 

112 

0 

840 

0 

0 
0 
4 
0 

112 
0 

840 

0 

8696 
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Specimens  of  the  mode  of  forming  the  terms  from  the  equation  are 
280=60  +  2x80+60,     224=80  +  2x60+24. 

It  may  also  be  observed  that  Uq^^  t<i,«,  t/,,!  are  useless  in  the  forma- 
tion of  the  remaining  terms,  as  might  have  been  made  to  appear  from 
the  function  x. 

m 

(123.)  The  principles  of  the  calculus  of  operations*  have  lately  been 
made  to  throw  a  very  instructive  light  upon  the  connexion  of  linear 
operations  with  those  of  common  algebra.  The  following  theorems  are 
the  connecting  steps.  Let  D  be  the  symbol  of  differentiation  with 
respect  to  x;  so  that  D0jrs=!0'dr.  Let  a  be  a  constant,  and  deduce  the 
theorem  D  (£"0jr)=£^(D^j?+fl^),  or  €"(D+o)<^jp.  Repeat  this 
m  times,  which  gives  D*(c"^)=«"  (D+a)*^,  where  (D+«)*  is  a 
complex  symbol  of  operation,  applicable  after  development.  This 
theorem  is  even  true  when  m  is  a  negative  integer;  for  we  have 
0ar=(D+a)-*{£-'D(£"0a:)}  ;  write  e-^B-'e"  0jp  for  ^jt,  and  we 
have  D~'  (c**  0j?)  =«"  (D+ a)"*  0x,  which  may  be  repeated.  All  this 
might  also  be  easily  proved  by  expansion.     Hence  we  have 


(D + a)- .  0r = 6-^  D*  (e"  0j?)  ,     (D— o)-  4>x=:  e"  D*  (  £-^  0ar) . 

Ifm=-l,0jp=O ;  (D+a)-*  0=€— D-*  0=C£-«,  {D-»  0=/Oij:=C}, 

(D+a)— 0=£-"  (/(ijr)*-0=£-«  (Co+Ci  ar+ . . . .  +C«^, «~-'). 

Let  D,  and  D^  be  the  symbols  of  differentiation  with  respect  to  x  and  y, 
we  have  then 


(D,+ar  (D^+ft)"*  (j?,  y)=«"^-**  K  D;  (c-^"^  0  (*,  y)). 

By  similar  reasoning  A  (a*  ^)=a'+*^  (a?+l)  -  0*^= o'la+oA- 1  }fr, 
or  if  the  operation  1-f  A  be  called  E,  we  have 

(aE— l)*0ar=a—  A-(o'0jr),     (E-a)"'0J?=a'+"'  A*  (a-'0j?). 

Similarly,  if  Ej,  denote  the  operation  of  changing  x  into  ix+ 1,  and  E^ 
that  of  changing  p  into  y-^-lf  we  have 

(E,-  ar  (E,-6)-  0  (X,  y) =«•+*  6»'+*  A?  A;  (a"  }n  0  ( x,  y)). 

These  may  be  extended  to  the  cases  of  negative  integer  values  of  m  and 
n.  Thus  (E— a)"*.0=a'"*  A"*  0=Ca— ',  or  Co",  which  is  the  same  in 
form,  C  being  arbitrary.  This  function  Co*  is  the  quantity  which 
vanishes,  or.becomes  0,  when  the  operation  E— a  is  performed  upon  it ; 
for  (E  — a).Ca'  =  CEa'— Ca.a'  =  Ca'+»  — Cfl.a'=0.  Similarly, 
(E — fl)"".0=a'~*"  A-^O:  now  A'^O,  the  function  whose  mth  differ- 
ence vanishes,  is  Co+C, «+ . .  •  •  +C„»«i  af^'. 


(124.)  It  is  shown  (see  the  references  in  the  note  below)  that  all  the 
operations  of  algebra  may  be  applied  to  the  symbols  of  operation  used 

*  6ee  pp.  163-^168;  Penny  Cyclopedia,  *<  Operation"  and  «<  Relation  ;*' 
Cambridge  Mathematical  Journal,  vol.  i.,  pp.  22,  54,  123,  173,  212,  278,280; 
Ditto,  ditto,  Yol.  ii.,  pp.  74,  144 ;  Gresory's  Examples  of  the  Differential  Calculus. 
I  have  been  indebted  to  most  of  the  places  cited. 
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in  the  last  article,  as  long  as  they  are  not  mixed  up  with  any  operations 
depending  on  the  variables  employed.  And  the  theorems  may  be 
generalized  into 

V^D .  (£«  0j?)  =£*'.  y  (D+a) .  0J, 
V^  (D^  D,).  (£«+'»' 0  (*,  y))=£"+'».  Y^  (D,+a,  D,+6)  .0  (or,  y) 

V^A .  (a*  0j:)  =za\f  (aE  - 1)  .^x. 

These  properties  are  particular  cases  of  a  more  general  set,  which  owe 
their  simplicity,  in  the  case  of  c",  to  the  identity  of  the  operations  of 
differentiation  and  multiplication  by  a  constant.  Let  there  be  any 
number  of  functions  of  x,  V|,  Vf  &c.,  and  let  D  be  the  general  symbd 
of  differentiation,  while  Di  is  that  symbol  for  V|  only,  D«  for  V^  and  so 
on ;  so  that  DiV|=:DV,  or  V'„  D,V,=0,  D,V|=0,  D.V,=DV,=V'„ 
DiV,=0,  DsV,=0,  and  so  on.  We  have  then  (DiCV^V,)  being 
V.DiV„&c.) 

D(V,V.V,....)={D»+D.+  D,+  ....).(V|V.V,....). 
yD.(V,V,....)=V'(Di+I>.+  -...).(V,V.....). 

If  DVi = flVi,  we  have  V^D  ( V,V,)= f  (a+D J  (V| V,),  or  V,  Y^  (a+D^ Vp, 
since  Y'Ca  +  Da))  so  to  speak,  only  acts  uponV,:  in  Y^(a-|-Dc)  V.  is 
simply  yr  {a+  D)  V.,  since  the  distinction  is  now  useless.  Again,  if 
A,y  Aiy  &c.  refer  severally  to  V|,  Vt,  &c.,  we  have 

A  (ViV,. ..  .)={E»E,. ...— 1}.(V,V.. . . 0, 
VrA(V»V.,..,)=Y'{E|E.....--l}(V,V.....).     • 

(125.)  Let  a  linear  diff.  equ.  of  one  yariable  be  given,  namely 

V  being  a  function  of  x.    The  operation  performed  upon  y  on  the  left 

is  a^  D"+a^i  D"~*+ which  may  be  reduced  to  the  form  o^  (D— a) 

(D — /3) . . . .,  where  ex,  )B,  &c.  are  the  roots  of  the  algebraical  equation 
^  v'+a,_ii;"~*4-  •  •  •  .=0.  If  these  roots  be  all  unequal,  then,  making 
A-»£=(a-/3)  («— y). . . .,  B-*=(i8— a)  03— y). . . .,  &c.,  we  have 

^y=rTvX V=A(D-ar»V+B(D-/3)-^V+,... 

(lf^  U    ^  •  •  •  • 

§  (123)=:A€*'/£-^  V(fjc+B£^/£-^  Ydx+ ....  +  Ai  £-+B,  £^+ ..... 

A„  Bi,  &c,  being  arbitrary  constants.  The  effect  of  the  inverse  process 
on  V  may  be  best  represented  by  remembering  that  V+0  may  be 
written  for  V,  and  the  process  performed  on  V  and  on  0  separately.  The 
latter  gives  all  that  arises  in  integration  from  the  introduction  of  arbitrary 
constants,  and  must  never  be  neglected.  Sometimes  it  may  be  desirable 
to  take  one  mode  of  operation  for  V,  and  another  for  0.  For  instance« 
let  V  be  a  rational  function  of  x  of  the  hih.  degree :  let  (o^+Oi  D+ .  • . . 
+a»  D,)~'  btf  expanded  into  6o+^i  D+ . . . .,  then  vre  have 

y=(6,V+6,V'+....+ft*V«}+Aie''+Bi^+...., 
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Bince  V^'''"*^  y(*+«)^  &c.  vanish.  If  there  Bhould  be  /  roots  equal  to  a, 
we  find  among  the  fractions  into  which  (D.+  • . .  .)*^  is  decomposed^ 
the  following  set : 

L,  (D-a)-^+L.  (D-a)^'-»>+  . . . .  +U^,  (D-a)"'. 

Now  (D— a)-'V=f*'(/rfry.£-"V+£-'(Co  +  C|  j:+,..  +  C,_iJ'-0; 

whence  we  find,  for  the  part  of  the  value  of  a^y  depending  on  these  I  equal 
roots, 

£-  {L.  (fdxy.E^y+u  (/rfa?)'-^e-^  v+  • . .  +i4,.i  fdx.t^Y}- 

I  am  here  only  giving  a  sketch  of  a  method ;  but  abundant  examples 
will  be  found  in  the  citations*  above  made. 

(126.)  Let  dD,u+bJ)yU=Yy  a  function  of  x  and  y.    We  have  then 

Now  if  V:=0  (j?,  y),  E^^Y  is  (/>  {x,  y-j-mx) :  hence  we  are  directed, 
bia  being  tb,  to  find  j4i(Xyy+mx)dx  by  the  symbol  fe^^Ydx; 
after  which,  by  the  symbol  c"**^ ,  we  are  further  directed  to  write 
y— mjp  for  y  in  the  result.  But,  writing  V+0  for  V,  we  have  0y  for 
the  integral,  0  being  arbitrary,  and  a"^  <t>  (y — mx)  for  the  result :  hence 


M=a-»  €-^^y  f^^9  Ydx+ar^  4>  (y—mx). 

For  example,  let  aD,  u+bDj,  u=  12r*  y.  Integrate  12x*  (y+wu:)  with 
respect  to  *,  and  we  have  4?y+3inji?*;  put  back  y—»?u?  for  jt,  and  we 
have  4j^y — in**;  whence 

tt=— Jf  — ^  +0  (ay-hx) ; 

since  a"*^  (y— »uf),  0  being  arbitrary,  is  0  (ay— 6x).  This  use  of  a 
symbol  of  operation,  Dy,  as  a  constant  with  reference  to  another  symbol 
of  operation,  D„  it  one  of  the  severest  trials  to  which  the  calculus  of 
operations  can  be  put,  though  following  readily  from  the  first  principles 
of  the  sciencc.t 

(127.)  Let  a,D:i£+a«^,Dr'D,tt+....+a,D;tt=V.  If  a,  fi, 
&a.  be  the  rooU  of  a,  if-^-a^^  ©""*+ ....  =0,  and  A,  B,  &c.  be  as  in 
§  (125.),  we  have  a.  D;+  . .  • .  s=<z,  (D,— aD,)  (D,— ySD^),  &c.,  whence 
we  have 

a,tt=A(D,-aDJ-*.V+....+A(D,— aDy).0+.... 
But  (D,  -  aD,)^*  Yzzf^v  fs-^^y  Ydx+e'^"  fO,dx; 

*  Paf(e  751,  note:  particalaTly  in  Mr.  Gregory*!  examples,  which  should  be  in 
the  hands  of  every  student  who  wishes  to  have  niRterials  for  self^kercise  in  the 
highest  processes  and  newest  forms  of  the  differential  and  integral  calculus. 

t  Penny  Cyclopssdia,  *^  Operaliun." 
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and  the  tecond  term  »  #(|f-f  a«),  ^  being  any  firactiaD:  while,  if 
Vssiff  iat^y\  the  first  ib  found  by  cheogiog  y  into  y+ot  in  the  remit  of 
f4>(x^y^ax)  dif  taken  with  respect  to  x.  This  prooeH  is  loaiewhat 
more  easy  than  that  of  §  (89.)9  ioMmach  as  the  roult  for  one  root  will 
gire  those  for  the  others. 

(128.)  Let  DtU=:aDlu.  We  have  then  i£=(D,  — aDI)-'.0,  or 
gmtflfOdtf  or  t'i^M'4>!'9  0  being  arbitrary.    This  gives,  by  derekypment, 

as  already  seen.  Por  the  symbol  f*i^  write /J4;r^+*'V'°*dr:  V*, 
and  we  have 

which  agrees  with  §  (98.) 

(129.)  Let  a.tt,+, +  a._|U,+»_, +  ....+ ao«,=Vrt  whence  i«,= 
(a»+aiE+.. .  .+a,  E")~*  V.  If  all  tberoot8ofa,+a|0+«  •  ••  4-a.i?' 
be  unequal,  let  them  be  a^  /3,  y,  &c.,  whence 

a.  u,^k  (E  -  a)-*  V,+B  (E— /»)-*  V,+ .... 
§(123.)  =3A(;»-*2;a-"V.+B/8'-»2i8-'V.+  ...4-Aia'4-B,i8'+  ..., 

which  gives  at  once  the  law  of  the  result,  where  §  (111.)  only  gives  the 
process.  This  symbol  2  is  here  put  for  A'^ ;  the  only  difference  being 
that  whereas  A"' V,  strictly  stands  for  V,_i+V,«t+  .. ..  ad  infiniium^ 
XV,  stands  for  C + V^i + V,_,+ . . . .  +  V.,  j?  and  a  being  supposed  to 
differ  by  an  integer.  All  after  V.  is  supposed  to  be  included  in  C,  and  in 
the  preceding  case,  the  values  of  C  in  the  different  summations  may  be 
supposed  to  be  included  in  A|,  B|,  &c. 

(130.)  The  proper  symbol  for  A-  or  (E-1)-"  is   E-*+nE— ' 

+  i  71  (71  + 1")  £-"-*+ ad  inf.  or   A"^  A,= A,_,+nA,.^,+ 

This  is  the  only  result  which  satisfies  both  A*  A"*  A,=A*  and  A"*  A' A. 
s=A,.  But  2"  A,  is  generally  taken  in  a  manner  which  satisfies  only 
A"  2"  Ais=A,  and  not  2"  A"A,= A,.  For  instance,  let  x  be  an  integer, 
and  let  2A,=r A,_i+ . . . .  +  Ao.  Then  2*  A,  means  2A,_,+2A,_«+ 
. . . .  +2Ao,  and  2Ao=0.  This  gives  2"  A,=  A,_8+2A,«,+ .... 
+  (jf-l)Ao,  A2«A,=A,_|+A,.,+  ....+Ao,  A«2«A,=A,.  But 
2«A«A.  is  A*A,-.+  ....+(a'— 1)A«A^  or  A,-tA,+(t— 1)A^ 
Nevertheless,  in  the  solution  of  equations  of  the  usual  kind,  2*  may  be 
written  for  A"",  since  the  verification  of  the  solution  involves  only 
repetitions  of  E,  which  requires  only  repetitions  of  A,  performed  upon  2, 
and  never  introduces  2  performed  upon  A.    And  we  have  (n<jr) 

VIA—  A  •        A  .         **+!    A  .  .         "+1  '^""^   A 

z  A»= Aa^^+nA,.a_i+n  — rr—  A,^«t+  •  • . .  +n     -    >  • . . A* 

2  2  x—n 

2'A.=iA„    2"^*A,=:0. 

Again,  the  complete  meaning  of  A7"Ap  A,,^  or  (E*— 1)""  (E,-l)"" 
A.,  y  is  the  series 
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continued  ad  infinitum  ;  wbilCy  de6ning  ZA,  to  end  with  Ao,  the  ex- 
pression for  £?  2;  A,,  y  only  involves  those  terms  of  8  (m,  n,  A^^^^^p,  »-•-*) 
in  which  «— m — p  and  y— n— g  are  not  negative.  Here  S  means 
merely  collection  of  cases,  and  differs  from  2  in  not  being  a  symbol  of 
operation. 

(131.)  Iiet  there  be  I  roots  equal  to  « in  the  equation  of  §  (129.)» 
and  let  tbe  resulting  fractions  be 

Lo  (E-ar'+L»  (E-«)-^^»>+  . . . .  +L»-i  (E-a)-'. 
TUs  operation  performed  upon  Y,  gives 

L*  cT^A-*  (a-  V,)+L»  c^-'+'A-^'-'^  (or*  V.)  H . . .  +  L,_i  c^-»A-*  (a"^,) 
+L, o'-'A-' (0)+Li <«-'+' A-<'-^>  (0)+ . .. .  +I4-1  a'-*A-*  (0), 

which,  since  2  may  be  written  for  A~^  as  far  as  the  solution  of  the 
equatiou  is  concerned,  gives,  for  the  part  of  the  solution  arising  from 
thiese  roots, 

+«'  (Co+Ci  d?+ +Ct.i  af^% 

Co9  Ci,  &c.  being  arbitrary  constants. 

(132.)    Let  a^u,^  ,  +  a,.i t/,+,H-i,»+i  + +  ^0  Wx,y+^=V,,  y,  in 

which  case t^^r, y  is  the  inverse  operation  of  a,E;+a„-iE;  *£,+  .... 
-fa»£^or  of  rf*  (E.-aE,)  (E,— iSE,). . . .,  performed  upon  V„,; 
whence 

a. w„^=A  (E,-aE^)-*  V,.y+B  (E.-^E,)"'  V„y+ . . .  . 
Now  (E.-aEy)-*  V„  y=  o*-^  Er*  A."*  («■"  I^  V„  y) 
ET  V,.  y= V,,  y.„  AT*  {«-  E;-  V,.  ^)=«-<'-»>  V,,,,^^., 

+  «-('-«)  V,_,,y^+,+  .... 

The  operation  E^^  performed  upon  this  changes  y  intoy+<:P— 1>  so 
that 

(E,— aEiy)*"*  Vr,  y  =  V,.,,  y  +  <*Vj^«f,  y+i+flr  V,_j,  y+i+ . .  • . , 

which  might  readily  be  ascertained  directly,  but  the  object  is  here  to 
show  the  conformity  of  the  condensed  notation  above  written  with  the 
actual  result  of  development.    Again 

Ar*0=^,    c^»Er*A7'0=«-»^(y+j:— 1), 


in  which  the  arbitrary  character  of  f  allows  us  to  change  «'"*  mto  o^. 
The  solution  might  be  readily  written  down,  and  the  modification  which 
it  undergoes  in  the  case  of  equal  roots  ;  but  we  have  instances  enough  of 
these  generalizations.    If  V,,y=0,  the  solution  is  simply  flc'Y^(y+ a;) 
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+fi''^i(y  •\'X)+  ""$  and  the  caae  of  /  roots  equal  to  a  gives 
«f  {V'(y+-^)  +  '«^V^i(y+^)+ +^*1|^/-i(y+j:')}  for  the  contribu- 
tion of  these  roots ;  y^,  Y^i,  &c.  being  arbitrary  functions. 

■ 

(133.)  An  equation  of  mixed  differences  is  one  in  which  operations 
of  differences  and  differentials  both  occur.     For  example,  let 

or       a,  u,.  ^zz  A  (D,-aE,)-'  V,. ,+ B  (D,-)8E,)-^  V,. ,+ . . . . 
in  which  (D.-aE,)--*  V,,  ,=6^^  fdx.e-^^  V„  „  &c. : 

each  of  these  is  a  complicated  form  of  the  element  of  the  solution 
required.  In  the  first  side  we  easily  see /<ij.V,,,+ a (j'dr)*.V,,y+, 
+a*(/fir)*V,, y+j4-. . . .  The  second  side  shows  how  to  obtain  the 
same  without  repeated  integrations.     We  have 

a*  a* 
^"*^    ^*i  *— V,,  y— arV,,  y+iH — —  V,,  ,+!+•••• 

Integrate  this  with  respect  to  «,  giving  say  W,,^,  then  W,,y+ai'W,,,+i 
-h  ....  is  the  development  of  (D,— aE^)"*  V,,  y.  Now  invert  the  order 
of  the  processes,  and  let  a,  fi,  &c.  be  the  roots  of  Ooff+ai  ©•"'+  .... 
~^0.  We  have  then  (neither  a,  fif  &c.,  nor  A,  B,  &c.  being  the  same 
as  before) 

Oo  E;+ tfi  Er''D,+ ....  +0,  D;=a,  (Ey-oD,)  (Ey-/8D.) .... 

«•  Wx,  y= A  (E,,-aD,)-»  V„  ,,+B  (Ey-i8D,)-»  V,.  y  + . , . . 

(Ey--«D.)-»  v.,  yso?'-^  Dr  ^7'  («"*  D^  V„  y)  ; 

in  which  it  must  be  remembered  that  DJ!~'  and  A^'  are  not  convertible 
operations.  If  V,,  y=0,  the  preceding  becomes  a*"*  DJ~*  A7*(a~*  Dj*0). 
Now  D;*  Oi8V^oy+J?Y^iy+....+  •i''"*  V^y-i  y.  In  the  operation  ^' 
no  term  higher  than  a^*  will  appear,  except  in  the  arbitrary  function  of 
it  which,  BO  far  as  solution  of  the  equation  is  concerned,  may  be  added  : 
hence  Di"}  will  make  all  disappear  except  what  arises  from  this 
function.     Hence  the  preceding  is  ot"'^  TH'^  "^^y  so  that  the  solution  is 

u^ysAo^-^D.-^iV*  («-*D7*V„,)+Bi8i'-»D;-»A7» (/^^Dj* V„y)+, .  • 

+  «»-'  D;-»  yffx+fi^"^  DJ-*  Y^^  a?+ 

If  there  be  I  roots  equal  to  a,  the  corresponding  part  of  the  solution 
may  be  found,  as  before,  from  a  set  of  fractions  made  by  giving  k  all 
values  from  1  to  /,  both  inclusive,  in  the  following, 

(Ey-aD,)-* V„y=a^-*D;-*  V(«-''Dr'V.,,)  ; 

which,  when  V,,  y= 0,  is  oS^  DJ"*  A;^  {a-^  Dj*  0).  As  before,  Dr  0 
contains  a*  *,  so  that  nothing  above  x^""*"*  will  appear  in  the  result  of 
the  operation  A^*,  and  this  will  be  destroyed  by  the  subsequent  opera- 
tion K"*.     All  then  that  is  left  after  A^*,  to  any  effective  purpose,  is 

a*^*K-* (00^+01  j:.y+ +0*-ia:.y*-O,  the  arbitrary  functions 

being  introduced  in  the  summation. 
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For  instance,  let  os*  DJ  m,,  ,  —  2afD,  «,,  ,+i  +  u,-^^ = 0,  or  u,^  ,=: 
(E^,— aD,)""*.©.     The  solution  then  is 

This  is  thus  verified :  substitution  gives  for  the  first  side  of  the  equation 

(134.)  The  same  processes  may  sometimes  be  applied  when  the 
equations  are  not  homogeneous  with  respect  to  the  indices  of  u,^  ^,  For 
example,  let  us  take  the  equation  Ay  t/,,  y=ra'A*ti,.  y,  or 

t/,  ^=(A;-a*Aj)-'0=^'  j —^ —  |.0. 

We  must  first  investigate  (Ay-aA.)-'0,  or  {Ey-(I+^AJ}-*.0. 
This  is 

(1  +aA,y-'A7»  {(l+aA,r»0},  or  a«^>  {E,-&}^»V  {«"* (E,-^)-^'  o), 
where  6=1— a"'.    Now 

a-*  (E,-6r*0=:a-^' 6-*  Ar  0=6*  (P«+Pi«+ . .  • .  +Py.»a*^0, 

Po,  &c.  bein((  arbitrary  functions  of  y.  The  operation  A  J*  performed  on 
this  merely  alters  the  arbitrary  functions,  and  does  not  contain  any 
power  of  X  above  i^ ;  but  it  introduces  an  arbitrary  function  of  x,  fx. 
If  we  now  perform  upon  this  result  the  operation  (Ex— 6)*"*,  or 
^*+y-i  ^y-i  ^-»^  all  vanishes  except  what  is  given  by  the  arbitrary 
function  fx^  so  that  the  final  result  is  rf^'  6'+^*  Af*  y^jr,  on  which  it 
may  easily  be  shown  that  the  final  operation  (2aA,)~*  has  no  effect 
except  a  change  of  the  arbitrary  function.  Another  simple  change  will 
reduce  the  result  to  (a— 1)*(1 — a''^yAifx^  which  is  one  term  of  m,,  ^ 
The  other  is  got  by  simply  changing  the  sign  of  a,  and  taking  a  new 
arbitrary  function,  and  the  result  is 

«,.,=(a-l)»(l^a-*)'A;Y<^+(-iy(a+ir(l+a-0'A;xx, 

in  which  we  may  interchange  x  and  y  when  we  interchange  a  and  a''\ 
To  verify  one  of  these  solutions,  say  the  first,  we  have 

a; ^s, ,=  (1  -o"T  {(a— 1)*^"  A^'— 2  (a-  iy+»  Aj+*+ (a- 1)* Aj}  fx 

=  (a-iy  (1  -a-')'  {(a-  !)•  A;+»— 2  (a-1)  A;+'+ A?}  Y^x 
o*a;  II,.  y=a*  (a-  ly  {(I  -  a-')'+'A;  Y^  (j+2)-2  (1  -a-»)'+»A;Y^  («+l) 

+  (l-.a-0'AJY'x} 

=(a— ly  (1— a-')'  {(a— !)■  (A!+2Ar^»+ A;+«)-2a(a-l)(A;+Ar') 

+  a«A;}Y^x 

=  ia-^iy  (1  -a~0'  {(a-1)*  AJ+'— {2a  (a-l)-2  (a-l)«}  Ar*   ; 

+  (a-l-a)*A?}vxS 
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whence  it  is  readily  shown  that  the  two  rides  of  the  MuatioQ  are 
identical.  The  preceding  appears  to  fail  when  a=l ;  but  it  we  return 
to  the  process,  the  step  which  is  first  affected  by  the  supposition  of 
0=1,  or  6  =  0,  is 

o»-*  (E,~6)*-*  A7»  { a-*  (E,— 6)-*.  0},  which  becomes  BJ"*  V •<>  5 

or  E;-'  Yrjr,  or  -^  ix+y—  1),  or  ^r  (x+y),  which  is  not  affected  by  the 
final  operation  A7*.  Hence  Y^(ir+y)+(— ly  2'+*ASx«  »  ^e  com- 
plete solution  of  AJ  t/,,  y=AJ  w,,  ^ 

(A!     A*l~* 
(135.)  Let  AJtt,.  y^i^M  v,.i. ^  or  w,, y=|^  -gll     '^ 

=(E,-E,r4l+E7'  (E,-E7'r  }  0 
E7»  (Ey-  ErO"* .  0=E7*  Er*+'  Aj'  W  0=:-^  (jp-y)  ; 

(E,~E,)-»  yff  (f-y)=Er*  A^^E,-^  V^  tr-y) 
=ErA7^  V^:Cr  -2y)=Er'  x(^-2y)=x  (x-y-1) 
(E,-E,)-»  0=Br*  V  E"^  ^=«^  («+y— 1). 

Hence  the  solution  is  of  the  form  <{>  (<r4-y)+y  (x— y),  ^  and  y  being 
arbitrary. 

(136.)  Among  other  results  of  the  preceding  theory  may  be  noted  the 
ease  with  which  the  intermediate  diff.  equations  or  equations  of  di£fer- 
ences  may  be  found.  Thus,  if  o,D;u+a„.iD^*tt+..  ..=V,  or 
OtaCD,— a)(D,— /3),.  ••«=V,  theequations  of  the  (n — l)th  order  are 
a.  (D,  -)8)  (D.  —  y) . . . . tt=(D,- «)-'  u,  a.  (D,  -  «)  (D,  -  y) , . . .« 
=(D,— iS)""* u,  &c.  Those  of  the  order  n— 2  are  a,(D, — y)....tt 
=(D, — a)~*  (D,— /3)~*  V,  &c.  I  do  not  however  consider  it  desirable 
to  enter  more  in  detail  upon  a  method  which  has  not  yet  advanced  beyond 
its  elements,  though  I  fully  agree  with  those  who  have  considered  it  as 
one  which  is  likely  to  prove  a  very  powerful  instrument  in  analysis. 

(137.)  In  the  equations  preceding,  it  has  been  required  that  they 
should  be  satisfied  for  one  value  only  of  Ax,  which  has  been  taken  =:!. 
If  we  had  proposed  such  an  equation  as  u«^a« — P,tt,=Q^  Ax  being 
anything  whatsoever,  it  would  have  been  equivalent  to  requiring  that 
^#+^  should  be  different  from  i/„  and  yet  not  a  function  of  Ax,  which  is 
absurd.  The  last  equation  could  only  be  satisfied  on  the  supposition  that 
P«  and  Q,  are  given  functions  of  Ax,  and  then  only  in  particular  cases. 
Nevertheless,  when  such  an  equation  does  occur,  it  may  sometimes  be  re- 
duced  immediately  to  a  common  diff.  equ.  Suppose,  for  example,/(x.  Ax,  v, 
u,  u'\  &c..  A?/,  Au',  Au'\  &c.)rrO  is  to  be  true  for  all  values  of  Ax;  u\ 
u'\  &c,  being,  as  usual,  the  diff.  co.  of  t/.  Take  x^  any  given  value  of  x, 
and  let  t/^,  u\,  &c,  be  the  corresponding  values  of  v, «',  &c.  Then,  x 
passing  from  x^  to  x  tlirough  the  difference  x — x©,  we  have 

/(Xo,X— Xp,Wo>w'o,  &c.  M— t*o,  tt' — tt'o>  &c.)  =  0, . .  t  .  .(A). 

Form  a  new  diff.  equ.  by  elimination  of  Xo,  w©,  ^^'05  &c.,  and  we  have 
a  'general  equation  belonging  to  the  class  of  curves  in  question,  in- 
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dependent  of  the  particular  values  of  x„  u,,  &c. ;  and  the  class  of  curves 
which  has  the  required  property,  expressed  by  /s=0,  is  that  repre* 
Rented  by  the  general  integral  of  the  equation  last  obtained.  Or,  if  the 
equation  (A)  be  integrated,  the  class  of  curves  required  exists  when  the 
constants  introduced  by  integration  have  the  effect  of  rendering  it  in- 
different what  value  a?  is  made  to  begin  with  in  verifying  the  original 
equation  f(xy  Ax,  &c.)  =  0. 

For  instance,  having  given  a  point  S,  required  a  curve  such  that  if  any 
two  points  P  and  Q  be  taken  (the  reader  can  easily  construct  the 
figure)  the  tangents  at  which  meet  in  T,  the  line  ST  bisects  the  angle 
PSQ.  Let  AS  be  the  line  from  which  0  is  measured,  ASP=:6, 
ASQ=0  +  A0,  SP=r.  SQ=r+Ar.  Produce  TP  to  Z,  and  as  in 
Chapter  XIV.,  let  SPZ=sfi,  then  SQT=/[x+ A/i.  Equate  the  two  values 
of  TS  in  the  triangles  SPT,  SQT,  and  we  have 

r  sin  fi        ^  (r+A?')  8in(/*+A/z)      /r+Arz=:  rA 
sin  (/I— i^a)  "■  8in(/xH-A/[x+iA6)       \fi+Afi=fiJ 

Ar  tan  yii  tan  /ui  cot  ^  AO = r  tan  fi+fi  tun  fi^. 

For  r  write  I : «,  and  remember  tan/x=rd6  :  dr=— w:  u\  which  gives 

—  cot  i  Ae=-^^  +-^,    Am  cot  i  A6=  2uf+  Aw', 
rri  tan/ii     tan/x 

an  equation  of  differences  which  is  to  be  universally  satisfied ;  that  is, 
for  all  values  of  Ad.    The  first  found  diff.  equ.  (A)  then  becomes 

(tt— M«)  cot-— ?=m'+  u\ (A). 

Differentiate,  multiply  by  2  sin'  i^  (0 — 0o) ;  differentiate  again,  and  divide 
by  2  sin'  J  (0 — 6o),  and  the  result  will  be  if'"+w'=0,  or  tt'^+usconst. 
the  equation  of  the  conic  sections.  Every  conic  section,  therefore,  has 
one  position  of  SP,  for  which  every  position  of  SQ  has  the  required  pro- 
perty. But,  more  than  this,  verification  will  show  that  the  equation  of 
differences  is  satisfied  by  every  position  of  SP.  Take  the  complete 
integral  t£=:a-f  6  cos  (B+c)^  and  substitute  in  the  equation  of  differences, 
which  gives 

b  {cos  (e+ Ad+c)  -cos (6+c)}  cot  i^  A© 

=  —6  sin  (0+c)— 6  Bin  (e+AO+c), 

an  equation  which  is  easily  proved  identical.  It  would  do  equally  well 
to  integrate  the  equation  (A)  directly. 

As  another  example,  it  is  required  to  find  the  curve  in  which  the 
ordinate  let  fall  from  the  intersection  of  two  tangents  is  equally  distant 
from  the  ordinates  of  the  points  of  contact.  The  general  equation  and 
the  equation  (A)  here  become 

(2y-fAy)Aa;=2Ay,  and  (y^+yo)  («-J?o)=2(y-y,); 

the  latter  of  which,  all  constants  being  eliminated,  gives  the  diff.  equ. 
y"=:0,  or  y=:C«*-f  Ci  J?+C, :  integrated  directly,  it  gives  y=C  (j?-a?,y 
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H-y'o (*"•*©) +yoi  ^^  which  y,  and  y*©  come  out  as  they  are  defined; 
namely,  the  values  of  y  and  j/  when  x  =Xo.  The  general  equation  is 
satisfied,  and  the  property  is  that  of  any  parahola  whose  axis  is  parallel 
to  that  of  y.  But  we  may  easily  imagine  it  possible  that  such  a  pro- 
perty might  be  given  that  y^^  y'o)  &c.,  being  defined  as  above  in  mean- 
iDg,  the  integral  of  the  differentiid  equation  (A)  does  not  allow  them  to 
have  that  meaning.  In  such  a  case  the  property  is  self-contradictory. 
Again,  the  property  given  may  be  true  if  one  fixed  abscissa  and 
ordinate  be  started  from,  but  not  true  if  the  starting  point  be  changed : 
in  such  a  case  the  integral  of  (A)  gives  the  curve  required,  but  the 
general  equation  of  differences  cannot  be  true  except  in  a  particular 
case. 

For  instance,  let  the  equation  of  differences  be  Ay-hxA^sA ;  the 
diff.  equ.  (A)  is  y— yo+*o  (y'— y'o)= A,  of  which  the  integtul  is 

y =ryo + j?o  y'o + ^ + Cs"^ 

which  for  x=iXo  gives  y=yo+'i'oy'o+*+Cr"*,  whence  C=i^€(x^y\-\-h). 
Again,  y'z=— Cr^-'»:a?o>  whence  yfo=— Cr-*:ar^=(j:,yo-hA)  :  r^,  or 
we  must  have  A=0.  This  last  condition,  it  now  appears,  is  necessaiy 
to  the  self-consistence  of  the  property  which  the  curve  is  required  to 
have.  If  then  there  be  any  curve  which  satisfies  the  condition 
Ay+j7Ay'=0,  it  is 

y=yo+ J?o  y'o  Cl  —€ 'V. 

Try  this  on  Ay4-<^^y'=0,  and  it  will  be  found  to  satisfy  the  conditions 
only  when  the  differences  begin  ^vith  the  point  (x„yo),  unless  ^,=0. 
The  property  announced  cannot  then  belong  to  any  two  points  of  any 
curve.  This  may  be  proved  independently,  for  if  (»,  y),  (jtu  y,>,  &c. 
be  a  succession  of  points,  the  equation  gives 

yi~y+-r(y'i-'y')=o,  yi-y+*(y'«-y')=o,y,— yt+a:i(y',-y'0=o 

from  the  first  and  second  of  which  we  deduce  yg— yi+Jr(y'«— y'i)=:0, 
which  is  inconsistent  with  the  third,  unless  y^  be  a  constant,  which 
does  not  satisfy  Ay+arAy'=:0,  unless  y   be  a  constant.     The   last 
.  equation,  then,  required  to  be  generally  true,  is  equivalent  to  Ay=0. 

(138.)  Any  such  equation  as  the  preceding  might  have  an  infinite 
number  of  solutions  given  to  it  of  a  discontinuous  character,  and  for  one 
given  value  of  Ajt,  as  follows.  To  take  a  simple  instance,  suppose 
^y'=0  (jr,y.  Ax,  Ay)  is  the  equation.  Assume  a  value  for  Ax,  and 
divide  it  into  n  parts,  so  that  ndx=:Ax,  and  ^x  is  very  small.  Assume 
values  fory,  and  x^,  and  for  yi  or  y+ Ay ;  Xi  or  j;-|-A.r,  being  determined 
from  Ax.  Join  the  points  (j?o,  ye)  and  (Xj,  y^)  by  any  curve,  and  calcu- 
lating Ay'o  from  the  equation,  and  thence  y'l :  lay  down  a  straight  line  at 
(xi,  yi)  accordingly.  An  ordinate  to  this  line  at  the  abscissa  x,  +  ^x  is 
a  new  point  in  the  curve,  quam  proxime.  Repeat  the  process  with  the 
point  (xo+^J^otyo+^yo)  and  that  just  obtained,  and  so  on  until  the 
curve,  or  rather  representative  polygon,  extends  over  the  abscissa 
Xo+2Ax;  afler  which  it  is  to  be  repeated  again  with  the  last  obtained 
portion  af^  a  guid^.    The  smaller  ix  is  made,  the  more  nearly  will  m 
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curve  be  obtaiued  satisfying  the  given  equation  of  differences.  This 
method  will  aid  in  the  formation  of  a  complete  conception  of  the  possi- 
bility of  satisfying  any  such  equation,  for  arty  one  value  of  Ax.  And 
the  same  method  will  not  only  apply  to  ordinary  diff.  equ.^  but  will 
furnish  a  strong  presumption  that  no  more  constants  can  enter  than 
Uiere  are  units  in  the  order  of  the  equation :  as  follows : 

Suppose  the  diff.  equ.  to  be  y"'=<j>  (y'jy.  y,  j),  and  proceed  to  con- 
sider A*  y=  {Axy  yjf  (A*  y,  Ay,  y,  j,  Air),  of  which  it  is  the  limit.  Take 
Ax  very  small,  and  any  ordinates  y^,  ^i,  y«,  at  pleasure,  to  the  abscissas 
^o»  a-o-f  Aj?,iJ'o+2Aj?.  Having  thus  given  yo,  Ay©,  and  A'yo,  calculate 
A'yo  from  the  equation,  whence  y„  the  ordinate  to  the  abscissa  .ro+3Aj?, 
is  obtained.  With  y^,  y^,  y^,  and  A*  yi  from  the  equation,  calculate  y^y 
and  so  on.  We  have  thus  a  polygon  by  joining  the  several  points 
obtained  each  to  the  next :  the  coordinates  of  the  angular  points  of  the 
polygon  satisfy  the  equation  of  differences,  and  the  smaller  Ar  is  taken, 
the  more  nearly  does  the  polygon  become  a  curve  which  satisfies  the 
diff.  equ. 

Through  the  three  points  thus  assumed  only  one  curve  can  be  drawn, 
as  is  evidently  pointed  out  in  the  course  of  the  method :  as  also  that  the 
manner  of  choosing  yo,  Ayo,  and  A^yo  as  the  limit  is  approached  deter- 
mines yo,  y'of  ftnd  y",.  Hence  for  one  value  of  yo,  yf^^  and  y/',  only  one 
limiting  curve  can  be  obtained,  from  whence  it  may  be  presumed  that 
only  three  constants  can  enter  the  solution  of  the  diff.  equ.  The  diff. 
equ.  can  only  have  such  solutions  as  are  limits  of  those  of  the  equation 
of  differences.  I  call  this  only  a  strong  presumption,  for  reasons  which 
I  will  leave  to  the  student,  who  will  find  them  on  close  examination. 

(139.)  In  all  the  preceding  equations,  the  coefficients  employed  have 
been  continuous  functions,  though  such  continuity  is  not  necessary,  in  the 
manner  in  which  they  have  been  used.  If,  for  instance,  we  suppose  x 
an  integer,  and  propose  the  equation  w,+,+JrM,+i+j:"M,+j:'=0,  it  is 
evidently  not  necessary  that  the  functions  of  x  should  preserve  the  same 
form  when  x  is  fractional,  since  the  equation,  its  solution,  and  the  pro- 
cess of  verification,  are  all  wholly  free  from  the  consideration  of  such 
values.  But  it  is  not  even  necessary  that  the  coefficients  should  preserve 
one  form  when  x  is  integer,  and  results  may  be  obtained  in  a  finite  form 
when  they  circulate*  through  any  number  of  different  forms  as  x 
changes  its  values.  For  example,  let  t^^^i — P,  w,=Q„  where  P,  is  the 
constant  a  or  6,  according  as  x  is  even  or  odd,  and  Q,  is  a!  or  6^  accord- 
ing as  X  is  even  or  odd.     Hence 

P,=^(l  +  (-l)')+^(l-(-l)'), 

a=-|'(n-(- 1)0+1  (i-(-^)')  • 

and  the  method  in  §  (106.)  might  be  applied  without  much  difficulty. 
But  the  process  will  be  facilitated  by  assuming  ti,=i?,+W'«  ( — 1)*»  and, 
after  substitution,  equating  the  parts  which  are  independent  of  (^1)', 
and  also  the  coefficients  of  those  which  depend  upon  it.    We  have  then 

*  Sir  J.  Herschel,  Examj>lrt  of  the  Calculus  of  Finits  Diffeienees,  section  xi 


762  DIFFERBNTIAL  AND  IKTBGRAL  CALCULUS. 

-«^.+i-i(a+*)«^.-4(«-6)  t?.=i  («'-'»')• 

As  an  example  of  the  second  method  in  §  (1 16.),  duinge  x  into  x+l^ 
giving  a  third  and  fourth  equation :  multiply  the  second  and  third 
severally  by  X,  and  /i,  and  add  the  first,  second,  and  third,  making 
(o+6)X+a— 6=0,  2\+(a^b)  /[i=0.  We  thus  get  the  first  of  the 
following  equations,  and  by  similar  processes  the  second. 

t;,=J(a'6+a6'+a'+y)(l-flt6)-*+a'(K|+Kfi(--l)') 
tc,=i(a'6— a6'— a'+60  (1— a6)-'+  a'(Li+L,  (-1)'). 

a  being  J{ab),    Hence 

«.= 2"(r:^;) ^^  (M.+M.(-l)). 

Ml  and  M|  denoting  arbitrary  constants.  One  relation  between  M,  and 
Ms  must  be  expected,  since  the  original  equation  is  only  of  the  .'first 
order;  this  wilt  be  seen  in  attempting  to  verify  the  equation.  The 
preceding  value  of  u^  gives 

a'ft+6' 
(x  even)  «,=         ^  +  a'  (Mi  +  M,) ; 

ix  odd)  w,=— ^'+a'  (Ml— MO ; 
1 — ab 

(x  even)  «,+» —  P,  u,=    ^   ,  +  a"*"'  (Mi— M,) 

-a5^^~a«'(Mi+M.) 
=«'  +a*  (Ml  a— Ml  a— M,  a— Mj  o) 
(X  odd)  v,+i-P,ti,=^~t^+a'+'(Mi+M,) 

-6^|'^-6(^(Mi-Mt) 

=  6'+a'(Mi  a-Mi  6+M,a+M,6). 

Substitute  for  a  its  value  fj(jab)y  and  the  multipliers  of  a  have  the 
common  factor  MtiJa+Jb)-^Mi(iJa''jJb),  The  value  of  w,,  then, 
completely  satisfies  the  conditions,  and  has  one  constant  arbitrary,  if 

M,  (V«+V^)+Mi(Va- V^)=0. 

(140.)  To  generalize  the  preceding  method,  let  m,  stand  £or  a  function 
of  X  which  is  =  1  when  x=0,  m,  or  a  multiple  of  m,  and  which  vanisbes 
in  every  other  case.  If  a,  /8,....  be  the  in  mth  roots  of  1,  such  a 
function  is  seen  in  the  mth  part  of  a'+i8'+ .. ..  If,  then,  we  take 
Com,+Cim».i+Cim,^+  • .  •  •  +  C».im,»^^i,  we  have  a  funotioD  which 
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is  Co,Ci,.  •••Cm-i9  according  as  3i:m  leaves  a  fOBamder  0,1,...., 
fn—  1.  This  has  been  tenned  by  Sir  J.  Henchel  a  circulating  function 
of  the  mth  order.  If  P^  Q^  &c.  be  circulating  functions  of  this  kind, 
we  have,  for  all  integer  yahtes  of  x  (the  reader  must  be  careful  not  to 
generalize  this  equation) 

/(P,» Ox,. . . .)=/(Po,Qo-  •  •  O.^.+ZCPoQi* . .  .)^*-i+  •  •  • . ; 

for /(P,, Q«. . . .)  ^B  itself  a  circulating  function  which  goes  through  the 

cycle  of  vahies  /(Po,  Q©  ••••)>  /(Pn  Qi  ••••  )i  &c« 

Circulating  functions  may  be  doubled,  trebled,  &q,  in  order,  by 
assuming  new  circulating  functions  with  doubled,  trebled,  &c.  cycles  of 
values.  Thus  aSg-^-bS^^+cSj,^  is  altogether  identical  with  a6«+66«.| 
+c6»-a+a^»^+M«-^+c6«^.  A  simple  process  will  reduce  the  solu- 
tion of  any  equation  whose  coefficients  circulate  to  that  of  a  set  of 
ordinary  equations,  as  follows. 

Let  0(u«,  w,+i,. . .  -P*,  Q,. . .  0— 0>  where  P,,  Q,,  &c.  are  circula- 
tors of  the  pth,  qtht  &c.  orders.  Reduce  them  all  to  circulators  of  the 
same  order,  namely,  that  of  the  least  common  multiple  of  p,  ^,  &c.,  say 
m.  Assume  t«,  to  be  a  circulator  of  the  mth  order,  r,m,4-»,m,«i-h  . .  • 
Then 

Determine  r^  ^«*  •  •  by  the  m  simultaneous  equations  ^  (r. •  •  •P^. .  . )==0» 
0  (^,. .  .Pi. .  O^O,  and  the  conditions  are  completely  satisfied,  or  may 
be  satisfied  by  assuming  relations  enough  to  reduce  supernumerary  con- 
stants. Thus,  suppose  t4,+,+P,M,+i-|-Q,tt,+R,=0,  where  P,  is  a 
circulator  of  the  second  order  (a«,  b^^  a,^  6„  &c.),  Q,  also  of  the  second 
order  (a'„  6',,  &c.),  and  R,  of  the  third  order  (a'',,  6",,  c"^  &c.) 
Reduce  these  to  circulators  of  the  sixth  order,  and  assume  one  of  the 
sixth  order  (r,  j,  U  v,  «?*  y,)  for  u,.  We  have  then  six  equations  derived 
from  (r,+,6,+,  +  5x+i6,+i  +  /,+s6,  +  »,+8  6,.i  4-  m?,+,6,.8  -hy,+i6,_,) 
+  {ox  6,+6,  6^i-|-flx  6,_«+ft,  6,_a+  CLx  6,-4+ftx  6,_^}{^x+i  6*+i+**+i  6, 
+^x+i  6^i-f-t>,+i  6,_j4-t«;,+i  6,-^+y,+i  6,_4}  +  (a,  6,+6',  6,_i+a', 6,., 
+6^x6,-t  +  a',6,_4  +  6',  6,_5}  {r,6,+*,6,_,  +  #x6,_j+v,6,_8+Wx  6,«4 
+y,  6,_5}  =  a",  6,  -h  h\ 6^,  +  c",  6,_,  -|-  a", 6,.,  +  6", 6,-4+  c\^,,^, 
remembering  that  6,+t=6,_4  and  6,+i=:6,^. 
These  equations  are 

<x+B+«x  «x+i+a',r,-ha",=0,     3/x+«+6x«?x+i+^'x  r,+a",=0 

t?x+a+*x  Ui  +^^ ^x+&"x=0,     r,+,+a,  yx+i+a'x tr,+6",=0 

tt?*+8+^. v»+i+«'.  ^x+c'',=0,     «,+B-l-6,  r,+i  4-6',  y,4.c".=0. 

The  actual  solution  of  this  problem  would  require  us  to  change  x 
successively  into  ^r-l- 1 . . . .,  up  to  a?+ 10,  which  would  give  66  equations 
between  65  quantities  besides  r,+io,  ^,+9,. . .  .r,.  The  elimination  of 
the  65  other  quantities  would  give  a  final  equation  to  determine  r« :  the 
equation  for  »,  would  be  found  by  changing  r,  into  ^,,  a,  into  6,,  a',  into 
h'^y  &c.  As  a  more  simple  instance  let  us  take  the  problem  already 
solved  in  §  (139.),  namely 

(^x+i  2,+i4-5,+i  2,)-(a2,+62,.0  (r,  2,+j,2,.,)=a'  2.+6'2,.„ 
which  gives  Jx+i— ar,=:c/,  r,+i— 6*,=6',  or  {ijab  being  a) 
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Now  2,=i{l'  +  (-i)'}.  2^.=i{l'"  +  (-l)^'}  =  i{l-(-l)'}. 
and  eubstitution  in  ii«=r«2xr+^«2^i  gives  the  same  result  as  before, 
the  superior  simplicity  of  this  process  arising  entirely  from  using  a 
circulator  for  u,,  ^ 

'  (141.)  Required  the  sum  of  j;  terms  of  the  series  flro+&o+c,+ai+6i 
+Ci+&c.  This  is  obviously  Aw,=:P«  where  P,  is  aj„  6|  (^d,  c^-^,^, 
(say  A,,  B,,  or  C,,)  according  as  a?  is  of  the  form  3m,  3m +1,  or 
3m  +  2.     We  have  then 

r,+i  3,+i + Ss+i  3,+f,+i  3,^1  —  (r,  3,+ s,  3,_i  + 1 3,_«) 
=A,3,+B,3^i+C,3,_t 

t+«  ""  ftr=^  C,  + A,+2  + B,+j. 

f^  Let  1,  a,  j8,  be  the  three  cube  roots  of  unity,  A,+B,+i+C,+,=:A„ 
&c. 

r,=J2A.+ia'Za-A.+ii8'2i8-*X+Kt3,+  Kt3^i+K,3^; 

for  it  is  evident  that  Ci  (1)'+C,  a' +C8^' is  a  circulator.  The  three 
results  put  together  by  w,=r,3,+5,3^i+^,3^t  will  give  the  expres- 
sion required,  if  the  resulting  circulator  derived  from  the  constants, 
say  L3,+M3^i-f  N3,_ft  have  L=0,  M=^a^  N=ao+6e.  Let  the 
student  verify  this  in  some  instances. 

(142.)*  A  merchant  begins  with  £A  in  the  stocks  at  r  per  pound  per 
annum,  and  £B  in  trade,  which  returns  r^  per  pound  every  two  years. 
Fie  spends  £a  per  annum,  and  invests  half  the  returns  of  his  trade,  as 
they  come  in,  in  the  increase  of  his  trading  capital,  funding  everytlnng 
else.  What  has  he  in  the  funds  and  in  his  business  at  the  end  of  x 
years? 

At  the  end  of  x  years  let  him  have  F,  in  the  funds  and  T,  in  trade. 
Then,  if  x  be  even,  F,+t  is  (l+r)F, — cr,  since  the  business  makes  no 
return  at  the  end  of  the  (j:+  l)th  year.  But  if  jr  be  odd,  F,+i  is 
(l  +  r)F.-a+ir'T..i, 

F,+»=(1  +r)  F.-a+iT_,r'2,_j. 

Again,  if  a:  be  even,  T,+i=T.,  but  if  x  be  odd,  T,+i=T.+ JT,r',  or 

T.+,=T,+4r2^T,. 
Assume  T,=V,2,+W,2,_„  and  we  have 

*  HencfaeU  EsAinples,  &c^p.  161. 
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V.+^  2^1+ W,+,  2,= V.  2,+ W,  2_,+ir'  (V,  2.+  W,  2^0  2,_. 
2,2_,=:0,     2Lt=2,-.|,     V,+i=W,(l  +  ir').     W,+,=V„ 

V,+.=  (l+irOV. 
(^^(l+iO=p').  V,=p',{C,+C.(-l)'},  W,=p'-4C,+C,(-l)'-»}. 

There  is  only  one  condition  to  determine  two  constants,  G|  and  Ct» 
namely,  that  V,=  B  when  ir=0.  But  in  the  value  of  T„  these  two 
constants  are  reduced  to  one ;  for,  since 

{c,+c,(-i)'}{i+(-i)'}=:(c.+a){i+(-i)'} 

T.=V,  2,+ W,  2..,=  (/'  2,+p"-^  2^0  fC+C), 

and  Ci+C,=  B.     From  this  we  have  (l+r=p) 

F,+t=pF,-a+ir'2^,B(p"-*2^i+p"2,), 
or  F,+i  -  pF,=  +i  r'  Bp"-»  2,.x  -  a. 

LetF.=G,2,+H,2,-.i;  then,  a  heing  a2,+a2^„  we  have,  ir'B 
being  denoted  by  B|, 

G,+i=pH.-a+B,p'-\    H,+»=pG,-a, 
G,+,-p«  G,=Bi  p"-.a  (1 +p) 

H'   =^+7iZ^V{K+K,(-l)-}. 

And  x=:0  gives  G.  2,+H,2^,=-Ar  +-7^.+K+K',  which  is  A, 

P-I      P  -f^ 
whence 


F.=Ap'-flg^i+B|g^-^2.+B.p^'T,'    C'g'-" 
p— 1         p'*— p*  p*— p* 


(143.)  There  are  various  equations  of  differences  which  are  sug- 
gested by  their  solutions,  and  for  which  no  direct  inverse  method  can  be 
given.  For  example,  w,^i=2wl — 1.  Let  tt,=cosr,,  then  cosr,+, 
=cos2t?„  or  r,+,=:2t?,4-2mT,  m  being  any  positive  or  negative  integer. 
Hence  r,=2'.Ci  — 2mT,  or  tt,=:cos  (Ci  2*).  But  we  may  also  take 
r,+,= 2mT— 2w„  which  gives  ©,= (  —  2)'  Ci + f mx,  or  w, = cos  {  Cj  (  —  2)* 
+f  TTZ's'}.  Here  are  two  distinct  solutions,  showing  that  the  ordinary 
theory  is  insufficient,  for  each  has  an  arbitrary  constant,  which  may  be 
converted  into  an  arbitrary  function  of  the  furm/(cos2rjr).  And,  j? 
being  an  integer ^  there  is  an  infinite  number  of  other  solutions,  for  since 
m  need  only  be  integer,  we  may  write  flrjX*+ai%F^*+  . .  •  •  +fl«  for  it, 
where  a«,  ^i,  &c.  are  whole  numbers,  as  also  n. 

Let  i/,w,+i— <i,(tt,+i — tt,)  +  l=0.  Assume  u,  =  tant?„  and  we 
have 

tan  Af •=:  a7\    1?.=:  2  (tan"*  aT^ + wt). 
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Let  --~^=w,,  y  Ay  w,,  J,.    This  equation  is  satisfied  by 


(144.)  Such  instances  are  not  without  their  use,  since  they  serve  to 
show  that  the  solutions  of  most  equations  are  unattainable  for  want  of 
means  of  expression.  Until,  for  example,  we  have  a  perfect  compre- 
hension of  fractional  diff.  co.,  the  last  equation  is  imintelligibie  except 
when  y  is  integer.  The  converse,  however,  is  not  to  be  assumed ;  that 
is,  it  is  not  to  be  concluded  that  when  an  equation  is  integrated  in  an 
unintelligible  mode,  or  by  a  formula  which  cannot  be  interpreted,  that 
therefore  no  other  mode  is  assignable.  For  example,  the  complete 
integral  of  UyU^ySTt^^u^  has  been  shown  to  be  '^4*^X9  where  ^x  means 
the  operation  0  performed  y  times  following  on  x,  and  is  for  the  most 
part  unintelligible,  except  when  y  is  int^r;  so  thai  the  process  of  the 
diff.  equ.  cannot  be  performed.  But,  notwithstanding  this,  x  i''^^ — V) 
is  the  complete  integral,  when  %  &K^d  ^  ^^  ^^Y  Actions  whatever. 

(145.)  In  the  preceding  equations,  and  wherever  D«  or  A«  is  used,  it 
should  be  remembered  that  x  is  not  a  symbol  of  value,  but  of  distinction. 
Thus  if  A,*^x,  which  is  a  function  of  x,  must  have  x  changed  into  a'+ 1, 
it  is  needless  to  write  A,+i  f{x-\- 1),  and  A,  yjf  («+ 1)  will  be  sufficient. 
Both  are  in  fact  the  same,  since  ^^x  differenced  or  differentiated  with 
respect  to  a:+a,  gives  the  same  result  as  when  the  same  operation  is 
performed  with  respect  to  x. 
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(Page  68.)  The  fdndamental  theorem  admitB  of  a  proof  which,  though 
less  elementary  than  the  one  in  the  text,  is  not  so  complicated.  Grant* 
ing  that  a  diff.  co.  is  positive  or  negative,  according  as  the  function  and 
the  variable  alter  iu  the  same  or  different  directions,  as  seen  in  page  132, 
let  C  and  c  be  the  greatest  and  least  values  taken  by  (f/x :  ^x  in  the 
interval  from  x=ia  to  x^a+h.  Hence  (f)'x :  yf/x  —  C  and  (f/x :  ^'x^c 
are  of  different  signs  throughout  the  whole  interval,  whence,  y/j?  retain- 
ing one  sign,  by  hypothesis,  fp'x-^Qf'x  and  0'j?— cy^j?  are  also  of 
different  signs.  From  this  it  follows,  that  of  </>ir — C^x  and  ipx^-c^x 
one  must  continually  increase,  and  the  other  continually  decrease,  from 
x:=a  to  x=za+h :  that  is, 

*(a+A)— ^a— C  (Y'(a+A)-Yra) 
and  f^(a+A)— -^a-c(Y^(a+A)— ya) 

must  have  different  signs.  Divide  both  by  Yr(a+ A)- Y^ffi  and  the 
same  thing  remains  true :  this  is  the  fundamental  part  of  the  the<Nrom 
in  the  text. 

(Page  103.)  The  language  and  notions  of  infinitesimals  may  here  be 
used,  as  is  shown  by  the  result.  We  have  fic.dx^  where  x^sift^  and 
dx^yfft.dty  whence/yrf.Y/^d<  is  to  be  integrated. 

(P8ge  163-168.)  I  have  throughout  this  work  made  free  use  of  what 
used  to  be  called  the  separation  of  the  symbols  of  operation  and  quantity, 
under  the  name  of  the  calculus  of  operations.  The  student  who 
wishes  really  to  understand  algebra  must  make  himself  acquainted  with 
what  has  been  done  of  late  years  in  the  generalization  of  that  science, 
after  which  the  calculus  of  operations  will  cease  to  present  any  other 
difficulty  than  that  of  the  differential  calculus  in  general.  The  state- 
ment of  principles  partially  laid  down  in  page  164  may  be  completed  as 
follows. 

In  any  science  which  proceeds  by  rules,  these  rules  may  be  collected 
and  separately  taught.  They  depend  upon  the  meanings  of  the  symbols 
employed ;  that  is  to  say,  the  meanings  of  symbols  being  given,  the 
rules  for  the  use  of  those  symbols  may  be  investigated.  But  there  is  an 
inverse  question :  having  given  a  set  of  rules,  derived  from  one  particu- 
lar set  of  meanings,  is  this  the  only  set  of  meanings  from  which  that 
set  of  rules  would  follow  ?  The  answer  is  by  no  means  in  the  affirm- 
ative :  '  A  gives  B,  therefore  B,  when  it  comes,  must  come  from  A'  is 
not  good  losic.  Now  algebra^  in  its  most  general  sense,  is  every 
science  whi(m  proceeds  by  the  fundamental  rules  of  general  arithmetic, 
whether  the  meanings  of  its  symbols  be  those  of  general  arithmetic  or 
not.  Technical  algebra  is  the  art  (only  an  art,  not  a  science)  of  apply- 
ing those  rules  to  symbols,  without  reference  to  their  meaning :  logical 
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algebra  is  any  science  in  which  those  rules  are  used  with  any  of  the 
meanings  which  are  allowahle. 

The  technical  definition  of  a  symbol  is  contained  in  the  rules  which 
are  laid  down  for  its  use :  the  logical  definition^  or  explanation^  pre- 
cedes the  branch  of  logical  algebra  in  which  the  s}'mbol  is  used.  But 
when,  some  symbols  having  been  explained,  and  it  being  understood 
that  all  explanations  are  to  be  so  given  that  the  rules  of  general  arith- 
metic shall  be  applicable,  we  wait  until  results  shall  indicate  the  mean- 
ings of  the  rest,  the  process  of  finding  such  meanings  is  interpretation,* 

The  science  of  general  arithmetic^  the  rules  of  which  are  those  of 
every  algebra,  has  simple  number,  and  operations  upon  it,  for  its  subject 
matter.  Its  symbols  of  quantity  are  numbers  represented  by  letters, 
and  the  rules  are  as  follows  :— 

1.  In  every  combination  of  -|-  and  — ,  like  signs  give  +  and  unlike 
signs  — . 

2.  Additions  and  subtractions  are  convertible  in  order;  thus 
a-{-&=:6-f-<7,  and  a'^h'\'C:=^a'\'C — 6. 

3.  Multiplications  and  divisions  are  convertible  in  order;  thus 
ax&=&xaand  axft-r-crra-^cx^. 

4.  Multiplications  and  divisions  may  be  distributed  over  additions 
and  subtractions:  thus  (6  ±  c)  xas=6xodbcxa;  and  (6±c)-^a 
=6-7-a±c-r-a. 

5.  The  rules  for  the  use  of  powers  are  a*Xfl'=a*'*'''  and  (a*)*=o*'. 
To  these  rules  all  operations  may  be  reduced ;  though  some  may  be 

of  opinion  that  there  are  more,  and  some  fewer.  This,  however,  does 
not  matter  much  to  our  present  purpose ;  be  their  number  more  or 
fewer,  no  one  doubts  that  the  processes  of  arithmetic  are  reducible  to  a 
small  and  fixed  number  of  fundamental  rules ;  and  any  one  may  add  to 
or  take  away  from  the  preceding,  as  he  thinks  necessary. 

Again,  the  rules  in  this  science,  as  in  any  other,  are  to  be  understood 
as  applicable  only  to  intelligible  data.  Thus,  6—10  being  unintelli- 
gible, cannot  be  the  object  of  their  application.  The  signs  -f-  and  — 
mean  here  simple  addition  and  subtraction,  and  nothing  else. 

In  the  next  step,  the  common  algebra  of  positive  and  negative  quan- 
tities, we  consider  the  symbols  as  implying  numbers  representing 
quantities,  with  the  implied  addition  of  an  understanding  as  to  the  sense 
in  which  the  quantities  are  to  be  taken.  If  -f-a  represent  a  quantity  of 
one  sort,  —a  represents  one  of  the  some  magnitude,  but  of  a  directly 

*  This  process  seems  to  be  peculiar  to  mathematics :  to  go  on  ustng  a  word  or  a 
sign  without  any  knowledge  of  it,  except  that  it  is  a  word  or  a  sign,  to  be  used  in  a 
certain  way,  until  the  results  of  that  use  point  out  the  meaning  which  the  word  or 
sign  ought  to  have  had,  is  a  strange  idea  when  presented  for  the  first  time.  But, 
nevertheless,  it  has  been  used  out  of  mathematics :  in  logic,  for  example.  Wallis, 
the  first  mathematician,  I  believe,  who  formally  introduced  interpretation  into 
algebra,  had  previously  made  use  of  it  in  logic.  In  a  disputation,  (at  Emanuel 
College,  Cambridge,  in  1631,)  whether  a  singular  proposition  is  to  be  held  unii-eisal 
or  particular,  his  thesis  (printed  at  the  end  of  his  logic)  decides  the  question  by 
interpretation,  as  follows. 

A  singular  proposition,  such  as  *  Virgil  was  a  Roman/  is  to  be  so  taken  that  the 
rules  of  logic  may  be  applied  to  it.  From  the  premises  '  Virgil  was  a  Roman,*  and 
*  Homer  was  not  a  Roman,'  it  certaiuly  follows  that  *  Virgil  was  not  Homer.'  Now 
if  the  two  premises  be  particular  propositions,  there  can  be  no  conclusion :  from 
'  some  A's  are  B^s*  and  <  some  C's  are  not  BV  nothing  can  be  inferred.  Con- 
sequently the  premises  must  be  considered  as  universal  propositions. 

The  preceding  process  answers  precisely  to  interpretation  in  algebra. 
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opposite  kind.  And  A+B  means  the  juncti(xi  of  quantities  equal  to  A 
and  B  in  magnitude,  and  of  the  same  kind  as  A  and  B,  while  A — B 
means  the  junction  of  A  and  the  magnitude  of  a  kind  contrary  to  B. 

The  third  species  of  algebra,  which  includes  the  form  of  the  greatest 
eitent  in  which  the  symbols  represent  magnitudes,  rests  upon  geometri- 
cal definitions.  The  symbols  imply  lines,  in  which  direction  as  well  as 
length  is  signified,  so  that  two  lines  which  are  in  different  directions,  but 
of  the  same  length,  or  in  the  same  direction,  with  different  lengths,  are 
represented  by  distinct  symbols.  This  species  of  explanations  leaves  no 
symbol  unintelligible ;  and  ij — 1  is  as  much  the  representative  of  a  line 
of  one  unit  in  length,  inclined  at  a  right  angle  to  the  line  signified  by  1, 
as  —  1  is  in  common  algebra  that  of  a  unit  of  length  placed  opposite  to 
the  line  1.  I  do  not  propose  here  to  enter  upon  tlie  details  of  this 
algebra,"*  intending  only  to  point  out  to  the  student  that  even  the 
algebra  of  quantities  is  a  gradual  ascent  from  one  generalization  to 
another. 

But  the  symbols  are  not  necessarily  restricted  to  quantities ;  as  long 
as  the  five  rules,  or  those  which  any  one  else  may  substitute  for  them, 
can  be  made  true  of  the  meanings,  those  meanings  may  be  any  what- 
ever. For  instance,  ^.r,  a  function  of  x,  may  be  the  subject  of  opera- 
tion, just  as  the  unit  is  that  of  ordinary  arithmetic,  and  A,  B,  C,  &c. 
may  be  indications  of  operations  to  be  performed  on  0.r.  As  yet,  the 
only  fundamental  species  of  operation  which  has  been  reduced  to  an 
algebra  of  operations,  is  that  of  changing  x  into  x-\-a^  a  being  a  con- 
stant. This  system  is  only  a  commencement,  and  many  of  its  results 
are  as  yet  incapable  of  interpretation ;  but,  as  in  the  history  of  the  old 
algebra,  the  results  are  always  found  to  be  true  whenever  they  are 
intelligible.     The  following  are  the  explanations  of  this  system. 

1.  The  subject  of  operation,  answering  to  the  unit  of  arithmetic,  is  any 
given  function  of  a  variable  x;  and  except  under  the  symbol  of  this 
function,  x  must  never  appear.  2.  The  other  symbols  employed  are 
those  of  operations  performed  upon  0x,  which  are  either  multiplication 
by  a  constant,  or  change  of  x  into  j;+  a  constant,  or  some  combination 
of  these,  or  the  limit  of  some  combination,  obtained  by  increasing  or 
decreasing  a  constant  without  limit.  3.  If  we  signify  0(x+l)  by 
£0j,  or  agree  that  the  change  of  x  into  j?  +  l  shall  be  an  operation 
whose  symbol  is  E,  then  E"0kr  signifies  0  (x+m)  for  all  integer  values 
of  m,  positive  or  negative.  4.  The  signs  +  &nd  —  preserve  their  usual 
meanings :  thus  (E+E*)  0r  means  E0a:+E*  0r  or  0  (j?+  1)  +  0  (r+  2), 
and  (3E— 4)  0x  means  30  (j;+ 1)— 4  0j?,  &c.  On  this  foundation  the 
truth  of  the  five  rules  is  easily  established,  and  many  results  imme- 
diately follow,  as  the  student  will  see  in  the  course  of  the  Work. 

I  will  now  give  some  idea  of  the  difficulties  which  yet  embarrass  this 
subject,  and  which  may  stand,  with  respect  to  this  algebra  of  operations, 
in  the  place  of  such  symbols  as  tj — 1  in  the  old  algebra.    The  symbol 

E''0x  is  the  result  of  an  operation,  which,  repeated  n  times,  gives  E0x 
or  0  («+ 1),     One  such  operation  is  0 (  ar+  -  ),  but  if  a  be  any  one  of 

♦  See  the  Articles  Negative  and  ItnpotiiUe  Quantitiei  and  Relation  ia  the  Penny 
Cydopipdia ;  Dr.  Peacock's  Algebra  j  or  Mr.  Warren's  ifork  on  the  meaning  of  im« 
possible  quantitUs« 

3P 
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the  72th  roots  of  unity,  aip  (  jH —  ]  is  an  operation  of  aimilar  effect.     If 

by  express  convention  we  exclude  all  values  of  «  except  asl,  which  is 
what  is  actually  done,  we  may  produce  true  results  as  far  as  we  go,  but 
we  have  ascended  to  no  higher  place  in  the  calculus  of  operations  than 
that  whieh  common  arithmetic  holds  among  the  varieties  of  algebra. 
We  cannot  yet  venture  upon  the  unrestricted  use  of  results  which  involve 
fractional  exponents  of  operation. 

The  next  difficulty  is  one  which  is  not  peculiar  to  this-  calculus.  Let 
us  suppose  that  from  and  after,  say  j?=0,  we  have  a  succession  of  values 
of  a  function,  giving  <f)  (0)  when  j?=0,  (/>  (1)  when  x^  I,  and  so  on  for 
every  positive  integer.  Let  us  waive  the  difficulty  of  interpolation 
(page  543),  and  say  we  have  reason  to  know  that  ^  would  be  the 
function  of  x  for  every  positive  and  fractional  value  of  x :  there  still 
remains  an  impossibility  of  deciding  as  to  whether  0jr  is  the  function 
required  when  x  is  negative,  if  the  case  be  one  in  which  discontinui^ 
may  occur.     From  among  a  number  of  similar  cases  we  may  choose 


where  Y^x  is  any  function  we  may  name.  This  gives  P:=^  for  every 
positive  value  of  j?,  and  P=r^j — 2fx  for  every  negative  value. 

Now,  suppose  we  consider  the  operation  E'^  6x,  meaning  that  on 
which,  if  the  operation  E  be  performed,  <f>j?  results;  or  EE~^^=^jr. 
One  satisfactory  answer  is  £~*^x=0(ar—  1) :  but  unless  the  question 
be  one  in  which  it  is  either  proved,  or  justifiably  assumed,  that  there  is 
no  discontinuity,  there  cannot  be  perfect  assurance  that  £~*^  if>x=z(p  (jr- 1) 
is  always  allowable.  The  data  generally  involve  the  assumption,  that 
there  is  no  discontinuity  from  and  after  a  certain  point :  thus,  in  con- 
sidering the  series  0  (a)  +0  (a+ 1  )+••••>  we  mean  to  lay  it  down  that 
from  and  after  arr=a,  ipx  is  the  sole  object  of  consideration :  but  when 
we  pass  to  preceding  terms  in  the  course  of  operations  upon  this  series, 
it  by  no  means  always  follows  that  the  general  term  0j7  applies  con- 
tinuously  for  all  values  of  x  which  are  <a.  The  theorem  in  page  560 
is  frequently  rendered  useless  by  this  doubt. 

This  branch  of  the  differencial  calculus,  whenever  we  leave  the  part  of 
it  which  answers  to  arithmetic  of  int^ers  in  algebra,  is  one  of  the 
subjects  mentioned  in  the  preface,  in  which  we  are  rapidly  approaching 
the  boundaries  of  knowledge.  As  an  instrument  of  discovery  it  is 
invaluable,  and  its  results  may  be  submitted  to  subsequent  verification. 

The  operation  of  differentiation,  represented  by  D,  enters  as  the 
result  of  diminishing  h  without  limit  in 

0(x+A)-0a?        E*-l  ^ 
h ^or-^.^x: 

and  though  the  symbol  may  be  new,  its  conformity  to  the  rules  foDows 
from  that  of  (E*-  l)-rA. 

(Page  1*73.)  Possibly  a  very  strict  reasoner  might  think  that  the 
equation  i>x  :  yffx^ztf/x :  ^'x  when  4>x=zO  and  yx=0  is  not  sufficiently 
established  when  <i/x :  yx  is  nothing  or  infinite.  Take  the  fraction 
{a4>x-Yb^fx) :  (a^  0x+6|  Y^x),  and  let  0'x :  yr'x  be  =0  when  ^x  and  yx 
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Tanish.  Now  0jr:Y^jp  must  in  this  case  be  either  nothing,  finite,  or 
infinite,  and  the  fraction  just  given  is  readily  shown  to  be  6 :  bi  in  the 
first  case,  a  finite  quantity  in  the  second,  aud  a  :  ai  in  the  third  :  that  is, 
always  finite,  so  that  its  value  must  be  that  of  (a0'j  +  ^y'^r) : 
(ai^'jr+*, y/o:),  which,  0'j?:yj  being  nothing,  is  b:hi.  If,  then, 
^xiyx^T,  we  have  (ciT  +  A)  :(a,T+6,)=6:6,  when  T  has  the 
form  0 ;  0,  from  which  we  deduce  for  that  case  aby  T=sai  6T,  which,  a, 
Oi,  &c.,  being  quantities  of  our  own  choosing,  is  only  satisfied  by  T=0 ; 
that  is,  tfuc'.'^x  vanishes  with  (t/xi^lf'x.  In  a  similar  manner,  the 
theorem  may  be  proved  when  (f/xi'^x  is  infinite.  Also  in  the  Inst  part 
of  page  114,  0r :  fx  being  T,  we  have  that  T  and  T*  Y^x :  <t>'x  have  the 
same  limits,  whence  either  T=0  or  T  and  4)X :  yjr'x  have  the  same  limit, 
the  latter  alternative  being  only  named  in  the  text.  But,  taking 
iai>T-^bfx) :  (oi  <^+6i  Y^jr),  which  must  be  finite,  and  to  which  there- 
fore the  latter  part  of  the  alternative  applies,  we  find  b :  b^  for  the  value 
if  the  limit  of  T  be  nothing.  Cousequeutly,  {a<^'x-\-byf^x)  :  (ai  </)'t+6i  y^'j:) 
must  have  the  limit  b :  6i,  or,  as  before,  ^'i*:  y'j?  must  diminibh  without 
limit.  Hence  there  is,  in  fact,  no  alternative,  for  when  T  diminishes 
without  limit,  it  appears  that  <p'x :  fx  does  the  same. 

(Page  190.)  It  would  be  better,  perhaps,  to  avoid  the  use  of  Taylor's 
theorem,  and  to  deduce  the  final  result  from  {0(-p,c+Ac)— 0(x,c)} 
-r-Ac=0. 

(Page  193.)  If  y'=x('^>y)  be  reduced  to  the  form  w(a?,y,  y)=0, 

the  conditions 

whence  the  numerator  and  denominator  of  y"  vanish  for  the  singular 
solution,  and  y'^  takes  the  form  0 : 0.  This  represents  the  indeterminate 
character  of  the  radius  of  curvature  deduced  from  the  diff.  equ.,  which 
may  be,  at  the  point  in  which  one  of  the  primitive  curves  meets  the 
curve  of  the  singular  solution,  that  of  either  curve. 

(Page  203.)  The  following  is  in  some  respects  better  than  the 
demonstration  given.  Let  there  be,  say  three  independent  variables,  x, 
y,  Zy  and  let  the  equation  be 

X^+YJ^+Z^'=U.orX^+Y^+Z^+U^=0. 
ax        ay        az  di        ay        ax        dt^ 

where  0(i',y,«,u)=O  is  the  complete  solution;  the  first  equation  is 
immediately  reducible  to  the  second  (page  96).  Let  the  simultaneQUS 
equations 

dx      dy      dz      du    ,      ^,  .  ,  ^     , 

X  =  Y  '^  Z"  ^U  ^^®  ^ ^*' ^'  **  ^^"^^  ^  ^*'  y*  *' "^*  » 
4:(j?,y,«,tt)=c,  v(a?,y,«,w)=«. 

jy  Jf  Jt  rfJt 

We  have  then  -7^  eic+-r- ^v  f -A  f^«+T-<iw=0,  which  is  co-existently 

dx         dy   ^     dz  du 

true  with  the  simultaneous  diff,  equ  ,  and  thence 

3D2 


1 
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or  $=a  is  a  particular  Bolution  of  the  partial  di£f.  equ.  And  the  aame 
ia  true  of  97=6,  <'=c,  and  v=e.  But  theequation/((,  17, 4',v)=:09 
whatever  function /may  be,  also  satisfies  the  partial  diff.  equ. ;  for  the 
preceding  equations  give,  when  multiplied  by  df:  di^  df:  di^,  Ac,  and 
added  together, 

\di   dx     dri  dx      d^  dx      dv  dx)         '       * 

or  x^+Y^+Z^+U^=0; 

dx        dy        dz        du 

whence/((,  97,  (,  v)  is  the  solution  of  the  equation. 

(Page  206.)  *'  But  four  of  these  twelve  contain  C|  only,  and  are 
identical,  and  the  same  of  Ca  and  c,."  This  ia  an  error ;  two  contain  Ci 
only,  and  are  identical,  and  the  same  of  c«  and  c* :  hence  three  distinct 
differential  equations  of  the  second  order.  In  the  remaining  aiz,  two 
contain  both  Ci  and  %si  two  more  both  c^  and  Cg,  two  more  c^  and  Ci* 
But  no  one  of  these  six  is  a  diff.  equ.  of  the  second  order  to  the  given 
primitive,  because  in  no  one  does  more  than  one  of  the  constants  of  the 
primitive  disappear. 

(Page  213.)  The  difficulty  which  arises  about  the  constants  in  this 
and  the  next  page  is  entirely  a  consequence  of  the  discontinuous  mode  of 
effecting  the  solution,  and  might  be  remedied  as  follows,  by  merely 
integrating  the  generalized  form  of  the  value  of  y\  instead  of  its  particular 
cases  separately.  For  example,  let  y"— 3Py'*+Qy'— R=0,  P,  Q,  and 
R  being  functions  of  x.  It  is  well  known  that  the  value  of  y'  takes  the 
form  P+aV+a*  W,  where  a  is  any  one  of  the  cube  roots  of  unity.  Let 
JPdxr^  Pi,  &c., whence  y  =r  Pj + « V^  +  a*  Wi  +  C,  and  the  question  now  is 
simply  to  rationalize  this  equation,  and  to  show  that  the  same  rational 
form  is  produced  whatever  may  be  the  cube  root  of  unity  chosen. 
Observe,  that  (y — C)  and  all  its  powers  must  be  of  the  formPi+aVi 
-f  a*Wi,  since  a*=a,  «*=«%  &c. ;  assume  tiien  (y-C)'=Q+Ra+Sci^> 
(y  —  C)'=:X  +  Ya+Za*,  and  let  X  and  fi  he  such  functions  of  x  as  are 
found  from  /iV,+XR  + Y=0,  and  /iW,+XS+Z=0 :  we  have  then 

(y-C)«+X  (y-C)«+,x  (y~C)=X+XQ+,iP„ 

which  is  the  complete  integral  of  the  equation,  whatever  value  of  cc 
may  be  used.  It  is  the  same  as  that  obtained  by  the  method  in  the 
page  cited. 

(Page  222.)  By  neglect  I  have  omitted  to  insert  some  account  of 
Fourier's  theorem  on  the  roots  of  equations,  in  conjunction  with  that  of 
Sturm.  The  former  is  more  connected  with  the  Differential  Calculus 
than  the  latter. 

.  Since  (0x)'  must  be  a  minimum  when  ^x=sO,  0j:.0'x  must  change 
sign  from  —  to  +  when  <f>x  passes  through  0  by  increase  of  x :  or  if 
fa=zOy  then  0  {a^da)  and  0'  {a^da)  must  have  diflerent  signs,  and 
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4i{a-\-da)  and  0'  {a-^-da)  the  same  sign.  If  0j?  be  a  rational  and 
integral  function  of  x,  as  Oq  jj^+aia;"~*+ . . . . ,  and  if  0x,  0'jr,  0''j?,  &c. 
be  taken,  and  if  the  succession  of  signs  of  these  functions  be  called  the 
criterion^  it  follows  from  inspection  that  when  j=  —  cc  the  criterion 
shows  nothing  but  changes  of  sign,  and  nothing  but  permanences  when 
x=  +  oc .  Consequently,  in  the  passage  from  j:=  —  cc  to  j?  ~  +  cc»  the 
criterion  loses  n  changes  of  sign :  and,  as  there  are  n  roots,  real  or 
imaginary,  we  may  attach  to  each  root  one  of  these  changes  of  sign,  so 
as  to  say  that  every  change  has  a  root,  real  or  imaginary,  belonging  to 
it.  Now  if  we  examine  cases  in  which  diff.  co.  of  0x  vanish,  with  or 
without  0jr,  we  find  that  a  change  of  sign  is  lost  for  every  real  root,  and 
that  except  at  a  root,  change:^  of  sign  are  always  lost  in  even  nnmhers. 
And  since  there  are  only  n  changes  of  sign  to  be  lost,  every  pair  which 
is  lost  by  the  vanishing  of  diff.  co.  unaccompanied  by  that  of  i^x  taken 
away  the  possibility  of  a  pair  of  real  roots,  or  proves  the  existence  of  a 
pair  of  imaginary  ones.  Moreover,  since  signs  can  only  be  lost  in  even 
numbers,  except  when  0j:  vanishes,  the  loss  of  an  odd  number  of  signs 
in  passing  from  ar=a  the  less,  to  x=-b  the  greater,  shows  that  there 
must  be  one  real  root  between  a  and  6,  at  least.  There  may  be  as  many 
real  roots  in  that  interval  as  there  are  changes  of  sign  lost ;  but  if  no 
chau<re  be  lost,  there  cannot  be  any  real  root  in  the  interval.  The 
following  are  instances  of  the  manner  in  which  the  changes  of  sign  are 
lost,  it  being  remembered  that  every  function  which  vanishes  is  to 
differ  in  sign  from  its  diff.  co.  before  vanishing,  and  to  agree  with  it 
afterwards  :* 


0  0'  One  real 
«7:=a-A  +  jt  root:  one 
jr=a         0  ±    change 
j-=a+/»   ±  ±      lost. 


0  0'  0"   Two  equal 
+  +  +    real  Toots : 
0  0  ±  two  changes 
±±  ±        lost. 


0  0'  0"  0'"  Three  equal 

+  ±3:1:     real  roots ; 
0  0   0   ±  three  changes 
±  ±  ±  ±         lost. 


0' 

0" 

0'" 

Two  imaginary 

0' 

0" 

0"' 

No  roots : 

± 

0 

+ 

± 

roots :  two 
changes 

+ 
+ 

0 

+ 
± 

no  changes 
lost. 

x^ia-\-h 

± 

± 

± 

lost. 

+ 

+ 

± 

0''  0'"  0*'^  0'  0^»  Four  imaginary 
j?=:a  — A   +   +  ±  +  ±      roots:  four 
j:=a  ±000+        changes 

ar=flf+A   ±   ±  ±  ±  ±  lost. 


0"0'"0»'0'0'»    Twoima- 
+   +   dt  +  dt  ginary  roots : 
4:    0    0    0  ±  two  changes 
+   ±   ±  ±  ±         lost. 


(Page  253.)  Stirling  {Meih.  Diff.,  p.  8,  Introduction)  is  the  first  I 
can  find  who  used  the  differences  of  nothing,  though  not  under  that 
name  or  definition.  lEIe  uses  the  divided  form,  and  obtains  them  as  the 
coefficients  of  the  development  of  '{(n—l)(n  — 2).. ..}""',  giving  a 
theorem  which  we  should  now  express  by 


l.iB.O.  •  •  .H 


(n— l)(/i-2) (n-*) 


A^O*     A*0*+*     A*0^« 


W 


n 


»+i 


n 


A+l 


*  For  a  more  full  accouut  of  this  theorem,  which  i«  here  given  merely  fo  show 
how  the  differential  calculus  has  been  applied  in  the  subject  of  equations,  see  the 
article  SturwCt  Theorem  in  the  Penny  Cyclopedia;  Youn)<  or  Hymers,  on  Equa* 
tiont ;  or  Peacock's  Report  on  Analysis  to  the  British  Association. 
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which  T  leave  to  the  student  to  prove.  S'irlinj^  aUo  uses  the  tahle  of 
the  coefficientB  of  (x — I)Cr— 2).  . . .,  and  I  leave  the  following  also  to 
the  student  If  A«..  he  the  sum  of  the  products  of  every  fcelectiou  of  m 
numhers  out  of  1, 2, 3, ....  //,  then 


A«..+i=A«.,+ (/»  +  !)  A^-i. 


119 


from  which  a  table  of  coefficients  for  (x— l)(a:— 2). . ,  .(x — n)  mny  be 

rapidly  fuuud. 

(Page  305.)    Burmann's  theorem   is  nothing  but   Lagrange's,  as 
follows.     If  x=a+y/Ir,  Lagrange's  theorem  is 

yi^x=(fj)+(f'xfx).y+(J-jyx(fry}^  t 

+(~{r-(/0'})^3  +  &c.; 

where  the  external  parentheses  denote  that  x=a  after  the  differentia- 
tions. This  is  expanding  yf/x  in  powers  of  {x—a)  :fir,  I^et  y  or 
(j — a)  :/r=0r,  whence  0r  and  x — a  vanish  together;  substitute  0f 
for  y,  and  (jr  — a) :  0x  for/r,  and  we  have  Burmann^s  development* 

(Pajje  313.)  The  symbol  /y,  dx,  or  D""*  y.,  is  found  from  1  +  A=«*, 
and  we  have 


=«(l+^_v.+v.^-v.^-^.+ ....) 


since  1 :  log  (1+ A)  is  not  altered  by  changing  its  sign,  and  vnriting 
^A:(l+A)  for  A.  Take  the  value  at  the  upper  limit,  from  the 
second  expression,  and  that  at  the  lower  limit  from  the  first,  and  the 
expression  in  the  page  cited  is  readily  obtained. 

(Page  330.)  The  student  must  observe  that  the  instance  taken, 
he-^ce-^bfy  though  it  serves  well  enough  to  show  the  method,  could 
never  occur  in  any  example,  since  it  is  not  itself  the  derivative  of  any* 
thing. 

The  mode  of  forming  the  derivatives  given  in  the  page  cited,  though 
advantageous  for  the  beginner,  as  saving  him  from  error  by  presenting 
most  ot  the  terms  several  times,  formed  in  several  different  ways, 
admits  of  simplification,  'i'he  process  need  only  be  performed  on  Uie 
last  letter  which  enters,  except  where  the  last  but  one  is  that  which 
comes  immediately  before  the  last  in  the  series  a,  ^,  c,  e,  &c.,  in  which 
case  operate  also  upon  the  last  but  one.  This  will  prevent  the  third 
rule  in  page  330  from  ever  bemg  wanted.     Thus,  in  forming  D*  6^  from 


46*  A    gives  only    46"^ 
I2b*cg  gives  only  126*  c/i 
I2b'ef  gives  l26«eg+66"/« 


12*c*/ gives  only  l^bc^g 
126ce«  gives  246ce/+4W 

4c*  c    gives  4cy+6c'c" 
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In  the  following  tables  the  method  of  Arbogast  is  applied  to  the 
forms  which  more  Jrequeotly  occur.     Let 

J  a+bx+c  --+«;  —  +  ....  J=Ao+  Ai  a?+ Ag  — + 

Then  A«=D-^*  6 . 0'a + D— "  6« . 0''a+  . .  • .  +06—^ . <^«— »>a+6-  0(->a, 

where  D"  6*  (which  does  not  mean  the  same  thing  as  in  the  text)  is  to 
be  taken  from  the  following  table : 

D6=c 


D*6=:c,  D6*r=36c 


D»6=/,  D*6*=:46e+3c*,  D//=66«c 


D*6=^,         DV=56/+IOc(?,        D'6»=l06«e+156c*,        Db*-lOb*c 

D«6  =:A,  D*6'=66^+15r/+I0e%  D»6»=156y+606cc  +  I5c^ 

DV=206'c+456V,         .     D6»=156*c 


D«6  =*,  D*6«=16A+2Icg+35e/ 

D*6*=216'^+  1056c/+  106c"+  105c»e 
D»6*=356y+  2106"ce  +  1056c» 
D*6»=356*c+  1056V,  D6*=216»c 


D'ft  =i,  DV  =  86* + 28cA + 56eg + 35/* 

D*6»=286'^+  1686cg +28066/+  2I0cy+  280ce* 
D*6*=566»g+4206V+280&V+8406c"e+105c* 

D*6»=:  706*/+  5606»cc + 4206«c» 
D'6»=566»c+2I06V,  D6''=286'»c 


D"6  =m,  D'6"=  96Z+36C*  +  84eA+  126/flf 

D'6*=366*ife+2526cA+5046c^+3156y'*+3l8c«g+1260ce/+280c* 

D«6*=:846*A+  I566*c^+  12606V/+18906c»/+252O6ce'+  l260cV 
D*6*=  1266*g+ 1 2606V+  8406V+ 37806Vc + 9456c* 
D»6*=:1266»/+  12606*cc  +  12606V 
DV= 846*e + 3786»c\  D6«=:  366^0 


D»6  =n,  D»6'=106m+45cZ+120e*+210/A+126g' 

iy6»=456"/+3606cifc+  8406eA+  12606/gr+630c»A+ 2520cc5r+  1575c/« 

D'6*=1206*A  +  12606'cA+25206W  + 15756"/»+  37806cV+  126006cc/ 

+  280066^ + 3 1 50cy+  6300c«e" 

D*6*=:2106*A  +  25206»c|  +  42006V  +  94506Vy  +  126006«cc" 

^  ®  +126006c»e+945c» 

D*6«:=2526»g+31&06V+21OO6V+126OO6V«+47256V 

D*67= 21 06y+  25206»cc+  31 506V 
D'6*=3 1206^c + 6306  V,  D6»= 456'»c. 
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Thus  we  have  ^fa+6ar+c~-+c^-r+  ....  J= 


X* 


2 


A^ 


2.3 


a:* 


+(/*'a+(46c+3O0^'a+66«c0'''a+6*0^''a)_— — +&C. 

up  to  the  tenth  power  of  x.  The  student  may  apply  this  to  the  verifica- 
tion of  the  Beries  in  pages  262,  264,  and  315.  The  numerical 
coefficients  ahove  given  have  heen  carefully  verified  on 

,     /  X*        a*  \ 

log(^l+*+-  +—  +  ....  J  rrx, 

and  in  the  literal  part  the  terms  all  agree  with  those  of  page  330. 

(Page  410.)  The  following  theorem  will  he  very  useful  in  this  part  of 
the  subject : 

:    =(ag— 6/?)*+(6r— cg)'+(cp— ar)'. 

(Page  559.)  Dr.  Hutton's  method  is  not  quite  so  convenient  as  the 
following.  Find  Acr,,  A'oo,  &c.  in  the  usual  way,  and  let  A"^^  be  the 
last  which  is  employed.  Take  half  AVg  from  A'^^a©,  half  the  result 
from  A""*flro.  l^^lf  th«  result  from  A'^'a^,  and  so  on,  until  half  a  result 
bus  been  taken  from  ag ;  then  halve  this  last  result,  which  gives  the 
approximate  value  of  /Iq  — ai+  •  •  •  •  This  leads  to  the  same  result  as 
Dr.  Hutton's  mode,  and  saves  the  summations  required  at  the  begin- 
ning of  the  latter,  and  most  of  the  divisions  by  2. 

(Page  621.)  To  avoid  confusion,  I  have  omitted  all  notice  of  another 
mode  of  development,  which  may  be  obtained  as  follows.  Add  the  two 
series  in  page  621,  which  gives 

vx  tx 

iBo-|-BiCos-T-  +  .. .  +Aisin-^+. . ..   =2^    0(x)l 

=  0      /(«)2/. 

m 

Let  B',=/i^ (v+0  cos  ^-~  dv,  A'.=/i^(r+0  sin  ^rfv ;  then 

iB'o+B',  cosy +....+ A'l  sin  y+....   =0  —1(^)0 

==/^(*+0  0(jr)/ 

Write  J?—/  for  x  in  the  last,  and  we  have 

iB'o-B',  cos  ^+ —A',  sin  ^-h  . . . .  =:0  0(x)l 

i  I 


Add  the  first  and  third  series,  and  we  have 


=:/fc       lix)2l 
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i(Bo+B'o)+(B|-B'Oco8y+(B,+B',)cos?j^+.., 

+  (A,-A'08iny+(A.+A'.)6in  ^^^-l^x\ 

It  is  (0,0?,  20  and  notO(x)/(T)  2/,  as  might  at  first  be  supposed, 
because  when  x=0,  or  l^  or  2/,  both  the  double  series  give  -^/0x,  and 
their  sum  gives  /0jr. 

And  B,.+B'^=/i{*»+*(i?+O}co8.?ySdr=/j'0r  C08?y?di; 

B..+x-"B'.,+»=/i  {^r-^  (r+0}  cos  ^^"^"^^^^  dv 

-.             (2n+l)irt;.       -,     ,    .^       (2n+l)ir(t?+0  ^ 
= / i  ♦»  COB  i j^—  dv+Ji  ^  (c+0  cos  ^     ^  '^^  ^  du 

-^            (2n  +  l)iru, 
= Jo  i>v cos 7 ap. 

Also        A.±A'.=/?^««n-^<ir  U]  n  odd  j 

by  similar  reasoning.     Hence  our  final  conclusion  is 
/^r=:J/J^t?(ii;+cos-T-/o'^^cos-^d»+cos—  J^^rcos-y-  dv-h.., 

4-sm  — J"0rsm  —  ai;+Bm--p  J"^i?8in-y-  at;4-... 

£  V  V  V 

Hence  we  have  two  distinct  ways  of  expanding  l^  in  a  series  of  both 
sines  and  cosines :  namely 


nrx\ 


i/i0i;dr+2r(/j0i>cos— do.cos—  j+2r(/i^t>Bin-pcf».sin  j~  . 

J/f  ^»(£i;+27(/?^co8^di;.co8-^  j-^lilf^ifV^in—dvAm—  j; 

but  the  first  is  only  true  from  d?=0  to  x=2,  and  vanishes  from  ar=/  to 
or =2/,  becoming  ^I4>x  when  j7=:0,  or  /,  or  2/ :  while  the  second  is  true 
from  «r=0  to  07=2/,  both  inclusive. 
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ERRATA. 

In  the  following  columns,  the  first  denotes  the  page,  the  second  the 
line;  thus  (10  means  the  tenth  line  from  the  top,  and  10)  the  tenth 
line  from  the  bottom  of  the  page,  not  reckoning  notes,  if  any.  The 
third  column  contains  the  erratum,  and  the  fourth  the  correction.  The 
numerical  tables  in  pages  253,  554,  587,  590,  657,  and  562  have  been 
carefully  compared  with  the  authorities. 


13 

2) 

•0001 

•001. 

18 

Note 

The  assertion  as  to  Peyrard  refers  to  his  smaller  (or 
octavo)  translation  of  Euclid:  the  author  was  not 
then  aware  of  the  existence  of  the  larger  one. 

20 

11) 

Omit  the  word  ihaJt, 

21 

7) 

same 

same  time. 

22 

(4 

were 

we  are. 

— 

(22 

a— 2/J 

2)8-a. 

24 

(8,10 

two  hundredth,  200,  8 

hun  dredth,  100,  4. 

25 

(27 

absolutely 

absolute. 

28 

(17 

in  a  second 

in  the  fraction  Ar  of  a  second. 

35 

5,6) 

1           1 

2          3 

2*»*       Sr* 

«»*        a?* 

40 

(1 

(*«)• 

(y^y. 

46 

13) 

00 

4>a. 

55 

(18 

8«»  *^y 

^■t- 

58 

(10 
1) 

sin*  J? 

sin'u 

60 

V(a?»-1)-T-* 

V(:t«— 1)-T-Jt. 

61 

(7 

co8ec*tt 

cosec'v. 

du            du 

du     , 

63 

(17 

^=l+,_-log. 

~=^+*cfe     1^8*- 

6.4 

6) 

J?=:5 

c=5. 

— 

(8 

dx 

*-^=- 

(17 

o-r) 

(!->• 

67 

(18, 14 

^C  and  fpc 

^C  and  4/c 

15) 

do.     do. 

do.     do. 

9) 

do.     do. 

do.     do. 



5) 

(/a  between  ^C  and  0c 

0'a?  between  0'C  and  0'c. 

16) 

A  and  B. 

PandQ. 

69 

(IS 

0'"a=Oy/"a=o 

0"a=O,     Y^'arrO. 

71 

(22 

yt-) 

/•>a. 

3) 

(x-a)» 

i^-ay 

^ 
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(Ax)« 
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du 

dy 
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being  the 

a-^-rua  or  a+A 
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A-i/l  ^  ''^ 
±»^— ttg+nt4t±Vi. 
columns. 

Au-f-Ao. 
ti. 

ar+1. 
a,  6,  c,  &c. 

n— 2 

s  • 

cPtt 


c(y  dx' 

c2tt  ^ 

of  values  of. 

objectionable. 

greatest  and  least. 

being  a  the. 

^+(^ — 1)  *^  or  a+A— «. 

— i  +  -oboi. 

differential. 
(fiiiT'^dx. 
cos"eBin-*©de. 
<£.Bin^ 


/ 


1  -sin*  a* 

than. 
V    0 


These  results  are  subject  to  any  error  which  may 
arise  from  integrating  a  function  which  becomes 
infinite  between  the  limits  of  integration. 
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130 

9) 
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(25 

— 
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(6 
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141 

10,11) 
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(7 

— 

(18 

__ 
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(8 
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(8 

— 

(20 
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(3 

8) 

148 

(7 

— 

(24 

150 
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151 

(4 

(10 

152 

8) 
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15) 

154 

14-16) 
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157 
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158 
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3) 

160 
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168 

(7 

177 

(3 

i^ 

16) 
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7) 

178 

(11 
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0—© 

log(-l) 
4th  and 


wo* 
but 


0—0. 

(g-v-i)-. 

Log(-l). 
4th^  cuhey  and. 


TiaJ-*. 


or. 
I;  g  1 : ff  is. 

A*y.2m  AV.2n. 

Remove  the  negative  sign  from  the  second  expres- 
sion to  the  first. 
2kf  and  2k  vers"* 

Omit  the  words  in  pa- 
rentheses. 


a'Jx  is  asx'—atJO 
k 
t^M^  and 
^  seconds 
what  is  the  length  de- 
scribed between  the 
end  of  10   and   20 
seconds 

matter 

proportion 

could  not  be  0x 

to  a 

/a                cA 
—•     /' — and+ 

V  2m  2'j2iii 

Chapter  111. 

d^ 
d'u 


kJ*HXid  Avers"'. 


2 


VSox  is  ^/2ar— V2fl0, 

the  density. 

^— A/,  ty  and. 

^feet. 

what  is  the  number  of  seconds 

in  which  the  point  moves 

from  10  to  20  feet. 

manner. 

proposition. 

could  not  be  f'jr, 

to  A. 

+     /^and-4=.. 
V  2m  2V2m 

Chapter  IX. 

d^ 
du* 


K". 

The  letters  Ap  At,  A«,  &c.  have  been  inadvertently 
used  for  different  things  in  these  two  pages; 
in  the  first  they  stand  for  (a/),  (af*)y  &c.,  and  in  the 
second  for  (u'),  (u"),&c. 

y  u'^'^u'  >  of  tt''-uV^+ j/'  ft''— u"  jr"'. 

or  to  y  only. 

Bernoulij's. 

exponents. 

0  X  00. 

0. 

becomes  1. 


to  y  only 

Bkrnouilli'b 

fractions 

•xoc 

a 

becomes  0 
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180 
181 

184 
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188 

198 
201 

204 

205 
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209 

210 

212 


213 
214 

219 
221 
222 
223 

225 


226 
229 
232 
233 

234 

&c. 

237 
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241 

244 
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(1—25 

(5 

(9 
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2) 
(6 

(14,  n 

(21 
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(4 

(1 

(4 

(29 

(15 

(20 
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4) 

(8 
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Note 
4) 
1) 

12) 

11) 

9) 


^«  O  •  •  •  I  Tl^  J  • 

On  an  error  of  reasoning  contained  in  these  pages 
look  forward  to  page  321. 


2r=— a:,    0=  — 1 

c,  c 

includes 

annexed  to  y 

where 

au 
du 

dx 
See  Appendix. 

dx"" 
dx 

6*%  r^',  6-*' 

W,  -r-  and  -r-^ 

dx  dx 

primitive  diff.  equ. 

series 

Vj^iis 

V. 
a    6+c 

Oft. 
as  if  its 

A"a 

p.  157 

3.2,    4.2.3 

n 


U 


2c=Jf,     0:=1. 

a(jr,y). 

k,k 

seems  to  include. 

annexed  toJ*Fdx, 

when. 

du 

du 
X  — • 
dy 

dx    ^* 

W^^and^ 

given  diff.  equ. 
series  of 
Vt+i  is 

V. 
a — b+c, 

as  of  itii. 

A'Oo. 

p.  70. 

2.3,    2.3.4. 

it 

yjfX^iyx  .yffax, 

m. 


A  and  B  should  he  at  the  extremities  of  the  continued 

curve  line. 
For  the  completion  of  this  test  of  convergency,  sec 

page  326. 


eh 

4^4  x* 

+  r8in^ 
tan''  tan 


(.-i.) 


ei. 

4^4  X. 

— rsin^ 
tan"'  tan 


(i-^S- 


w    e 

2'^2- 


fnif+ 
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8—2) 

245 

(12 

— 

(20 

_ 

(21 

249 

12) 

251 

(1 

252 

10) 

253 

(5 

— 

(1 

259 

1) 

260 

11) 

— 

4) 

264 

1,  2, 3)1 

(1| 

265 

266 

(10 

270 

1) 

272 

(6 

— 

(8 

215 

(9 

— 

5) 

— 

4) 

218 

(11 

219 

(2  and  9 

293 

(1 

(6 

301 

(10 

302 

13) 

305 

(2 

301 

(9 

309 

(12 

310 

14) 

— 

2) 

— 

1) 

312 

(15 

313 

a 

_ 

(17 

315 

(13 

— 

(11 

— 

(19 

319 

8) 

Omit  this  paragraph  altogether,  as  it  ia  Tendered 
incurably  false  by  the  preceding  mistake. 


1^  {*-'©} 

reason 


-  sin 
sin* 


the 
— ^  and  +  k 


*— 1 


[Ar-1,  p]  and  [*— 2,  p\ 

6^ti^«en  nothing  ancf  unless  insert  when  ars=a. 

(j?-l). 


JK*)  Q 

the  same  reason  aa . 

— 2  sin. 
sin  *e. 
then. 

-(*-l), +(A-1)^. 

[*-l,A:—l+p]  and  [*— 2, 
*-2+p]. 


(  -1) 

omit  (when  x=0). 

(*-)• 
125      1 

864  J- 1 

«— 1,  J?-2,  &c. 

t?' — a 

Ar+B 

1 


(x-2)», 
125     1 

96  jT-r 

(a:-l)-S(x-l)-&c. 

t>*— o. 

(Aa?+B)cic. 
1 
^g -  — .      The    atudent    should 

ascertain  for  himself  that  this  error  is  of  no  con* 
sequence,  and  that  its  results  in  (5  and  (10  are 
true. 


expressions, 
positive 
a  and  b 


limits, 
negative. 
c  and  6. 


alter  thus  ^{a(l  +  «)***  i^l+z+iy\ 


cos  a.O*— a' 
u 

A*AO«  and  (f/'y 

r 

(-1)"V. 

(69.) 

for  n 

Xy  ^=0  &c. 

2nth. 


C08a(0"-fl^. 
A"  AW  and  ^"x. 

(-iVv,+,. 

(61). 

for  X, 

2,  2=0,  &c. 

nth. 
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1) 

329 

(10 

331 

6) 

336 

(19 

337 

16) 

341 

(15 

— 

3) 

352 

(9 

— « 

(21 

363 

(16,  20 

■■" 

(23 

»^ 

(27 

369 

0 

870 

(19,20 

ail 

11) 

313 

10) 

317 

5) 

378 

(19 

388 

(13 

402 

13) 

404 

(15 

409 

(11 

410 

11) 

417 

(14,  16 

418 

3) 

419 

(1 

— 

4) 

423 

(16 

441 

4) 

447 

1) 

— 

13) 

448 

2) 

— 

(13 

449 

(3 

450 

(7 

453 

(15 

— 

(11 

— 

(18 

12) 

455 

6) 

457 

(12 

A— B  >og  B 

AsBx'gB- 

Ai+2A,a:+... 

(A,+2A,ir+...)  divided  by 
(/7,+2atJr+...) 

4cy+43ff 

4c»/+4Ae». 

m-.-2 

WI— 1. 

m 

^m. 

science  of 

science  to. 

Of/ 

Oy'. 

1 

2  F 

a  is  >  or  <6 

m  is*  -1-  or  — . 

mi    part  of  four  right 

angle      w(l—m)    or  »  : 

angles 

(m — 1),    whichever    is 

positive. 

involute 

evolute. 

y 

y'. 

convex  or  concave,  as  y 

always  convex. 

is  positive  or  negative 

convex 

concave. 

•0+1 

•0+1 

(y-o)  -0 

y  ro   or  (y— a)*»+*. 

third  case 

first  case. 

of  a? 

of  Y^j. 

(Pa: 

d'x 

df 

dy^' 

y-pa 

z^fia. 

«iJ?,T%„*iyi±Bari 

^I'llByi,  ZiyiTB-^i- 

i-z 

i-z. 

normal  plane 

osculating  plane. 

The  indeterminate  sign  c 

)f  jj  is  here  used. 

c«, 

c««. 

(ac-6|)« 

(ffc-6t). 

as  r,  except 

as  t^  except. 
(L)  and  (M). 

(A)  and  (M) 

fx 

Vry. 

ffiX 

y=s|>r. 

2ylx 

2xhx, 

of  J?,  to  y 

of  y,  to  X, 

Ag 

Ap. 

diff.  CO. 

sign  of  differentiation. 

Transpose  the  last  two  si 

igns. 

q=....±,± 

+  ....jt,  + 

•  •  •  -dif  ^ 

•  •••+>  i 

m  nor  n 

p  nor  o. 

U+AV. 

U+AU 

The  fifteen  equations  a 

re  exclusive  of  the  three 

just  given. 

*  It  mutt  be  remembered  that  all  hy|)ocycloidt  in  which  the  revolving  it  lar^r 
than  the  fixed  cirde,  are  alto  epicycloidt,  and  count  as  such  in  the  preceding 
distribution. 
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568 
570 
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578 
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590 
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(2 

12) 
(11 
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,16 

(16 


'.dx 
upper  or  lower 

J4>dz 

(Z).=:XZ 

P. 

J?— a,  y— 6,  «— c 

P 
(6) 


t7 


xy  W,»  W«> 


wY' 
Y» 


X 

lower  or  upper. 

jjidx. 
(Z),=:XZ. 

2Tj?^„. 


— a«. 


a-x,  6— y,  c— r, 
(3). 


Wf»  w»,  ^j. 

The  mode  of  comparing  the  coordinates  must  be 
transposed,  either  in  these  lines  or  those  which 
follow  :  these  lines  are  to  be  corrected  thus. — Let 
«=sa£+a'»?+c/'f,  y=:)8f+  &c.  &c.  Calculate 
Wi7->id£,  or  (ar+/3y  +  yar)  {adx-\-fi'dy+'/dz) 
-ia'x+fify-\-y'z)  iadx-hfidy+ydz). 


di: 
/aCcos(^+E). 
No  part  of  the  independent  portion  does  vanishf  and 
the  result  should  be  4(3AaB- aAJB)  +2  (aC5E 
-JCAE). 
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di 
C  cos  (fl+E) 


Aii«      A'flr,     A*ao    « 

2         4^8 
«^(l-jr)" 
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2.3. ..n     2.3. ..n 


± 


+ 


(jJ+1)-"''  '  (x+2)-+^ 
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a-) 

727  102 


and 


'43429545 

A'(l+J?) 

A'(l+»),2ir-» 

A 


Oo      Affo  .    A*ao      -  ^ 

2"-T+"8 *^- 

ar-Cl-x)*. 
n. 
2 


m 
isO. 


/  2.3..n       2.3..  .n\ 

V(*+i)"'^'     (*+2)"*V- 


121  012 


+6.. 


-v(l+*.^J 

'4342945. 

A'(l+*)+y- 

A'x,  2(1+*)-'. 
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602 

604 

607 
617 
621 
640 
652 

658 
660 

662 

663 

671 
679 
680 


681 
695  I 
697  i 


(2 

8) 

(3 

(6 
(1,2 

(3 

11) 

8) 

9) 

(6 

Table 

opp.  '45 

Table 

opp.  12 

(19 

(10 

(13 

(20 

9) 
(18 

5) 


n/ 


v 


2m(l-TOr) 


conception 
\ 
(0,  X  t).  0  (x)  T 
/(^+ocA) 

0(->(a+eA) 

Omit  this  line  altogether 
•3114326 


1 


7 • 0005447 

V 

m+n+1 

X 

R,  c-+'»+*"» 

y'x 

log  J? 
y=Y/,&c. 


w 


v.. 

-+*(i-m)-^*(^?!^y. 

exception. 

K 
(0,t,0,0(t)/. 

/(oc+y*). 

(i-tydt 


-3114362. 

7-0005477. 

fv. 
wi+n+2. 

log(o+*^). 
y=-Y/,&c. 
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573 
640 
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m-f-/^ 


—  ^a. 
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I 1.  f" 


(-1)«- 


*  The  result,  however,  may  be  just  as  easily  obiaiDed  from  the  integral  in  17}  at 
from  its  transformation. 
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